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Abstract

Fuzzy formal logics were introduced in or-
der to handle graded truth values instead
of only ‘true’ and ‘false’. A wide range of
such logics were introduced successfully, like
Monoidal T-norm based Logic, Basic Logic,
Gödel Logic,  Lukasiewicz Logic etc. How-
ever, in general, fuzzy set theory is not only
concerned with vagueness, but also with un-
certainty. A possible solution is to use inter-
vals instead of real numbers as membership
values. In this paper, we present an approach
with triangle algebras, which are algebraic
characterizations of interval-valued residu-
ated lattices. The variety of these structures
corresponds in a sound and complete way to a
logic that we introduce, called Triangle Logic
(in the same way as, e.g., BL-algebras and
Basic Logic). We will show that this truth-
functional approach, along with the residu-
ation principle, has some consequences that
seem to obstruct an easy and proper interpre-
tation for the semantics of Triangle Logic.

Keywords: Fuzzy logic, Interval-valued
fuzzy set theory, Residuated lattices.

1 Introduction and Preliminaries

1.1 Fuzzy formal logics

In classical logic1, a formula is provable if, and only
if, its value (under every evaluation) is 1 in every
Boolean algebra (this is called soundness and com-
pleteness). Moreover, it suffices to consider the only
linear Boolean algebra, which has two elements (0 and
1). We can therefore say that classical logic is a two-
valued logic. The value 0 stands for ‘false’, 1 for ‘true’.

1In this paper we only deal with propositional logics.
Therefore we will not write this explicitly.

However, in many cases it may be preferable to work
with graded truth values, e.g. for propositions like ‘a
cat is a small animal’, ‘Peter has dark hair’ or ‘the
weather is bad today’. This is the reason why fuzzy
(formal) logics, which are generalizations of classical
logic, were introduced. One of the most general ex-
amples is Höhle’s Monoidal Logic (ML) [9]. In this
logic, a formula is provable iff its value is 1 in every
residuated lattice. Recall that a residuated lattice is a
structure L = (L,⊓,⊔, ∗,⇒, 0, 1) in which ⊓,⊔, ∗ and
⇒ are binary operators on L and

• (L,⊓,⊔) is a bounded lattice with 0 as smallest
and 1 as greatest element,

• ∗ is commutative and associative, with 1 as neu-
tral element, and

• x ∗ y ≤ z iff x ≤ y ⇒ z for all x, y and z in L
(residuation principle).

This allows one to assign graded truth values to for-
mulas. Of course, not every formula that is provable
in classical logic, is provable in ML too. However,
we can add axioms to obtain intermediary logics. An
interesting example is Esteva and Godo’s Monoidal T-
norm based Logic (MTL) [7]. For this fuzzy logic, the
so-called prelinearity axiom ((φ → ψ) ∨ (ψ → φ)) is
added to the axioms of ML. As for all axiomatic ex-
tensions of ML, MTL is sound and complete w.r.t. the
associated variety of algebraic structures (in this case:
MTL-algebras, which are residuated lattices in which
(x ⇒ y) ⊔ (y ⇒ x) = 1 holds for all x and y). More-
over, because of the prelinearity MTL is also sound
and complete w.r.t. linear MTL-algebras2[7]. The lat-
ter property is preserved for axiomatic extensions of
MTL. For example, Basic Logic (BL) [8] is sound and
complete w.r.t. linear BL-algebras,  Lukasiewicz logic
[11] is sound and complete w.r.t. Wajsberg algebras,

2Recall that linear MTL-algebra is the same as linear
residuated lattices, because linearity is a stronger property
than prelinearity in residuated lattices.

A Fuzzy Formal Logic for Interval-valued Residuated Lattices 13



and classical logic is sound and complete w.r.t. the lin-
ear Boole algebra. In some of these cases, it is even
possible to further improve this result in the sense
that one only has to take into account the algebraic
structures on the unit interval. Two examples are
MTL and BL, which are sound and complete w.r.t.
MTL-algebras on [0, 1] and BL-algebras on [0, 1], re-
spectively [1, 10]. These are exactly the structures
induced by left-continuous t-norms and continuous t-
norms, respectively. So we can speak of BL as the logic
of continuous t-norms on [0, 1].

1.2 Intervals as Truth Values

In order to handle also uncertainty together with
vagueness, it seems a good idea to use closed subinter-
vals of [0, 1] instead of real numbers in [0, 1]. Interval-
valued truth degrees have been widely adopted in
knowledge-based systems [6]. This is due to the rela-
tive efficiency of operations defined on them, as well as
to the fact that they carry an attractive and straight-
forward semantical interpretation as partial, or incom-
plete, truth values, i.e., they exhibit a lack of knowl-
edge about a formula’s exact truth value; the wider
the interval, the greater the uncertainty.

The lattice LI = (LI ,⊓,⊔) that contains these closed
subintervals is shown graphically in Figure 1 and de-
fined by

LI = {[x1, x2] | (x1, x2) ∈ [0, 1]2 and x1 ≤ x2},
[x1, x2] ⊓ [y1, y2] = [min(x1, y1),min(x2, y2)],
[x1, x2] ⊔ [y1, y2] = [max(x1, y1),max(x2, y2)].

Its partial ordering ≤LI is given by componentwise
extension of ≤,

[x1, x2] ≤LI [y1, y2] ⇐⇒ x1 ≤ y1 and x2 ≤ y2.

We use the ‘componentwise’ ordering, which is in our
opinion the most natural one. Indeed, it satisfies
[x1, x2] ≤LI [y1, y2] iff [x1, x2] ⊓ [y1, y2] = [x1, x2] iff
[x1, x2] ⊔ [y1, y2] = [y1, y2], and [x1, x2] ⊓ [y1, y2] =
{min(x, y) | (x, y) ∈ [x1, x2] × [y1, y2]} and [x1, x2] ⊔
[y1, y2] = {max(x, y) | (x, y) ∈ [x1, x2]× [y1, y2]}.

One way to interpret these intervals is to view them as
approximations of truth values in [0, 1]. For example,
a truth value [a, b] might mean that the exact, but un-
known, truth value is definitely greater than or equal
to a and smaller than or equal to b.

Research on fuzzy formal logics has centered on prelin-
ear residuated structures. However, while prelinearity
holds in every residuated lattice ([0, 1],min,max, ∗,⇒,
0, 1), it is not necessarily preserved for closed intervals
of a bounded lattice L; for example, it was shown in
[2] that no MTL-algebra exists on the lattice LI .

[1; 1℄
x2

[0; 0℄ x1

[0; 1℄
x = [x1; x2℄

Figure 1: The lattice LI

The goal of this paper is to develop a logic that
formally characterizes tautologies (true formulas) in
interval-valued residuated lattices (IVRLs). Monoidal
Logic, which corresponds to the complete class of
residuated lattices, is too general for our purposes, and
we need to extend it with suitable axioms to replace
prelinearity. To achieve this, we propose the use of
modal-like operators.

In Section 2 we first recall triangle algebras and their
relationship with residuated lattices on interval-valued
algebraic structures [12]. In Section 3 we will introduce
Triangle Logic and show soundness and completeness
w.r.t. triangle algebras. We round up the paper with
some remarks about the suitability of TL for modelling
reasoning with uncertain propositions, and a conclu-
sion.

2 Triangle algebras

In view of the considerations in Section 1, we defined
[12] algebraic structures that should satisfy as many
properties as possible of residuated lattices on LI , like
MTL-algebras are the algebraic structures that satisfy
as many properties as possible of residuated lattices
on [0, 1]. These structures are called triangle algebras.
Before we give their definition and discuss triangle al-
gebras, we give some additional definitions:

Definition 1 Given a lattice L = (L,⊓,⊔), its
triangularization T(L) is the structure T(L) =
(Int(L), ⊔,

⊔
) defined by

• Int(L) = {[x1, x2] | (x1, x2) ∈ L2 and x1 ≤ x2}

• [x1, x2] ⊔[y1, y2] = [x1 ⊓ y1, x2 ⊓ y2]

• [x1, x2]
⊔

[y1, y2] = [x1 ⊔ y1, x2 ⊔ y2]

The set DL = {[x, x] | x ∈ L} is called the diagonal of
T(L).
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The first and the second projection pr1 and pr2 are the
mappings from Int(L) to L, defined by pr1([x1, x2]) =
x1 and pr2([x1, x2]) = x2, for all [x1, x2] in Int(L). We
also define the mappings pv and ph from Int(L) to DL

as pv([x1, x2]) = [x1, x1] and ph([x1, x2]) = [x2, x2], for
all [x1, x2] in Int(L).
A t-norm T on a triangularization of a bounded lattice
is called t-representable if pr1(T ([x1, x2], [y1, y2])) is
independent of x2 and y2, and pr2(T ([x1, x2], [y1, y2]))
is independent of x1 and y1.
An interval-valued residuated lattice (IVRL) is a resid-
uated lattice (Int(L), ⊔,

⊔
,⊙,⇒⊙, [0, 0], [1, 1]) on the

triangularization T(L) of a bounded lattice L, in which
the diagonal DL is closed under ⊙ and ⇒⊙, i.e.,
[x1, x1] ⊙ [y1, y1] ∈ DL and [x1, x1] ⇒⊙ [y1, y1] ∈ DL

for x1, y1 in L.

Note for example that LI is the triangularization of
([0, 1],min,max).

Example 1 It was shown in [3] that if T is a left-
continuous t-norm on [0, 1], then for each α in [0, 1],
the mapping TT,α defined by, for x = [x1, x2] and y =
[y1, y2] in LI , TT,α(x, y) =

[T (x1, y1),max(T (α, T (x2, y2)), T (x1, y2), T (x2, y1))],

is a t-norm on LI , with residual implicator3 ITT,α
(x, y)

= [min(IT (x1, y1), IT (x2, y2)),

min(IT (T (x2, α), y2), IT (x1, y2))],

that induces a residuated lattice on LI . Be-
cause also TT,α([x, x], [y, y]) = [T (x, y), T (x, y)] and
ITT,α

([x, x], [y, y]) = [IT (x, y)), IT (x, y)] for all x and y
in [0, 1], (LI ,⊓,⊔, TT,α, ITT,α

, [0, 0], [1, 1]) is an IVRL.

Two important values of α can be distinguished:

• If α = 1, we obtain t-representable t-norms on LI :
TT,1(x, y) = [T (x1, y1), T (x2, y2)], which can be
seen as the straightforward (and most commonly
used) extension of T to LI . These t-norms on LI

are characterized by the property ph(T (x, y)) =
T (ph(x), ph(y)).

• If α = 0, we obtain pseudo t-representable
t-norms on LI :
TT,0(x, y) = [T (x1, y1),max(T (x1, y2), T (x2, y1))].
These t-norms are inherently more complex than
their t-representable counterparts, but, as we
shall see at the end of this section, satisfy more
relevant properties.

3If T is a t-norm on a bounded lattice (L,⊓,⊔), its
residual implicator IT is defined as IT (x, y) = sup{z ∈ L |
T (x, z) ≤ y} for all x and y in L, if the supremum exists.
It always exists in complete lattices and residuated lattices
(provided that ∗ is the t-norm).

Definition 2 [12] A triangle algebra is a structure
A = (A,⊓,⊔, ∗,⇒, ν, µ, 0, u, 1), in which (A,⊓,⊔, ∗,
⇒, 0, 1) is a residuated lattice, in which ν and µ are
binary operators and u a constant, and in which the
following conditions hold:

T.1 νx ≤ x, T.1′ x ≤ µx,
T.2 νx ≤ ννx, T.2′ µµx ≤ µx,
T.3 ν(x ⊓ y) = νx ⊓ νy, T.3′ µ(x ⊓ y) = µx ⊓ µy,
T.4 ν(x ⊔ y) = νx ⊔ νy, T.4′ µ(x ⊔ y) = µx ⊔ µy,
T.5 ν1 = 1, T.5′ µ0 = 0,
T.6 νu = 0, T.6′ µu = 1,
T.7 νµx = µx, T.7′ µνx = νx,

T.8 ν(x⇒ y) ≤ νx⇒ νy,
T.9 (νx⇔ νy) ∗ (µx⇔ µy) ≤ (x⇔ y),
T.10 νx⇒ νy ≤ ν(νx⇒ νy).

The set {x ∈ A | νx = x} is called the set of exact
elements E(A) of the triangle algebra A.

We use the modal-like operators ν and µ in order to
represent the lower and upper bound of an interval.
The set of exact elements corresponds to the diagonal
of an IVRL.

Proposition 1 [12] Let A = (A,⊓,⊔, ∗,⇒, ν, µ, 0,
u, 1) be a triangle algebra. Then E(A) is the direct
image of A under ν, as well as under µ. Moreover,
this set is invariant under ν and µ, and contains 0 and
1, but not u (unless in the trivial case when |A| = 1).
It is closed under ⊓, ⊔, ∗ and ⇒.

The next theorem [12] establishes the equivalence be-
tween IVRLs and triangle algebras:

Theorem 1 Every triangle algebra A = (A,⊓,⊔, ∗,
⇒, ν, µ, 0, u, 1) is isomorphic to a triangle algebra
(Int(E(A)), ⊔,

⊔
,⊙,⇒⊙, pv, ph, [0, 0], [0, 1], [1, 1])

where (Int(E(A)), ⊔,
⊔
,⊙,⇒⊙, [0, 0], [1, 1]) is an

IVRL.
Conversely, if (A,⊓,⊔,⊙,⇒⊙, [0, 0], [1, 1]) is an
IVRL and ν and µ are defined by ν[x1, x2] = [x1, x1]
and µ[x1, x2] = [x2, x2], then (A,⊓,⊔,⊙,⇒⊙,
ν, µ, [0, 0], [0, 1], [1, 1]) is a triangle algebra.

This theorem shows that triangle algebras are a good
characterization for IVRLs. However, IVRLs are still
more general than residuated lattices on LI . For exam-
ple, the diagonal of an IVRL needs not be linear. We
can impose the property that the diagonal should be
prelinear, but it is currently unknown if this is enough
to guarantee that all identities that are true in IVRLs
with linear diagonal are also true in every IVRL with
prelinear diagonal. This property would be compa-
rable to the fact that all the identities that are true
in linear residuated lattices are also true in prelinear
residuated lattices [7].
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3 Triangle Logic

In this section we translate the defining properties of
triangle algebras into logical axioms, and show that
the resulting logic TL is sound and complete w.r.t.
the variety of triangle algebras.

The language of TL consists of countably many propo-
sition variables (p1, p2,. . .), the constants 0 (‘falsity’)
and ⊥ (‘uncertainty’), the unary operators � (‘neces-
sity’), ♦ (‘possibility’), the binary operators ∧ (‘weak
conjunction’), ∨ (‘disjunction’), & (‘strong conjunc-
tion’), → (‘implication’), and finally the auxiliary sym-
bols ‘(’ and ‘)’. Formulas are defined inductively:
proposition variables, 0 and ⊥ are formulas; if φ and
ψ are formulas, then so are (φ∧ψ), (φ∨ψ), (φ&ψ),
(φ→ ψ), (�ψ) and (♦ψ).

In order to avoid unnecessary brackets, we agree on
the following priority rules:

• unary operators always take precedence over bi-
nary ones,

• among the binary operators, & has the highest
priority; furthermore ∧ and ∨ take precedence
over →,

• the outermost brackets are not written.

We also introduce some useful shorthand notations: 1
for 0 → 0, ¬φ for φ→ 0 and φ↔ ψ for (φ→ ψ)∧(ψ →
φ) for formulas φ and ψ.

The axioms of TL are those of ML (Monoidal Logic)

ML.1 (φ→ ψ) → ((ψ → χ) → (φ→ χ)),
ML.2 φ→ (φ∨ψ),
ML.3 ψ → (φ∨ψ),
ML.4 (φ→ χ) → ((ψ → χ) → ((φ∨ψ) → χ)),
ML.5 (φ∧ψ) → φ,
ML.6 (φ∧ψ) → ψ,
ML.7 (φ&ψ) → φ,
ML.8 (φ&ψ) → (ψ&φ),
ML.9 (φ→ ψ) → ((φ→ χ) → (φ→ (ψ∧χ))),
ML.10 (φ→ (ψ → χ)) → ((φ&ψ) → χ),
ML.11 ((φ&ψ) → χ) → (φ→ (ψ → χ)),
ML.12 0 → φ,

complemented with axioms corresponding to T.1–T.10

and T.1’–T.7’:

TL.1 �φ→ φ,
TL.1′ φ→ ♦φ,
TL.2 �φ→ ��φ,
TL.2′ ♦♦φ→ ♦φ,
TL.3 (�φ∧�ψ) → �(φ∧ψ),
TL.3′ (♦φ∧♦ψ) → ♦(φ∧ψ),
TL.4 �(φ∨ψ) → (�φ∨�ψ),
TL.4′ ♦(φ∨ψ) → (♦φ∨♦ψ),
TL.5 �1,
TL.5′ ¬♦0,
TL.6 ¬�⊥,
TL.6′ ♦⊥,
TL.7 ♦φ→ �♦φ,
TL.7′ ♦�φ→ �φ,
TL.8 �(φ→ ψ) → (�φ→ �ψ),
TL.9 (�φ↔ �ψ)&(♦φ↔ ♦ψ) → (φ↔ ψ),
TL.10 (�x→ �y) → �(�x→ �y).

The deduction rules are modus ponens (MP, from φ
and φ → ψ infer ψ), generalization (G, from φ infer
�φ) and monotonicity of ♦ (M♦, from φ → ψ infer
♦φ→ ♦ψ).

The consequence relation ⊢ is defined as follows,
in the usual way. Let V be a theory, i.e., a set of
formulas in TL. A (formal) proof of a formula φ in
V is a finite sequence of formulas with φ at its end,
such that every formula in the sequence is either an
axiom of TL, a formula of V , or the result of an
application of an inference rule to previous formulas in
the sequence. If a proof for φ exists in V , we say that
φ can be deduced from V and we denote this by V ⊢ φ.

Note that TL.5 is in fact superfluous, as it immedi-
ately follows from ∅ ⊢ 1 and generalization; we include
it here to obtain full correspondence with Definition 2.

To show that this logic is sound and complete w.r.t.
the variety of triangle algebras, we use the same ap-
proach as for, e.g. ML [9], MTL [7] and BL [8]. We
first establish some intermediate results. For a the-
ory V , and formulas φ and ψ in TL, denote φ ∼V ψ
iff V ⊢ φ → ψ and V ⊢ ψ → φ (this is also
equivalent with V ⊢ φ ↔ ψ). Note that ∼V is an
equivalence relation on the set of formulas. More-
over, it is a congruence w.r.t. �, ♦, ∧, ∨, & and
→; this means that the results of the application of
these connectives are equivalent whenever the argu-
ments are equivalent.As a consequence, we can mean-
ingfully consider the structure (AV ,∧V ,∨V ,&V ,→V ,
�V ,♦V , [0]V , [⊥]V , [1]V ), in which

• AV is the set of equivalence classes of ∼V , i.e.
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A/∼V
,

• ∧V is the binary operation on AV that maps
([φ]V , [ψ]V ) to [φ∧ψ]V ,

• ∨V is the binary operation on AV that maps
([φ]V , [ψ]V ) to [φ∨ψ]V ,

• &V is the binary operation on AV that maps
([φ]V , [ψ]V ) to [φ&ψ]V ,

• →V is the binary operation on AV that maps
([φ]V , [ψ]V ) to [φ→ ψ]V ,

• �V is the unary operation on AV that maps [φ]V
to [�φ]V ,

• ♦V is the unary operation on AV that maps [φ]V
to [♦φ]V ,

• [0]V , [⊥]V , [1]V are the elements of AV that con-
tain 0, ⊥ and 1 resp.

Proposition 2 The structure (AV ,∧V ,∨V ,&V ,→V ,
�V ,♦V , [0]V , [⊥]V , [1]V ) is a triangle algebra.

If V = ∅, this structure is called the Lindenbaum-
algebra of TL.

Definition 3 Let A = (A,⊓,⊔, ∗,⇒, ν, µ, 0, u, 1) be a
triangle algebra and V a theory. An A-evaluation is
a mapping e from the set of formulas of TL to A that
satisfies, for each two formulas φ and ψ:

• e(φ ∧ ψ) = e(φ) ⊓ e(ψ),

• e(φ ∨ ψ) = e(φ) ⊔ e(ψ),

• e(φ&ψ) = e(φ) ∗ e(ψ),

• e(φ→ ψ) = e(φ) ⇒ e(ψ),

• e(�φ) = νe(φ),

• e(♦φ) = µe(φ),

• e(0) = 0 and

• e(⊥) = u.

If an A-evaluation e satisfies e(χ) = 1 for every χ in
V , it is called an A-model for V .

Theorem 2 (Soundness and completeness of

TL) A formula φ can be deduced from a theory V
in TL iff for every triangle algebra A and for every
A-model e of V , e(φ) = 1.

Theorem 2 implies similar results for more specific log-
ics.

• For example, if we add µ(x ∗ y) = µx ∗ µy to the
conditions of a triangle algebra and ♦φ&♦ψ →
♦(φ&ψ) to the axioms of TL, then we can obtain
a valid theorem by replacing ‘triangle algebra’ and
‘Triangle Logic’ in the formulation of Theorem 2
by the new algebra and logic. This property im-
plies that (in terms of IVRL) the second compo-
nent of [x1, x2] ∗ [y1, y2] is independent of x1 and
y1. This means that we can use this property to
characterize IVRLs with t-representable t-norms
by triangle algebras satisfying µ(x ∗ y) = µx ∗ µy.

• Another interesting example is x = ¬¬x, con-
nected to the axiom ¬¬φ → φ. The only invo-
lutive t-norms of the form TT,α are the pseudo
t-representable ones [3]. More generally, in an in-
volutive triangle algebra, it can be verified that
u ∗ u = 0.

• As a final example, we can add (νx⇒ νy)⊔(νy ⇒
νx) = 1 to the conditions of a triangle algebra
(remark that this property is always satis-
fied for triangle algebras on LI , because its
diagonal is linearly ordered). If also we add
(�φ → �ψ)∨(�ψ → �φ) to the axioms of TL,
then again we obtain a valid theorem by replacing
‘triangle algebra’ and ‘Triangle Logic’ in Theorem
2 by the new algebra and logic. In this case
(E(A),⊓,⊔, ∗,⇒, 0, 1) is an MTL-algebra (pre-
linear residuated lattice). This means that it is a
subalgebra of the direct product of a system of
linearly ordered residuated lattices [9]. Using this
property, a stronger form of completeness, called
chain completeness, can be proven for MTL: a
formula φ can be deduced from a theory V in
MTL iff for every linearly ordered MTL-algebra
A and for every A-model e of V , e(φ) = 1.
Similar results hold for subvarieties of the va-
riety of MTL-algebras and their corresponding
logics (e.g. BL and  L). We would like to find
analogous theorems for triangle algebras (and
subvarieties) too, but at this moment it is still an
open question if every triangle algebra satisfying
(νx⇒ νy)⊔ (νy ⇒ νx) = 1 is a subalgebra of the
direct product of a system of triangle algebras
with linearly ordered diagonal.

Note 1 Triangle Logic is a truth-functional logic: the
truth degree of a compound proposition is determined
by the truth degree of its parts. This causes some
counterintuitive results, if we want to interpret the el-
ement [0, 1] of an IVRL as uncertainty. For example:
suppose we don’t know anything of the truth value
of propositions p and q, i.e., v(p) = v(q) = [0, 1].
Then yet the implication p → q is definitely valid:
v(p → q) = v(p) ⇒ v(q) = [1, 1]. However, if
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¬[0, 1] = [0, 1] 4 (which is intuitively preferable, since
the negation of an uncertain proposition is still un-
certain), then we can take q = ¬p, and obtain that
p → ¬p is true. Or, equivalently (using the residua-
tion principle), that p&p is false. This does not seem
intuitive, as one would rather expect p&p to be uncer-
tain if p is uncertain.
Another consequence of [0, 1] ⇒ [0, 1] = [1, 1] is that
it is impossible to interpret the intervals as a set in
which the ‘real’ (unknown) truth value is contained,
and X ⇒ Y as the smallest closed interval containing
every x ⇒ y, with x in X and y in Y (as in [6]). In-
deed: 1 ∈ [0, 1] and 0 ∈ [0, 1], but 1 ⇒ 0 = 0 /∈ [1, 1].
On the other hand, for t-norms it is possible that
X ∗ Y is the smallest closed interval containing every
x ∗ y, with x in X and y in Y , but only if they are
t-representable (described by the axiom µ(x ∗ y) =
µx ∗ µy). However, in this case ¬[0, 1] = [0, 0], which
does not seem intuitive (‘the negation of an uncertain
proposition is absolutely false’).
These considerations seem to suggest that Triangle
Logic is not suitable to reason with uncertainty. This
does not mean that intervals are not a good way for
representing degrees of imprecise knowledge, only that
they are not suitable as truth values in a truth func-
tional logical calculus when we interpret them as ex-
pressing imprecision. It might even be impossible
to model uncertainty as a truth value in any truth-
functional logic. This question is discussed in [4, 5].
However, nothing prevents the intervals in Triangle
Logic from having more adequate interpretations.

4 Conclusion

In this paper we explained why we wanted to con-
struct a (family of) fuzzy formal logic(s) with inter-
vals as truth values. We showed how triangle algebras
can be used to achieve this goal, as they character-
ize interval-valued residuated lattices. We introduced
Triangle Logic and proved soundness and complete-
ness w.r.t. triangle algebras, and thus w.r.t. interval-
valued residuated lattices. Finally, we made some ob-
servations which seem to limit the usefulness of Trian-
gle Logic, and indeed of any truth-functional logic, to
model reasoning about uncertain propositions.
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Abstract

In this paper we study generic expansions
of predicate logics of some left-continuous
t-norms (mainly Gödel and Nilpotent Min-
imum predicate logics) with a countable set
of truth-constants. Using known results on t-
norm based predicate fuzzy logics we obtain
results on the conservativeness and complete-
ness for the expansions of some predicate
fuzzy logics. We describe the problem for
the cases of  Lukasiewicz and Product pred-
icate logics and prove that the expansions
of Gödel and Nilpotent Minimum predicate
logics are canonical complete for tautologies,
and strong standard complete for deduction
upon any set of premisses.

Keywords: Monoidal T-norm based Logic
MTL, Gödel,  Lukasiewicz, Product and
Nilpotent Minimum propositional and pred-
icate logics, t-norm-based logic, Rational
Pavelka Logic, Gödel, Product and Nilpotent
Minimum logics with truth-constants, com-
pleteness results.

1 Introduction

In the context of expansions of propositional t-norm
based fuzzy logics with truth-constants, an algebraic
analysis has been recently used to establish different
completeness results (with respect to a finitary no-
tion of deduction) for a number of propositional logics,
among them Gödel and Nilpotent Minimum logics [5],
Product logic [17], logics a continuous t-norm [4] and
logics of Weak Nilpotent Minimum t-norms [6].1

This approach contrasts with the one related to
 Lukasiewicz logic, initiated by Pavelka [16] for the

1For a number these logics their complexity issues have
been recently studied in [8].

propositional case, and extended by Nóvak [14, 15] for
the first-order case. This latter approach, based on a
infinitary notion of provability, strongly relies on the
continuity of the truth functions of  Lukasiewicz logic
(and hence not applicable to other t-norm based log-
ics), and it was simplified by Hájek in [7], both for
the propositional and first-order cases. In particular,
Hájek defines what he calls Rational Pavelka Predicate
Logic, RPL∀ for short, as the expansion of  Lukasiewicz
predicate logic  L∀ by introducing in the language a
truth-constant r for each rational r of [0, 1] and by
adding the well-known book-keeping axioms

r&s↔ max(0, r + s− 1)

(r → s) ↔ min(1, 1− r + s)

Hájek shows that RPL∀ enjoys the so-called Pavelka
style completeness, which means that for any theory T
and formula ϕ, one has

‖ϕ‖T = |ϕ|T ,

where ‖ϕ‖T = inf{‖ϕ‖M | M model of T} is the truth
degree of ϕ in T and |ϕ|T = sup{r | T `RPL∀ r → ϕ}
is the provability degree of ϕ from T .

In this paper, following the algebraic approach men-
tioned above, we consider the expansions with truth-
constants of the corresponding predicate logics, with
special attention to the cases of Gödel and Nilpotent
Minimum. In fact, to the best of our knowledge, until
now only the expansion of  Lukasiewicz predicate logic
with truth-constants had been considered in the liter-
ature. A nice and deep result contained in [10] proves
that Rational Pavelka Predicate logic RPL∀ is a con-
servative expansion of  Lukasiewicz predicate logic  L∀
and, since  L∀ is not recursively axiomatizable with re-
spect to the standard semantics, so neither is RPL∀.
This is a negative result. In this paper we show other
negative results, but also two positive new results.
Namely, after some preliminary definitions and results
in next section, we first prove that the expansions of
predicate Product, Gödel, Nilpotent Minimum logics
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(and more generally any pseudo-complemented t-norm
based logic) are conservative expansions of their corre-
sponding predicate logics. Moreover, we prove (canon-
ical) standard completeness results for the expansions
with truth-constants of Gödel and Nilpotent Minimum
predicate logics. The paper ends with some conclu-
sions and remarks.

2 Preliminaries

2.1 Propositional expansions with
truth-constants

The basic logic we will use is the Monoidal t-norm
based logic MTL introduced in [3] and proved to be
the logic of left-continuous t-norms and their residua
in [11]. In this setting, given a left-continuous t-norm
∗ we will denote by [0, 1]∗ the standard MTL-chain
given by the left-continuous t-norm ∗ and its residuum
⇒, i. e. [0, 1]∗ = 〈[0, 1], ∗,⇒,min,max, 0, 1〉, and by
L∗ the axiomatic extension of MTL whose equivalent
algebraic semantics is V([0, 1]∗), i. e. the variety gen-
erated by [0, 1]∗. Well-known examples of these logics
are the cases when ∗ is the minimum t-norm (L∗=
G), the  Lukasiewicz t-norm (L∗ =  L), the product t-
norm (L∗ = Π) or the nilpotent minimum t-norm (L∗
= NM).

Now, given a left-continuous t-norm ∗ and its corre-
sponding logic L∗, let C = 〈C, ∗,⇒,min,max, 0, 1〉 be a
countable subalgebra of the standard L∗-algebra [0, 1]∗.
Then, the logic L∗(C) is defined as follows:

(i) the language of L∗(C) is the one of L∗ expanded
with a new propositional variable r for each r ∈ C \
{0, 1},

(ii) the axioms of L∗(C) are those of L∗ plus the book-
keeping axioms:

r&s↔ r ∗ s
r → s↔ r ⇒∗ s

for each r, s ∈ C. The algebraic counterpart of the
L∗(C) logic consists of the class of L∗(C)-algebras, de-
fined as structures

A = 〈A,&,→,∧,∨, {rA : r ∈ C}〉

such that:

1. 〈A,&,→,∧,∨, 0A, 1A〉 is an L∗-algebra, and

2. for every r, s ∈ C the following identities hold:

rA&sA = r ∗ sA

rA → sA = r ⇒ sA.

The L∗(C)-chains defined over the real unit interval
[0, 1] are called standard. Among them there is one

which reflects the intended semantics, the so-called
canonical standard L∗(C)-chain

[0, 1]L∗(C) = 〈[0, 1], ∗,⇒,min,max, {r : r ∈ C}〉,

i. e. the standard chain where the truth-constants
are interpreted by themselves. Note that, for a logic
L∗(C) there may exist multiple standard chains as soon
as there exist different ways of interpreting the truth-
constants on [0, 1] respecting the book-keeping axioms.
For instance, let C = [0, 1] ∩Q and let ∗ be a pseudo-
complemented t-norm, i.e. a left-continuous t-norm ∗
whose definable negation ¬x = x ⇒ 0 is the so-called
Gödel negation, i.e. ¬x = 0 for all x 6= 0 and ¬0 = 1.
In such a case, if ∗ is closed on C, it is easy to check
that the algebra A = 〈[0, 1], ∗,⇒,∧,∨, {rA : r ∈ C}〉
where

rA =
{

1, if r > 0
0, otherwise

is always a standard L∗(C) algebra. This is the case
e.g. of minimum and product t-norms. Furthermore,
in the particular case of ∗ = min, for any α > 0, the
algebra A = 〈[0, 1], ∗,→,∧,∨, {rA : r ∈ C}〉 where

rA =
{

1, if r ≥ α
0, otherwise

is also standard G∗(C).

Since the additional symbols added to the language
are 0-ary, L∗(C) is also an algebraizable logic and its
equivalent algebraic semantics is the variety of L∗(C)-
algebras. This, together with the fact that L∗(C)-
algebras are representable as a subdirect product of
L∗(C)-chains, leads to the following general complete-
ness result of L∗(C) with respect to the class of L∗(C)-
chains. In the following, for any set Γ ∪ {ϕ} of L∗(C)-
formulae and any class K of L∗(C)-chains, we write
Γ |=K ϕ to denote that, for each A ∈ K, e(ϕ) = 1A for
all A-evaluation e model of Γ
Theorem 1. For any set Γ∪{ϕ} of L∗(C)-formulae, it
holds that Γ `L∗(C) ϕ if, and only if, Γ |={L∗(C)−chains}
ϕ.

The issue of studying when a logic L∗(C) is also com-
plete with respect to the class of standard L∗(C)-chains
(called standard completeness property) or with re-
spect to the canonical standard L∗(C)-chain (called
canonical standard completeness property) has been
addressed in the literature for some logics L∗. Hájek
already proved in [7] the canonical completeness of
the expansion of  Lukasiewicz logic with rational truth-
constants for finite theories. More recently, the ex-
pansions of Gödel (and of some t-norm based logic re-
lated to the nilpotent minimum t-norm) and of Prod-
uct logic with countable sets of truth-constants have
been proved to enjoy the canonical standard complete-
ness for theorems in [5] and in [17] respectively. A
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rather exhaustive description of completeness results
for the logics L∗(C) can be found in [4] and in [6].

2.2 Core predicate fuzzy logics

Predicate versions of the propositional t-norm based
logics described above have also been defined and stud-
ied in the literature. Following [9] we give below a
general definition of the predicate logic L∀ for any
(propositional) core fuzzy logic L. A finitary logic L
in a countable language is a core fuzzy logic [1] if:

(i) L expands MTL;

(ii) L satisfies the congruence condition:
ϕ↔ ψ `L χ(ϕ) ↔ χ(ψ), for every ϕ,ψ, χ;

(iii) L satisfies the following local deduction theorem:
Γ, ϕ `L ψ iff there a is natural number n such that
Γ `L ϕ& n. . . &ϕ→ ψ.

Note that the logics L∗(C) introduced above are core
fuzzy logics, so what follows also applies to them.

Given a core fuzzy logic L, the language PL of L∀ is
built from the propositional language L of L by en-
larging it with a set of predicates Pred, a set of object
variables V ar and a set of object constants Const, to-
gether with the two classical quantifiers ∀ and ∃. The
notion of formula trivially generalizes taking into ac-
count that now, if ϕ is a formula and x is an object
variable, then (∀x)ϕ and (∃x)ϕ are formulae as well.

In first-order fuzzy logics it is usual to restrict the
semantics to L-chains only. For each L-chain A
an L-interpretation for a predicate language PL =
(Pred,Const) of L∀ is a structure

M = (M, (rP )P∈Pred, (mc)c∈Const)

where M 6= ∅, rP : Mar(P ) → A and mc ∈ M for
each P ∈ Pred and c ∈ Const. For each evaluation
of variables v : V ar → M , the truth-value ‖ϕ‖AM,v

of a formula (where v(x) ∈ M for each variable x) is
defined inductively from

‖P (x, · · · , c, · · · )‖AM,v = rP (v(x), · · · ,mc · · · ),

taking into account that the value commutes with con-
nectives, and defining

‖(∀x)ϕ‖AM,v = inf{‖ϕ‖AM,v′ | v(y) = v′(y) for all
variables y, except x}

‖(∃x)ϕ‖AM,v = sup{‖ϕ‖AM,v′ | v(y) = v′(y) for all
variables y, except x}

if the infimum and supremum exist in A, otherwise
the truth-value(s) remain undefined. An structure M
is called A-safe if all infs and sups needed for definition

of the truth-value of any formula exist in A. Then, the
truth-value of a formula ϕ in a safe A-structure M is
just

‖ϕ‖AM = inf{‖ϕ‖AM,v | v : V ar →M}.

When ‖ϕ‖AM = 1 for a A-safe structure M, the pair
(M,A) is said to be a model for ϕ, written (M,A) |=
ϕ. Sometimes we will call the pair (M,A) an L∀-
structure.

The axioms for L∀ are the axioms resulting from
those of L by substitution of propositional variables
with formulae of PL plus the following axioms on
quantifiers (the same used in [7] when defining BL∀):

(∀1) (∀x)ϕ(x) → ϕ(t) (t substitutable for x in ϕ(x))
(∃1) ϕ(t) → (∃x)ϕ(x) (t substitutable for x in ϕ(x))
(∀2) (∀x)(ν → ϕ) → (ν → (∀x)ϕ) (x not free in ν)
(∃2) (∀x)(ϕ→ ν) → ((∃x)ϕ→ ν) (x not free in ν)
(∀3) (∀x)(ϕ ∨ ν) → ((∀x)ϕ ∨ ν) (x not free in ν)

The rules of inference of L∀ are modus ponens and
generalization: from ϕ infer (∀x)ϕ.

A completeness theorem for first-order BL was proven
in [7] and the completeness theorems of other pred-
icate fuzzy logics defined in the literature have been
proven in the corresponding papers where the propo-
sitional logics are introduced. The following general
formulation of completeness for predicate core fuzzy
logics is from the paper [9].

Theorem 2. For any core fuzzy logic L over a predi-
cate language PL, it holds that

T `L∀ ϕ iff (M,A) |= ϕ for each model (M,A) of T ,

for any set of sentences T and formula ϕ of the pred-
icate language PL.

3 Types of completeness properties
and their relationships

We will use the following terminology and notation to
refer to the usual three notions of completeness for
core fuzzy logics.

Definition 3. Let L be a core fuzzy and let K be a
class of L-algebras. We define:

• L has the property of strong K-completeness, SKC
for short, when for every set of L-formulae Γ and
every L-formula ϕ, Γ `L ϕ iff Γ |=K ϕ.

• L has the property of finite strong K-
completeness, FSKC for short, when for every
finite set of L-formulae Γ and every L-formula ϕ,
Γ `L ϕ iff Γ |=K ϕ.
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• L has the property of K-completeness, KC for
short, when for every L-formula ϕ, `L ϕ iff |=K ϕ.

They are analogously defined for the predicate logics.

Definition 4. Let L be a core fuzzy logic. We say that
L∀ has the SKC if for each language Γ, theory T , and
formula ϕ the following are equivalent:

• T `L∀ ϕ.

• (M,A) |= ϕ for each A ∈ K and each model
(M,A) of the theory T .

We say that L∀ has the FSKC if the above condition
holds for finite theories. Finally, we say that L∀ has
the KC if the above condition holds for the empty the-
ory.

When K is the class of standard algebras in the variety
of L-algebras, then instead of K-completeness proper-
ties we talk about standard completeness properties
and we use the notation RC instead of KC (to stress
that it is a completeness with respect to algebras de-
fined of the real unit interval). Moreover, as mentioned
above, when the considered core fuzzy logic is of the
form L∗(C) we can think of further restricting the se-
mantics to the canonical standard algebra. Thus, we
also consider the three canonical standard complete-
ness properties for these logics both in the proposi-
tional and in the first order case.

The completeness properties, their relations and al-
gebraic equivalent (or sufficient) conditions have been
studied in [2]. In particular, the following results for
the SKC have been proved.

Theorem 5 ([2]). Let L be a core fuzzy logic and let
K be a class of L-algebras. Then:

1. L has the SKC if, and only if, every countable L-
chain can be embedded into some chain from K.

2. L∀ has the SKC if every countable L-chain can be
σ-embedded (i.e. with an embedding which pre-
serves existing suprema and infima) into some
chain from K.

Now we recall a relation between completeness of a
propositional core fuzzy logic L and completeness of
its corresponding predicate logic L∀.

Proposition 6 (cf. [2]). If for some family K of L-
chains L∀ enjoys the KC (FSKC, SKC resp.), then L
enjoys the KC (FSKC, SKC resp.) as well.

This proposition yields a necessary condition for the
completeness properties of predicate fuzzy logics that
will be useful to refute some completeness results in

the next section. In a similar way we will also use
the following proposition relating completeness of two
predicate logics when one is a conservative expansion
of the other one.

Proposition 7. Let L and L′ be two core fuzzy logics
such that L′∀ is a conservative expansion of L∀. Let
K′ be a class of L′-chains and let K be the class of their
L-reducts. If L′∀ enjoys the K′C (FSK′C, SK′C resp.),
then L∀ enjoys KC (FSKC, SKC resp.) as well.

Proof: Assume that L′∀ enjoys the KC and we prove
that L∀ also enjoys it. Suppose that 6`L∀ ϕ for some
formula ϕ in language of L∀. Then, since L′∀ is a con-
servative expansion of L∀ we also have 6`L′∀ ϕ, hence
there is some structure (M,A′) with A′ ∈ K′ such that
(M,A′) 6|= ϕ. Let A be the L-reduct of A′. Since ϕ is
an L∀-formula, it is clear that (M,A) 6|= ϕ. 2

4 Completeness results for some
L∗∀(C) logics

In the following, given a left-continuous t-norm ∗ and
its corresponding logic L∗, and a countable subalgebra
C of the standard L∗-algebra [0, 1]∗, we will denote by
L∗∀(C) the predicate version of the (core fuzzy) logic
L∗(C) according to the definitions in Section 2.2.

Remark about the notation used. In the way we have
just defined L∗∀(C), we should have rather used the no-
tation L∗(C)∀, since we have started by the expanded
logic L∗(C) and then we have defined the predicate
variant over it. But in fact, starting with the L∗∀ logic
and then expanding it with the truth constants from C
leads exactly to the same predicate logic and thus we
will keep using L∗∀(C). Moreover, we will make also
use of the notations G∀,  L∀, Π∀ and NM∀ when refer-
ring to L∗∀ logic when the t-norm ∗ is the minimum,
 Lukasiewicz, product and nilpotent minimum t-norm
respectively.

In the case of expansions of L∗∀ logics with truth-
constants, it was already proved by Hájek et al. in
[10] that RPL∀ (Rational Pavelka predicate logic2) is
a conservative expansion of  L∀. Next theorem proves
the analogous result for other logics.

Proposition 8. If ∗ is a pseudo-complemented t-norm
or the nilpotent minimum t-norm, then L∗∀(C) is a
conservative expansion of L∗∀.

Proof: Let ϕ be an L∗∀-formula such that 6`L∗∀ ϕ. We
must show that 6`L∗∀(C) ϕ. By hypothesis, there is
some L∗∀-structure (M,A) such that (M,A) 6|= ϕ.
It is enough to show that A can be expanded to an

2In our notation RPL∀ corresponds to  L∀(C) when C =
[0, 1] ∩ Q.

24 Fuzzy Logic 1



L∗(C)-chain. If ∗ is a pseudo-complemented t-norm we
can define the interpretation of every truth-constant
r such that r 6= 0 as 1A (see Section 2.1). Assume
now that ∗ is the nilpotent minimum t-norm. If C has
no negation fixpoint, we define the interpretation of a
truth-constant r as 1A when ¬r < r, and we define
it as 0A when ¬r > r. If C has the negation fixpoint
1
2 , we can suppose that A also has a negation fixpoint
a (otherwise it could be added as shown in [13]), and
then we interpret 1

2 and the rest of the constants as in
the previous case. 2

This result, together with the one above mentioned by
Hájek et al., shows that when ∗ is one of the three
basic continuous t-norms ( Lukasiewicz, product and
minimum), L∗∀(C) is a conservative expansion of L∗∀
for every subalgebra C of truth-constants, except for
the case of  Lukasiewicz t-norm where the result has
only been proved for C = [0, 1] ∩Q.

Now we are prepared to deal with the standard com-
pleteness properties of predicate logics with truth-
constants. It is well known that Product and
 Lukasiewicz predicate logics do not enjoy the stan-
dard completeness. Therefore, by Propositions 7 and
8,  L∀(C) and Π∀(C) do not have the KC when K is
the class of all standard  L∀(C)-chains and the class
of all standard Π∀(C)-chains, respectively; hence these
logics do not enjoy the canonical standard complete-
ness neither. The same reasoning would also hold
for every logic based on a pseudo-complemented t-
norm ∗ for which we know that L∗∀ fails to enjoy
the standard completeness.3 This is not the case for
Gödel and Nilpotent Minimum predicate logics which,
in fact, satisfy the strong standard completeness. Next
we show that these completeness properties extend to
their expansions with truth-constants.

Theorem 9. The logics G∀(C) and NM∀(C) enjoy the
SRC.

Proof: As stated in the preliminaries, the strong stan-
dard completeness is equivalent to the property of
σ-embeddability. Since Gödel logic already satisfies
the strong standard completeness, we know that any
countable G-chain is σ-embeddable into [0, 1]G, thus
every countable G(C)-chain is also σ-embeddable in a
standard G(C)-chain. Indeed, given a countable G(C)-
chain A let f be the σ-embedding of its G-reduct into
[0, 1]G. Then A, as G(C)-chain, is also σ-embeddable
into the standard G(C)-chain defined over [0, 1]G in-
terpreting each truth-constant r as f(rA). The proof
for NM∀(C) is completely analogous. 2

3This is the case of all pseudo-complemented continu-
ous t-norms except for [0, 1]G, which enjoys the standard
completeness (see [12]).

A natural question here is whether these complete-
ness results can be improved by restricting the seman-
tics to the canonical standard algebra. As a matter
of fact, the canonical FSRC fails for the logics G(C)
and NM(C), as shown in [4, 6]. Therefore, by Propo-
sition 6, this completeness property also fails for their
predicate versions. Nevertheless, we can still prove the
canonical standard completeness for these logics.
Theorem 10. The logics G∀(C) and NM∀(C) enjoy
the canonical RC, i.e. the provable formulae coincide
with the 1-tautologies of the canonical standard chain
[0, 1]G(C) and of [0, 1]NM(C) respectively.

Proof: We only give a sketch of the proof for G∀(C)
(the proof for NM∀(C) is similar with the obvious
changes). Soudness is obvious as usual. For the con-
verse direction we will argue by contraposition, i.e.
we will prove that if 0G∀(C) ϕ for some formula ϕ,
then there is a G∀(C)-structure (M, [0, 1]G(C)) such
that (M, [0, 1]G(C)) 6|= ϕ.

If 0G∀(C) ϕ, then there exists a G∀(C)-structure
(M,A) over a countable G-chain A and an evalua-
tion v such that ‖ϕ‖AM,v < 1A. Take s = min{r ∈ C |
rA = 1A, r appears in ϕ} and define g : A → [0, 1] by
taking g(1A) = 1 and g |

A\{1A} a bijection of A\{1A}
into [0, s) preserving existing suprema and infima, and
such that g(rA) = r for every truth-constant appear-
ing in ϕ such that rA 6= 1A. Using the mapping g
we can produce an structure (M′, [0, 1]G(C)) in such a
way that for every evaluation e on (M,A) and every
evaluation e′ on (M′, [0, 1]G(C)) it holds that

‖P (t1, t2, .., tn)‖[0,1]G(C)

M ′,e′ = g(‖P (t1, t2, .., tn)‖A
M,e)

for each predicate symbol P .

Now by induction we can prove that given any M and
e and their associated M′ and e′, the following state-
ment is true for all ψ subformula of ϕ, then:
a) If ‖ϕ‖A

M,e = 1A, then ‖ϕ‖[0,1]G(C)

M ′,e′ ≥ s,

b) If ‖ϕ‖A
M,e 6= 1A, then ‖ϕ‖[0,1]G(C)

M ′,e′ = g(‖ϕ‖A
M,e).

From this result the theorem is easily proved. 2

5 Conclusions

In this short paper we have considered the (canonical)
standard completeness properties for several promi-
nent predicate fuzzy logics enriched with constants for
intermediate truth-values. Some of these properties
have been denied by showing that the standard com-
pleteness already fails for the corresponding logic with-
out additional truth-constants, while in some other
cases the answer has turned out to be positive by some
ad hoc proofs. The following tables collect these re-
sults.
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Logic RC FSRC SRC
 L∀(C) No No No
Π∀(C) No No No
G∀(C) Yes Yes Yes

NM∀(C) Yes Yes Yes

Logic Can. RC Can. FSRC Can. SRC
 L∀(C) No No No
Π∀(C) No No No
G∀(C) Yes No No

NM∀(C) Yes No No

As open problems that we plan to address in a forth-
coming paper we can mention the following:

1. For which left-continuous t-norms ∗ is L∗∀(C) a
conservative extension of L∗∀?

2. Is it possible to prove the result of Proposition
8 for  Lukasiewicz logic when the language is ex-
panded with truth-constants for irrational values?

3. Is the canonical FSRC true for G∀(C) and
NM∀(C) when the language is restricted to eval-
uated formulae (i.e. formulae of the kind r → ϕ,
where there are no new truth-constants in ϕ)?

4. Investigate completeness results for the expan-
sions of the logics L∗∀(C) with the projection con-
nective ∆.
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[10] P. Hájek, J. Paris, and J. Shepherdson. Rational
Pavelka predicate logic is a conservative extension
of  Lukasiewicz predicate logic. Journal of Sym-
bolic Logic, 65(2): 669–682, 2000.

[11] S. Jenei and F. Montagna. A proof of standard
completeness for Esteva and Godo’s logic MTL.
Studia Logica, 70: 183–192, 2002.

[12] F. Montagna. On the predicate logics of continu-
ous t-norm BL-algebras. Archive for Mathemati-
cal logic, 44: 97–114, 2005.

[13] C. Noguera, F. Esteva, and J. Gispert. On some
varieties of MTL-algebras, Logic Journal of the
IGPL, 13: 443–466, 2005.

[14] V. Novák. On the syntactico-semantical com-
pleteness of first-order fuzzy logic. Part i. Syntax
and Semantics. Kybernetika, 26: 47–66, 1990.

[15] V. Novák. On the syntactico-semantical com-
pleteness of first-order fuzzy logic. Part II. Main
results. Kybernetika, 26: 134–154, 1990.

[16] J. Pavelka. On Fuzzy Logic I, II, III. Zeitschrift
fur Math. Logik und Grundlagen der Math, 25:
45–52, 119–134, 447–464, 1979.
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Abstract

The paper presents experimental comparison of
several resolution strategies for reasoning in
Fuzzy Description Logic based on Fuzzy Pred-
icate Logic with evaluated syntax. Resolution-
based reasoning is established on previous
works concerning non-clausal resolution prin-
ciple both theoretical and application-oriented
(FPLGERDS inference engine).

Keywords: Fuzzy inference, Fuzzy Description
Logic, Resolution Strategies.

1 Introduction

Description logic (DL) has been intensively studied and it
forms an interesting formalism for knowledge representa-
tion [3]. Its expressive power is sufficient for applications
like semantic web. On the other hand DL is relatively sim-
ple in contrast to the full First-order Logic (FOL) bringing
some significant properties like decidability. Fuzzy Pred-
icate Logic with Evaluated Syntax (FPL) [12] is a well-
studied and wide-used logic capable of expressing vague-
ness. It has a lot of applications based on robust theoretical
background. The knowledge representation itself doesn’t
lead to full applicable deductive system. It also requires an
efficient formal proof theory. Since DL is semantically a
subclass of FOL it may use various proved techniques like
tableaux algorithm. However the most widely applied res-
olution principle [4] brings syntactically several obstacles
mainly arising from normal form transformation. FPL is
associating with even harder problems when trying to use
the resolution principle. The solutions to these obstacles
based on the non-clausal resolution [2] were already pro-
posed in [8] and [7].

In this article we would like to present a natural integra-
tion of these two formal logical systems into Fuzzy De-
scription Logic (FDL). It leads to the refutational resolu-
tion theorem prover for FDL (RRTPFDL). FDL has been

presented in a simple form in [13] and in more general form
in [11] with strong computability and time complexity re-
sults. The article refers to some definitions from cited refu-
tational resolution theorem provers for DL (RRTPDL) and
FPL (RRTPFPL).

Another issue addressed in the paper concerns to the ef-
ficiency of presented inference strategies developed origi-
nally for the proving system. We show their perspectives
in combination with standard proof-search strategies. The
main problem for the fuzzy logic theorem proving lies in
the large amount of possible proofs with different degrees
and there is presented an algorithm (Detection of Conse-
quent Formulas - DCF) solving this problem. The algo-
rithm is based on detection of such redundant formulas
(proofs) with different degrees.

2 General resolution and unification
extensions for existentiality

For the purposes of (RRTPFPL) we will use generalized
principle of resolution, which is defined in the research re-
port [1]. There is a propositional form of the rule defined
at first and further it is lifted into first-order logic. We will
introduce the propositional form of the general resolution.

General resolution - propositional version
F [G] F ′[G]

F [G/⊥] ∨ F ′[G/>]
(1)

where the propositional logic formulas F and F ′ are the
premises of inference and G is an occurrence of a subfor-
mula of both F and F ′. The expression F [G/⊥]∨F ′[G/>]
is the resolvent of the premises on G. Every occurrence of
G is replaced by false in the first formula and by true in the
second one. It is also called F the positive, F’ the negative
premise, and G the resolved subformula.

The proof of the soundness of the rule is similar to clausal
resolution rule proof. Suppose the Interpretation I in which
both premises are valid. In I, G is either true or false. If G
(¬G) is true in I, so is F ′[G/>] (F [G/⊥]).
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Revised version of the paper which forms the core of the
handbook [2] is closely related with notion of selection
functions and ordering constraints. By a selection func-
tions we mean a mapping S that assigns to each clause C
a (possibly empty) multiset S(C) of negative literals in C.
In other words, the function S selects (a possibly empty)
negative subclause of C. We say that an atom A, or a lit-
eral ¬A, is selected by S if ¬A occurs in S(C). (There are
no selected atoms or literals if S(C) is empty.) As an usual
ordering can be used lexicographic path ordering over a to-
tal precedence. But in this case the ordering is admissible
if predicate symbols have higher precedence than logical
symbols and the constants > and ⊥ are smaller than the
other logical symbols. It means the ordering is following
A �≡�⊃� ¬ � ∨ � ∧ � > � ⊥. The handbook also
addresses another key issues for automated theorem prov-
ing - the efficiency of the proof search. This efficiency is
closely related with the notion of redundancy.

If we want to generalize the notion of resolution and lift
it into first-order case we have to define first the notion of
selection function for general clauses. General clauses are
multisets of arbitrary quantifier-free formulas, denoting the
disjunction of their elements. Note, that we can also work
with a special case of such a general clauses with one ele-
ment, which yields to a standard quantifier-free formula of
first-order logic. A (general selection) function is a map-
ping S that assigns to each general clause C a (possibly
empty) set C of non-empty sequences of (distinct) atoms
in C such that either S(C) is empty or else, for all inter-
pretations I in which C is false, there exists a sequence
A1, ..., Ak in S(C), all atoms of which are true in I . A
sequence A1, ..., Ak in S(C) is said to be selected (by S).

We have to define the notion of polarity for these reasons
according to the handbook [2]. It is based on the follow-
ing assumption that a subformula F ′ in E[F ′] is positive
(resp. negative), if E[F ′/>] (resp. E[F ′/⊥]) is a tautol-
ogy. Thus, if F ′ is positive (resp. negative) in E, F ′ (resp.
¬F ′) logically implies E. Even it should seem that deter-
mining of the polarity of any subformula is NP-complete
(hard) problem, we can use syntactic criteria for this com-
putation. In this case the complexity of the algorithm is
linear (note that we base our theory on similar syntactic
criteria below - structural notions definition).

When trying to refine the general resolution rule for fuzzy
predicate logic and description logic, it is important to de-
vise a sound and complete unification algorithm. Standard
unification algorithms require variables to be treated only
as universally quantified ones. We will present a more gen-
eral unification algorithm, which can deal with existentially
quantified variables without the need for those variables
be eliminated by skolemization. It should be stated that
the following unification process doesn’t allow an occur-
rence of the equivalence connective. It is needed to remove
equivalence by rewrite rule: A↔ B ⇔ [A→ B] ∧ [B →

A].

We assume that the language and semantics of FOL is stan-
dard. We use terms - individuals (a, b, c, ...), functions
(with n arguments) (f, g, h, ...), variables (X,Y, Z, ...),
predicates(with n arguments) (p, q, r, ...), logical connec-
tives (∧,∨,→,¬), quantifiers (∃,∀) and logical constants
(⊥,>). We also work with standard notions of logical and
special axioms (sets LAx, SAx), logical consequence, con-
sistency etc. as they are used in mathematical logic.

Definition 1 Structural notions of a FOL formula
Let F be a formula of FOL then the structural mappings
Sub (subformula), Sup (superformula), Pol (polarity) and
Lev (level) are defined as follows:

F = G ∧H Sub(F ) = {G,H}, Sup(G) = Sup(H) = F
or F = G ∨H Pol(G) = Pol(F ) = Pol(H)
F = G→ H Sub(F ) = {G,H}, Sup(G) = Sup(H) = F

Pol(G) = −Pol(F ), Pol(H) = Pol(F )
F = ¬G Sub(F ) = {G}, Sup(G) = F

Pol(G) = −Pol(F )
F = ∃αG Sub(F ) = {G}, Sup(G) = F
or F = ∀αG Pol(G) = Pol(F )
(α is a variable)

Sup(F ) = ∅ ⇒ Lev(F ) = 0, Pol(F ) = 1,
Sup(F ) 6= ∅ ⇒ Lev(F ) = Lev(Sup(F )) + 1
For mappings Sub and Sup reflexive and transitive clo-
sures Sub∗ and Sup∗ are defined recursively as follows:
1. Sub∗(F ) ⊇ {F}, Sup∗(F ) ⊇ {F}
2. Sub∗(F ) ⊇ {H|G ∈ Sub∗(F ) ∧ H ∈ Sub(G)},
Sup∗(F ) ⊇ {H|G ∈ Sup∗(F ) ∧H ∈ Sup(G)}

Example: A → B - Pol(A) = −1, Pol(B) = 1,
Lev(A) = 1

These structural mappings provide framework for assign-
ment of quantifiers to variable occurrences. It is needed
for the correct simulation of skolemization (the informa-
tion about a variable quantification in the prenex form).
Subformula and superformula mappings and its closures
encapsulate essential hierarchical information of a formula
structure. Level gives the ordering with respect to the scope
of variables (which is also essential for skolemization sim-
ulation - unification is restricted for existential variables).
Polarity enables to decide the global meaning of a variable
(e.g. globally an existential variable is universal if its quan-
tification subformula has negative polarity). Sound unifica-
tion requires further definitions on variable quantification.
We will introduce notions of the corresponding quantifier
for a variable occurrence, substitution mapping and signif-
icance mapping (we have to distinguish between original
variables occurring in special axioms and newly introduced
ones in the proof sequence).

Definition 2 Variable assignment, substitution and sig-
nificance
Let F be a formula of FOL, G = p(t1, ..., tn) ∈ Sub∗(F )
atom in F and α a variable occurring in ti. Variable map-
pings Qnt(quantifier assignment), Sbt (variable substitu-
tion) and Sig(significance) are defined as follows:
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Qnt(α) = QαH,whereQ = ∃ ∨ Q = ∀,H, I ∈
Sub∗(F ), QαH ∈ Sup∗(G),
∀QαI ∈ Sup∗(G)⇒ Lev(QαI) < Lev(QαH).
F [α/t′] is a substitution of term t′ into α in F ⇒ Sbt(α) =
t′.
A variable α occurring in F ∈ LAx ∪ SAx is significant
w.r.t. existential substitution, Sig(α) = 1 iff variable is
significant, Sig(α) = 0 otherwise.

Example: ∀x(∀xA(x) → B(x)) - Qnt(x) = ∀xA(x), for
x in A(x) and Qnt(x) = ∀x(∀xA(x) → B(x)), for x in
B(x).

Note that with Qnt mapping (assignment of first name
matching quantifier variable in a formula hierarchy from
bottom) we are able to distinguish between variables of the
same name and there is no need to rename any variable. Sbt
mapping holds substituted terms in a quantifier and there
is no need to rewrite all occurrences of a variable when
working with this mapping within unification. It is also
clear that if Qnt(α) = ∅ then α is a free variable. These
variables could be simply avoided by introducing new uni-
versal quantifiers to F. Significance mapping is important
for differentiating between original formula universal vari-
ables and newly introduced ones during proof search (an
existential variable can’t be bounded with it).

Before we can introduce the standard unification algo-
rithm, we should formulate the notion of global universal
and global existential variable (it simulates conversion into
prenex normal form).

Definition 3 Global quantification
Let F be a formula without free variables and α be a vari-
able occurrence in a term of F .

1. α is a global universal variable (α ∈ V ar∀(F )) iff
(Qnt(α) = ∀αH
∧Pol(Qnt(α)) = 1) or (Qnt(α) = ∃αH ∧
Pol(Qnt(α)) = −1)

2. α is a global existential variable (α ∈ V ar∃(F )) iff
(Qnt(α) = ∃αH
∧Pol(Qnt(α)) = 1) or (Qnt(α) = ∀αH ∧
Pol(Qnt(α)) = −1)

V ar∀(F ) and V ar∃(F ) are sets of global universal and
existential variables.

Example: F = ∀y(∀xA(x) → B(y)) - x is a global exis-
tential variable, y is a global universal variable.

It is clear w.r.t. skolemization technique that an existential
variable can be substituted into an universal one only if all
global universal variables over the scope of the existential
one have been already substituted by a term. Skolem func-
tors function in the same way. Now we can define the most
general unification algorithm based on recursive conditions
(extended unification in contrast to standard MGU).

Definition 4 Most general unifier algorithm
Let G = p(t1, ..., tn) and G′ = r(u1, ..., un) be atoms.
Most general unifier (substitution mapping) MGU(G, G’) =
σ is obtained by following atom and term unification steps
or the algorithm returns fail-state for unification. For the
purposes of the algorithm we define the Variable Unifica-
tion Restriction (VUR).

Variable Unification Restriction

Let F1 be a formula and α be a variable occurring in F1,
F2 be a formula, t be a term occurring in F2 and β be a
variable occurring in F2. Variable Unification Restriction
(VUR) for (α,t) holds if one of the conditions 1. and 2.
holds:

1. α is a global universal variable and t 6= β, where β is
a global existential variable and α not occurring in t
(non-existential substitution)

2. α is a global universal variable and t = β,
where β is a global existential variable and ∀F ∈
Sup∗(Qnt(β)), F = QγG, Q ∈ {∀,∃}, γ is a global
universal variable, Sig(γ) = 1 ⇒ (Sbt(γ) = r′) ∈
σ, r′ is a term (existential substitution).

Atom unification

1. if n = 0 and p = r then σ = ∅ and the unifier exists
(success-state).

2. if n > 0 and p = r then perform term unification for
pairs (t1, u1), . . . , (tn, un); If for every pair unifier
exists then MGU(G,G′) = σ obtained during term
unification (success state).

3. In any other case unifier doesn’t exist (fail-state).

Term unification (t′, u′)

1. if u′ = α, t′ = β are variables and Qnt(α) =
Qnt(β) then unifier exists for (t′, u′) (success-state)
(occurrence of the same variable).

2. if t′ = α is a variable and (Sbt(α) = v′) ∈ σ then
perform term unification for (v′, u′); The unifier for
(t′, u′) exists iff it exists for (v′, u′) (success-state for
an already substituted variable).

3. if u′ = α is a variable and (Sbt(α) = v′) ∈ σ then
perform term unification for (t′, v′); The unifier for
(t′, u′) exists iff it exists for (t′, v′) (success-state for
an already substituted variable).

4. if t′ = a, u′ = b are individual constants and a = b
then for (t’,u’) unifier exists (success-state).

5. if t′ = f(t′1, ..., t
′
m), u′ = g(u′1, ..., u

′
n) are function

symbols with arguments and f = g then unifier for
(t′, u′) exists iff unifier exists for every pair (t′1, u

′
1),

..., (t′n, u
′
n) (success-state).
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6. if t′ = α is a variable and VUR for (t′, u′) holds then
unifier exists for (t′, u′) holds and σ = σ∪ (Sbt(α) =
u′) (success-state).

7. if u′ = α is a variable and VUR for (u′, t′) holds then
unifier exists for (t′, u′) holds and σ = σ∪ (Sbt(α) =
t′) (success-state).

8. In any other case unifier doesn’t exist (fail-state).

MGU(A) = σ for a set of atoms A = {G1, . . . , Gk}
is computed by the atom unification for (G1, Gi), σi =
MGU(G1, Gi),∀i, σ0 = ∅, where before every atom unifi-
cation (G1, Gi), σ is set to σi−1.

With above defined notions it is simple to state the general
resolution rule for FOL (without the equivalence connec-
tive). It conforms to the definition from [1].

Definition 5 General ordered resolution with selection
for first-order logic (GRFOL)

F [G1, , ..., Gk] F ′[G′1, ..., G
′
n]

Fσ[G/⊥] ∨ F ′σ[G/>]
(2)

where σ = MGU(A) is the most general unifier (MGU)
of the set of the atoms A = {G1, . . . , Gk, G

′
1, . . . , G

′
n} ,

G = G1σ. For every variable α in F or F ′, (Sbt(γ) =
α) ∩ σ = ∅ ⇒ Sig(α) = 1 in F or F ′ iff Sig(α) = 1 in
Fσ[G/⊥]∨F ′σ[G/>]. F is called positive and F’ is called
negative premise, G represents an occurrence of an atom.
The expression Fσ[G/⊥] ∨ F ′σ[G/>] is the resolvent of
the premises on G.
and
(i) either G is selected by S in F ′, or else S(F ′) is empty,
G is maximal in F ′, (ii) atom G is maximal in F , and (iii)
F does not contain a selected atom.

Note that with Qnt mapping we are able to distinguish vari-
ables not only by its name (which may not be unique), but
also with this mapping (it is unique). Sig property enables
to separate variables, which were not originally in the scope
of an existential variable. When utilizing the rule it should
be set the Sig mapping for every variable in axioms and
negated goal to 1. We present a very simple example of ex-
istential variable unification before we introduce the refu-
tational theorem prover for FOL.

3 Fuzzy Predicate Logic and refutational
proof

The fuzzy predicate logic with evaluated syntax is a flex-
ible and fully complete formalism, which will be used
for the below presented extension [12]. In order to use
an efficient form of the resolution principle we have to
extend the standard notion of a proof (provability value

and degree) with the notion of refutational proof (refuta-
tion degree). Propositonal version of the fuzzy resolution
principle has been already presented in [6]. We suppose
that set of truth values is Łukasiewicz algebra. There-
fore we assume standard notions of conjunction, disjunc-
tion etc. to be bound with Łukasiewicz operators. It
is important that we assume that for every subformula
Sub, Sup, Pol, Lev,Qnt, Sbt, Sig and other derived prop-
erties defined in section 2 hold (where the classical FOL
connective is presented the Łukasiewicz one has the same
mapping value).

Definition 6 Evaluated proof, refutational proof and
refutation degree
An evaluated formal proof of a formula A from the fuzzy
set X ⊂∼ FJ is a finite sequence of evaluated formulas
w := a0

/
A0, a1

/
A1, ..., an

/
An such that An := A

and for each i ≤ n, either there exists an m-ary inference
rule r such that
ai

/
Ai := revl(ai1 , ..., aim)

/
rsyn(Ai1 , ..., Aim),

i1, ..., im < n or ai
/
Ai := X(Ai)

/
Ai.

We will denote the value of the evaluated proof by
V al(w) = an.
An evaluated refutational formal proof of a formula A
from X is w, where additionally a0

/
A0 := 1

/
¬A and

An := ⊥. V al(w) = an is called refutation degree of A.

Definition 7 General ordered resolution with selection
for fuzzy predicate logic (GRFPL)

rGR :
a
/
F [G1, , ..., Gk], b

/
F ′[G′1, ..., G

′
n]

a⊗ b/Fσ[G/⊥]∇F ′σ[G/>]
(3)

where σ = MGU(A) is the most general unifier (MGU)
of the set of the atoms A = {G1, . . . , Gk, G

′
1, . . . , G

′
n} ,

G = G1σ. For every variable α in F or F ′, (Sbt(γ) =
α) ∩ σ = ∅ ⇒ Sig(α) = 1 in

F or F ′ iff Sig(α) = 1 in Fσ[G/⊥] ∨ F ′σ[G/>]. F
is called positive and F’ is called negative premise, G
represents an occurrence of an atom. The expression
Fσ[G/⊥]∇F ′σ[G/>] is the resolvent of the premises on
G.
and
(i) either G is selected by S in F ′, or else S(F ′) is empty,
G is maximal in F ′, (ii) atom G is maximal in F , and (iii)
F does not contain a selected atom.

Lemma 1 Soundness of rGR
The inference rule rGR for FPL based on LŁ is sound i.e.
for every truth valuation D,

D(rsyn(A1, ..., An)) ≥ revl(D(A1), ...,D(An)) (4)

holds true.

Definition 8 Refutational resolution theorem prover
Refutational non-clausal resolution theorem prover for
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FPL (RRTPFPL) is the inference system with the infer-
ence rule GRFPL and sound simplification rules for ⊥, >
(standard equivalencies for logical constants). A refuta-
tional proof by definition 6 represents a proof of a formula
G (goal) from the set of special axioms N. It is assumed that
Sig(α) = 1 for ∀α in F ∈ N ∪¬G formula, every formula
in a proof has no free variable and has no quantifier for a
variable not occurring in the formula.

Definition 9 Simplification rules for∇,⇒

rs∇ :
a
/
⊥∇A
a
/
A

and rs⇒ :
a
/
>⇒A
a
/
A

Lemma 2 Provability and refutation degree for GRFPL
T `a A
iff a =

∨
{V al(w)| w is a refutational proof of A from LAx∪

SAx}

Theorem 1 Completeness for fuzzy logic with rGR, rs∇,
rs⇒ instead of rMP

Formal fuzzy theory, where rMP is replaced with rGR, rs∇,
rs⇒, is complete i.e. for every A from the set of formulas
T `a A iff T |=a A.

4 Resolution principle for Fuzzy
Description Logic

In this section we will naturally build up the Refutational
Resolution Theorem Prover for Fuzzy Description Logic
RRTPFDL based on resolution rule for FPL. Whole the
theory is based on mapping FDL formulas into FPL for-
mulas and hence the properties of interpretation and res-
olution are preserved. The paper works with standard in-
terpretation structures and rules of FPL [12] and also for
ALC-like FDL [11] based on Łukasiewicz algebra. We
use atomic concepts to be bound with unary predicates
A1, ..., An and atomic roles are bound with binary pred-
icates R1, ..., Rm. Terms are constants a1, ..., al or vari-
ables x1, ..., xk. There is also top and bottom concepts
(>,⊥). Concepts may be constructed using negation ¬,
conjunction &, disjunction ∇, implication →, restricted
quantification ∀R.C bounded with ∀y(R(x, y) → C(y)),
∃R.C bounded with ∃y(R(x, y) &C(y))). Instances of
concepts could be written in the form C(t), where t is a
term. When speaking about instances of quantified con-
cepts its meaning in FPL is equivalent to replacing the oc-
currence of x variable by t. For the purposes of the prover
we extend the notion of roles. At first we enable to use the
atomic role negation ¬R, which is equivalent to its FPL
representation and in semantic meaning it relates to com-
plement operation on the extent of R. We also enable to use
negation, conjunction and disjunction of roles and we in-
troduce notion of full role (>R) and empty role (⊥R). We
call formulas of FDL - FDL formulas.

Definition 10 Embedding of structural notions into FOL
Let D be a DL formula. We call a formula F of FOL
equivalent embedding formula by the following mapping
Emb(D) = F (embedding). All the above defined notions
for FOL holds also for Emb(D). Additionally we define
a mapping Ext (extension) for D, which returns an explicit
form of DL-formula with terms assigned to atomic concepts
and roles.

Let C,D be concepts, R,S be roles, t, t1, t2 be terms, x, y
be variables:
Recursive definiton of Ext:
Ext(C) = C(x), Ext(R) = R(x, y), Ext(C(t)) = C(t),

Ext(R(t1, t2)) = R(t1, t2) (for atomic concepts and roles)

For every • ∈ {u,t,→} it holds:

Ext(C •D) = (C •D),Ext(R • S) = (R • S)

Ext(¬C) = ¬C,Ext(¬R) = ¬R

For everyQ ∈ {∀, ∃} it holds:

Ext(QR.C) = QR.C,

Recursive definiton ofEmb:

Let C, D be concepts and R, S be roles:

Emb(C(t)) = C(t), Emb(R(t1, t2) = R(t1, t2)), Emb(A) = A(x),

Emb(R) = R(x, y)) (atomic concept and role)

Emb(C uD) = C ∧D,Emb(C tD) = C ∨D ,Emb(C → D) = C →

D, Emb(¬C) = ¬C, Emb(R u S) = R ∧ S, Emb(R t S) = R ∨ S,

Emb(R→ S) = R→ S,Emb(¬R) = ¬R,

Emb(∀R.C) = ∀y(X), whereEmb(R.C) = X = R(x, y)→ C(y),

Emb(∃R.C) = ∃y(X), whereEmb(R.C) = X = R(x, y) ∧ C(y),

Emb(>) = >,Emb(⊥) = ⊥,Emb(>R) = >,Emb(⊥R) = ⊥.

For every DL formula D or DL formula part R.C = D, a
variable y occurring in D or R.C, where Emb(D) = F ,
and formula mappings
Map ∈ {Sub, Sup, Sub∗, Sup∗, Pol, Lev} , it holds
Map(D) = Map(F ). For a variable y in an atomic con-
cept or role (C or R) and F it holds Qnt(y) = Qnt(α),
where α is a variable occurring in Emb(C) or Emb(R).
Sig and Sbt mappings could be defined subsequently. If
not stated otherwise Sig(α) = 0. No free variables should
occur in Emb(D).

Example 1 Examples of structural mappings
Let C → ∃R.C ′ be a DL formula D. Then there are some
notions (not all possible) holding for D:
Ext(D) = C(x)→ ∃R(x, y).C′(y) and

Pol(D) = 0, Pol(C) = −1, Pol(∃R.C′) = 1, Pol(C′) =

1, Lev(D) = 0, Lev(∃R.C′) = 1, Lev(R.C) = 2, Lev(R) =

3, Sub(∃R.C′) = R(x, y) → C′(y), Sub∗(∃R(x, y).C′(y)) =

{R(x, y)→ C′(y), R(x, y), C′(y)},

Sub(D) = {C(x), ∃y(R(x, y) → C′(y))}, Sup(C′(y)) = R(x, y) →

C(y)

For y in C′(y)Qnt(y) = ∃y(R(x, y)→ C(y))

Definition 11 General ordered resolution with selection
for Fuzzy Description Logic (GRFDL)
Let D and D′ be DL formulas projected by ExtMax,

Resolution Strategies for Fuzzy Description Logic 31



Gi, G
′
i be an atomic concept or role (a subformula of D,

D′).

rGR :
a
/
D[G1, , ..., Gk], b

/
D′[G′1, ..., G

′
n]

a⊗ b/Dσ[G/◦]∇D′σ[G/•]
(5)

where σ = MGU(A) is the most general unifier (MGU)
of the set of the atoms, A = {G1, . . . , Gk, G

′
1, . . . , G

′
n} ,

G = G1σ. For G being an atomic concept ◦ = ⊥, • = >,
for G being an atomic role ◦ = ⊥R, • = >R. For every
variable α inD orD′, (Sbt(γ) = α)∩σ = ∅⇒ (Sig(α) =
1 in D or D′ iff Sig(α) = 1 in Dσ[G/◦]∇D′σ[G/•].
and
(i) either G is selected by S in F ′, or else S(F ′) is empty,
G is maximal in F ′, (ii) atom G is maximal in F , and (iii)
F does not contain a selected atom.

Definition 12 Refutational resolution theorem prover for
FDL
Refutational non-clausal resolution theorem prover for
FDL (RRTPFDL) is the inference system with the in-
ference rule GRFDL and sound auxiliary simplification
rules. A refutational proof of the goal G from the set
of axioms N = {A1, ..., Am} is a sequence of DL for-
mulas with full terms on atoms (max. atomic extension)
w := a0

/
A0, a1

/
A1, ..., an

/
An, a

/
⊥, where Di is an

axiom from N , ¬G or a resolvent from premises Dk and
Dl (k, l < i); simplification rules apply to the resolvent. It
is assumed that Sig(α) = 1 ∀α variable in N ∪ ¬G.

Example 2 Proof of child’s happiness by rGR

Consider the following knowledge (significantly simplified
in contrast to the reality) about child’s happiness. We sup-
pose that a child is happy in the degree 0.8 if it has mother
and father. It can be expressed in compact FDL-formula
form:
0.8

/
[∃child.female ∧ ∃child.male]⇒happy

Further we suppose that a child is happy in the degree 0.5
if it has a lot of toys (we suppose parents are a bit more
important for children). We will present proofs and then
we mark the best provability degree from the following
axioms. According to the definitions FDL-formulas
are projected by ExtMax. It was used the automated
theorem prover of the author for classical logic [5].
Xa. steps represent application of simplification rules.

Common proof members (axioms):

1. 0.8
.

[∃child(X,Y ).female(Y )

∧∃child(X,Y ).male(Y )]⇒happy(X) (happy with parents - 0.8)

2. 0.5
.
toys(X)⇒happy(X) (happy with toys - 0.5)

3. 1
.
child(johana, hashim) (clear crisp fact)

4. 1
.
child(johana, lucie) (clear crisp fact)

5.1
.
male(hashim) (clear crisp fact)

6.1
.
female(lucie) (clear crisp fact)

7.0.9
.
toys(johana) (johana has a lot of toys - 0.9)

8.1
.
¬happy(johana) (negated goal - is johana happy?)

Proof 1:

9. 0.9⊗ 0.5
.
⊥ ∨ [>⇒happy(johana)]

9a. 0.4
.
happy(johana) (rGR on 7.,2.,X = johana)

10. 1⊗ 0.4
.
⊥ ∨ ¬>

10a. 0.4
.
⊥ (rGR on 9.,8.)

(happy(johana) is provable in 0.4)

Proof 2:

9. 0.8⊗ 1
.

[[∃child(johana, Y ).female(Y )

∧∃child(johana, Y ).male(Y )]⇒⊥]∇¬>
9a. 0.8

.
¬[∃child(johana, Y ).female(Y )

∧∃child(johana, Y ).male(Y )] (rGR on 1.,8.,X = johana)

10. 0.8⊗ 1
.
¬[∃child(johana, lucie).>

∧∃child(johana, Y ).male(Y )]]∇⊥
10a. 0.8

.
¬[∃child(johana, lucie).>

∧∃child(johana, Y ).male(Y )] (rGR on 6.,9., Y = lucie)

11. 0.8⊗ 1
.
¬[∃child(johana, lucie).>

∧∃child(johana, hashim).>]∇⊥
11a. 0.8

.
¬[∃child(johana, lucie).>

∧¬child(johana, hashim).>] (rGR on 5.,10., Y = hashim)

12. 0.8⊗ 1
.
¬[∃>R.>

∧∃child(johana, hashim).>]∇⊥
12a. 0.8

.
¬[∃child(johana, hashim).>] (rGR on 4.,11.)

13. 0.8⊗ 1
.
¬∃>R.>∇⊥

13a. 0.8
.
⊥ (rGR on 3.,12.)

(happy(johana) is provable in 0.8)
We have stated two different proofs and it is clear that
several other proofs could be constructed. Let us note
that these proofs either consist of redundant steps or they
are variants of Proof 1 and Proof 2, where only the order
of resolutions is different. So we can conclude that it is
effectively provable that Johana is a happy child in the
degree 0.8.

The proof of soundness and completeness of theRRTPDL
is straightforward. Since the FPL embedding is semanti-
cally equivalent to the interpretation of FDL formulas, all
the properties of RRTPFPL holding for FPL should also
hold for RRTPFDL.

5 Implementation and efficiency

The author also currently implements the non-clausal the-
orem prover into fuzzy logic and description logic as an
extension of previous prover for FOL (GEneralized Res-
olution Deductive System - GERDS) [5]. Experiments
concerning prospective inference strategies can be per-
formed with this extension. The prover called Fuzzy Pred-
icate Logic GEneralized Resolution Deductive System -
FPLGERDS provides standard interface for input (knowl-
edge base and goals) and output (proof sequence and re-
sults of fuzzy inference, statistics).

There are already several efficient strategies proposed by
author (mainly Detection of Consequent Formulas (DCF)
adopted for the usage also in FPL). With these strategies
the proving engine can be implemented in "real-life"
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Figure 1: Fuzzy Predicate Logic GEneralized Resolution
Deductive System

applications since the complexity of theorem proving in
FPL is dimensionally harder than in FOL (the need to
search for all possible proofs - we try to find the best
refutation degree). The DCF idea is to forbid the addition
of a resolvent which is a logical consequence of any pre-
viously added resolvent. For refutational theorem proving
it is a sound and complete strategy and it is emiprically
very effective. Completeness of such a strategy is also
straight-forward in FOL:

(Rold ` Rnew) ∧ (U,Rnew ` ⊥)⇒ (U,Rold ` ⊥)

Example: Rnew = p(a), Rold = ∀x(p(x)), Rold ` Rnew.

DCF could be implemented by the same procedures like
General Resolution (we may utilize self-resolution). Self-
resolution has the same positive and negative premise and
needs to resolve all possible combinations of an atom. It
uses the following scheme:

Rold ` Rnew ⇔ ¬(Rold → Rnew) ` ⊥

Even the usage of this teachnique is a semidecidable prob-
lem, we can use time or step limitation of the algorithm and
it will not affect the completeness of the RRTPFOL.
Example: Rnew = p(a), Rold = ∀x(p(x)),
¬(∀x(p(x))→ p(a))
MGU: Sbt(x) = a, Res = ¬(⊥ → ⊥)∨¬(> → >)⇒ ⊥
We have proved that Rnew is a logical consequence of
Rold.

In FPL we have to enrich the DCF procedure by the limita-
tion on the provability degree. if U `a Rold ∧ U `b Rnew
∧ b ≤ a then we can apply DCF. DCF Trivial check per-
forms a symbolic comparison ofRold andRnew we use the
same provability degree condition. In other cases we have

to add Rnew into the set of resolvents and we can apply
"DCF Kill" procedure. DCF Kill searches for every Rold
being a logical consequence of Rnew and if U `a Rold ∧
U `b Rnew ∧ b ≥ a then Kill Rold (resolvent is removed).

We will now show some efficiency results concerning
many-valued logic both for Fuzzy Predicate Logic and
Fuzzy Description Logic. We have used the above
mentioned application FPLGERDS and originally devel-
oped DCF strategy for FPL. It is clear that inference in
RRTPFPL and RRTPFDL on general knowledge bases
is a problem solved in exponential time. Nevertheless as
we would like to demonstrate the need to search for every
possible proof (in contrast to the two-valued logic) will not
necessarily in particular cases lead to the inefficient theory.
We have devised knowledge bases (KB) on the following
typical problems related to the use of fuzzy logic.

We have performed experimental measurements concern-
ing efficiency of the presented non-clausal resolution prin-
ciple and also DCF technique. This measurements were
done using the FPLGERDS application [9]. Special test-
ing knowledge bases were prepared and several types of
inference were tested on a PC with standard Intel Pentium
4 processor as described below.

Fuzzy Description Logic redundancy-based inefficient
knowledge bases

As it was shown above in the theorem proving example the
problem of proof search is quite different in FPL and FDL
in comparison with the two-valued logic. We have to search
for the best refutation degree using refutational theorem
proving in order to make sensible conclusions from the in-
ference process. It means we cannot accept the "first suc-
cessful" proof, but we have to check "all possible proofs"
or we have to be sure that every omitted proof is "worse"
that some another one. The presented DCF and DCF Kill
technique belong to the third sort of proof search strate-
gies, i.e. they omit proofs that are really "worse" than some
another (see the explication above). Proofs and formulas
causing this could be called redundant proofs and redun-
dant formulas. Fuzzy logic makes this redundancy dimen-
sionally harder since we could produce not only equivalent
formulas but also equivalent formulas of different evalua-
tion degree.

Example 3 Redundant knowledge base
Consider the following knowledge base (fragment):
...,

0.51
.
a ∧ b1⇒z,0.61

.
a ∧ b1 ∧ b1⇒z,

0.71
.
a ∧ b1 ∧ b1 ∧ b1⇒z,0.81

.
a ∧ b1 ∧ b1 ∧ b1 ∧ b1⇒z,

0.91
.
a ∧ b1 ∧ b1 ∧ b1 ∧ b1 ∧ b1⇒z, 1

.
b1,

...,

0.52
.
a ∧ b2⇒z,0.62

.
a ∧ b2 ∧ b2⇒z,

0.72
.
a ∧ b2 ∧ b2 ∧ b2⇒z,0.82

.
a ∧ b2 ∧ b2 ∧ b2 ∧ b2⇒z,

0.92
.
a ∧ b2 ∧ b2 ∧ b2 ∧ b2 ∧ b2⇒z, 1

.
b2,

...,
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Goal: ?− a⇒z

Searching for the best proof of a goal will produce a lot of
logically equivalent formulas with different degrees. These
resolvents make the inference process inefficient and one of
the essential demands to the presented refutational theorem
prover is a reasonable inference strategy with acceptable
time complexity.

We have compared efficiency of the standard breadth-first
search, linear search and modified linear search (starting
from every formula in knowledge base) and also combina-
tions with DCF and DCF-kill technique [9]. We have pre-
pared knowledge bases of the size 120, 240, 360, 480 and
600 formulas. It has been compared the time and space ef-
ficiency on the criterion of 2 redundancy levels. This level
represents the number of redundant formulas to which the
formula is equivalent (including the original formula). For
example the level 5 means the knowledge base contain 5
equivalent redundant formulas for every formula (including
the formula itself). The basic possible state space search
techniques and DCF heuristics and their combinations are
presented in the following tables.

Table 1: Proof search algorithms
Search method Description
Breadth B Level order generation, start - special axioms + goal
Linear L Resolvent⇒ premise, start - goal
Modified-Linear M Resolvent⇒ premise, start - goal + special axioms

We use standard state space search algorithms in the
FPLGERDS application - Breadth-first and Linear search.
Breadth-first method searches for every possible resolvent
from the formulas of the level 0 (goal and special axioms).
These resolvents form formulas of the level 1 and we try
to combine them with all formulas of the same and lower
level and continue by the same procedure until no other
non-redundant resolvent could be found. Linear search per-
forms depth-first search procedure, where every produced
resolvent is used as one of the premises in succeeding step
of inference. The first produced resolvents arises from the
goal formula. Modified linear search method posses the
same procedure as linear one, but it starts from goal and
also from all the special axioms.

Table 2: DCF heuristics
DCF Method Description
Trivial T Exact symbolic comparison
DCF DC Potential resolvent is consequent (no addition)
DCF Kill DK DCF + remove all consequent resolvents

DCF methods for reduction of resolvent space are basically
three. The simplest is trivial DCF method, which detects
redundant resolvent only by its exact symbolic comparison,
i.e. formulas are equivalent only if the are syntactically the

same. Even it is a very rough method, it is computation-
ally very simple and forms necessary essential restriction
for possibly infinite inference process. The next method
of DCF technique enables do detect the equivalency of a
formula (potential new resolvent) by the means described
above. DCF Kill technique additionally tries to remove ev-
ery redundant resolvent from the set of resolvents.

Table 3: Inference strategies
Search DCF Code Description
Breadth Trivial BT Complete
Breadth DCF BDC Complete
Breadth DCF Kill BDK Complete
Mod. Linear Trivial MT Incomplete (+)
Mod. Linear DCF MDC Incomplete (+)
Mod. Linear DCF Kill MDK Incomplete (+)
Linear Trivial LT Incomplete
Linear DCF LDC Incomplete
Linear DCF Kill LDK Incomplete

We have built-up 9 combinations of inference strategies
from the mentioned proof search and DCF heuristics. They
have different computational strength, i.e. their complete-
ness is different for various classes of formulas. Fully
complete (as described above) for general formulas of FPL
and FDL are only breadth-first search combinations. Lin-
ear search strategies are not complete even for two-valued
logic and horn clauses. Modified linear search has gen-
erally bad completeness results when an infinite loop is
present in proofs, but for guarded knowledge bases it can
assure completeness preserving better space efficiency than
breadth-first search.

We have tested presented inference strategies on the sam-
ple knowledge bases with redundancy level 5 with 20, 40,
60, 80 and 100 groups of mutually redundant formulas (the
total number of formulas in knowledge base is 120, 240,
360, 480 and 600). At first we have tested their time ef-
ficiency for inference process. As it could be observed
from figure 2, the best results have LDK and LDC strate-
gies. For simple guarded knowledge bases (not leading
to an infinite loop in proof search and where the goal it-
self assures the best refutation degree) these two methods
are very efficient. DCF strategies significantly reduces the
proof search even in comparison with LT strategy (stan-
dard), therefore the usage of any non-trivial DCF heuris-
tics is significant. Next important result concludes from
the comparison of BDK and MDK, MDC strategies. We
can conclude that MDK and MDC strategies are relatively
comparable to BDK and moreover BDK preserves com-
pleteness for general knowledge bases.

Space complexity is even more significantly affected by the
DCF heuristics. There is an interesting comparison of triv-
ial and non-trivial DCF heuristics in figure 3. Even BDK
strategy brings significant reduction of resolvents amount,
while LDK, LDC, MDK, MDC strategies have minimal
necessary amount of kept resolvents during inference pro-
cess.
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Figure 2: Time complexity for redundancy level 5 (sec-
onds)

Performed experiments shows the significance of originally
developed DCF strategies in combination with standard
breadth-first search (important for general knowledge bases
- BDK). We also outlined high efficiency for linear search
based strategies (mainly LDK). Even this strategy is not
fully complete and could be used only for guarded frag-
ment of FDL, this problem is already known in classical
(two-valued) logic programming and automated theorem
proving. We also use these highly efficient linear search
strategies, even they are not complete.

6 Conclusion, further research and
applications

The Non-clausal Refutational Resolution Theorem Prover
forms a powerful inference system for automated theorem
proving in fuzzy description logic. The main advantage in
contrast with other inference systems lies in the possibility
to utilize various inference strategies for effective reason-
ing. Therefore it is essential for practically successful the-
orem proving. The recent idea of fuzzy description logic
is suitable for further extensions with the presented infer-
ence rules [11] and also reflects real situations as it could
be observed from the example.

Figure 3: Space complexity for redundancy level 5 (resol-
vents)

The Detection of Consequent Formulas algorithms fam-
ily brings significant improvements in time and space ef-
ficiency for the best proof search. We have shown re-
sults indicating specific behavior of some combinations
of the DCF and standard proof search (breadth-first and
linear search). DCF strategies (BDC, BDK) have inter-
esting results even for fully general fuzzy predicate logic
with evaluated syntax, where the strategy makes the in-
ference process practically manageable (in contrast to un-
restricted "blind" proof-search). However it seems to be
more promising for practical applications to utilize incom-
plete strategies with high time efficiency like LDK (even
for large knowledge bases it has very short solving times).
It conforms to another successful practical applications
in two-valued logic like logic programming or deductive
databases where we also use efficient incomplete strategies
for fragments of fully general logics.

We have briefly shown some efficiency results for
the presented automated theorem prover and infer-
ence strategies. They show the significant reduction
of time and space complexity for the DCF technique.
There is also prepared the experimental applica-
tion FPLGERDS, which is obtainable from URL:
http://www1.osu.cz/home/habibal/files/gerds.zip. The
package contains current version of the application, source
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codes, examples and documentation.

Acknowledgement

This work was supported by research plan of MSMT CR -
MSM 6198898701.

References

[1] Bachmair, L., Ganzinger, H. A theory of resolution.
Technical report: Max-Planck-Institut, 1997.

[2] Bachmair, L., Ganzinger, H. Resolution theorem
proving. In Handbook of Automated Reasoning, MIT
Press, 2001.

[3] Baader et col. (eds.). The Description Logic Hand-
book - Theory, Interpretation and Applications. Cam-
bridge Univ. Press, 2003.
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Abstract

With a left-continuous t-norm ¯, we may as-
sociate the set of its vertical cuts, namely, the
set F of functions fa : [0, 1] → [0, 1], x 7→
x ¯ a. Endowed with the pointwise order,
with the functional composition, with the
constant 0 function and with the identity
function, F is an algebra which is isomorphic
to ([0, 1];≤,¯, 0, 1).

We characterize the functional algebras aris-
ing in this way from left-continuous t-norms;
the key property is that every two functions
commute. On the basis of this approach, we
describe a subclass of the left-continuous t-
norms in a unified way. This subclass com-
prises most left-continuous t-norms discussed
in the literature.

Keywords: Left-continuous t-norms, func-
tional algebra.

1 Introduction

When compiling the most basic properties which a
function interpreting the conjunction in fuzzy log-
ics should fulfill, one arrives at the notion of a left-
continuous t-norm; see e.g. [7]. The logic which is
based on all left-continuous t-norms together with
their respective residua, is MTL [2].

It has been an open problem for many years how to de-
scribe the structure of left-continuous t-norms in gen-
eral. A general approach being missing, a great deal
of work has been done to define various ways to con-
struct specific such two-placed functions. See [5] for
an overview, and see also [10].

This paper is meant as a contribution to the difficult
problem how to systematize left-continuous t-norms.
We have developed a simple idea with the aim to bring

order into the picture, which presently causes the im-
pression that just a little bit of creativity is needed to
find once again a new left-continuous t-norm, seem-
ingly unrelated to earlier defined ones.

Still, what we offer is a way to construct left-
continuous t-norms, and not all of them are included.
However, our approach differs from previous ones. In
the works of S. Jenei and others (see [5]), the geometri-
cal viewpoint is frequently stressed, and the t-norm is
visualized by its three-dimensional graph. In our own
previous work [9, 10], the relationship between MTL-
algebras and partially ordered groups is examined.

The present work stresses again the geometric view-
point; but no three-dimensional objects are consid-
ered, we restrict to two dimensions. We simply work
with the collection of vertical cuts through the three-
dimensional graph. In this way, it is possible to visu-
alize in a pleasant way our object of study. We are
given a set of functions from the real unit interval into
itself, and the basic property of this set is that every
two functions commute. Indeed, the commutativity
of the functional composition corresponds to both the
associativity and the commutativity of the underlying
t-norm.

When taking into account the typical examples of left-
continuous t-norms, we see that the associated func-
tional algebras show certain regularities. We have col-
lected these regularities and derived from them a gen-
eral way to construct left-continuous t-norms. In this
way, we systematize a class of t-norms which have a
particularly simple structure, but is not too restrictive
either.

In this paper, we present our idea and its mathematical
specification, together with a demonstration how the
method works in known cases. The further elaboration
is the subject of a forthcoming paper.
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2 Preliminaries

The basic notion of this paper is the following one.

Definition 2.1 An operation ¯ : [0, 1]2 → [0, 1] is
called a t-norm if, for all a, b, c ∈ [0, 1], (i) (a¯b)¯c =
a¯ (b¯ c), (ii) a¯ b = b¯ a, (iii) a¯ 1 = a, and (iv)
a ≤ b implies a¯ c ≤ b¯ c. A t-norm ¯ is called left-
continuous, or l.c. for short, if for each a ∈ [0, 1], the
function (0, 1]→ [0, 1], x 7→ x¯ a is left-continuous.

Let ¯ a l.c. t-norm. Then we call ([0, 1];≤,¯, 0, 1) the
t-norm monoid based on ¯.

Note that usually, we associate with a l.c. t-norm the
MTL-algebra ([0, 1];∧,∨,¯,→, 0, 1), where → is the
residuum belonging to ¯. Classifying the t-norm al-
gebras is, however, the same as to classify the t-norm
monoids, as the operations ¯ and → are mutually de-
finable. We will deal here only with the monoidal op-
eration ¯.

The article is based on a simple observation, subject
of the subsequent Theorem 2.3.

Definition 2.2 Let ¯ be a l.c. t-norm. For any a ∈
[0, 1], call

f¯a : [0, 1]→ [0, 1], x 7→ x¯ a
the vertical cut, or cut for short, of ¯ at the point a.
Moreover, call

F¯ = {f¯a : a ∈ [0, 1]}
cut set belonging to ¯.

We will denote the cut of a l.c. t-norm at a simply
by fa and the cut set by F , since the reference to a
specific t-norm will always be clear.

Theorem 2.3 Let ¯ be a l.c. t-norm. Then the cut
set F belonging to ¯ is a set of functions from [0, 1] to
[0, 1] with the following properties:

(T1) Every f ∈ F is increasing.

(T2) Every two functions in F commute, that is, f ◦
g = g ◦ f for any f, g ∈ F .

(T3) For every a ∈ [0, 1], there is exactly one f ∈ F
such that f(1) = a.

(T4) Every f ∈ F is on (0, 1] left-continuous.

Conversely, let F be a set of functions from [0, 1] to
[0, 1] fulfilling (T1)–(T4). Then F is the cut set of a
l.c. t-norm ¯, and ¯ is uniquely determined by

a¯ b = f(a), where f ∈ F is such that f(1) = b. (1)

Proof. Clearly, the cut set of a l.c. t-norm fulfills the
conditions (T1)–(T4).

Conversely, let F be a set of functions from [0, 1] to
itself such that (T1)–(T4) hold. Using (T3), denote
by fa, where a ∈ [0, 1], the unique element of F such
that fa(1) = a. We may then define ¯ by (1).

From (T2), we conclude a ¯ b = fb(a) = fb(fa(1)) =
fa(fb(1)) = fa(b) = b ¯ a. Again by (T2), we have
(a ¯ b) ¯ c = fc(a ¯ b) = fc(fb(a)) = fb(fc(a)) =
(a¯ c)¯ b, and since ¯ is proved to be commutative,
¯ is associative. Moreover, a¯ 1 = 1¯ a = fa(1) = a.
Finally, a ≤ b implies a ¯ c = fc(a) ≤ fc(b) = b ¯ c
by (T1). So ¯ is a t-norm, which is left-continuous by
(T4).

Obviously, F is the cut set belonging to ¯. In partic-
ular, fa is the cut of ¯ at a. ¤

We shall endow the cut set belonging to a t-norm with
an algebraic structure. For pairs of functions f, g :
[0, 1] → [0, 1], we denote the pointwise order by ≤.
Furthermore, with each pair f, g : [0, 1] → [0, 1], we
associate their composition f ◦g. The basic properties
of the order ≤ and of the operation ◦ on F are as
follows.

Lemma 2.4 Let F be a cut set belonging to some
l.c. t-norm. Then:

(T5) The pointwise defined partial order ≤ on F is
a total order which is moreover dense, separable,
complete, and bounded. The lower bound is

0̄ : [0, 1]→ [0, 1], x 7→ 0,

and the upper bound is

id : [0, 1]→ [0, 1], x 7→ x.

Moreover, all suprema are calculated pointwise.

(T6) F is closed under functional composition, that is,
f ◦ g ∈ F for any f, g ∈ F .

We note that, by Theorem 2.3, the properties (T5)–
(T6) are consequences of (T1)–(T4).

We summarize what we have shown.

Definition 2.5 Let F be a cut set belonging to a
l.c. t-norm ¯. Endow F with the pointwise order ≤,
with the composition of functions ◦, and with the con-
stants 0̄ and id. Then we call (F ;≤, ◦, 0̄, id) the func-
tional algebra belonging to ¯.

Theorem 2.6 A l.c. t-norm algebra ([0, 1];≤,¯, 0, 1)
and the functional algebra (F ;≤, ◦, 0̄, id) belonging to
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¯ are isomorphic. The isomorphism is given by
Φ(a) = fa, where a ∈ [0, 1] and fa is the unique el-
ement of F such that fa(1) = a.

In this way, a one-to-one correspondence is defined
between the l.c. t-norms and the algebras of functions
from [0, 1] to [0, 1] fulfilling the properties (T1)–(T4).

Note that this correspondence can be extended to all
t-norms, by dropping the condition (T4).

3 Examples

Let us have a look at the cut sets of some frequently
encountered l.c. t-norms.

We consider first the continuous t-norms. Let ¯L be
the ÃLukasiewicz t-norm: let

a¯L b = (a+ b− 1) ∨ 0

for a, b ∈ [0, 1]. We plot the cuts of ¯L at the points
0.2, 0.4, ..., 1:
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The ÃLukasiewicz t-norm
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Note that our figures have only a schematic character;
the cuts are drawn inaccurate in case that two of them
overlap.

Next, let ¯P be the product t-norm: let

a¯P b = a · b

for a, b ∈ [0, 1], where · denotes the multiplication of
reals.
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Finally, let ¯G be the Gödel t-norm: let

a¯G b = a ∧ b
for a, b ∈ [0, 1].
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Any continuous t-norm arises from the three men-
tioned ones by means of an ordinal sum. So with these
three examples, it is easy to see how the cut set of an
arbitrary continuous t-norm looks like.

We now turn to examples of non-continuous l.c. t-
norms. These are taken from the survey article [5],
where further explanations and also the appropriate
references can be found. Let ¯n be the nilpotent min-
imum t-norm: let

a¯n b =

{
a ∧ b if a+ b > 1,
0 else
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for a, b ∈ [0, 1]. Discontinuity points are marked in
the subsequent figures by vertical lines inserted into
the graph, whose lower edge indicates the respective
function value.
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Next, we consider the t-norm ¯J : let

a¯J b

=





a ∧ b if a+ b > 1 and a ≤ 1
3 or a > 2

3 ,

a+ b− 2
3 if a+ b > 1 and 1

3 < a, b ≤ 2
3 ,

0 if a+ b ≤ 1

for a, b ∈ [0, 1].
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Furthermore, let ¯rP the rotated product t-norm: let

a¯rP b =





2ab− a− b+ 1 if a, b > 1
2 ,

a+b−1
2a−1 if a > 1

2 , b ≤ 1
2 ,

and a+ b > 1,
0 if a+ b ≤ 1.

for a, b ∈ [0, 1].
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Finally, let ¯raLL be the rotation-annihilation of two
ÃLukasiewicz t-norms: let

a¯raLL b

=





a+ b− 1 if a, b > 2
3 and a+ b > 5

3 or
a ≤ 1

3 , b >
2
3 and a+ b > 1,

2
3 if a, b > 2

3 and a+ b ≤ 5
3 ,

a+ b− 2
3 if 1

3 < a, b ≤ 2
3 and a+ b > 1,

a if 1
3 < a ≤ 2

3 , b >
2
3 ,

0 if a+ b ≤ 1.

for a, b ∈ [0, 1].
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4 The regular left-continuous t-norms

We will single out a class of left-continuous t-norms
which allow a particularly easy description. All exam-
ples of the previous section belong to this class.

As the first step, we restrict the number of disconti-
nuity points. Let ¯ be a l.c. t-norm; we introduce the
following condition.

(R1) There is a an n < ω such that each cut of ¯ has
at most n points of discontinuity.

From the universal-algebraic point of view, the class
of l.c. t-norms fulfilling only this condition (R1) can
be considered quite large. Namely, the algebras
([0, 1];∧,∨,¯,→, 0, 1), where ¯ is a l.c. t-norm ful-
filling (R1), generate the variety of MTL-algebras. In-
deed, this variety is generated by its finite members [1],
and every finite member can be isomorphically embed-
ded into a t-norm algebra as explained in [6], and this
t-norm algebra fulfills (R1).

Among the l.c. t-norm ruled out by (R1), we may men-
tion the t-norm defined by Hájek in [4] and the t-norm
defined by Hliněná in [8].

Our second condition refers directly to the representa-
tion of a l.c. t-norm ¯ by the corresponding cut set F .
Recall that the cut of ¯ at 1 is the identity, the largest
function in F ; the smaller a ∈ [0, 1] gets, the smaller is
the cut at a; finally, the cut at 0 is the zero function,
the smallest function in F . In particular, the set of
points which belong both to the graph of the identity
function and to the closure of the graph of an fa ∈ F
gets smaller if we make a smaller. It is this dependence
which we assume to be of an easy kind.

Recall that for a left-continuous function f : [0, 1] →
[0, 1], the right-side limit of f at a point x is denoted
by f+(x).

Definition 4.1 For each f ∈ F , let

Q(f) = {x ∈ [0, 1] : f+(x) = x},

and put q(a) = Q(fa) for each a ∈ [0, 1]. Moreover, let
C([0, 1]) be the set of closed subsets of [0, 1] contain-
ing 0, and partially order C([0, 1]) by the set-theoretic
inclusion.

Note that q is a monotonously increasing function from
[0, 1] to C([0, 1]). The dependence of q(a) from a is in
the cases of commonly known l.c. t-norm simple, but
can in general be arbitrarily complicated. This moti-
vates us to introduce the following further condition
on ¯. The power set of a set X will be denoted by
P(X).

(R2) There are 0 = x0 < x1 < . . . < xk = 1, k ≥ 1,
and 0 = a0 < a1 < . . . < al = 1, l ≥ 1, such that,
for every 1 ≤ i < k and 1 ≤ j < l, the function

qji : [aj−1, aj) → P((xi−1, xi)),
b 7→ q(b) ∩ (xi−1, xi)

is either constant ø, or constant (xi−1, xi), or
of the form q(b) = (xi−1, r(b)) for some order-
preserving bijection r : [aj−1, aj) → [xi−1, xi),
or of the form q(b) = (l(b), xi) for some order-
reversing bijection l : [aj−1, aj)→ (xi−1, xi].

The condition (R2) is more restrictive than (R1). Let
us call a t-norm regular if it fulfills (R1) and (R2). We
have:

• All continuous t-norms are regular.

• A finite ordinal sum of regular l.c. t-norms is again
regular.

• The t-norms constructed from regular l.c. t-norms
by means of annihilation, rotation, or rotation-
annihilation, as explained in [5], are again regular.

On the other side, an ordinal sum of countably many
regular l.c. t-norms such that the number of disconti-
nuity points of the cuts is not globally bounded, does
not fulfill (R1). Furthermore, let M be the finite to-
tally ordered monoid given in [3, Chapter 5] as an ex-
ample for the property of not being formally integral.
The dual of M expands to a finite MTL-algebra which,
embedded into a t-norm algebra according to [6], re-
sults in a l.c. t-norm fulfilling (R1), but not (R2).
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5 The description of regular
left-continuous t-norms

Regular t-norms are made up from only six different
kinds of “building blocks”.

The six possible constituents of regular l.c. t-norms can
be identified with certain algebras of functions from
[0, 1] to [0, 1].

Definition 5.1 Let C be a set of functions fa :
[0, 1] → [0, 1], where 0 ≤ a ≤ 1, such that f0 = 0̄,
f1 = id, and f0 ≤ f ≤ f1 for every f ∈ C. Endow C
with the order ≤, the functional composition ◦, and
the constant id.

(i) Let fa : [0, 1]→ [0, 1], x 7→ a·x. Then C is called
the product algebra.

(ii) Let fa : [0, 1]→ [0, 1], x 7→ (x+ a− 1)∨ 0. Then
C is called the ÃLukasiewicz algebra.

(iii) Let fa : [0, 1] → [0, 1], (a+x−1)∨0
a if a > 0. Then

C is called the reversed product algebra.

(iv) Let fa : [0, 1]→ [0, 1], x 7→ x
1
a if a > 0. Then C

is called the power algebra.

(v) Let

fa(x) =

{
x for x > a,
0 for x ≤ a

for x ∈ [0, 1]. Then C is called the left-
idempotency algebra.

(vi) Let

fa(x) =

{
x for x ≤ a,
a for x ≥ a

for x ∈ [0, 1]. Then C is called the right-
idempotency algebra.

In the sequel, we will actually have to do with sets
of functions from an interval (a, b], rather than [0, 1],
to itself. Each of the algebras just defined may be
transformed by means of an order-preserving bijection
from [0, 1] to (a, b], and will then be called a isomorphic
to the algebra of the respective type.

Definition 5.2 Let ¯ be a l.c. t-norm and (F ;≤,
◦, 0̄, id) the functional algebra belonging to ¯, and let
0 ≤ a < b ≤ 1. Let F(a,b] be the set of functions

f(a,b] : [a, b]→ [a, b], t 7→
{
f(t) if t > a and f(t) > a,
a else,

where f ∈ F ; and endow F(a,b] with the pointwise
order ≤, the functional composition ◦, and the identity

id|[a,b]. Then (F(a,b];≤, ◦, id|[a,b]) is called the basic
algebra belonging to the interval (a, b].

Moreover, the parameter set belonging to (a, b] is the
smallest left-open right-closed interval (u, v] such that,
for any f ∈ F , a < f(b) < b if and only if u < f(1) <
v.

So given an interval (a, b] ⊆ [0, 1], the basic algebra
belonging to (a, b] arises from F by considering the
graph of each cut f only inside the triangle with the
points (a, a), (b, b), and (b, a). More precisely, we first
restrict f to (a, b]; we map each x ∈ (a, b] to f(x) only
in case that this value is larger than a, else we map x
to a; and we map the remaining boundary point a to
a.

The crucial observation is the following.

Theorem 5.3 Let ¯ be a regular l.c. t-norm. Then
there are 0 = a0 < . . . < ak = 1 such that, for
each i = 1, ..., k, the algebra F(ai−1,ai] is isomorphic
to the product, ÃLukasiewicz, reversed product, power,
left-idempotency, or right-idempotency algebra.

According to this theorem, let us associate with
a regular l.c. t-norm its characteristic data: (i)
the basic intervals (a0, a1], ..., (ak−1, ak], (ii) for each
i = 1, ..., k, the type of F(ai−1,i], which is one of
product, ÃLukasiewicz, reversed product, power, left-
idempotency, or right-idempotency, and (iii) for each
i = 1, ..., k, the parameter set belonging to (ai−1, ai].
We remark that this data can in general not be chosen
unambiguously.

As an example, consider the t-norm ¯J above. In this
case, the basic intervals are (0, 1

3 ], ( 1
3 ,

2
3 ], and ( 2

3 , 1].
F(0, 13 ] is of type left-idempotency, F( 1

3 ,
2
3 ] is of type

ÃLukasiewicz, and F( 2
3 ,1] is of type right-idempotency.

The parameter set belonging to (0, 1
3 ] and ( 2

3 , 1] is
( 2

3 , 1]; the parameter set belonging to ( 1
3 ,

2
3 ] is ( 1

3 ,
2
3 ].

In this case, like in the case of all other examples given
in Section 3, this information determines the t-norm,
up to isomorphism, uniquely. However, this is not true
in the general case.

Definition 5.4 We call a regular l.c. t-norm ¯ locally
determined if any other regular l.c. t-norm with the
same characteristic data is isomorphic to ¯.

One sufficient condition to ensure that a regular l.c. t-
norm is locally determined is as follows. Here, a func-
tion f is called idempotent if f ◦ f = f .

Proposition 5.5 Let ¯ be a regular l.c. t-norm. Let
the following condition hold:

(R3) For each basic interval (a, b] whose parameter is
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also (a, b], the cut fa restricted to [0, a] is idem-
potent.

Then ¯ is locally determined.

6 Conclusion

We have presented an approach to describe the so-
called regular l.c. t-norms in a unified way. The main
tool is the algebra of commuting functions naturally
associated with each t-norm. Not every l.c. t-norm
is regular, but as measured by the set of l.c. t-norms
which can be found in the literature, the class of reg-
ular t-norms is quite comprehensive.

Our method provides also a recipe how to construct
new l.c. t-norms. To this end, the characteristic data
is to be chosen tentatively in a way that, e.g. using con-
dition (R3), a whole functional algebra is determined
by it. It is then straightforward to check whether
this functional algebra actually corresponds to a l.c. t-
norm.

To characterize the exact rules according to which we
have to associate with a number of basic intervals types
and paramater sets, so as to get the characteristic data
of a left-continuous t-norm, remains as a task for sub-
sequent papers.

References

[1] A. Ciabattoni, G. Metcalfe, F. Montagna,
Adding modalities to MTL and its extensions,
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Abstract

In order to obtain a demanded fuzzy im-
plication, a number of properties have been
proposed, among which the first place anti-
tonicity, the second place monotonicity and
the boundary conditions are the most impor-
tant ones. The three classes of fuzzy impli-
cations derived from the implication in bi-
nary logic, S-, R- and QL-implications all sat-
isfy the second place monotonicity and the
boundary conditions. However, not all the
QL-implications satisfy the first place anti-
tonicity as S- and R- implications do. In this
paper we study the QL-implications satisfy-
ing the first place antitonicity. First we study
the relationship between the first place anti-
tonicity and other required properties of QL-
implications. And then we work on the con-
ditions under which a QL-implication gener-
ated by different combinations of a t-conorm
S, a t-norm T and a strong fuzzy negation
n will satisfy the first place antitonicity, es-
pecially on the cases that both S and T are
continuous. We also investigate the interre-
lationships between S- and R-implications on
one hand and QL-implications satisfying the
first place antitonicity on the other.
Keywords: Fuzzy implication, QL-
implication, the First place antitonicity.

1 Introduction

A fuzzy implication is a fuzzy connective that has
played important roles in different fuzzy domains
[5, 6, 7, 13, 14]. There are several different defini-
tions of a fuzzy implication, e.g., [1, 3, 4, 9]. In this
paper we define a fuzzy implication as a [0, 1]2 → [0, 1]
mapping that satisfies the boundary conditions:

I0. I(0,0)=I(0,1)=I(1,1)=1, I(1,0)=0

One of the fuzzy inference methods is the generalized
modus ponens. In fuzzy logic, the generalized modus
ponens is realized through IF-THEN rules. Let X
and Y be two linguistic variables on the universe of
discourses U and V respectively. Moreover, let A
and A

′
be two fuzzy sets on U and let B and B

′
be

two fuzzy sets on V . A, A
′
, B and B

′
may refer to

linguistic concepts. An IF-THEN rule is expressed
by:
IF X is A, THEN Y is B
X is A

′

Y is B
′

where B
′

is obtained through Zadeh’s compositional
rule of inference:

B
′
(v) = sup

u∈U
T (A

′
(u), I(A(u), B(v)))

In this formula, T is a t-norm and I is a fuzzy im-
plication. In order to obtain a suitable conclusion of
the fuzzy inference, a number of properties have been
proposed for the fuzzy implication I [4, 10, 11, 15, 17],
among which the most important ones are:

I1. the first place antitonicity:
x1 < x2 ⇒ I(x1, y) ≥ I(x2, y),
for all x1, x2, y ∈ [0, 1];

I2. the second place monotonicity:
y1 < y2 ⇒ I(x, y1) ≤ I(x, y2),
for all x, y1, y2 ∈ [0, 1];

I3. the neutrality property:
I(1, x) = x, for all x ∈ [0, 1];

I4. the exchange principle:
I(x, I(y, z)) = I(y, I(x, z)), for all x, y, z ∈ [0, 1];

I5. the ordering property:
x ≤ y ⇔ I(x, y) = 1, for all x, y ∈ [0, 1];

I6. the contrapositive principle:
I(x, y) = I(n(y), n(x)), for all x, y ∈ [0, 1], w.r.t.
a strong fuzzy negation n;
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I7. the continuity.

I1 and I2 are the most important properties. Some
authors even define a fuzzy implication I as a [0, 1]2 →
[0, 1] mapping that satisfies I1, I2 and

I9 I(0, x) = 1, for all x ∈ [0, 1];

I10 I(x, 1) = 1, for all x ∈ [0, 1];

I11 I(1, 0) = 0.

Notice that if I satisfies I0, I1 and I2, then I9, I10 and
I11 will be satisfied immediately.
There are three important classes of fuzzy implica-
tions derived from the implication in binary logic ([11],
Chapter 11):

1. Strong implication (S-implication),
I(x, y) = S(n(x), y), where S is a t-conorm and n
is a strong fuzzy negation;

2. Residuated implication (R-implication),
I(x, y) = sup{t ∈ [0, 1]|T (x, t) ≤ y}, where T is a
t-norm;

3. Quantum logic implication (QL-implication),
I(x, y) = S(n(x), T (x, y)), where S is a t-conorm,
T is a t-norm and n is a strong fuzzy negation.

All these three classes of fuzzy implications satisfy I0
and I2. However, although all S-implications and R-
implications satisfy I1 ([10], Definition 1.15), not all
the QL-implications do.
Some work on whether a QL-implication satisfies I1 or
not has been done in [8], [16] and [12]. In [8], the condi-
tions under which a QL-implication IQL and a t-norm
T∗ satisfy the residuation property: T∗(x, z) ≤ y ⇔
z ≤ IQL(x, y), for all x, y, z ∈ [0, 1] are found. This
means that IQL is an R-implication as well ([8], Ex-
ample 4.5). Hence IQL satisfies I1 provided these con-
ditions are fulfilled. However, being an R-implication
is sufficient but not necessary for a QL-implication to
satisfy I1 (see Remark 4, 5, 6 in this paper). In [16], the
authors have worked out how a QL-implication satis-
fies I1 as well as I4 ([16], Definition 1, Theorem 7, The-
orem 11). It is proved that such a QL-implication is an
S-implication as well. Again, being an S-implication
is sufficient but not necessary for a QL-implication
to satisfy I1 (see Remark 5, 6 in this paper). And
in [12], the authors have worked out for a group of
QL-implications the conditions under which they sat-
isfy I1. They restrict the relationship between the t-
conorm and the strong fuzzy negation which construct
the QL-implications ([12], Proposition 9).
In this paper, we study the QL-implications generated

by a t-conorm S, a t-norm T and a strong fuzzy nega-
tion n that satisfy I1, especially for the cases that both
S and T are continuous. First the relationship be-
tween I1 and the other properties of QL-implications
is studied in Section 3.1. And then the conditions un-
der which a QL-implication satisfies I1 are obtained in
Section 3.2. Some QL-implications that satisfy I1 are
equivalent to S-implications or R-implications while
others are not. We denote these facts in Remark 4 to
7. Preliminaries are given in Section 2 and conclusions
are given in Section 4 respectively.

2 Preliminaries

Definition 1. An automorphism of the interval
[a, b] ⊂ R is a continuous, strictly increasing mapping
ϕ from [a, b] to [a, b] with boundary conditions ϕ(a) = a
and ϕ(b) = b ([4], Definition 0).

Lemma 1. If φ is an automorphism of the unit in-
terval, then φ−1 is also an automorphism of the unit
interval.

Lemma 2 (The chain rule). The composition of two
automorphisms of the unit interval is again an auto-
morphism.

Definition 2. Two mappings F , G: [0, 1]n → [0, 1]
are conjugated to each other, if there exists an auto-
morphism φ of the unit interval such that G = Fφ,
where Fφ(x1, x2, · · · , xn)
= φ−1(F (φ(x1), φ(x2), · · · , φ(xn))),
x1, x2, · · · , xn ∈ [0, 1] ([2], Definition 2).

It is easy to see that G = Fφ ⇔ F = Gφ−1 .

Definition 3. A mapping n: [0, 1] → [0, 1] is a fuzzy
negation if it is decreasing and satisfies: n(0) = 1,
n(1) = 0.

Definition 4. A fuzzy negation that satisfies
n(n(x)) = x, for all x ∈ [0, 1] is called a strong
fuzzy negation.

We denote the standard strong fuzzy negation as n0,
i.e., n0(x) = 1− x, for all x ∈ [0, 1].

Definition 5. Let φ be an automorphism of the unit
interval. Then nφ denotes the strong fuzzy negation
that is conjugated to n0, i.e.,
nφ(x) = φ−1(1− φ(x)), for all x ∈ [0, 1].

Definition 6. A mapping T : [0, 1]2 → [0, 1] is a tri-
angular norm (t-norm for short) if for all
x, y, z ∈ [0, 1] it satisfies:

T1. boundary condition: T (x, 1) = x;

T2. monotonicity: y ≤ z ⇒ T (x, y) ≤ T (x, z);

T3. commutativity: T (x, y) = T (y, x);
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T4. associativity: T (x, T (y, z)) = T (T (x, y), z).

Three important continuous t-norms are:

1. TM (x, y) = min(x, y), (minimum)

2. TP (x, y) = xy, (product)

3. T L(x, y) = max(x + y − 1, 0), (bounded prod-
uct)

Definition 7. Let φ be an automorphism of the unit
interval and T be a t-norm. Then Tφ denotes the t-
norm that is conjugated to T , i.e.,
Tφ(x, y) = φ−1(T (φ(x), φ(y))), for all
(x, y) ∈ [0, 1]2.

TM is conjugated to itself, i.e., if φ is an automorphism
of the unit interval, then TM = TM φ.

Definition 8. Let {[am, bm]} be a non-empty family
of non-overlapping, closed, proper subintervals of [0, 1]
and {φm} be a family of automorphisms of the unit
interval. Then a continuous t-norm To is called an
ordinal sum of {[am, bm], Tm}, where Tm = TP φm or
Tm = T Lφm, if To(x, y) is equal to:{

am + (bm − am)Tm( x−am

bm−am
, y−am

bm−am
), (x, y) ∈ [am, bm]2

TM (x, y), otherwise

If there exists only one subinterval [a1, b1] of [0, 1] with
a1 = 0, b1 = 1 and φ1 being the automorphism of the
unit interval, then To = TP φ1 or To = T Lφ1. In this
paper, as to ‘an ordinal sum of {[am, bm], Tm}’, we
mean that there exists at least one subinterval [ak, bk]
such that ak 6= 0 or bk 6= 1.
It is stated in ([10], Section 1.3.4) that a continuous
t-norm is either TM , or conjugated to TP , or conju-
gated to T L, or an ordinal sum of the non-empty fam-
ily {[am, bm], Tm} with Tm being conjugated to TP or
T L.

Definition 9. A mapping S: [0, 1]2 → [0, 1] is a tri-
angular conorm (t-conorm for short) if for all
x, y, z ∈ [0, 1] it satisfies:

S1. boundary condition: S(x, 0) = x;

S2. monotonicity: y ≤ z ⇒ S(x, y) ≤ S(x, z);

S3. commutativity: S(x, y) = S(y, x);

S4. associativity: S(x, S(y, z)) = S(S(x, y), z).

Three important continuous t-conorms are:

1. SM (x, y) = max(x, y), (maximum)

2. SP (x, y) = x + y − xy, (probabilistic sum)

3. S L(x, y) = min(x + y, 1), (bounded sum)

Definition 10. Let φ be an automorphism of the unit
interval and S be a t-conorm. Then Sφ denotes the
t-conorm that is conjugated to S, i.e.,
Sφ(x, y) = φ−1(S(φ(x), φ(y))), for all
(x, y) ∈ [0, 1]2.
Definition 11. Let φ be an automorphism of the unit
interval and I be a fuzzy implication. Then Iφ de-
notes the fuzzy implication that is conjugated to I, i.e.,
Iφ(x, y) = φ−1(I(φ(x), φ(y))), for all (x, y) ∈ [0, 1]2.

3 QL-implications and the first place
antitonicity

First we give two propositions and three lemmas that
will play important roles in this section.
Proposition 1. A necessary condition for a QL-
implication generated by a t-conorm S, a t-norm T
and a strong fuzzy negation n to satisfy I1, I4, I5 or
I6 is S(n(x), x) = 1, for all x ∈ [0, 1].

For the case that the t-conorm S is continuous, Propo-
sition 1 can be further expressed by next proposition,
according to [4] and [12].
Proposition 2. A necessary condition for a QL-
implication generated by a continuous t-conorm S, a
t-norm T and a strong fuzzy negation n to satisfy I1,
I4, I5 or I6 is that there exists an automorphism φ of
the unit interval such that S = S Lφ and n satisfies
n(x) ≥ nφ(x), for all x ∈ [0, 1].
Lemma 3. ([10], Theorem 1.13) A fuzzy implication
is an S-implication if and only if it satisfies I3, I4 and
I6.
Lemma 4. ([10], Theorem 1.14) A fuzzy implication
is an R-implication if and only if it satisfies I2, I4 and
I5.
Lemma 5. Let φ be an automorphism of the unit in-
terval. Then a QL-implication IQL satisfies I1 iff IQLφ

satisfies I1.

3.1 Relationship between the first place
antitonicity and the other potential
properties of QL-implications

As stated in the Introduction, all QL-implications sat-
isfy I0 and I2. It is also easy to see that each QL-
implication satisfies I3. Moreover, a QL-implication
generated by a t-conorm S, a t-norm T and a strong
fuzzy negation is continuous if both S and T are
continuous. Thus we will only consider how a QL-
implication IQL satisfies I1, I4, I5 or I6 and the inter-
relationship between the IQL’s satisfying them.
Theorem 1. A QL-implication IQL satisfies I4 iff IQL

is also an S-implication.
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Proof. ⇐=: Directly from Lemma 3.
=⇒: According to ([12], Remark 2), if IQL satisfies I4,
then IQL also satisfies I6. Since IQL always satisfies I3,
according to Lemma 3, IQL is also an S-implication.

Remark 1. As stated in the Introduction, an S-
implication always satisfies I1. Thus if a QL-
implication satisfies I4, then it also satisfies I1.

Next theorem is for the case that the t-conorm S
which constructs the QL-implication is continuous, i.e,
according to Proposition 2, there exists an automor-
phism φ of the unit interval such that S = S Lφ.

Theorem 2. Let φ be an automorphism of the unit
interval. A QL-implication IQL generated by the t-
conorm S Lφ, a t-norm T and the strong fuzzy negation
nφ satisfies I4 iff there exists s ∈ [0, +∞] such that
T = T s

φ, where T s is a Frank t-norm, defined as:

T s(x, y) =


T L(x, y), s = 0
TP (x, y), s = 1
TM (x, y), s = +∞
logs(1 + (sx−1)(sy−1)

s−1 ), otherwise
(1)

Proof. ⇐=: According to the proof of ([12], Corollary
1), such a QL-implication IQL is also an S-implication.
Thus according to Lemma 3, IQL satisfies I4.
=⇒: According to ([12], Remark 2), if IQL satisfies I4,
then IQL also satisfies I6. Moreover, since IQL satis-
fies I2, according to ([4], Lemma 1 (ii)), IQL satisfies
I1. Thus according to ([12], Proposition 9) and ([12],
Corollary 1), Tφ−1 is a Frank t-norm, i.e., T = T s

φ .

A QL-implication satisfies I4 implies that it satis-
fies I6, but not the reverse. Comparing next theo-
rem and Theorem 2, we can see that there exist QL-
implications that satisfy I6 but not I4.

Theorem 3. ([12], Proposition 11) Let φ be an auto-
morphism of the unit interval. A QL-implication IQL

generated by the t-conorm S Lφ, a t-norm T and the
strong fuzzy negation nφ satisfies I6 iff Tφ−1 is an ordi-
nal sum of the non-empty family {[am, bm], Tm}, where
Tm are Frank t-norms defined in (1) with the parame-
ter s ∈ [0, +∞[ .

Remark 2. Since a QL-implication IQL always sat-
isfies I2, according to ([4], Lemma 1 (ii)), if IQL

satisfies I6, then it also satisfies I1.

Now we consider the conditions under which a QL-
implication satisfies I5. Next theorem is for the case
that both the t-conorm and the t-norm which con-
struct the QL-implication are continuous.

Theorem 4. Let φ be an automorphism of the unit
interval. A QL-implication IQL generated by the t-
conorm S Lφ, a continuous t-norm T and a strong
fuzzy negation n satisfies I5 iff for all y ∈ [0, 1]:

i) T (y, y) = nφ(n(y)) and

ii) T (x, y) ≥ nφ(n(x)), for all x ∈ [0, y] and

iii) T (x, y) < nφ(n(x)), for all x ∈ [y, 1].

Proof. IQL satisfies I5 iff
IQL(x, y) = φ−1(min(φ(n(x)) + φ(T (x, y)), 1)) = 1 ⇔
x ≤ y, which means φ(n(x))+φ(T (x, y)) ≥ 1 ⇔ x ≤ y.
Define for all y ∈ [0, 1], Fy(x) = φ(n(x)) + φ(T (x, y)),
for all x ∈ [0, 1]. Then Fy(x) ≥ 1, i.e.,
T (x, y) ≥ nφ(n(x)) iff x ∈ [0, y] and Fy(x) < 1, i.e.,
T (x, y) < nφ(n(x)) iff x ∈ ]y, 1]. Moreover, since T ,
n and φ are all continuous, Fy is continuous. Thus
Fy(y) = 1, i.e., T (y, y) = nφ(n(y)).

Example 1. Let IQL be the QL-implication defined
in Theorem 4 with T (y, y) = nφ(n(y)), for all
y ∈ [0, 1]. Since TM is the one and only the one
t-norm that satisfies T (y, y) = y, for all y ∈ [0, 1],
we have that if T = TM , then n = nφ and that
if n = nφ, then T = TM . Actually IQL gen-
erated by S Lφ, TM and nφ is an R-implication,
i.e., IQL(x, y) = sup{t ∈ [0, 1]|T Lφ(x, t) ≤ y}.
According to Lemma 4, IQL satisfies I4 and I5.
Moreover, as stated in the Introduction, IQL sat-
isfies I1.

Remark 3. The QL-implication IQL defined in Ex-
ample 1 is also an S-implication, i.e.,
IQL(x, y) = S Lφ(nφ(x), y). Thus according to
Lemma 3, IQL also satisfies I6.

3.2 QL-implications that satisfy the first
place antitonicity

In this section we will focus on the characterizations
of QL-implications satisfying I1. We mainly focus on
the continuous cases. We will also indicate whether
a QL-implication satisfying I1 is also an S-implication
or an R-implication.

Theorem 5. A QL-implication IQL generated by the
t-conorm S L, the t-norm TM and a strong fuzzy nega-
tion n satisfies I1 iff n(x) ≥ n0(x), for all x ∈ [0, 1].

Proof. =⇒: Straightforward from Proposition 2.
⇐=: For all x1, x2 and y ∈ [0, 1], assume x1 < x2. If
x1 ≤ y, then IQL(x1, y)= S L(n(x1), min(x1, y))
= S L(n(x1), x1). Since n(x1) ≥ n0(x1),
IQL(x1, y) = 1 ≥ IQL(x2, y). Thus we need only con-
sider the situation that y < x1 < x2. In this case,
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IQL(x1, y) = S L(n(x1), min(x1, y)) = S L(n(x1), y)
and IQL(x2, y) = S L(n(x2), y). Since S L(·, y) is in-
creasing and n is decreasing, we have IQL(x1, y) ≥
IQL(x2, y). Thus for all x1, x2 and y ∈ [0, 1], x1 < x2

implies: IQL(x1, y) ≥ IQL(x2, y), i.e., IQL satisfies
I1.

Corollary 1. Let φ and ϕ denote two automorphisms
of the unit interval. Then a QL-implication IQL gener-
ated by the t-conorm S Lφ, the t-norm TM and a strong
fuzzy negation nϕ satisfies I1 iff nϕ(x) ≥ nφ(x), for all
x ∈ [0, 1].

Proof. IQL(x, y) = S Lφ(nϕ(x), TM (x, y))
= φ−1(S L(φ(nϕ(x)), TM (φ(x), φ(y)))).
Putting γ = ϕ ◦ φ−1, then φ(nϕ(x)) = nγ(φ(x)).
According to Lemma 1 and Lemma 2, γ is also an
automorphism of the unit interval. So nγ is a strong
fuzzy negation. Thus
IQL(x, y) = φ−1(S L(nγ(φ(x)), TM (φ(x), φ(y))))
= φ−1(I

′

QL(φ(x), φ(y))), where
I
′

QL(x, y) = S L(nγ(x), TM (x, y)). According to The-
orem 5, I

′

QL satisfies I1 iff nγ(x) ≥ n0(x), for all
x ∈ [0, 1]. And according to Lemma 5, IQL satis-
fies I1 iff I

′

QL satisfies I1. Thus IQL satisfies I1 iff
nγ(x) ≥ n0(x), which leads to nγ(φ(x)) ≥ 1 − φ(x),
which means φ(nϕ(x)) ≥ 1− φ(x), i.e.,
nϕ(x) ≥ φ−1(1− φ(x)) = nφ(x), for all x ∈ [0, 1].

Remark 4. According to Example 1 and Remark 3,
for the QL-implication IQL defined in Theorem 5
with n ≥ n0, if n = n0, then IQL is equivalent to
both an S-implication and an R-implication.
On the contrary, we suppose that there exists
x0 ∈ ]0, 1[ such that n(x0) > n0(x0). Then
there exists y0 such that x0 > y0 ≥ 1 − n(x0),
which leads to n(x0) + y0 ≥ 1, which means
IQL(x0, y0) = 1 provided x0 > y0. Thus IQL does
not satisfy I5. Therefore according to Lemma 4,
IQL is not an R-implication. But IQL is an S-
implication, i.e., IQL(x, y) = S L(n(x), y).
Similarly, for the QL-implication IQL defined in
Corollary 1 with nϕ ≥ nφ, if nϕ = nφ, then IQL

is equivalent to both an S-implication and an R-
implication. If on the contrary nϕ 6= nφ, then IQL

is not an R-implication but an S-implication, i.e.,
IQL(x, y) = S Lφ(nϕ(x), y).

According to Proposition 2, a necessary condition for
a QL-implication IQL generated by a continuous t-
conorm S, a t-norm T and a strong fuzzy negation
n to satisfy I1 is that there exists an automorphism φ
of the unit interval such that S = S Lφ and n ≥ nφ.
The authors of [12] have done the work for the special
case that n = nφ. Next theorem gives the sufficient

and necessary condition for IQL of such case to satisfy
I1.

Theorem 6. ([12], Proposition 9) Let φ be an auto-
morphism of the unit interval. A QL-implication IQL

generated by the t-conorm S Lφ, a t-norm T and the
strong fuzzy negation nφ satisfies I1 iff Tφ−1 satisfies
the Lipschitz condition, i.e., for all x1, x2, y ∈ [0, 1],

x1 ≤ x2 ⇒ Tφ−1(x2, y)− Tφ−1(x1, y) ≤ x2 − x1, (2)

There are t-norms sufficient to fulfill the Lipschitz con-
dition (2), here we give examples:

Example 2 According to (1), a Frank t-norm T s =
TP if s = 1 and T s = T L if s = 0. It has been
stated in ([12], Remark 4) that a t-norm T which
is a Frank t-norm or an ordinal sum of the non-
empty family {[am, bm], Tm}, where Tm are Frank
t-norms, always satisfies the Lipschitz condition
(2). Thus TP , T L and To which is an ordinal sum
of the non-empty family {[am, bm], Tm}, where
Tm = TP or Tm = T L all satisfy the Lipschitz
condition (2). Hence according to Theorem 6, a
QL-implication generated by the t-conorm S Lφ,
the t-norm TP φ, T Lφ or Toφ and the strong fuzzy
negation nφ satisfies I1.

Remark 5 Let IQL be a QL-implication generated by
the t-conorm S Lφ, a t-norm T that Tφ−1 satisfies
the Lipschitz condition (2) and the strong fuzzy
negation nφ. Then according to ([12], Corollary
1), IQL satisfies I4 iff Tφ−1 is a Frank t-norm
defined in (1). Thus according to Theorem 1,
IQL is also an S-implication as soon as Tφ−1 is a
Frank t-norm. Moreover, if Tφ−1 is not a Frank t-
norm, eg., an ordinal sum of the non-empty family
{[am, bm], Tm}, where Tm = TP or Tm = T L, then
IQL does not satisfy I4. Thus according to Lemma
3 and Lemma 4, it is neither an S-implication nor
an R-implication.

Besides the QL-implications generated by the t-
conorm S Lφ, a t-norm T and the strong fuzzy negation
nφ, which we discussed above, there exist other combi-
nations of a t-conorm S, a t-norm T and a strong fuzzy
negation n to generate a QL-implication IQL which
satisfies I1. It is sufficient but not necessary for n to
be nφ while S = S Lφ. Next we discuss the cases that
provided both S and T are continuous, what condi-
tions should n fulfill to make IQL satisfy I1. Since T is
either TM , or conjugated to TP or conjugated to T L,
or an ordinal sum the non-empty family {[am, bm], Tm}
with Tm being conjugated to TP or T L, we have the
next theorems and corollaries. First we consider the
cases that T = TP or T is conjugated to TP .
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Theorem 7. Let n be a strong fuzzy negation and
define a mapping f as f(x) = 1−n(x)

x , for all
x ∈ ]0, 1]. Then a QL-implication IQL generated by
the t-conorm S L, the t-norm TP and n satisfies I1 iff
f is increasing.

Proof. For all x1, x2 and y ∈ [0, 1], assume x1 < x2.
=⇒: In order for IQL to satisfy I1, it is necessary
that IQL(x2, y) = 1 implies IQL(x1, y) = 1, namely,
y ≥ 1−n(x2)

x2
implies y ≥ 1−n(x1)

x1
. Thus

f(x2) = 1−n(x2)
x2

≥ 1−n(x1)
x1

= f(x1), for all x1 < x2,
i.e., f is increasing.
⇐=: If IQL(x1, y) = 1, then it is always greater than
IQL(x2, y). If IQL(x2, y) = 1, then since f is increas-
ing, according to the proof above, IQL(x1, y) = 1 =
IQL(x2, y). Thus we need only consider the situation
that IQL(x1, y) = n(x1) + x1y < 1 and
IQL(x2, y) = n(x2) + x2y < 1, i.e., x1 > 0, x2 > 0,
y < 1−n(x1)

x1
and y < 1−n(x2)

x2
. Since f is increasing,

1−n(x2)
x2

≥ 1−n(x1)
x1

. Thus:
n(x1)x1 − n(x2)x1 ≥ x2 − x2n(x1)− x1 + n(x1)x1,
which leads to n(x1)−n(x2)

x2−x1
≥ 1−n(x1)

x1
> y. Therefore

n(x1) + x1y > n(x2) + x2y, i.e., IQL(x1, y) ≥
IQL(x2, y). Hence IQL satisfies I1.

Example 3. Let φ(x) = x2. Then n(x) =
√

1− x2

and f(x) = 1−n(x)
x = 1−

√
1−x2

x , for all x ∈ ]0, 1].
Since df(x)

dx = 1−
√

1−x2√
1−x2x2 ≥ 0, f is increasing. Thus

IQL defined by IQL(x, y) = S L(
√

1− x2, xy) sat-
isfies I1.

Corollary 2. Let φ, ϕ and γ be three automorphisms
of the unit interval, where γ = ϕ ◦ φ−1. And define a
mapping f as f(x) = 1−nγ(x)

x , for all x ∈ ]0, 1]. Then
a QL-implication IQL generated by the t-conorm S Lφ,
the t-norm TP φ and nϕ satisfies I1 iff f is increasing.

Proof. IQL(x, y) = S Lφ(nϕ(x), TP φ(x, y))
= φ−1(S L(φ(nϕ(x)), TP (φ(x), φ(y)))).
Since γ = ϕ ◦ φ−1,
IQL(x, y) = φ−1(S L(nγ(φ(x)), TP (φ(x), φ(y)))).
According to Lemma 1 and Lemma 2, γ is also an
automorphism of the unit interval. So nγ is a strong
fuzzy negation. Thus
IQL(x, y) = φ−1(I

′

QL(φ(x), φ(y))), where
I
′

QL(x, y) = S L(nγ(x), TP (x, y)). According to Theo-
rem 7, I

′

QL satisfies I1 iff f is increasing. And accord-
ing to Lemma 5, IQL satisfies I1 iff I

′

QL satisfies I1.
Thus IQL satisfies I1 iff f is increasing.

Remark 6. Let IQL be the QL-implication and f be
the mapping defined in Theorem 7 with f being
increasing. Then f(x) ≤ f(1) = 1, for all

x ∈ ]0, 1], which leads to n(x) ≥ n0(x), for all
x ∈ ]0, 1]. Since n(0) = n0(0), we have
n(x) ≥ n0(x), for all x ∈ [0, 1]. If n = n0, then
according to Example 2 and Remark 5, IQL is also
an S-implication. If on the contrary n 6= n0, then
consider:
IQL(x, IQL(y, z))
= min(n(x) + x ·min(n(y) + yz, 1), 1),
which is equivalent to:

i) n(x) + x(n(y) + yz), if n(y) + yz < 1 and
n(x) + x(n(y) + yz) < 1;

ii) 1 otherwise,

and IQL(y, IQL(x, z))
= min(n(y) + y ·min(n(x) + xz, 1), 1),
which is equivalent to:

i) n(y) + y(n(x) + xz), if n(x) + xz < 1 and
n(y) + y(n(x) + xz) < 1;

ii) 1 otherwise.

Since n is continuous and since g(x) = 1−x
n(x) ,

x ∈ [0, 1[ cannot be constant, there exist
x0, y0 ∈ [0, 1[ such that x0 6= y0 and
g(x0) 6= g(y0). Let g(x0) > g(y0). Then we

have
1−n(y0)

y0
−n(x0)

x0
<

1−n(x0)
x0

−n(y0)

y0
. Thus there

exists z0 such that
1−n(y0)

y0
−n(x0)

x0
≤ z0 <

1−n(x0)
x0

−n(y0)

y0
≤ 1−n(y0)

y0
.

Therefore x0, y0, z0 satisfy n(y0) + y0z0 < 1 and
n(x0) + x0(n(y0) + y0z0) < 1 and
n(y0) + y0(n(x0) + x0z0) ≥ 1, which
means IQL(y0, IQL(x0, z0)) = 1 while
IQL(x0, IQL(y0, z0)) < 1. Thus IQL does
not satisfy I4. According to Lemma 3 and
Lemma 4, IQL is neither an S-implication nor an
R-implication.
Similarly, let IQL be the QL-implication and
f be the mapping defined in Corollary 2 with
f being increasing, we have nϕ(x) ≥ nφ(x),
for all x ∈ [0, 1]. If nϕ = nφ, then IQL is also
an S-implication. If on the contrary nϕ 6= nφ,
then IQL is neither an S-implication nor an
R-implication.

Theorem 8. A QL-implication IQL generated by the
t-conorm S L, the t-norm T L and a strong fuzzy nega-
tion n satisfies I1 iff n = n0.

Proof. ⇐=: Straightforward from Theorem 6 and Ex-
ample 2.
=⇒: Take 0 < x1 < x2 < 1. Since 1 − x2 < 1 − x1 <
2− n(x1)− x1, for all x1 ∈ ]0, 1[ , there exists y0 such
that 1 − x1 < y0 < 2 − n(x1) − x1 and 1 − x2 < y0.
Thus IQL(x1, y0) = n(x1) + x1 + y0 − 1 < 1 and
IQL(x2, y0) = min(n(x2) + x2 + y0 − 1, 1). If IQL sat-
isfies I1, then it is necessary that IQL(x2, y0) < 1, i.e.,
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n(x2) + x2 + y0 − 1 < 1. Namely, y0 < 2− n(x1)− x1

implies y0 < 2 − n(x2) − x2. Thus define f as
f(x) = n(x) + x, f must be decreasing for all x ∈
]0, 1[. Since n is continuous, f is continuous. Thus
f must be decreasing for all x ∈ [0, 1]. Moreover, we
have f(0) = f(1) = 1. Therefore f(x) = 1, for all
x ∈ [0, 1], which means n(x) = 1− x, for all x ∈ [0, 1],
i.e., n = n0.

Corollary 3. Let φ and ϕ be two automorphisms of
the unit interval. Then a QL-implication IQL gen-
erated by the t-conorm S Lφ, the t-norm T Lφ and a
strong fuzzy negation nϕ satisfies I1 iff nϕ = nφ.

Proof. IQL(x, y) = S Lφ(nϕ(x), T Lφ(x, y))
= φ−1(S L(φ(nϕ(x)), T L(φ(x), φ(y)))).
Putting γ = ϕ ◦ φ−1, then φ(nϕ(x)) = nγ(φ(x)).
According to Lemma 1 and Lemma 2, γ is also an
automorphism of the unit interval. So nγ is a strong
fuzzy negation. Thus IQL(x, y)
= φ−1(S L(nγ(φ(x)), T L(φ(x), φ(y))))
= φ−1(I

′

QL(φ(x), φ(y))),
where I

′

QL(x, y) = S L(nγ(x), T L(x, y)).
According to Theorem 8, I

′

QL satisfies I1 iff
nγ = n0. And according to Lemma 5, IQL satisfies I1
iff I

′

QL satisfies I1. Thus IQL satisfies I1 iff nγ = n0. So
nγ(x) = 1− x, nγ(φ(x)) = 1− φ(x), being equivalent
to φ(nϕ(x)) = 1− φ(x), which means
nϕ(x) = φ−1(1− φ(x)), for all x ∈ [0, 1]. Hence
nϕ = nφ.

Remark 7. According to Example 2 and Remark 5,
the QL-implication defined in Theorem 8 with
n = n0 and the QL-implication defined in Corol-
lary 3 with nϕ = nφ are equivalent to S-
implications.

Next we consider the t-norm T which constructs the
QL-implication to be an ordinal sum of the non-empty
family {[am, bm], Tm}, where Tm = TP or Tm = T L.
Because of space limitation, we omit the proofs of the
theorems and corollaries below.

Theorem 9. Let {[am, bm]} be a non-empty family of
non-overlapping, closed, proper subintervals of [0, 1]
and To be an ordinal sum of {[am, bm], Tm}, where
Tm = TP . Moreover, let n be a strong fuzzy nega-
tion and define fm(x) = 1−n(x)−am

x−am
, for all m and x ∈

]am, bm]. Then a QL-implication IQL generated by the
t-conorm S L, To and n satisfies I1 iff n(x) ≥ n0(x),
for all x ∈ [0, 1] and fm is increasing, for all m.

Theorem 10. Let {[am, bm]} be a non-empty family
of non-overlapping, closed, proper subintervals of [0, 1]
and To be an ordinal sum of {[am, bm], Tm}, where
Tm = T L. Then a QL-implication IQL generated by

the t-conorm S L, To and a strong fuzzy negation n
satisfies I1 iff

i) n(x) = n0(x), if x ∈ [am, bm] and

ii) n(x) ≥ n0(x), otherwise.

Synthesize Theorem 9 and Theorem 10, we have the
next corollary.

Corollary 4. Let {[ai, bi]} and {[aj , bj ]} be two
non-empty families of non-overlapping, closed, proper
subintervals of [0, 1] and {[am, bm]} = {[ai, bi]} ∪
{[aj , bj ]}. To is an ordinal sum of {[am, bm], Tm},
which is defined as:

ai + (bi − ai)TP ( x−ai

bi−ai
, y−ai

bi−ai
), (x, y) ∈ [ai, bi]2

aj + (bj − aj)T L( x−aj

bj−aj
,

y−aj

bj−aj
), (x, y) ∈ [aj , bj ]2

TM (x, y), otherwise
(3)

Moreover, let n be a strong fuzzy negation and define
fi(x) = 1−n(x)−ai

x−ai
, for all i and x ∈ ]ai, bi]. Then a

QL-implication IQL generated by the t-conorm S L, To

and n satisfies I1 iff

i) fi is increasing, for all i, and

ii) n(x) = n0(x), for all x ∈ [aj , bj ], and

iii) n(x) ≥ n0(x), for all x /∈ [ai, bi] and all
x /∈ [aj , bj ].

For the QL-implication being conjugated to the one
defined in Corollary 4, we have the next corollary.

Corollary 5. Let To be a t-norm defined by (3), n
be a strong fuzzy negation and φ be an automorphism
of the unit interval. Define fi(x) = 1−φ(n(φ−1(x)))−ai

x−ai
,

for all i and x ∈ ]ai, bi]. Then a QL-implication IQL

generated by the t-conorm S Lφ, Toφ and n satisfies I1
iff

i) fi is increasing, for all i, and

ii) n(x) = nφ(x), for all x ∈ [aj , bj ], and

iii) n(x) ≥ nφ(x), for all x /∈ [ai, bi] and all
x /∈ [aj , bj ].

Proof. Suppose n
′
(x) = φ(n(φ−1(x))). According to

Lemma 5, IQL satisfies I1 iff IQLφ−1 , which is ex-
pressed as IQLφ−1(x, y) = S L(n

′
(x), To(x, y)), satisfies

I1. According to Corollary 5, IQLφ−1 satisfies I1 iff

i) f
′

i is increasing, for all i, and

ii) n
′
(x) = n0(x), for all x ∈ [aj , bj ], and
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iii) n
′
(x) ≥ n0(x), for all x /∈ [ai, bi] and all

x /∈ [aj , bj ],

where f
′

i (x) = 1−n
′
(x)−ai

x−ai
, for all x ∈ ]ai, bi]. The three

conditions are equivalent to

i) fi is increasing, for all i, and

ii) n(x) = nφ(x), for all x ∈ [aj , bj ], and

iii) n(x) ≥ nφ(x), for all x /∈ [ai, bi] and all
x /∈ [aj , bj ].

4 Conclusions

In this paper, we have studied the QL-implications
generated by a t-conorm, a t-norm and a strong fuzzy
negation that satisfy the properties which are required
to obtain a suitable conclusion in fuzzy inference. Es-
pecially the first place antitonicity (property I1 in
the Introduction) of QL-implications has been stud-
ied. Theorem 1 to Theorem 4 state the general rela-
tionship between a QL-implication satisfying the first
place antitonicity and the other properties. Moreover,
Theorem 5 to Theorem 10 together with Corollary 1
to Corollary 5 state sufficient and necessary condi-
tions for the QL-implications generated by different
combinations of a t-conorm, a t-norm and a strong
fuzzy negation to satisfy the first place antitonicity.
Whether the QL-implications which satisfy the first
place antitonicity are equivalent to S- or R- implica-
tions have been illustrated in Remarks 4 to 7.

References

[1] M. Baczynski J. Drewniak, Conjugacy classes of
fuzzy implication, in: B. Reusch (Eds.),
Computational intelligence: Theory and Applica-
tions. Springer-Verlag, Berlin (Lecture Notes in
Computer Science, Vol. 1625), 1999, pp. 287-298.

[2] M. Baczynski, Residual implications revisited.
Notes on the Smets-Magrez Theorem, Fuzzy Sets
and Systems 145 (2004) 267-277.

[3] M. Baczynski, J. Balasubramaniam, On the char-
acterizations of (S, N)-implications, Fuzzy Sets
and Systems, to appear.

[4] H. Bustince, P. Burillo, F. Soria, Automorphisms,
negations and implication operators, Fuzzy Sets
and Systems 134 (2003) 209-229.

[5] D. Dubois, H Prade, Fuzzy sets in approximate
reasoning, part 1: inference with possibility dis-
tributions, Fuzzy Sets and Systems 40 (1991) 143-
202.

[6] D. Dubois, H Prade, Fuzzy sets in approximate
reasoning, part 2: logical approaches, Fuzzy Sets
and Systems 40 (1991) 202-244.

[7] D. Dubois, H Prade, Gradual inference rules in
approximate reasoning, Information Sciences 61
(1992) 103-122.

[8] J.C. Fodor, On fuzzy implication operators, Fuzzy
Sets and Systems 42 (1991) 293-300.

[9] J.C. Fodor, Contrapositive symmetry of fuzzy im-
plications, Fuzzy Sets and Systems 69 (1995) 141-
156.

[10] J.C. Fodor, M. Roubens, Fuzzy Preference Mod-
elling and Multicriteria Decision Support, Kluwer
Academic Publishers, Netherlands, 1994.

[11] G.J. Klir, B. Yuan, Fuzzy Sets and Fuzzy Logic,
Theory and Applications, Prentice Hall, USA,
1995.

[12] M. Mas, M. Monserrat, J. Torrens, QL-
implications versus D-implications, Kybernetika
42 (2006) 351-366.

[13] D. Ruan, E.E. Kerre, Fuzzy implication operators
and generalized fuzzy method of cases, Fuzzy Sets
and Systems 54 (1993) 23-37.

[14] D. Ruan, E.E. Kerre, Fuzzy IF-THEN Rules in
Computational Intelligence: Theory and Applica-
tions, Kluwer Academic Publishers, Boston, 2000.

[15] P. Smets, P. Magrez, Implication in fuzzy logic,
Internat. J. Approx. Reason. 1 (1987) 327-347.

[16] E. Trillas, C.D. Campo, S. Cubillo, When QM-
operators are implication functions and condi-
tional fuzzy relations, International Journal of In-
telligent Systems 15 (2000) 647-655.

[17] R.R. Yager, On global requirements for implica-
tion operators in fuzzy modus ponens, Fuzzy Sets
and Systems 106 (1999) 3-10.

56 Fuzzy Logic 1



57

Session 2

Applications 1



58 Applications 1



ON CLUSTER ANALYSIS BASED ON FUZZY RELATIONS
BETWEEN SPATIAL DATA

Efendi NASIBOV
Dept. of Statistics, Dokuz Eylul University,

Buca 35160 Izmir, TURKEY
efendi.nasibov@deu.edu.tr

Gozde ULUTAGAY
Dept. of Statistics, Dokuz Eylul University,

Buca 35160 Izmir, TURKEY
gozde.ulutagay@ogr.deu.edu.tr

Abstract

Methods like DBSCAN are widely used in the
analysis of spatial data. These methods are
based on the neighborhood relations which
use distance between points. However, these
neighborhood relations consider to have at
least a certain number of neighbors within
a definite boundary. In this proposed work
such a neighborhood analysis is done by us-
ing the benefits of fuzzy sets theory. Usage
of fuzzy logic gives more sensitive and realis-
tic results. In this paper, Fuzzy Joint Points
(FJP) based on this theory is handled and
some theoretical properties used in neighbor-
hood analysis are investigated.

Keywords: Cluster analysis, fuzzy neigh-
borhood relation, Fuzzy Joint Points (FJP).

1 Introduction

Cluster analysis has an important role in statistical
data analysis. The main objective of clustering is to fa-
cilitate the analysis process by constructing similar ob-
jects in a cluster. Clustering methods can be divided
into two groups such as hierarchical and prototype-
based [3]. In hierarchical clustering, the remoteness
of elements is the cornerstone. First of all, closer ele-
ments are put into same cluster, and in the next step,
elements a little bit far away from the previous ones
are put in another cluster, etc. In prototype-based
methods, however, prototypes which have common
features of some certain classes are formed and then
the elements are taken into these classes with respect
to the proximity degrees to the prototypes. Namely,
in such a situation, not the remoteness of above-
mentioned elements from each other, but their remote-
ness from the prototypes is considered. Some examples
of these methods are k-means, k-medoids and FCM
[1, 3, 4]. Besides, single-linkage (SLINK), complete-

linkage (CLINK), DBSCAN, OPTICS and FJP are
some examples of hierarchical methods [2, 3, 5, 6, 7, 8].
In DBSCAN-like methods, in order to determine the
core points of clusters or noise points, classical neigh-
borhood density analysis is done. Thus, a point is
conceived as a core point, if the number of points in
a certain radius is larger than a specified threshold.
However, in FJP-based methods, fuzzy neighborhood
analysis that provides more sensitive results is used [7].

In this study, some researches are executed on fuzzy
neighborhood analysis based on distance between
points and it is showed that such a method can pro-
vide more sensitive and realistic results in comparison
with non-fuzzy methods.

2 Fuzzy Neighborhood Based on
Distance Between Points

Let us consider the data set X = {x1, x2, . . . , xn}.
The purpose of clustering is to determine sets
X1, X2, . . . , Xk that constitute X which provides
∀i, j : i 6= j ⇒ Xi ∩Xj = ∅ and

⋃k
i=1 Xi = X.

Let F (Ep) indicate the set of all p-dimensional fuzzy
sets in the space Ep. Let µA : Ep → [0, 1] represent
the membership function of the fuzzy set A ∈ F (Ep).

Definition 1. A conical fuzzy point A = (a,R) ∈
F (Ep) of the space Ep is a fuzzy set with membership
function

µA(x) =
{

1− d(x,a)
R if d(x, a) ≤ R

0 otherwise
(1)

where a ∈ Ep is the center of fuzzy point A, and
R ∈ E1 is the radius of its support, supp A.

α-level set of conical fuzzy point A = (a,R) is calcu-
lated as follows:

Aα = {x ∈ Ep |µA(x) ≥ α}

= {x ∈ Ep | d(x, a) ≤ R · (1− α)}.
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Figure 1: A = (a,R) ∈ F (E2) conical fuzzy point.

Figure 2: α-neighbor points A = (a,R) and B = (b, R)
in fuzzy space E2.

The equivalent of the fuzzy conical point A = (a,R) ∈
F (E1) in the space E1 is triangular and symmetric
fuzzy number A = (a,R,R).

Let A = (a,R) and B = (b, R), be fuzzy sets from
the set X ⊂ F (Ep). Let’s denote a fuzzy similarity
relation T : X ×X → [0, 1] on the set X as follows:

T (A,B) = 1− d(a, b)
2R

, (2)

where a ∈ Ep and b ∈ Ep are the centers of the fuzzy
points A and B respectively.

(2) can can be written as follows:

d(a, b) = 2R · (1− T (A,B)). (3)

It is obvious that the relation T is reflexive, thus
∀A ∈ X, T (A,A) = 1 is satisfied.

Lemma 2. The fuzzy points A = (a,R) and
B = (b, R) are called fuzzy α-neighbor points if and
only if

d(a, b) ≤ 2R · (1− α) (4)

is satisfied.

Definition 3. Let A and B be fuzzy points on the set
X ⊂ F (Ep). If

T (A,B) ≥ α, (5)

is satisfied for fixed α ∈ (0, 1], then the points A and B
are called the α-neighbor fuzzy points and it is denoted
by A ∼α B (Fig.2).

Definition 4. If there is a sequence of α-neighbor
fuzzy points C1, . . . , Ck,,k ≥ 0, for fixed α ∈ (0, 1],
between the points A and B, i.e.

A ∼α C1, C1 ∼α C2, . . . , Ck−1 ∼α Ck and Ck ∼α B,

then the fuzzy points A and B are called α-joint fuzzy
points.

Definition 5. Let X ⊂ F (Ep) be a set of fuzzy points.
If the fuzzy points A and B are α-joint for α ∈ (0, 1]
and ∀A,B ∈ X, then the set X is called fuzzy α-joint
set.

Suppose that the distance between the level sets Aα

and Bα is defined as follows:

d(Aα, Bα) = min{d(x, y) | x ∈ Aα, y ∈ Bα}.

Let the relation T̂ : X × X → [0, 1] be the transitive
closure of relation T : X × X → [0, 1] by using max-
min composition.

Lemma 6. The fuzzy points A and B are called
α-neighbor points if and only if

Aα ∩Bα 6= ∅ (6)

is satisfied.

3 Fuzzy Neighborhood Membership
Functions

Let us deal with two sets given in Fig. 3 within the
same radius ε1, with equal number of elements, but
with different densities. A method like DBSCAN that
uses classical neighborhood relation, will consider the
points x1 and x2 as core points and the cardinality of
these sets will be equal within radius ε1.

Figure 3: Points x1 and x2 are similar according to
crisp neighborhood cardinality, but dissimilar accord-
ing to fuzzy neighborhood cardinality.

Nevertheless, if these points are evaluated according
to fuzzy neighborhood cardinality as done in FJP
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method, since the proximity of the points around them
will be taken into account, it is obvious that they will
be different from each other. It can be said that anal-
ysis realized with such a point of view will produce
more sensitive and realistic results.

As seen in Fig.4, since the classical neighborhood rela-
tion is used in DBSCAN method, although the point
y1 is closer to the point x, the neighborhood degree of
the points y1 and y2 within radius ε1 are equal with
respect to the point x.

Figure 4: Neighborhood relation used in DBSCAN
method.

However in FJP method, since the fuzzy neighborhood
relation is used by taking into account the proximity
of the points y1 and y2 to the point x is considered
within radius ε1, a distinct difference is seen between
the neighborhood degrees α1 and α2 of the points y1

and y2 respectively to the point x (Fig.5).

Figure 5: Neighborhood relation used in FJP method.

When dealing with fuzzy neighborhood analysis, dif-
ferent membership functions can be used in order to
state neighborhood degrees. Also, the sensitivity of
analysis can be increased by using different functions
in calculation of the relation T (Fig. 5-6).

As seen from the figures, different sensitivity can be
reached by using different membership functions in
neighborhood analysis. For instance, the membership
function in Fig. 4 handles the points within radius ε1

as identical whereas there is an obvious distinction in
Fig. 5. The difference becomes more evident in Fig.

Figure 6: Linear neighborhood relation within an ε1

radius.

6. However, the sensitivity is the same on near and
far distance of the reference point. But in Fig. 7, the
sensitivity differs exponentially.

Figure 7: The effect of using different membership
functions for a fuzzy point (exponential).

Figure 8: The effect of using different membership
functions for a fuzzy point (linear).

Note that, in definition of the fuzzy point, if different
nonlinear functions are used, different results can be
found by the FJP algorithm. For example, consider a
data set with 8 elements. If the membership function is
linear as in Fig. 8, the widest change interval in which
the α-parameter does not affect the number of clusters
is found as the interval number 3 and according to the
working principle of the algorithm, such a situation is
appropriate for two clusters.
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However, when the membership function of the fuzzy
points looks like bell-shaped as in Fig. 9, the widest
change interval found as number 2 and such a situation
is suitable for four clusters. Thus, FJP algorithm finds
two clusters if a membership function of a fuzzy point
as in Fig. 8 is used whereas it detects four clusters if
a membership function of a fuzzy point as in Fig. 9 is
used.

Figure 9: The effect of using different membership
functions for a fuzzy point (bell-shaped).

Note that in FJP algorithm, the lowest layer that is
suitable for one cluster is not taken into consideration.

4 Conclusion

In this study, the Fuzzy Joint Points (FJP) method is
handled and fuzzy neighbor relations between points
are investigated. FJP method may be more effectively
used in the analysis of statistical databases with spa-
tial data. As a result of our researches, since FJP
method uses fuzzy logic, it produces more sensitive
realistic results in comparison of methods based on
classical neighborhood relation.

Also in our study, some theoretical results are given
for the analysis of the cluster structure. Moreover,
it is mentioned that using different membership func-
tions for the neighborhood relation results in different
partitions.

We think that FJP method may be more effective
in areas such as mapping of national or regional ge-
ographical information, medical tomography, ultra-
sound or X-ray analysis, etc.
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Abstract 
Ventricular Late Potentials (VLPs) are low-
amplitude, high-frequency components that 
appear at the end of the QRS complex of a 
High-Resolution ECG (HRECG) record. 
VLPs are clinically useful for identifying 
post-MI (Myocardial Infarction) patients 
prone to Ventricular Tachycardia (VT) and 
Sudden Cardiac Death (SCD). In this paper, 
the Continuous Wavelet Transform (CWT) 
and a supervised fuzzy clustering algorithm 
are used together to detect VLP. The 
terminal part of the QRS complex in the 
Vector Magnitude (VM) waveform is 
processed with the CWT to extract a feature 
vector. Resulting time-frequency 
representation is subdivided into several sub 
bands, and the sum of the squared 
decomposition coefficients is computed in 
each region. Finally, a supervised Fuzzy 
clustering method, trained by an appropriate 
set of these feature vectors, is applied to this 
data in order to identify VLP. 

Keywords: ECG, VLP, Fuzzy Clustering, CWT 

1     Introduction  

Most of the Sudden Cardiac Deaths (SCDs) due to 
cardiac diseases are thought to be initiated by 
Ventricular Tachycardia (VT) which is one of the 
most serious types of cardiac arrhythmia [11]. As the 

appearance of Ventricular Late Potentials (VLPs) is 
associated with VT, there is a clinical interest in 
detection of these signals as a non-invasive diagnosis 
for post-MI (Myocardial Infarction) patients prone to 
VT. VLPs are low-amplitude, high-frequency signals 
which appear at the end of the QRS complex and arise 
as a result of the late depolarization of damaged 
myocardium. Because of their very low amplitudes 
and the noise overlay, VLPs are obscure in a standard 
electrocardiogram (ECG) but they can be detected by 
a High-Resolution ECG (HRECG) record acquired 
using three orthogonal XYZ leads with a minimum 
sampling frequency of 1000Hz and a resolution of 12 
bits [1,9,11].  

There are various techniques to improve signal-to-
noise ratio (SNR) in VLP analysis. Typically, several 
heart beats (200-300) are averaged to suppress the 
background noise and form the Signal Averaged ECG 
(SAECG). In this paper, a new fuzzy model structure 
is proposed for the VLP classification problem in 
which each rule can represent more than one class 
with different probabilities. Typical fuzzy classifiers 
consist of interpretable if-then rules with fuzzy 
antecedents and class labels in the consequent part. 
The antecedents (if-parts) of the rules partitions the 
input space into a number of fuzzy regions by means 
of fuzzy sets, while the consequents (then-parts) 
describe the output of the classifier in these regions. 
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Fuzzy logic improves rule-based classifiers by 
allowing the use of overlapping class definitions and 
improves the interpretability of the results by 
providing more insights into the decision making 
process. The automatic determination of compact 
fuzzy classifiers rules from data has been approached 
by several different techniques like; neuro-fuzzy 
methods, genetic-algorithm (GA) based rule selection, 
and fuzzy clustering in combination with GA-
optimization. Generally, the bottleneck of the data-
driven identification of fuzzy systems is the structure 
identification that requires nonlinear optimization. 
Thus for high-dimensional problems, the initialization 
of the fuzzy model becomes very significant.  

Common initialization methods such as grid-type 
partitioning [26] and rule generation on extreme 
initialization, result in complex and non-interpretable 
initial models and the rule-base simplification and 
reduction steps become computationally demanding. 
To avoid these problems, fuzzy clustering algorithms 
were proposed [37]. However, the obtained 
membership values have to be projected onto the input 
variables and approximated by parameterized 
membership functions that deteriorate the performance 
of the classifier. This decomposition error can be 
reduced by using eigenvector projection [28], but the 
obtained linearly transformed input variables do not 
allow the interpretation of the model. To avoid the 
projection error and maintain the interpretability of the 
model, the proposed approach is based on the Gath-
Geva (GG) clustering algorithm [22] instead of the 
widely used Gustafson-Kessel (GK) algorithm [38], 
because the simplified version of GG clustering allows 
the direct identification of fuzzy models with 
exponential membership functions [25]. Neither GG 
nor GK algorithm utilizes the class labels. Hence, they 
give suboptimal result if the obtained clusters are 
directly used to formulate a classical fuzzy classifier.  

Hence, there is a need for fine-tuning of the model. 
This GA or gradient-based fine-tuning, however, can 
result in overfitting and thus poor generalization of the 
identified model. Unfortunately, the severe 
computational requirements of these approaches limit 
their applicability as a rapid model-development tool. 
This paper focuses on the design of interpretable fuzzy 
rule-based classifiers from data with low-human 
intervention and low-computational complexity. 
Hence, a new modeling scheme is introduced based 
only on fuzzy clustering. The proposed algorithm is 

similar to the Multi-Prototype Classifier technique 
[18, 33]. The main difference of this approach is that 
each cluster represents different classes, and the 
number of clusters used to approximate a given class 
has to be determined manually, while the proposed 
approach does not suffer from such problems. 
Generally, there is a very large set of possible features 
to compose feature vectors of classifiers. As it is ideal 
that the training dataset's size should increase 
exponentially with the feature vector size, it is desired 
to choose a minimal subset among it. Some generic 
tips to choose a good feature set include the facts that 
they should discriminate as much as possible the 
pattern classes and they should not be correlated or 
redundant.  

2     Simson Method 

The conventional time-domain method of VLP 
detection, developed by Simson [8], is based on 
feature extraction from the filtered SAECG [8, 9, 13]. 
Simson's method employs a high-pass filter (cutoff 
frequency of 25 or 40Hz) to attenuate low-frequency 
components of averaged XYZ signals (SAECG). To 
avoid the filter ringing effect in the terminal parts of 
QRS complex, Simson proposed a bi-directional four-
pole Butterworth high-pass filter [8]. After high-pass 
filtering of the averaged XYZ signals, these signals 
are combined into a Vector Magnitude (VM) 
waveform defined by  

)1(222 ZYXVM ++=  
After estimating the onset and offset of the filtered 
QRS complex (the QRS complex in the VM signal), 
three conventional time-domain features can be 
measured to detect VLPs [1, 11, 12, 13]:  

- QRST: Duration of the filtered QRS complex (from 
the onset to the offset) 

- D40: Low-amplitude signal duration (from the offset 
backward to the point where VM reaches the 40µV) 

- V40:Root-mean-square value of the last 40ms of the 
filtered QRS (showed in Fig1) 

The criteria to define a VLP positive test are 
QRST>114ms, D40>38ms and V40<20µV [11]. In 
Fig.1, a plot of a typical filtered QRS complex and the 
definition of the conventional time-domain features, 
introduced above, can be viewed.  
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3     Feature Extraction 

The adopted feature extraction method for VLP 
consists of five steps: 

- Averaging XYZ leads to improve the SNR 

- Bidirectional Butterworth filtering of averaged XYZ 
signals consisting of a 4th order high-pass and a 5th 
order low-pass filters with cutoff frequencies of 
40Hz and 250 Hz respectively. 

- Combination of the filtered averaged signals into a 
VM waveform using equation (1). 

- Applying the CWT to the terminal part of the QRS 
complex in the VM signal. 

- Feature extraction from the resulted time-scale plot.  

In recent years, the wavelet analysis has been used 
widely in biomedical researches [2, 5, 7, and 14]. The 
wavelet transform is a linear time-frequency transform 
which is based on decomposition of a signal using a 
set of basis functions. These basis functions are scaled 
and shifted versions of a prototype mother wavelet [4, 
11]. The CWT produces a time-frequency 
representation of the signal which is a function of time 
τ and scale a, like CWT (τ, a) named wavelet 
decomposition coefficient. The scale can be 
considered as the inverse of the frequency [9].  

The smaller scales bring about a higher resolution in 
time which is useful to detect VLPs as high-frequency, 
short-duration signals. In this study, the CWT is 
adopted, using the MATLAB wavelet toolbox, to the 
last 40ms of the QRS complex in the VM signal after 
estimating the offset point. To improve the robustness 
of the method to the error in QRS offset detection, a 

8ms right shift is considered for the estimated offset 
[13] so that the CWT is applied to 48ms interval of the 
VM waveform, with scale range of 1-8 and the Morlet 
wavelet as the mother wavelet [6]. Then, the resulted 
time-scale representation is subdivided into 81 regions 
[6] (nine subdivisions on both the time and scale 
axes). Finally, the sum of the squared wavelet 
decomposition coefficients is computed in each region 
to form a feature vector composed of the 81 elements. 

4     Supervised Fuzzy Clustering 

The objective of clustering is to partition the 
identification data Z into R clusters. This means, each 
observation consists of input and output variables 
grouped into a row vector Zk = [xT

k yk], where the k 
subscript denotes the k = 1… Nth row of the pattern 
matrix of Z. The fuzzy partition is represented by the 
U= [µi,k] R*N matrix, where the µi,k element of the matrix 
represents the degree of membership, how the Zk 
observation is in the cluster i = 1…R. The clustering is 
based on the minimization of the sum of weighted D2

i, 

k squared distances between the data points and the ηi 
cluster prototypes that contains the parameters of the 
clusters. 
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In which, m is the fuzzy weighting exponent that 
determines the fuzziness of the resulting clusters. 
Usually, the chosen value for m will be m = 2. 
Classical fuzzy clustering algorithms are used to 
estimate the distribution of the data. Hence, they do 
not utilize the class label of each data point available 
for the identification. Furthermore, the obtained 
clusters cannot be directly used to build the classifier. 
In the following a new cluster prototype and the 
related distance measure will be introduced that allows 
the direct supervised identification of fuzzy classifiers. 
As the clusters are used to obtain the parameters of the 
fuzzy classifier, the distance measure is defined 
similarly to the distance measure of the Bayes 
classifier: 
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This distance measure consists of two terms; the first 
term is based on the geometrical distance between the 
vi cluster centers and the xk observation vector, while 
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Fig.1 A typical filtered QRS complex and the 
definition of three features: QRST, D40 and V40. 
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the second is based on the probability that the ri-th 
cluster describes the density of the class of the k-th 
data, P (cj = yk | ri) It is interesting to note, that this 
distance measure only slightly differs from the 
unsupervised Gath–Geva clustering algorithm which 
can also be interpreted in a probabilistic framework 
[21]. However, the novelty of the proposed approach 
is the second term, which allows the use of class 
labels. To get a fuzzy partitioning space, the 
membership values have to satisfy the following 
conditions: 
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The minimization of the (6) functional represents a 
non-linear optimization problem that is subject to 
constraints defined by (5) and can be solved by using 
a variety of available methods. The most popular 
method, is the alternating optimization (AO), which 
consists of the application of Picard iteration through 
the first-order conditions for the stationary points of 
(6), which can be found by adjoining the constraints 
(5) to J by means of LaGrange multipliers [24] and 
setting the gradients of J to zero, with respect to Z, U, 
η and λ. 
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Hence, similarly to update the Gath-Geva clustering 
algorithm equations, the following algorithm will 
result in a solution that satisfies the (6) constraints. 

Initialization: Given a set of data Z specify R, choose 
a termination tolerance ε>0. Initialize the U= [µi,k] 
RεN partition matrix randomly, where µi,k denotes the 
membership that the Zk   data  is generated by the i'th 
cluster. Repeat for l = 1, 2…. 

Step1: Calculate the parameters of the clusters. 
Calculate the centers and standard deviation of the 
Gaussian membership functions (the diagonal 
elements of the Fi covariance matrices) (7) and 
estimate the consequent probability parameters (8) and 
a priori probability of the cluster and the weight 
(impact) of the rules (9). 
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Step2:  Compute the distance measure D2
i, k by (4). 

 
Step3:  Update the partition matrix 
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5     Feature Selection 

Using too many input variables may result in 
difficulties in the interpretability capabilities of the 
obtained classifier. Hence, selection of the relevant 
features is usually necessary. In this paper, the 
modified Fischer interclass separability method is 
used which is based on statistical properties of the 
data. The interclass separability criterion is based on 
the FB between-class and the FW within class 
covariance matrices that sum up to the total 
covariance of the data FT=FB+FW, where: 
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The feature interclass seperatibility selection criterion 
is a trade-off between FW and FB (Eq.12). The 
importance of a feature is measured by leaving out the 
interested feature and calculating J for the reduced 
covariance matrices. The feature selection is a step-
wise procedure, when in every step the least needed 
feature is deleted from the model [29]. 

5     Results and Discussion 

To evaluate the method used in this study a HRECG 
database consisting of two groups of signals was 
selected. The first group contained 50 healthy 
volunteers’ HRECG records acquired by a digital data 
acquisition system, ML785 PowerLab/8SP, with a 
sampling frequency of 2000Hz and a 16-bit analog-to-
digital converter (ADC). The second group was 
consisted of semi-simulated HRECG signals with 
VLPs. In order to simulate each of these signals, three 
basic simulated waveforms resembling the VLP 
characteristics were added to XYZ leads of a basic 
HRECG record, a HRECG record without VLP. VLPs 
are low-amplitude signals (~1-20µV) with short 
duration (~5-50ms) and broadband spectrum (~40-
250Hz) [11]. According to these characteristics, VLPs 
were simulated as colored Gaussian processes 
resembling better the real world signals. The basic 
VLP waveforms were added to the end part of the 
QRS complex of every heart beat of the XYZ leads 
belonging to the basic HRECG records. The position 
of the VLPs was varied randomly from beat to beat 
with respect to the fiducial mark, QRS peak [10, 11]. 
This HRECG database was divided into a training set, 
including thirty HRECG signals with VLPs and thirty 
without, and a test set consisting of 20 records without 
VLPs and 20 with. For a better training of the neural 
network and preserving its generalization, the training 
set was expanded; five sets containing 300 heart beats 
were selected from every HRECG record of training 

set randomly. Because of the fact that every HRECG 
record had at least 350 heart beats, the beat selection 
was done without replacement for each set. Therefore, 
an expanded training set consisting of 300 patterns 
was obtained. The performance of the VLP detection 
method was measured using conventional criteria i.e. 
the accuracy ACC, sensitivity SE, and specificity SP 
defined by 
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Where N, TP, TN, FP, and FN are respectively the 
total number of patterns, the number of true positive, 
the number of true negative, the number of false 
positive, and the number of false negative [6]. Using 
the expanded training set and the test set, the method 
based on the CWT and the Fuzzy Supervised 
Clustering system, introduced in Fig.2, was evaluated 
that showed good results for the test set. To 
investigate the performance of the VLP detection 
method proposed in this work, the conventional time-
domain method (Simson's method) was applied to the 
test set; also, a method based on applying our system 
to the conventional time-domain features [4,13] was 
used to detect VLP. Table1 presents the results of the 
proposed method in comparison with Simson's method 
and applying a Proposed Fuzzy System to the 
conventional time-domain features, for the test set. In 
Simson's method, the balance between SE and SP can 
be controlled by choosing one, two, or three of the 
positive VLP criteria (QRST>114ms, D40>38ms, and 
V40<20µV) at the same time. For example, if higher 
SE is desired, only one of the three criteria is chosen; 
in contrast, all of the criteria must be satisfied at the 
same time to achieve higher SP. This fact can be seen 
in Table 1. In most cases, two of the three criteria are 
used to obtain the balance between SE and SP [13]. 
These results obtained with a Fuzzy system with 5 
rules. 

Table1: VLP detection results. The comparison 
between the proposed method, Simson's method and 

applying a Supervised Fuzzy Clustering system to the 
features (for the test set). 

Method ACC(%) SE(%) SP(%) 

Simson's 
Method 

One 
Criterion 80 100 60 
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Two 
Criterion 75 80 70 

Three 
Criterion 72 60 85 

Applying Neural 
Network Method to    

mVM_CWT1 Features 
92.5 91 94 

Applying Supervised 
Fuzzy Clustering  to the 

conventional time-
domain features 

82 81.26 83.66 

Applying Supervised 
Fuzzy Clustering  to 

VM_QRS40 Features 
84 73.76 94.13 

Applying Supervised 
Fuzzy Clustering  to     

mVM_QRS40 Features 
90 89.88 91.16 

Applying Supervised 
Fuzzy Clustering  to 

mVM_CWT1 Features 
92 88.83 95.16 

 

6     Conclusion 

The aim of this work was to investigate the capability 
of a method based on the continuous wavelet 
transform and a Supervised Fuzzy Clustering, in order 
to extract features and classify for VLP detection 
problem in HRECG. The results show good 
improvements in sensitivity and discriminancy 
compared to Simson's method and Supervised Fuzzy 
Clustering to the conventional time-domain features 
(see Table1). Another possible advantage of the 
proposed method can be the ability of the VLP 
detection in patients with bundle branch block, while 
Simson's method can not be used with these patients 
because the bundle branch block causes the QRS 
duration to be extended and consequently increases 
QRST. Simson's method is very sensitive to QRS 
offset, and even a few errors in estimating of this point 
can result in wrong diagnostic. However the method 
used in this study is robust to the error in QRS offset 
detection. The results represented in Table 1 shows 
that the CWT based features, used in this study, are 
more capable than the conventional time-domain 
features to detect VLPs using Supervised Fuzzy 
Clustering Systems. According to the above 
advantages, the proposed method may be an 
appropriate alternative method for the clinical 
detection of VLP, if it is evaluated completely. Due to 
the lack of real HRECG for VLP in this research, the 
proposed method must be applied to a larger HRECG 
database consisting of real signals with and without 

VLPs to complete the evaluation. Form Table1, 
Neural Network Method is a little better than Our 
Supervised Clustering method but our system is based 
on only five fuzzy rules and so the training of system 
is much faster than a MLP Neural Network and can be 
used in practical applications.  

References 
 
[1]  I.C.Baykal and A.Yilmaz, Detection of  Late 

Potentials in Electrocardiogram Signals in both 
Time and Frequency Domains Using Artificial 
Neural Networks, 44th IEEE Midwest Symposium 
on Circuits & Systems, 2001, pp.576-579. 

[2] S.W.Chen, A Wavelet-Based Heart Rate 
Variability Analysis for the Study of 
Nonsustained Ventricular Tachycardia, IEEE 
Transactions on Biomedical Engineering, Vol.49, 
No.7, 2002, pp.736-742. 

[3] A.Cohen , Biomedical Signal Processing, CRC 
Press, VolumeII, 1986. 

[4] A.Mousa and A.Yilmaz, Neural Network 
Detection of Ventricular Late Potentials in ECG 
Signals Using Wavelet Transform Extracted 
Parameters, IEEE Proceedings of the 23rd Annual 
EMBS International Conference, Turkey, 2001, 
pp.1668-1671. 

[5] A.Mousa and A.Yilmaz, A Method Based on 
Wavelet Analysis for the Detection of Ventricular 
Late Potentials in ECG Signals, 44th IEEE 
Midwest Symposium on Circuits & Systems, 
2001, pp.497-500 . 

[6] A.Rakotomamonjy, B.Migeon, and P.Marche, 
Automated Neural Network Detection of Wavelet 
preprocessed Electrocardiogram Late Potentials, 
Med.Biol.Eng.Comput.,Vol.36, 1998, pp.346 -
350. 

[7] M.B.Simson, Use of Signals in The Terminal 
QRS Complex to Identify Patients with 
Ventricular Tachycardia after Myocardial 
Infarction, Circulation, Vol.64, No.2, 1981, pp. 
235-242.    

[8] A.Spaargaren and M.J.English, Detecting 
Ventricular Late Potentials Using the Continuous 
Wavelet Transform, Proceedings of Computers in 
Cardiology,IEEE Comput.Soc.,Vol.26, 1999, 
pp.5-8. 

[9] A.Taboada-Crispi, J.V.Lorenzo-Ginori, and 
D.F.Lovely, Adaptive Line Enhancing Plus 
Modified Signal Averaging for Ventricular Late 
Potential Detection, Electronics Letters, Vol.35, 
No.16, 1999, pp.1293-1295. 

[10] A.Taboada-Crispi, Improving Ventricular Late 
Potentials Detection Effectiveness, Doctoral 
Thesis, University of New Brunswick,2002.  

[11] S.Wu, Y.Qian, Z.Gao, and J.Lin, A Novel 
Method for Beat-to-Beat Detection of Ventricular 

68 Applications 1



Late Potentials, IEEE Transactions on Biomedical 
Engineering,Vol.48,No.8,2001, pp.931-935. 

[12]  Q.Xue and B.R.S.Reddy, Late Potential 
Recognition by Artificial Neural Networks, IEEE 
Transactions on Biomedical Engineering, Vol.44, 
No.2, 1997, pp.132-143. 

[13] Janos Abonyi and Ferenc Szeifert  , Supervised 
Fuzzy Clustering for the Identification Of Fuzzy 
Classifiers , University of Veszprem, Dep. of 
Process Engineering, 

[14] Detection of Ventricular Late Potentials in High-
Resolution ECG Signals by a Method Based on 
the Neural Network  and Continuous Wavelet 
Transform , Ali Shahidi Zandi , Mohammad 
Hassan Moradi  

[15] Baraldi A. and Blonda P. (1999) A survey of 
fuzzy clustering algorithms for pattern  
recognition - Part I, IEEE Transaction On 
Systems, Man and Cybernetics Part B29 (6): 778-
785. 

[16] Bezdek J.C., Hathaway R.J., Howard R.E., 
Wilson C.A. and Windham M.P., (1987) Local 
Convergence Analysis of a Grouped Variable 
Version of Coordinate Descent. Journal of 
Optimization Theory and Applications, 71:471–
477. 

[17] Biem A., Katagiri S., McDermott E., Juang BH. 
(2001) An application of discriminative feature 
extraction lo filter-bank-based speech 
recognition.IEEE Transactions On Speech And 
Audio Processing 9 (2): 96-110. 

[18] Campos T. E., Bloch I., Cesar R. M. Jr. (2001) 
Feature Selection Based on Fuzzy Distances 
Between Clusters: First Results on Simulated 
Data.Lecture Notes in Computer Science, 
Springer-Verlag press, ICAPR’2001 - 
International Conference on Advances in Pattern 
Recognition, Rio de Janeiro, Brazil, May.16 

[19] Cios K.J., Pedrycz W., Swiniarski R.W. (1998) 
Data Mining Methods forKnowledge Discovery. 
Kluwer Academic Press, Boston. 

[20] Corcoran A.L., Sen S. (1994) Using real-valued 
genetic algorithms to evolve rule sets for 
classification. In IEEE-CEC, June 27-29, 120–
124, Orlando, USA. 

[21] Gath I. and Geva. A.B. (1989) Unsupervised 
Optimal Fuzzy Clustering,IEEE Transactions on 
Pattern Analysis and Machine Intelligence 7 773–
781. 

[22] Gustafson, D.E., Kessel, W.C. (1979) Fuzzy 
Clustering With a Fuzzy Covariance Matrix, In 
Proc. IEEE CDC, San Diego, USA. 

[23] Hathaway R.J. and Bezdek J.C. (1993) Switching 
Regression Models and Fuzzy Clustering. IEEE 
Transactions on Fuzzy Systems, 1:195–204. 

[24] Hoppner F., Klawonn F., Kruse R. and Runkler T. 
(1999) Fuzzy Cluster Analysis – Methods for 
Classification, Data Analysis and Image 
Recognition,John Wiley and Sons. 

[25] Ishibuchi H., Nakashima T., Murata T. (1999) 
Performance evaluation of fuzzy classifier 
systems for multidimensional pattern 
classification problems.IEEE Trans. SMC–B 29, 
601–618. 

[26] Kambhatala N. (1996) Local Models and 
Gaussian Mixture Models for Statistical Data 
Processing, Ph.D. Thesis, Oregon Gradual 
Institute of Science and Technology. 

[27] Kim E., Park M., Kim S. and Park M. (1998) A 
Transformed Input–Domain Approach to Fuzzy 
Modeling. IEEE Transactions on Fuzzy Systems, 
6:596–604. 

[28] Loog L.C. M., Duin R.P.W. ,Haeb-Umbach R. 
(2001) Multiclass linear dimension reduction by 
weighted pairwise Fisher criteria, IEEE Trans. On 
PAMI, vol. 23, no. 7, pp. 762-766. 

[29] Nauck D. and Kruse R. (1999) Obtaining 
interpretable fuzzy classification rules from 
medical data. Artificial Intelligence in Medicine, 
16: 149–169. 

[30] Pe˜na-Reyes C. A. and Sipper M. (2000) A fuzzy 
genetic approach to breast cancer diagnosis. 
Artificial Intelligence in Medicine, 17: 131–155. 

[31] Quinlan J. R. (1996) Improved Use of Continuous 
Attributes in C4.5, Journal of Artificial 
Intelligence Research, 4: 77–90. 

[32] Rahman A.F.R. and Fairhurst M.C. (1997) Multi-
prototype classification: improved modelling of 
the variability of handwritten data using statistical  
clustering algorithms. Electron. Lett. 33 14, pp. 
12081209.17 

[33] Roubos J.A., Setnes M. (2000) Compact fuzzy 
models through complexity reduction and 
evolutionary optimization. In FUZZ-IEEE, 
pp762-767, May 7-10, San Antonio, USA. 

[34] Roubos J.A., Setnes M. and Abonyi J. (2001) 
Learning fuzzy classification rules from data. 
Developments in Soft Computing, eds. John, R. 
and Birkenhead, R., Springer - Verlag 
Berlin/Heidelberg, 108-115. 

[35] Setiono R. (2000) Generating concise and 
accurate classification rules for breast cancer 
diagnosis. Artificial Intelligence in Medicine, 18: 
205–219. 

[36] Setnes M., Babuˇska R. (1999) Fuzzy Relational 
Classifier Trained by Fuzzy Clustering, IEEE 
Trans. SMC–B, 29, 619–625  

[37] Setnes M., Babuˇska R., Kaymak U., van Nauta 
Lemke H.R. (1998) Similarity measures in fuzzy 
rule base simplification. IEEE Trans. SMC–B 28, 
376–386. 

[38] Takagi T., Sugeno M. (1985) Fuzzy identification 
of systems and its application to modeling and 
control. IEEE Trans. SMC 15, 116–132.  

[39] Valente de Oliveira J. (1999) Semantic 
constraints for membership function optimization. 
IEEE Trans. FS 19, 128–138. 

 

 

Using Supervised Fuzzy Clustering and CWT for Ventricular Late Potentials Detection in HRECG
Signal 69



 

70 Applications 1



Distributed Wirelss Sensor Network Architecture: 

Fuzzy Logic based Sensor Fusion 

 

 

Garimella Rama Murthy 

IIIT-Hyderabad, India 

rammurthy@iiit.ac.in 

Vasanth Iyer 

IIIT-Hyderabad, India 

vasanth@research.iiit.ac.in 

 

 

 

Abstract 

In  this  research  paper,  power  aware  

distributed wireless sensor network  

architecture  proposed  by  us  (in  the  

context  of  design  of  routing  algorithm) 

is  summarized.  An approach to combined 

routing and   fusion algorithm is discussed.  

Fuzzy logic based approach to wireless 

sensor fusion is discussed. The  need  for  

modeling  sensor  readings  using  fuzzy  

uncertainty  is  discussed. Novel overlap 

function for sensor fusion is presented. 

Concept of fuzzy overlap function is 

proposed. Method of distributed 

computation of means is proposed. 

Keywords: Sensor Fusion, Fuzzy Logic, Network 

Architecture. 

1     Introduction 

Traditionally   sensors were used to monitor natural 

or artificial phenomena.  For   instance,  in  the  case  

of  manufacturing  process, the  temperature  and  

pressure  in  a  set  of  boilers  is  monitored  by  

sensors. The sensor readings are   communicated to a 

centralized control center. Thus, conventionally the 

sensors are connected to one another through wires. 

These  wired  sensor  based  systems  were  utilized  

in  many  practical  applications. 

Motivation for Wireless Sensors: 

Advances  in  VLSI ( Very  Large  Scale  Integration)  

as  well  as  MEMS (Micro-Electro-Mechanical  

Systems)  facilitated  the  manufacture  of  tiny  

sensors (say  sensor  motes).  These tiny sensors have 

multiple functionalities such as sensing, 

processing/computing and   communication.  Thus,  

each  sensor  is  typically   equipped  with  a  sensor 

(sensing  unit),  a  processor (computing  unit),   a  

transmitter/receiver(transceiver  for  communication),  

memory,  small  battery  etc. It is demonstrated by  

companies  like  Crossbow  that  these  tiny  sensors  

are  commercially  viable.  

Wireless Sensor Networks: 

Advances  in  sensor  technology  and  computer  

networks  have  enabled  distributed  sensor  

networks  (DSNs)  to  evolve  from  small  clusters  

of  large  sensors  to  large  swarms  of  micro-

sensors, from fixed  sensor  nodes  to  mobile  nodes,  

from  wired  communication  to  wireless  

communication,  from  static  network  topology  to  

dynamically  changing  topology [5].  However,  

these  technological  advances  have  also  brought  

new  challenges  to  processing  large  amount  of  

data  in  a  bandwidth-limited, power constrained, 

unstable  and  dynamic  environment [5].  To be 

effective, a wireless sensor network must implement 

the following procedures: 

(a) Neighbor  Discovery  and  Self  Organization, (b) 

Distributed  Computation  Algorithms, (c) Capacity 

Optimization, (d) Localization, (e)  Routing, (f) 

Sensor  Fusion  etc.  Details related to these 

procedures can be found in [2]. 

Let us consider the routing problem/procedure.  It is 

easy to see that   most   wireless sensor networks   

monitoring a phenomenon are data-centric.  The  goal  

is  to  communicate  an  event  from  a  certain  

region  of  sensor  field  to  the  base  station.  In  

such  data-centric  networks  absolute  addressing  of  

sensor  nodes  is  not  necessary.  Our  research  

group  proposed  two  routing  algorithms  in  

wireless  sensor  networks.  Details of these 

algorithms are described in Section 2.  Now let us 

consider the sensor fusion problem. 
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Sensor Fusion Problem:   

We illustrate this problem using an application. 

Consider the problem of monitoring fires in a forest.  

Utilizing a helicopter/air-craft temperature sensors 

are deployed over a certain terrain. In the deployment 

phase, some sensors could become faulty.   Some 

more sensors could malfunction due to various   

reasons after deployment.   These  faulty  as  well  as  

functioning  wireless  sensors  monitor   the  

temperature  and  transmit  the  information   to  a   

base  station (using  various  routing  procedures). 

At  the  base  station,  the  temperature  information  

(raw  data)  coming  from  various  sensors  has  to  

be  aggregated   to  detect  an  event  such  as  fire.  

Thus  we  are  naturally  led  to  the  problem  of   

designing  a fusion/aggregation   algorithm. Suppose 

the average value of raw temperature readings is 

computed it is  easy  to  see  that  the  temperature  

readings  coming from  faulty  sensors  influence  the  

aggregated  value  and  thus  leading  to  a  wrong   

aggregated  value.  In  the  worst  case,  it  might  so  

happen  that  an  event  such  as  forest  fire   is   not  

properly  detected.  Hence  it  is  necessary  to  design  

a robust/fault  tolerant   sensor  fusion  algorithms. 

In  the  remaining  portion  of  the  research  paper,  

we  often  refer  to  a wireless  sensor  network  

deployed   to  monitor  the  temperature  in  a  forest  

region  and  report  events  such  as  a  forest  fire. 

2     Power Aware, Distributed Network 

Architecture 

In  the  case  of  wireless  sensor  network,  the  

sensors  are  deployed  over  the  sensor  field.  The 

performance of sensor fusion algorithm depends on 

the network architecture. Also,  sensors   should  be  

coordinated  using  a  distributed  architecture  so  

that  an  efficient  routing  algorithm  can  be  

designed. Thus,  in  the  following  we  summarize  

the  routing  algorithms  designed  by  us  and  the  

associated   network  architecture. 

The sensor network lifetime is limited due to 

constrained power requirements of sensor motes. The 

network lifetime is defined as period of network 

reliability till the first sensor drains out of power as 

shown in figures 7, 8, 9&10. To maximize the sensor 

network life-time the architecture relies on using 

power-aware routing and data aggregation 

algorithms. As the need to minimize network traffic 

only on-demand protocols are considered for power-

aware routing. As seen from simulation results the 

power-aware LEACH algorithm does 40% better 

than the standard LEACH in terms of number of 

rounds before the first sensor fails. The remaining 

Life-time of the sensor network gives the residual 

power, from the simulation results the standard 

LEACH increases by 12% when the number of 

cluster heads is increased gradually up to 50% of the 

total sensors deployed. The main reason of better 

efficiency with higher cluster head count is due to 

evenly distributing the number of sensors per cluster 

head. In the case of power-aware LEACH the 

remaining life-time is evenly spread so as to 

maximize the number of rounds by better balancing 

the selection of cluster heads. At lower percentage of 

cluster heads the power balancing algorithm 

performs best so to not fail a single sensor till the last 

sensor has no more power. When the percentage of 

cluster head is gradually increased up to 50% the 

power balancing algorithm selection is suboptimal 

due to the increased need to find more optimal cluster 

heads. Due to this some of the cluster heads have less 

resource than average remaining residual power 

causing earlier failure of sensor nodes. The protocols 

considered can be categorized in the following ways-

- flooding, multi-hoping, clustering and our own 

distributed algorithms like Control Radius Flooding 

[4], Hierarchical Leveling, Power-aware routing 

using dual-cluster members. 

2.1     Conventional Routing Algorithms 

Flooding is a conventional routing algorithm as 

shown in Figure 1 which allows discovering the 

topology and the destination path. Due to the nature 

of the flooding process it generates many duplicates 

causing collision in the network. The variants of this 

type of protocol allow a transmission probability to 

be sent with the message header which can be used to 

forward or not to forward the current message to its 

neighbor. Such protocols are classified as gossip and 

regional flooding. The problem of power-awareness 

is partially addressed in these types of protocols as 

these could be deployed on an on-demand or reactive 

type network without using any prior information of 

the topology or any other network protocol discovery 

overheads. 
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 Figure 1: Example of flooding. 

 

Multi-hopping as shown in Figure 2 is an 

enhancement of the earlier routing protocol by 

introducing a hop-count in the protocol. This allows 

forwarding the messages discretely by checking the 

least hop count to the destination. The overhead in 

this is to maintain the routing information for the 

underlying network. The problem of power-

awareness is addressed as the total power dissipated 

by the network is minimized due to multi-hopping. 

Hence the power dissipated during forwarding a 

message to its nearest neighbor is the least compared 

to sending it to the base station directly, enhancing 

the total life-time of the network. 

 

Figure 2: Example of multi-hoping. 

2.2     Distributed power-aware architectures  

Clustering is a technique in which a cluster head is 

elected using a power-aware cost factor and its entire 

neighbors join the cluster dividing the network as 

shown in Figure 3 into many different regions. This 

further reduces the power dissipation compared to 

multi-hopping.  The clustering algorithms like 

LEACH [9] (Low Energy Adaptive Clustering 

Hierarchy) and HEED (Hybrid, Energy-Efficient, 

Distributed clustering) help to find suitable cluster 

heads using localized optimizations or finding 

optimizations using a distributed parameter. As in the 

case of sensor networks periodic data is gathered and 

sent to the base station. Clustering aggregates data to 

a single cluster head further reducing the energy 

constraints and enhancing the total lifetime of the 

network. 

 Figure 3: Example of clustering. 

2.3     Our Routing approaches 

A zone based protocol called CRF (Control 

Radius/Radio Flooding) is proposed by our 

group which partitions the sensor network 

mainly into three hierarchically functional zones 

as shown in figure 4 using sensor’s variable 

transmit power, the zone farthest from the base 

station does the data collection and the middle 

zone does the routing using a route cache and the 

zone closest to the base station does multi-

hopping of data to the base station and 

enhancing the lifetime of the sensor network. 

The route cache maintains a use count which is 

checked against a residual cost factor and if it 

reaches or exceeds that threshold the cluster 

head is rotated with one which has a lower use 

count.  

 

Figure 4: Example of Control Radius/Radio 

Flooding. 
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• Leveling Algorithm 

Hierarchical Leveling is a frame work as shown 

in figure 5 in which base station  divides the 

network using proximity of the sensor distance 

from itself using the power to reach a segment of 

the network. By this all the nodes have a specific 

level number and eventually at the end of the 

division of the network all nodes farthest away 

from the base station have a large number 

compared to the nodes closer to the base station 

making the base station at zero. When an event 

is detected in the outmost level the message is 

embedded with its current level and broadcasted, 

the listening neighbors check if the level is lower 

than the source of the message if so they are re-

broadcasted  over the network by which 

propelling the message to the base station and 

avoiding collisions generated by the same levels. 

The problem of power-awareness is addressed 

by minimizing re-broadcast of unnecessary 

packets as in the case of conventional flooding. 

 

Figure 5: Example of Hierarchical Leveling 

 

• Clustering Algorithm 

The new algorithm proposes dual-membership 

clustering as shown in Figure 6, which is very useful 

to minimize the use of epidemic algorithms of any 

sort, thereby saving a lot of resources and also 

making route discovery more deterministic. This 

novel technique uses selection of cluster heads and 

also keeps track of the most recently used path for 

using the off-line cluster head. The problem of 

power-awareness is addressed by combining 

clustering and multi-hopping during transmission and 

also uses a dual membership of clusters which 

minimizes the overhead of route discovery. 

 
 

Figure 6: Example of dual membership cluster and 

recent path usage 

2.4     Intuitive betterness of our algorithms 

Intuitively,  we  reason  that  our  routing  

algorithms  are  better  than  various  known  variants  

of  flooding  algorithms  from  the  point  of  view  of   

minimizing  duplicate  packets in  the  network  and  

thus  power. 

 Our  first  routing  algorithm  effectively  

achieves  hierarchical  partitioning  of   the  network  

into  levels [1].  The data  packets  are  propelled  in  

the  direction  of   base  station  using  a   controlled  

flooding  algorithm  (also  called   gossip  routing  

algorithm).  The algorithm  prevents  propagation  of  

packets in  the  opposite  direction  of  the  base  

station.  Thus  the algorithm  ensures  that   

duplicates  packets   that  are  generated (due  to 

broadcast  nature  of  transmission)  are  prevented   

from  being  transmitted  repeatedly. The  idea  of  

our  algorithm   has   some  resemblance  to  the  

regional  gossip  algorithm   proposed  in   [7].  This 

regional gossip algorithm makes the strong 

assumption of location awareness. 

Traditionally  clustering  algorithms  such as  

LEACH,  HEED  are  proposed  to  minimize  energy  

consumption.  We proposed a dual membership 

clustering algorithm [3].  This  algorithm  also  

proposed  the  innovative  idea  of  forming  data  

highways  on  the  sensor  field  and  utilizing  them  

for  routing. Thus, in  this  algorithm,  the  overhead  

associated  with  route  discovery  is  minimized. 

• Leveling plus clustering algorithm 

 We  also  proposed  a  hybrid  algorithm  

which  combines  the  advantages  of  leveling  

algorithm  and  clustering  algorithm. Detailed 

performance study is reported in [8].  Thus  we 

expect  this  hybrid  algorithm  to  be a  good  power  

aware algorithm  of  utility  in  wireless  sensor  
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networks. In the   following section, we   propose a 

combined routing and fusion algorithm. 

3. Traditional   Wireless  Sensor  Fusion  

Approaches 

Decision/Information fusion problems have been 

investigated since few centuries. For instance,  the  

works  of  Condorcet  on  democracy  models   in  

1786  and  Laplace  on composite  methods  studied  

the fusion  problem.  In  engineering,  the  

investigations  of  Von  Neumann   showed   that  a  

reliable  system  can  be  built  using  unreliable  

components  by  employing  simple  majority  fusers 

[5]. 

Wireless  sensor  fusion  is  one  among  numerous  

application  areas  in which information/decision 

fusion  methods  have  been  employed.  Sensor  

fusion  techniques  must be  robust  and  fault tolerant  

so  that  uncertainty  and  faultiness in  sensor  

readings  can  be handled. Naturally   redundancy  in  

sensor  readings  are  used  to  provide  error  

tolerance  in   fusion [5]. 

• Fault Tolerant Fusion Algorithms:  Overlap 

Functions 

An  abstract  sensor  is  defined  as  a  sensor  that  

reads  a  physical  parameter  and  gives  out  an  

abstract  interval  estimate  which  is  bounded  and  

connected  subset  of  the  real  line.  Abstract sensors 

can be classified into correct sensors and faulty 

sensors.  A  correct  sensor is  an   abstract  sensor  

whose  interval  estimate  contains  the  actual  value  

of  the  parameter  being  measured.  Otherwise, it is 

a faulty sensor.  A  faulty  sensor  is  tamely  faulty  if  

it  overlaps  with  a  correct  sensor,  and  is  wildly  

faulty  if  it  is  does not  overlap  with  any  correct  

sensor [5]. 

Several  overlap  functions  are defined  that  process  

the  readouts  from  abstract  sensors. Four such 

functions are discussed in [5] in the references.  For 

instance Marzullo defined the M function.  Let n  be  

the number  of  sensor  readouts,  f  be  the  number  

of  faulty  sensors. )],.....,,[( 21 nIIIM  is  

defined  to  be  the  smallest  interval  that  contains  

all  the  intersections  of   n-f intervals. It  is  

guaranteed  to  contain  the  true  value  provided  the  

number  of  faulty  sensors  is  at most  f.  The 

disadvantages of such a function are discussed in [5].   

• Also,  there  are  efforts  to  model  the  

sensor  readings  using  probabilistic  uncertainty.  In  

the  following,  we   reason  that in  the  case  of  a  

wireless  sensor  network  monitoring  a  

phenomenon (such  as  forest  fire),  the  sensor  

measurements  and/or  cluster head measurements  

should  be  modeled  using  fuzzy  uncertainty 

• Combined Routing and Fusion: 

In  all  wireless  sensor  networks,  the  sensors  

monitoring  a  phenomenon  collect  raw data.  In  

pure  routing  algorithms (epidemic  algorithms)  

such as  flooding  and   its  variants  (  controlled  

flooding: gossip,  regional  gossip),  the  collected  

raw  data  is  propagated  to  the  base  station  

without   any  processing. 

We  propose  an  approach  in  which  the  routing   

decisions  as  well  as  aggregation/fusion  decisions  

are  combined.  For  instance  the  leveling  and  

clustering  algorithm  described  in  Section  2  

enables  combined  routing  and  fusion. 

4. Wireless  Sensor  Fusion:  Fuzzy 

Logic  Based  Approach 

 

Limitation of Traditional Fusion Approaches: 

In  the  case  of  conventional,  wireless  sensor  

fusion  algorithms,  the  raw  temperature ( for  

example)  readings  are  transmitted  to  the  cluster  

head.  The  cluster  head  can  transmit  all  the  

raw/unprocessed  values  to  the  base  station. 

Alternatively,  the  cluster head  processes  the  raw  

values  and  produces  a  fused  estimate.  Typically  

the  fusion  measure  employed  at  the  cluster  head  

is  mean,  medium,  mode  etc.  The  cluster heads  

propagate  the  fused  values  to  the  Base  Station (in  

a  cooperative  manner). 

 From  the  point  of  view  of  natural/artificial  

phenomenon  being  monitored (e.g. Forest  Fire),  

the  actual  sensor  readings (or  processed  estimate, 

say  mean)  are  only  of  limited  utility.  To  take 

any  control  action  (say to  control  forest  fire), we  

want  to  decide  whether  the  temperature  is  LOW, 

MEDIUM, HIGH  etc. 

 Thus  the  linguistic  variable  corresponding  to  the  

monitored  variable (say  temperature)  is  

characterized  by  fuzzy  uncertainty. The  linguistic  

variable  (say  temperature)  assumes  values  in  the  

fuzzy  sets, “LOW”, “MEDIUM”, “HIGH” etc. To  

emphasize  the  point,  it  should  be  understood  that  

the  uncertainty cannot  be modeled  using  

probabilistic  uncertainty, but  requires  fuzzy  

uncertainty 
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Fuzzy Sensor Fusion: 

There are two possible approaches to fusion of 

measurements collected at sensor nodes 

Approach—1: 

Crisp  measurements  at  the  sensor  nodes  are  

aggregated  using crisp  fusion  measures  such  as  

median, mode,  mean  etc (It  should  be seen  that 

using  median  leads  to  a  robust  estimate  as  in  

the  case  of  median  filtering).Using  the  crisp  

estimates,  fuzzification  is  done  at  the  cluster  

heads.  These fuzzified  values  at  the  cluster  heads  

are  propagated  to  the  base  station.  At the base 

station, different aggregation measures are employed.  

After proper de-fuzzification, fire control decisions 

are taken. 

Approach—2: 

In  contrast  to  approach-1,  the  monitored  variables  

(temperature) at  the   sensors  are  treated  as  being  

fuzzy  i.e.  they assume  values  in  the  fuzzy sets  

LOW, MEDIUM,  HIGH (temperature).  The crisp 

measurements are fuzzified. Using fuzzy arithmetic 

rules, median, mode type measures are computed at 

the cluster head.  The fused  values  at  various  

cluster  heads  are composed  using  FUZZY  IF  

THEN  ELSE  rules.  As  in  the  case  of  a  Fuzzy 

control  system  [page 635, 6],  fuzzy  rule  base,  

fuzzy  inference  engine, defuzzification  interface  

are  utilized  to  take  a  control  action  for  

monitoring temperature  in  a  forest (Specifically, in  

case  of  forest  fire  event, appropriate control  action  

is  taken). 

Let  temperature  at  the  i-th  sensor  node/i-th  

cluster  head  be  denoted  by TEMP-i. Typical fuzzy 

IF, THEN, ELSE rules are: 

     (1)  IF  TEMP-1  is  LOW,  TEMP-2  is  LOW, 

….,  TEMP-N  is  LOW,   

           THEN   FIRE  CONTROL  IS   ( NOT  

REQUIRED) 

     (2)  IF  MAJORITY  OF  (TEMP-1,  TEMP-2, …, 

TEMP-N)  is  HIGH, 

    THEN   FIRE  CONTROL  is  ( 

REQUIRED ). 

 

5. Distributed  Sensor  Fusion:  Mean  

Computation 

 

In  traditional  sensor arrays, measurements  are  

simply  sent  to a   central  signal  processor  for  

computation.  In  contrast  a  wireless  sensor  

network  should  be  able  to  provide  some  useful  

inferences  based  on  measurements  at  the  sensors  

[2]. Anurag et.al  proposed  distributed  computation  

of   maximum   and  reasoned  that  the  

communication  complexity  is   reduced. 

We propose   distributed computation of mean.  For 

‘n’  sensors  placed  in  one  dimension, if  the  

average  value  of  measurements  is  needed,  then  

the  method  of  sending  all  individual  values  to a  

central  operator  would  be extremely  inefficient  in  

communication  complexity ( 0(
2

n ) for  ‘n’ sensors  

placed  in  one  dimension , with  the  operator  node  

at  one  end  ).  Mean  can  be  recursively  computed  

in  the  network  as  the  sensors  exchange  their  

measured  values.  The distributed computation of 

mean is illustrated below: 

Let the lower case letters denote raw measurements 

i.e. },......,,{ 210 nxxxx . As  shown  below,  the  

mean  values  are  computed  in  a  distributed  

manner: 

X(0) = 0x  , X(1) =  
2

)0( 1xX +
 ,  

X(2)  =  
3

)1(2 2xX +
 ,  X(3) = 

4

)2(3 3xX +

 and so  on.  This  distributed   

computation  based  approach  leads  to  minimal  

delay  in  determination  of  average   temperature  at  

the  base  station. 

Now we return to some innovative ideas related to 

fuzzy sensor fusion. 

 

6. Negative membership function: 

Modeling need 

It is well accepted that a linguistic variable is 

modeled using fuzzy uncertainty. Now we reason the 

need for allowing the membership function to assume 

negative values i.e. membership function assumes 

values in the set [-1, 1]. 

Consider a “linguistic variable” such as temperature. 

Let the associated sets be “COLD”, “HOT” and 

“MEDIUM” (to capture the degree of heat). The 
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following situation directs our attention towards 

negative membership function values. Consider a 

linguistic variable such as “Temperature”. Let the 

temperature be -20
◦
C. The degree of membership of 

that observation in the fuzzy set “HOT 

TEMPRATURE” is not zero but SRICTLY 

NEGATIVE. Suppose these is a common 

“UNIVERSE OF DISCOURSE” (for the elements of 

Fuzzy sets). It seems that using the current 

framework of fuzzy sets, it is possible to make into 

account the “negative membership” value and the 

need for it. We are thus BROADENING the scope of 

fuzzy sets. 

It may be possible to convert the above situation in 

such a way that the traditional fuzzy set idea (with 

only positive membership function values) is 

sufficient. But we feel that there is loss of information 

in such an approach. One might conceive of 

situations where the membership function assumes 

complex values and not necessarily real values. 

 

7. Novel Overlap Functions 

 

• In [5], Qi et.al proposed Ώ(.) overlap function. We 

propose a novel overlap function based on the prior 

Ώ(.)  

Dual of Ώ – Function θ(x): It gives the number of 

intervals non-overlapping at ‘x’. This function is 

more natural under the assumption that “most of the 

sensors” are non-faculty. 

θ(x) = N – Ώ(x), where N is the total number of 

sensors. 

• θ(x) Associated overlap function β(x), Just 

as N function is associated with θ(x). β(x) gives the 

interval with the θ(x) Є [0,f] 

Novel Idea: Associate a measure with the fused 

interval specified by the overlap function. This 

measure quantifies the agreement/disagreement 

among sensors.  

 

8. Fuzzy overlap function 

Suppose we model the sensed value to be a linguistic 

variable which assumes the values in an interval with 

associated membership function. 

• Arrive at a “fused” interval estimate using 

one of the various overlap functions. 

• Using the membership functions 

(corresponding to different sensors) over the 

“fused” interval, associate/compute the 

resulting membership function as follows: 

(i) Compute the Maximum/Minimum of 

the membership values. 

(ii) Compute the average/median other 

measure of the membership values. 

 

9. Conclusions 

 

In this research paper, design of wireless sensor 

networks is addressed.  Specifically, the problem of 

wireless sensor fusion is considered. 

To  address  the  fusion  problem,  the  distributed  

network  architecture  proposed by  us  is  discussed.  

This architecture was utilized for designing routing 

algorithms.  We propose a combined routing and 

fusion algorithm.  Traditional approach to wireless 

sensor fusion is summarized.  Fuzzy  logic  based  

approach to  sensor  fusion  is  proposed  as  a  novel  

solution.  The  problem  of distributed sensor  fusion  

is  discussed  in  the  context  of  computation  of  

average/mean value  of  the  sensor  readings. 
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Figure 7: Plot of no. of rounds using LEACH 

standard with different number of cluster heads. 

 

Figure 8: Plot of remaining life-time residual power 

using LEACH standard with different number of 

cluster heads. 
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Figure 9: Plot of no. of rounds using LEACH power-

aware with different number of cluster heads. 

 

Figure 10: Plot of remaining life-time residual power 

using LEACH power-aware with different number of 

cluster heads. 

References 

[1]  S. Arora,  S. Chaudhary,  M. B. Srinivas  and  G. 

Rama  Murthy, “Power  Aware,  Probabilistic  and 

Adaptable  Routing  Algorithm  for  Wireless  Sensor  

Networks,” Proceedings  of 10th National 

Communications  Conference  (NCC),  January  

2004, Organized  by   IISc, Bangalore.  Submitted to 

SADHANA. 

 

[2]  Anurag  Kumar,  D. Manjunath  and  Joy  Kuri, 

“Communication Networking:  An  Analytical  

Approach,” Morgan  Kaufmann  Publisher, 2005. 

 

[3]   N. Bharat  Varma,  M. Pratyush,  G.Rama  

Murthy  and  M.B.Srinivas,  “Energy-Aware  

Routing  in  Sensor  Networks  using  Dual  

Membership  Clusters  and  Data  Highways,” 

Proceedings  of    IEEE TENCON,  Bangkok, 2004. 

GESTS  International   Transactions  on  Computer  

Science  and  Engineering,  Vol.25,  #1,  December  

2005,  Pages.  196-208,  ISSN  1738-6438. 

 

[4] Vasanth Iyer, Rama Murthy, M.B. Srinivas 

“Information Processing of Wireless Sensor 

Networked Motes by Harvesting Residual Power”, 

The Second IEEE International Workshop on Next 

Generation Wireless Networks 2006  (IEEE 

WoNGeN '06). 

 

[5]   H. Qi,  S.S. Iyengar  and  K.Chakrabarty, 

“Distributed  Sensor  Networks---a Review of Recent  

Research, “ Journal  of  the Franklin  Institute  338 

(2001), Pages 655-668. 

 

[6]  Satish Kumar, “Neural Networks:  A Classroom 

Approach,” Tata McGraw Hill Publishing Company 

Limited, New Delhi. 

 

[7] Regional Gossip Routing for Wireless Ad Hoc 

Networks Xiang-Yang Li Kousha Moaveninejad 

Ophir Frieder. 

 

[8] Amit Kumar, Rumeet Singh, G. Rama Murthy, 

M.B. Srinivas, “Energy Effcient Layer and cluster 

formation in Wireless Sensor Networks” B.Tech final 

year project, IIIT, Hyderabad. 

 

[9] LEACH (Low Energy Adaptive Clustering 

Hierarchy) Wendi Heinzelman,Hari 

Balakrishnan,Anantha Chandrakasan. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

78 Applications 1



Soft Computing Robot Navigation 
Case Study 

 
 

Dimitar Vasilev Lakov 
ICCS – BAS, Acad. G. Bonchev street, Bl.2 

Sofia, 1113, Bulgaria 
lakov@iccs.bas.bg 

Margarita Raykova Saralievа 
ICCS – BAS, Acad. G. Bonchev street, Bl.2 

Sofia, 1113, Bulgaria 
margi@iccs.bas.bgl 

 
 
 
 
 
 

Abstract 

This contribution presents Soft Computing Robot 
Navigation for mobile robot SCORCAS, a Case 
Study. The Navigation uses fuzzy logic experi-
enced on mobile robot systems. Fuzzy logic is 
applied in analogous way into three sub-systems: 

i. Sensor, consisting of five autonomous sensor 
sub-systems: visual, acoustic, tactile, thermal 
and inertial; 

ii. Sensor fusion that comprise all the robot stimulus 
in environment image representation; 

iii. Path planning – responsible for trajectory genera-
tion. 

These systems are implemented into experimental 
prototype. Some results are reported. 

Keywords: Soft Computing, Fuzzy System, Robot 
Navigation. 

 

1     Introduction 

 

This contribution presents Soft Computing Robot 
Navigation for mobile robot SCORCAS, a Case 
Study. It is necessary step in our project dedicated to 
Intelligent Technology Application in Robot Naviga-
tion Field. From great variety of soft computing 
models we chose fuzzy logic representation. The aim 
of the publication is twofold: 

i. To show growing potential of fuzzy logic in real 
object implementation of robot navigation; 

ii. To create the basis and pave path for more pro-
found investigation in the field pertain to the next 
generation of Mobile Soft Computing Agents 
dedicated to mobile robot navigation [1]. 

As far as the Fuzzy Navigation Strategy is based on 
well known Fuzzy Inference Engine our achievement 

can be sought more in application aspect of this intel-
ligent technique than in any new sophistication in the 
field. We show the main stages in realization of 
multi-sensor navigation system dedicated to mobile 
robot implementation: some peculiarities of mobile 
construction, architecture of the control and naviga-
tion system, sensor fusion technique, program reali-
zation, and some preliminary results of SCORCAS. 

Among many navigation tasks of mobile robots such 
as: optimal trajectory planning; obstacle avoidance; 
smooth trajectory formation, control with time and 
spatial constraints, etc., we turn the spotlight on the 
first, since it comprises in some sense all the others. 
The main peculiarities of this task can be summa-
rized as follows: 

i. Uncertain still dynamically changing working 
environment that require effective sensor system 
in combination with some intelligent approach; 

ii. Fairy constraint artificial sensor systems of 
nowadays robots. Although we involve: visual, 
acoustic, tactile, thermal and inertial sensors, 
which in some extent mimic human beings: sight, 
hearing, tactile, thermo, and vestibular sensing, 
they are incomparable imperfect in comparison 
with those of human beings; 

iii. The same is situation with effectors that in our 
case are implemented by means of double cater-
pillar, reversible system and additionally mounted 
rotating tower that would correspond to human 
neck functions of human being. Again the human 
abilities prevail in many times; 

iv. Even human being activity is constrained in two 
dimensional space they are able to assess and per-
form actions in the third dimension without prob-
lems (refer paddling); 

The most attractive feature of live systems, unreach-
able of artificial ones by now, are their ability of 
emotional actions, which act in emergency situations. 
It is processed by another informational channel that 
bypass normal brain controlled activities and is an 
order faster that the last. Surprisingly enough this 
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channel is 300 000 years older than consciousness 
brain activity, but practically proven during many 
centuries. This is nature gift left from prehistory 
times, eternal dream for every explorer. 

There are many investigations in the field of intelli-
gent navigation technique, concerning one or other of 
the problems already marked. For examples [2], [3], 
and [4] present: static fuzzy based model, schema 
oriented, and intention based navigation systems. 
Ref. [5], [6], and [7] demonstrate another approach: 
fuzzy localization on landmarks, genetic based ap-
proach, and Kalman filter combining intelligent 
agents, whereas [8] and [9] stress their attention to 
intelligent learning: reactive, supervised, and hierar-
chically, all based oh fuzzy logic. In contrast to all 
these investigations our system applies five sensing 
systems mentioned in point ii. The paper is organized 
as follows: Section two presents the robot structure: 
mechanics, robot control and navigation system, as 
well as sensor system. In Section three we describe 
intelligent control system, whereas Section four re-
fers to a Case Study. Paper ends with discussion 
about future trends of the project. 

2     Presenting the Robot Structure 

2.1     Mechanical and Information Struc-
ture 

As an experimental tool we have chosen a kid toy 
tank construction consisting of a head (tower), plat-
form, and base unit. The head has two grades of 
freedom to mimic human neck swivelling and jog-
gling. It carries the all sensor systems. Platform con-
trols and performs communication tasks. Base unit is 
placed in movement by two independent caterpillar 
direct current drive units. Mechanical and Informa-
tion Structure is shown in Figure 1. A combination of 
velocity and direction of movements of both caterpil-
lars produces controllable smooth rotation over cen-
tres placed on cross direction line. Depending on 
velocity and direction, the centre of rotation is moved 
from left to right infinities. When the centre of rota-
tion is in infinity, the tank moves straight line in fore 
or back direction. The smooth movement of the cen-
tre from left to right infinity causes left/right rotation 
with decreasing/increasing radius of rotation. If a 
radius coincides with the geometrical centre of the 
tank, the last spins at a place in clock/contra wise 
directions depending on the directions of both cater-
pillars. By this way the tank possesses exclusively 
flexible dynamic features. 

2.2 Robot Control Organization 

A simplified robot control organization scheme is 
shown in Figure 1. Navigation strategy is generated 
in highest level. After generation of appropriate op-

timal paths they are distributed in two tasks: base unit 
control and head control. A middle synchronization 
level is used to coordinate these tasks. 

 
 
 
 
 
 
 
 
 
 
 

Fig. 1 Robot Control Organization 

2.3 Robot Control and Navigation 

Robot control system is three layers hierarchical, 
shown in Figure 2: 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2 Robot Control and Navigation System 
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i. The lowest consists of two independent control 
units. One for direct drive of caterpillar DC mo-
tors, which are precisely control by specialized 
modulation controller. The other - for control of 
swivelling and joggling head movements; 

ii. The second level is responsible for synchroniza-
tion of left and right drivers as well as coordina-
tion concerning motion control; 

iii. The highest is tactic and strategic level defining 
trajectories. Every trajectory is defined by time 
dependant steady states. They are transferred by 
wireless connection. The task of this level is robot 
navigation. It is implemented via PC using Intel-
ligent Soft Computing Technology. States are 
transferred to the lowest level of control system 
of the robot. 

2.3     Sensor Processing System 

Since every sensor system is autonomous, the whole 
information is processed in parallel. The raw data are 
normalized within (0, 1] semi closed interval, then 
fuzzified using the same granulation of triangular 
fuzzy sets representation. This way of granulation is 
chosen for simplicity although some other possible 
representation could turn out to be more useful. For 
now it is left for next investigation. A conventional 
inference mechanism of all the fuzzy systems is cho-
sen. Every fuzzy stimulus system is one in - one out 
system. It task is to transfer stimulus into its corre-
sponding fuzzy representation. Inputs are three terms 
granulated stimuli and outputs are five granulated 
assessment of quality in respect to the defined strat-
egy. The inputs are presented by ‘low‘, ‘middle’, and 
‘big’ terms, whereas their counterpart quality as-
sessments are: ‘good’, ‘middle’, and’ ‘bad‘ with two 
additional intermediate terms; ‘good-middle’, and 
‘bad-middle’. All in/out terms have triangular shape 
definition. An example of visual fuzzy inference 
system is given in Figure 3. and Figure 4. 

 
Fig. 3 Fuzzy input visual stimulus 

Fig. 4 Fuzzy output visual stimulus 

Hence we have five simple inference systems. Eve-
ryone is presented by its fuzzy rule base with nine 
rules - fully exhaustive representation. In such a way 
we involve qualitative instead of quantitative stimuli 
assessment. The reason is to enlighten a process of 
their sequel fusion. 

2.4     Sensor Fusion System 

The sensor information data are transferred via 
transmitter to control PC; there an information fusion 
is performed. Existence of five sensor system re-
quires sophisticated fusion mechanism able to proc-
ess on line the information. We apply fuzzy informa-
tion fusion of the pre-processed sensor data, which 
are outputs of the sensor processing systems. The 
scheme of information fusion is shown in Figure 7. 
After quality assessment of every sensor data they 
are ready for fusion. The fusion is performed using 
the same fuzzy logic technique. This is five in - two 
out fuzzy inference machine: five quality assessment 
of every sensor as inputs, and two decisions for both 
left and right drivers. In/out granulation is shown in 
Figures 5. and 6. 

 

Fig. 5 Quality assessment of input for visual stimuli 

Here inputs are presented by five stimulus granules 
of its quality: ‘good’, ‘good-middle’, ‘middle’, ‘bad-
middle’, and’ ‘bad‘. 

 

Fig. 6 Fuzzy output of fusion system 

Outputs are granulated in three quality assessments 
for each left and right drivers, i.e.: ‘good’, ‘middle’, 
and’ ‘bad‘. 

3.     Intelligent Control System 

Control System comprises three sub-systems: 

i. Fuzzy Data Representation; 
ii. Path Planning.; 
iii. Navigation. 

All the systems utilize similar fuzzy inference tech-
nique presented in Figure 7. On this stage the tower 
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is controlled independently from caterpillar motions. 
It needs only synchronization with base unit control 

system and high priority action in emergency situa-
tions. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 7.Scheme of information fusion 
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ronment image of the robot position. Each of them 
consists of four blocks: 

i. Input data that normalized measurements, 
ii. Fuzzifier. It granulates crisp measurements in an 

unified for all sensors universe of discourse; 
iii. Rule base that defines fuzzy inference assessment 

mechanism; 
iv. Inference block that extracts fuzzy quality repre-

sentation for every sensor measurement. 

Path Planning System creates program motion based 
on current image and Navigation System. It interprets 
Navigation System inferences into short term goals. 
Then these goals are defuzzified and supply both left 
and right caterpillar drivers shown in Figure 7. Plan-
ning System also creates program motion in accor-
dance with current image and Navigation System. 
Navigation System forms short (tactic) and long 
(strategic) goals of path planning, which supply Path 
Planning System. Navigation System utilises general-
ized environment image created by Fuzzy Represen-
tation System after data fusion. The fusion is realized 
in abstract five dimension space of sensed stimuli on 
the basis of vision, acoustic, tactile, thermal, and 
inertia sensors. At this stage we investigate a free 
trajectory without obstacles avoidance although the 
power of the system would be shown it its full 
strength in more complex tasks. Every stimulus ob-
tains one of three fuzzy quality assessments after 
fuzzification of measured sensor values as: ‘low’, 
‘middle’, and ‘big’. We accept triangular atomic 
terms representation of fuzzy sets evenly distributed 
in their universes of discourse. Their fusion defines 
generalized quality assessment as point in five di-
mension space. The points present in its turn the 
quality of robot position in respect to our require-
ments, the next robot position and measurements. 
The next measurement produced short term predic-
tion of motion on the basis of the best ambient meas-
urements. The robot makes step in this direction. 
Every new measurement offers motion to the nearest 
goal from all the measurements. So far the robot 
works in a fee environment, i.e. without obstacle 
avoidance. It performs full scanning of working 
space of all distances and gives the full map of inves-
tigating field. On the tactic level Navigation System 
realizes zigzag motion as a result of short term plan-
ning. It offers motion in selected way optimal in 
respect to final goal implementation. The motion is a 
string of straight lines lying in the comfort zones of 
the investigated polygon. Strategic level is dedicated 
to perform compromise decisions of all the tactic 
point decisions for reaching of priority motion goal. 
The goal may be sought in curve of motion, shortest 
path, maximal speed, etc. when we involve obstacles 
and their optimal avoidance. To fulfill such goal the 
Navigation System performs compromises deteriorat-
ing quality in almost every step of planning. We used 

techniques similar to dynamic programming. The 
idea behind it is that optimal path is composed by 
optimal sub-trajectories connecting final and starting 
points in reverse direction. For this purpose already 
found strategic and tactic trajectories are estimated 
step by step in reverse direction from the goal to start 
point to define the true compromise trajectory. It is 
made by the following way: the last step of optimal 
strategic trajectory is compared with existing nearest 
around it. Here a compromise assessment of both, 
taking into account desired optimal one, is made. 
Since they have different representation a fuzzy sys-
tems is due to be involved again for such assessment. 
It consists of fuzzy rule base that calculates the final 
trajectory line based on both quality assessments. 
The quality of strategic steps are defined in terms of 
tactic one and as an output we obtain required com-
promise of optimal step. The new step is accepted as 
representative of calculated trajectory and the proce-
dure is repeated until exhausting of the whole string 
of trajectory steps to initial point. As you can imag-
ine the robot motion starts with short orientation in 
ambient environment, which corresponds to the 
studying and planning of human being in uncertain 
environment and its following motion. 

4.....Case Study 

In Figure 8 is shown a prototype of the robot.  
 

 

Fig. 8 A robot prototype 

An experiment of robot motion in obstacle free poly-
gon is presented in Figure 9.  

 
 
 
 
 
 
 
 
 
 

Fig. 9 Experimental robot trajectories 
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As you can see the differences between defined 
(ideal track) and combined strategic/tactic motion: 
the first, second, and third tracks are not significant 
for this specific application. The reason is that sensor 
information is gathered in obstacle free polygon, 
where sensor measurements are taken from the ambi-
ent environment outside polygon. Hence a compro-
mise technique of back propagation corrections is 
realized among less contradictory variants. The situa-
tion is drastically different in case of obstacles exis-
tence into polygon, where compromises are heavy 
and there exists also forbidden trajectories. They 
principally have to be involved in priority cycle for 
their avoidance and elimination. 

4     Discussion 

The investigation demonstrates distributed appli-
cation of relatively simple fuzzy rule base of systems 
for assessment, fusion, tactic and strategic decision 
making and control action performance. It is shown a 
solution of the task for generation of optimal trajec-
tory as a compromise between real admissible by 
sensor system and ideal postulated as optimal by 
smoothness, speediness and other considerations. It 
turns out that there no complication of the task in 
case of obstacles existence, even in some cases they 
can simplify decision making as a sequence pruning 
of some required trajectories and their replacement 
with only possible ones. 

Upcoming tasks: 

i. Obviously, some more profound investigations 
are need in complicated spatial environment. It is 
very interesting the influence of: kind, type, and 
number and displacement of obstacles onto speed 
and quality of performance; 

ii. The next task will be incorporation of searching 
with constraints in our multisensor system, espe-
cially suitable for different types of sensors: vis-
ual, acoustic, tactile, thermal and inertial; 

iii. Improving of synchronization and organization. 
Up to now they are realized with distributed proc-
essing of information of autonomous sensor sys-
tems. So far, an improvement of synchronization 
and organization of the systems is sought in dis-
tributed information processing of autonomous 
units. They are incorporated into control PC for 
defining and processing of fuzzy variables. So far 
as the system uses a specialized programmable 
controllers all these functions can be imbedded in 
them, which will gain additional autonomy of the 
robot; 

iv. All the while up to now these solutions mimic 
only Soft Computing Agents for using of single 
type protocol. As far as information processing is 
remote and inference systems are created before-
hand, there no need they to be capsulated in a 
kernel of Soft Computing Agent, but future unifi-
cation of these systems using and their protocols 

is excellent possibility for realization of simple 
Soft Computing Agents 

v. Involvement of Soft Computing Agents organiza-
tion would mean full compatibility and applica-
bility of divers systems and different tasks. This 
is the path of standardization of these new solu-
tions in independent platforms; 

vi. Another important direction of investigation is 
involvement emergency system mimicking emo-
tional tract of human activity, and why not in the 
conventional brain imitating artificial system of 
control loops. Even Latin emotional stands for 
movement, speed, which supposes improvement 
of the systems in respect to speedy and quality 
performance of robot reactions. It is referred al-
ready to creation of artificial feeling robot sys-
tems. 
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Abstract

In previous work, a fuzzy controller with con-
ditionally firing rules was suggested as an ad-
vantageous alternative to Mamdani–Assilian
controllers. Its features have been used with-
out much understanding. Therefore we ex-
plicitly formulate the rules of its design in
this tutorial which has not been available be-
fore.

Keywords: fuzzy controller, compositional
rule of inference, firing rule, fuzzy relational
equation, fuzzy hardware.

1 Introduction

A fuzzy controller with conditionally firing rules (CFR
controller) was introduced in [10]. It is a generalization
of the Mamdani–Assilian controller, using an inference
rule that is not compositional. It was motivated by the
effort to fit the behavior of the controller optimally to
the meaning of the fuzzy rule base. Both theoretical
and practical arguments support the expectation that
the CFR controller allows a better performance with-
out a change of the rule base. Thus it may improve
the quality of control while keeping the order of com-
putational complexity. It has been applied in several
tasks [6, 8, 11, 13, 14], but the users implemented it
sometimes in a simple manner, without much under-
standing its options and capabilities. Therefore we
found it necessary to write a “user’s manual” for this
type of controller which we present here.

2 Theoretical analysis of fuzzy
controllers

For basics on fuzzy controllers, we refer to [4, 5]. Let X
and Y denote the input and the output space of a con-
troller, respectively. They are supposed to be convex

subsets of finite-dimensional real vector spaces. For
a set Z, we denote by F(Z) the set of all its fuzzy
subsets. Throughout this paper, we identify fuzzy sets
with their membership functions. The expert’s knowl-
edge may be expressed by a base Θ of rules of the
form

if x ∈ Ai then y ∈ Ci ,

where Ai ∈ F(X ) are antecedents and Ci ∈ F(Y) are
consequents, i ∈ {1, . . . , n} (see [4]). Following [15],
the knowledge from the rule base Θ can be represented
by a fuzzy relation RΘ ∈ F(X × Y). The Mamdani–
Assilian controller [7] uses RΘ in the form

RΘ(x, y) = max
i≤n

T (Ai(x), Ci(y)) , (1)

where T is a fixed t-norm modelling a fuzzy conjunc-
tion [5]. Then we apply a compositional rule of infer-
ence which assigns to a fuzzy input X ∈ F(X ) a fuzzy
output Y ∈ F(Y) by Y = X ◦

T
RΘ, i.e.,

Y (y) = sup
x∈X

T (X(x), RΘ(x, y)) . (2)

We denote the induced mapping by ΦMA
Θ :F(X ) →

F(Y). Combining formulas (1), (2), it can be ex-
pressed as

Y (y) = ΦMA
Θ (X)(y)

= sup
x∈X

T
(
X(x), max

i≤n
T (Ai(x), Ci(y))

)

= max
i≤n

T
(
sup
x∈X

T (X(x), Ai(x)), Ci(y)
)

.

The latter form allows for an effective calculation using
the values

DT (X, Ai) = sup
x∈X

T (X(x), Ai(x)) , (3)

called degrees of overlapping of X, Ai. The value
DT (X, Ai) is the height of the fuzzy intersection
X ∩

T
Ai. The output is

Y (y) = max
i≤n

T
(
DT (X, Ai), Ci(y)

)
. (4)
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The use of degrees of overlapping allows to avoid
nested cycles over the spaces X , Y. Notice that the
simplification is possible due to the associativity of T ;
it requires to use the same t-norm T in (1) and (2).

3 Requirements on fuzzy controllers

To formulate mathematically the desirable properties
of a fuzzy controller, we have to introduce several basic
notions and notations from fuzzy set theory. A fuzzy
set is called normal if its membership function attains
the value 1 at (at least) some point. The support of a
fuzzy set A ∈ F(Z) is

Supp A = {z ∈ Z : A(z) > 0} .

For x ∈ Z, let χx ∈ F(Z) denote a singleton (crisp
value), i.e.,

χx(z) =
{

1 if z = x ,
0 if z �= x

for all z ∈ Z. A fuzzy set is called convex if all its
α-cuts are convex sets. For fuzzy sets A1, . . . , An ∈
F(Z), their convex hull is the smallest (w.r.t. the
pointwise ordering) convex fuzzy set C ∈ F(Z) sat-
isfying Ai(z) ≤ C(z) for all z ∈ Z, i = 1, . . . , n.

Let Θ = (Ai, Ci)n
i=1 be a rule base. We want the con-

trol function, ΦΘ:F(X ) → F(Y), of a fuzzy controller
to satisfy the following properties:

[I1] If the input coincides with the ith antecedent,
then the output coincides with the ith consequent,
i.e., ΦΘ(Ai) = Ci .

[I2] For each normal input X ∈ F(X ), the output
ΦΘ(X) is not contained in all consequents, i.e.,
ΦΘ(X) �≤ min

j≤n
Cj .

[I3] The output ΦΘ(X) belongs to the convex hull of
consequents Ci of all rules such that SuppAi ∩
SuppX �= ∅ (i.e., all firing rules).

[I4] Let X = χx for x ∈ X such that Ai(x) = 1 (for a
fixed i). Then ΦΘ(X) = Ci.

Condition [I2] avoids non-significant outputs bearing
no information about the input. It compares the out-
put with the fuzzy intersection of all consequents. Usu-
ally this intersection is empty, then [I2] simply means
that the output is non-empty. Our formulation gives
the respective meaning also in the (rare) case when
the intersection of all consequents in non-empty.

Condition [I3] is a very weak requirement meaning that
the output is obtained by interpolation of the conse-
quents.

Condition [I4] concerns the (not so unusual) case when
there is a totally firing rule for a crisp input. Then
the output should be the corresponding consequent.
This means that having a well-fitting rule, we do not
need any other (which could only damage the correct
output). As a consequence, we have to avoid a rule
base in which this could occur simultaneously for more
than one rule.

Condition [I1] deserves more attention. It is called in-
teraction in [4]. It says that an antecedent as an input
produces the corresponding consequent as an output.
For a Mamdani–Assilian controller it corresponds to a
system of fuzzy relational equations

Ci = Ai ◦
T

RΘ , i ∈ {1, . . . , n} . (5)

Necessary and sufficient conditions for its solvability
by a Mamdani–Assilian controller are given in [3] (cf.
also [12]). To formulate them, we use the residuum
(residuated implication) induced by T , i.e., the opera-
tion IT : [0, 1]× [0, 1] → [0, 1] such that

IT (a, b) = sup{c ∈ [0, 1] : T (a, c) ≤ b} .

If T is continuous, we may take max instead of sup in
the latter formula. The corresponding biimplication is

ET (a, b) = min{IT (a, b), IT (b, a)} .

For two consequents, Ci, Cj , we define their degree of
indistinguishability, ET (Ci, Cj), by

ET (Ci, Cj) = inf
z∈Z

ET (Ci(z), Cj(z)) .

Recall that the degree of indistinguishability
ET :F(Y) × F(Y) → [0, 1] is a fuzzy equality
relation (similarity) on F(Y) with respect to T .

Theorem 1 [3] Let Θ = (Ai, Ci)n
i=1 be a rule base

with Ai(xi) = 1 for pairwise different elements
x1, . . . , xn ∈ X . Then relation (1) satisfies the sys-
tem (5) iff all i, j ∈ {1, . . . , n} satisfy

DT (Ai, Aj) ≤ ET (Ci, Cj) . (6)

Condition (6) (and hence also [I1]) is violated in many
fuzzy controllers. It depends on the choice of the t-
norm T ; choosing a smaller t-norm (e.g., the product
instead of the minimum) could help to satisfy it. Nev-
ertheless, this choice makes it more difficult to satisfy
condition [I2]. Thus conditions [I1], [I2] are almost
contradictory for a Mamdani–Assilian controller and
typical shapes of membership functions. (See [2, 9, 10]
for more detailed analysis of this phenomenon.)
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4 CFR controller and its design

In [10], a controller is suggested which allows to satisfy
the above requirements for rather general rule bases.
It assumes the following properties of the rule base
Θ = (Ai, Ci)n

i=1:

[C1] “normality”: each Ai is normal,

[C2] “covering of antecedents”: inf
x∈X

max
i≤n

Ai(x) > 0 ,

[C3] “significance of consequents”: ∀i ∈ {1, . . . , n} :
Ci �≤ min

j �=i
Cj .

Conditions [C1] and [C2] ensure that we have normal
antecedents covering the whole input space and [C3]
is quite a weak requirement on significance of conse-
quents. See [2, 9] for more detailed analysis of these
conditions.

The new controller is obtained from the Mamdani–
Assilian controller by the following modifications:

Step 1. Change the membership degrees in the input
space by an increasing bijection �: [0, 1] → [0, 1]. This
changes the degrees of overlapping DT (X, Ai) to

DT (X ◦ �, Ai ◦ �) = sup
x∈X

T (�(X(x)), �(Ai(x))) . (7)

To keep the numerical complexity of the changes of
scale as low as possible, we may choose �(t) = tr,
r ∈ N , or a piecewise linear function. Choosing
�(t) ≤ t, we may reduce the degrees of overlapping
to an arbitrary small value (provided that they were
< 1).

Step 1 can be skipped (choosing the identity for �)
unless the degrees of overlapping DT (Ai ◦�, Aj ◦�) are
too large for some i, j, i �= j.

Step 2. Choose c < 1 such that

c ≥ DT (Ai ◦ �, Aj ◦ �) (8)

for all i, j, i �= j. Change the membership degrees in
the output space by an increasing bijection σ: [0, 1] →
[c, 1]. To extend the inverse of σ to the whole interval
[0, 1], we use its pseudoinverse

σ[−1](t) =
{

σ−1(t) if t ≥ c ,
0 otherwise .

(9)

We may choose for example σ(t) = (1− c) · t + c.

Step 3. Replace the degree of overlapping in (4) with
the degree of conditional firing of the ith rule defined
as

CT,i(X) =
DT (X ◦ �, Ai ◦ �)

max
j≤n

DT (X ◦ �, Aj ◦ �)
. (10)

(In fact, the value CT,i(X) depends not only on T
and i, but also on � and on all antecedents Aj , j =
1, . . . , n. For each normal input X , the values CT,i(X),
i = 1, . . . , n, belong to [0, 1] and at least one of them
is 1.)

Thus the rules are activated according to their relative
degree of overlapping with the input.

After all these three changes, the output becomes

Y (y) = ΦCFR
Θ (X)(y)

= σ[−1]
(
max
i≤n

T
(CT,i(X), σ(Ci(y))

))
,(11)

where ΦCFR
Θ :F(X ) → F(Y) denotes the induced

input-output correspondence of this modified con-
troller, called a controller with conditionally firing
rules, or briefly CFR controller.

We do not deal here with defuzzification. Our basic
observations refer to fuzzy subsets of the input and
output space and they are independent of the method
of defuzzification.

Theorem 2 [10] Let a rule base Θ satisfy condi-
tions [Con1–3]. Then the CFR controller given by (11)
satisfies properties [I1–4] (for any increasing bijection
�: [0, 1] → [0, 1], any c < 1 satisfying (8), and any
increasing bijection σ: [0, 1] → [c, 1]).

Condition (8) represents disjointness of antecedents
needed to distinguish between firing rules (not more
than one rule may fire totally as this would cause a
contradiction in the rule base).

The weakening of conditions on rule base enabled by
a CFR controller is mainly due to the following fact:

Theorem 3 [10] Let Θ = (Ai, Ci)n
i=1 be a rule

base with Ai(xi) = 1 for pairwise different elements
x1, . . . , xn ∈ X . Then the input–output correspon-
dence ΦCFR

Θ of a CFR controller (with mappings �, σ
described above) satisfies [I1] iff all i, j ∈ {1, . . . , n}
satisfy

DT (Ai ◦ �, Aj ◦ �) ≤ ET (Ci ◦ σ, Cj ◦ σ) . (12)

Under the conditions of Theorem 2, we may choose
the mapping �: [0, 1] → [0, 1] so that the left-hand
side of (12) becomes an arbitrarily small positive num-
ber; the lower bound c of the range of the mapping
σ: [0, 1] → [c, 1] gives a lower estimate of the right-
hand side of (12), so inequality (12) can be satisfied.

5 Simplification of CFR controller for
crisp inputs

In general, it is not possible to substitute a CFR con-
troller in its full generality by a Mamdani–Assilian
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controller. Nevertheless, in the most important case
of crisp inputs it admits such a modification [1].

A crisp input means that the values taken into account
are represented by real numbers. Still they may be
subject to some imprecision or uncertainty, but despite
of this, the result is one value, not a fuzzy set of values.
This is true for most measuring devices. In fact, it is
very rare and difficult to measure a quantity in such a
way that the result is given as a fuzzy set. Therefore
a reduction to crisp inputs is assumed in most fuzzy
controllers. Then fuzziness is reduced to the computa-
tions inside the controller, while it communicates with
the world through crisp inputs and outputs. This ap-
proach is still general enough to be the basis of most
applications of fuzzy control. In fact, this is what the
current fuzzy hardware does; it handles only crisp in-
puts.

First we shall show how the controllers simplify if the
input is crisp, i.e., X = χx for some x ∈ X . Then the
degrees of overlapping of X, Ai become

DT (X, Ai) = sup
x∈X

T (X(x), Ai(x)) = Ai(x) (13)

(independently of the choice of the t-norm T ). Let us
denote by ϕMA

Θ (x) the output ΦMA
Θ (X) of a Mamda-

ni–Assilian controller corresponding to a crisp input
X = χx. Thus ϕMA

Θ :X → F(Y) is the mapping fully
describing the action of the Mamdani–Assilian con-
troller on crisp inputs. We obtain

Y (y) = ϕMA
Θ (x)(y) = max

i≤n
T (Ai(x), Ci(y)) . (14)

What remains is to defuzzify the fuzzy output Y .

In case of a CFR controller, we obtain

DT (X ◦ �, Ai ◦ �) = sup
x∈X

T (�(X(x)), �(Ai(x)))

= �(Ai(x)) .

(Notice that the membership degrees X(x) ∈ {0, 1}
remain unchanged by �.) The degrees of conditional
firing are

CT,i(X) =
DT (X ◦ �, Ai ◦ �)

max
j≤n

DT (X ◦ �, Aj ◦ �)
=

�(Ai(x))
max
j≤n

�(Aj(x))
.

(15)
These values depend only on Ai ◦ �, i ∈ {1, . . . , n},
which are known in advance (once the design of the
controller is completed), and on x. Thus they can be
represented internally by functions, similarly to Ai, i ∈
{1, . . . , n}. Explicitly, we define fuzzy sets (modified
antecedents) Ai ∈ F(X ), i ∈ {1, . . . , n}, by

Ai(x) =
�(Ai(x))

max
j≤n

�(Aj(x))
. (16)

Under the assumption [C2], they are well defined (the
denominator is nonzero). Then the desired degree of
conditional firing may be expressed as

CT,i(X) = Ai(x) . (17)

The transformation σ may be analogously represented
by a modification of consequents. Explicitly, we de-
fine fuzzy sets (modified consequents) Ci ∈ F(Y),
i ∈ {1, . . . , n}, by

Ci(y) = σ(Ci(y)) . (18)

Let us denote by ϕCFR
Θ (x) the output ΦCFR

Θ (X) of a
CFR controller corresponding to a crisp input X = χx.
Thus ϕCFR

Θ :X → F(Y) is the mapping fully describing
the action of the CFR controller on crisp inputs. With
the above modifications, we obtain

Y (y) = ϕCFR
Θ (x)(y) = σ[−1]

(
max
i≤n

T
(
Ai(x), Ci(y)

))
.

(19)
Except for the final transformation σ[−1], this formula
is of the same form as formula (14) for the Mamdani–
Assilian controller. More exactly, if Θ = (Ai, Ci)n

i=1

is the modified rule base and ϕMA
Θ

is the respective
input-output correspondence, then

ϕCFR
Θ (x) = ϕMA

Θ
(x) ◦ σ[−1] .

This proves the following result:

Theorem 4 Suppose that we have a controller with
conditionally firing rules with a rule base Θ which per-
forms a mapping ϕCFR

Θ :X → F(Y). Let σ: [0, 1] →
[c, 1] be the mapping used in (11). Then there is
a Mamdani–Assilian controller with a rule base Θ
which performs a mapping ϕMA

Θ
:X → F(Y) such that

ϕCFR
Θ (x) = ϕMA

Θ
(x) ◦ σ[−1] for all x ∈ X , where σ[−1]

is the mapping given by (9).

This means that the implementation of a CFR con-
troller with crisp inputs can be done using the stan-
dard Mamdani–Assilian controller and a block per-
forming the transformation σ[−1]. As a consequence,
hardware for Mamdani–Assilian controllers can be
used to implement a CFR controller.

6 Example

In this section we present examples demonstrating
the use of the CFR controller. The first example
shows how the controller computes the output value
for a given set of antecedents, consequents, and an in-
put value. The second example gives the output of
the Mamdani–Assilian controller with the same an-
tecedents, consequents, and rule base. A comparison
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Figure 1: Example I: Fuzzy sets defining the an-
tecedents.
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Figure 2: Example I: Fuzzy sets defining the conse-
quents.
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Figure 3: Example I: Graph of function �.
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Figure 4: Example I: Antecedents modified by func-
tion �.
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Figure 5: Example I: Graphs of functions σ and σ[−1].
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Figure 6: Example I and III: Consequents modified by
function σ.
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Figure 7: Example I: An input of the CFR controller
represented by a fuzzy set X .
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Figure 8: Example I: Consequents modified by func-
tion σ and combined with the degrees of conditional
firing.
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Figure 9: Example II: Antecedents, an input, and
degrees of overlapping of the Mamdani–Assilian con-
troller.
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Figure 10: Example II: Consequents of the Mamdani–
Assilian controller combined with the degrees of over-
lapping.
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Figure 11: Example I and II: Resulting output fuzzy
sets. The CFR controller is represented by the thick
line; the Mamdani–Assilian controller is represented
by the dashed line.
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Figure 12: Example III: Antecedents of the derived
Mamdani–Assilian controller.

of these two results is then made. The third exam-
ple describes the transformation of a CFR controller
into a Mamdani–Assilian controller for the case when
the input can attain only crisp values. For simplicity,
we demonstrate the principles in one dimension; the
extension to more dimensions is easy.

6.1 Example I

We have a set of antecedents and consequents as given
in Figure 1 and Figure 2. Further we have a set of
fuzzy rules in the form:

1. if x ∈ A1 then y ∈ C1 ,

2. if x ∈ A2 then y ∈ C2 ,

3. if x ∈ A3 then y ∈ C3 ,

4. if x ∈ A4 then y ∈ C4 ,

To implement a CFR controller we have decided to use
the standard (Gödel, minimum, . . . ) t-norm defined
as TM (x, y) = min{x, y}. Now we need to find some
suitable realizations for the functions � and σ.

The function σ attains values from the interval [c, 1]
where c ∈ (0, 1) is a number higher or equal to

the highest degree of overlapping of the antecedents.
Looking at Figure 1 we can see that the highest de-
gree of overlapping is 0.75. Yet this value is too high;
operating only in the interval [0.75, 1] we could lose
some precision. We may decide to have the constant
c at most 0.5. For this, we choose the function � as in
Figure 3. Now the antecedents modified by � look as
shown in Figure 4, the highest degree of overlapping is
0.5, and we can choose c = 0.5. The functions σ and
σ[−1] then may look as shown in Figure 5 and Figure 6
shows the consequents modified by σ.

Let us suppose that the input of the controller is a
fuzzy set X from Figure 7. We are going to compute
the output value.

First we determine the degrees of overlapping given by
the fuzzy set X and the antecedents. The degrees are
determined according to Figure 7 and they are listed
in the fist row of Table 1. The highest degree of over-
lapping is 0.8 in our case. To compute the degrees of
conditional firing, we divide each degree of overlapping
by the highest degree, i.e. by 0.8.

A1 A2 A3 A4

D(X) 0 0.4 0.8 0.5
C(X) 0 0.5 1 0.625

Table 1: Example I: Degrees of overlapping and de-
grees of conditional firing for the antecedents A1, A2,
A3, and A4.

Having computed the degrees of conditional firing, we
combine them with the consequents by the minimum
t-norm, see Figure 8. (The first two consequents after
the modification become less than 0.5 and they are
omitted because they do not influence the output.)
From these modified fuzzy sets the maximum is taken
(shown in Figure 8 by a thick line) and this maximum
is modified by the function σ[−1]. This way, we obtain
the resulting output fuzzy set shown in Figure 11 by
a thick line. (It is subject to defuzzification which is
not discussed here.)

Notice that although the degree of overlapping of the
antecedent A2, resp. A4 was rather high, the influence
of the corresponding consequent to the final result was
none, resp. small.

6.2 Example II

For a comparison, let us now create a classical Mamda-
ni–Assilian controller with the same antecedents, con-
sequents, and rule base as in the first example. Let
us suppose that the input of the controller is the same
fuzzy set X (see Figure 9). We are going to compute
the output value.
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We determine the degrees of overlapping, given by the
fuzzy set X and the antecedents, as can be seen in
Figure 9; the degrees are listed in Table 2. We combine
the degrees of overlapping with the consequents by the
minimum t-norm, see Figure 10. (The first consequent
after the modification becomes zero and it is omitted.)
By taking maximum from these modified fuzzy sets
(shown in Figure 10 by a thick line) we obtain the
resulting output fuzzy set shown in Figure 11 by a
dashed line.

A1 A2 A3 A4

D(X) 0 0.525 0.85 0.65

Table 2: Example II: Degrees of overlapping for the
antecedents A1, A2, A3, and A4 in the case of the
Mamdani–Assilian controller.

Now, in Figure 11, we can see the output fuzzy
sets both for the CFR controller (thick line) and for
the Mamdani–Assilian controller (dashed line) for the
same antecedents, consequents, and rule base. As we
can see the CFR controller gives a very specific re-
sult saying that the output is given mostly by the
third consequent slightly influenced by the fourth con-
sequent. On the contrary, the output of the corre-
sponding Mamdani–Assilian controller is much more
uncertain and blurred. The influence of all the three
nonzero consequents is considerably high which makes
the interpretation and the defuzzification more diffi-
cult.

6.3 Example III

In this example we are going to trasform a CFR con-
troller to a Mamdani–Assilian controller according to
Section 5. In general, it is not possible to substitute
a CFR controller in its full generality by a Mamda-
ni–Assilian controller. Nevertheless, in the most im-
portant case of crisp inputs it admits such a modifica-
tion [1].

Note that this Mamdani–Assilian controller will work
only with crisp input values. Let us take the same
set of antecedents and consequents and the same rule
base as in the first example. First we use (16) and
modify the set of antecedents as it can be seen in Fig-
ure 12. Then, according to (18), we modify the set of
consequents as it is shown in Figure 6. The rule base
remains unchanged.

This way we have obtained new sets of antecedents and
consequents. We can now apply the algorithm of the
Mamdani–Assilian controller to the modified rule base.
Then the mapping σ[−1] is applied to the output. Thus
we obtain, for crisp inputs, the same behaviour as in
the original CFR controller. It satisfies our require-

ments [I1–4] with respect to the original antecedents
and consequents.

7 Discussion

Let us now discuss what Th. 2 says for the case of crisp
input. (With the exception of [I1], the conclusions
are valid for both the original formulation of a CFR
controller and its reformulation described above—they
are equivalent in this case.) Conditions [C1–4] remain
unchanged. Property [I1] becomes meaningless, be-
cause we do not accept fuzzy inputs (the antecedents
are usually fuzzy sets, not crisp singletons). Property
[I2] simplifies, because crisp inputs are always normal
(when considered as a special case of fuzzy sets). The
new formulation can be:

[I2] For each crisp input x ∈ X , the output ϕCFR
Θ (x) is

not contained in all consequents, i.e., ϕCFR
Θ (x) �≤

min
j≤n

Cj .

Property [I3] can be also simplified:

[I3] For each crisp input x ∈ X , the output ϕCFR
Θ (x)

belongs to the convex hull of consequents Ci of
all rules such that x ∈ Supp (Ai) (i.e., all firing
rules).

Property [I4] remains unchanged.

Preprocessing means that instead of the original rule
base Θ we have to use a modified rule base Θ =
(Ai, Ci)n

i=1 given by (16), (18). This rule base Θ has to
be downloaded into the Mamdani–Assilian controller.
Nevertheless, the input-output correspondence satis-
fies the desired properties [I1–3] with respect to the
original rule base Θ = (Ai, Ci)n

i=1. It is usually impos-
sible to obtain this behavior by application of a Mam-
dani–Assilian controller directly to the rule base Θ.

8 Conclusion

Both theoretical motivation and practical experiments
suggest that the controller with conditionally firing
rules [10] allows us to enhance the performance in com-
parison to a Mamdani–Assilian controller without a
change of the rule base. Its software implementation
requires just adding three easy transformations. These
require additional calculations, but do not extend the
order of complexity.

Our treatment applies to an arbitrary finite dimension
of the input and output spaces. This approach is now
ready for further tests on practical control tasks.
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Abstract

Systems which use a fuzzy rule base and
an inference mechanisms are quite frequently
used in many applications. Fuzzy rules and
inference mechanisms can be described by a
system of fuzzy relation equations. A solu-
tion to a given system of fuzzy relation equa-
tions can serve us a proper model of fuzzy
rules (fuzzy model for short). But only two
particular solutions, let us call them disjunc-
tive and conjunctive fuzzy models, have been
mainly studied so far.

The paper aims at new solutions of systems
of fuzzy relation equations. The first one -
additive fuzzy model - which is derived from
the disjunctive fuzzy model was motivated by
several methods often used in practice. The
second one — multiplicative fuzzy model —
which is derived from the conjunctive fuzzy
model was neglected up to now. The paper
investigates both new solutions and describes
existence of a direct connection between sys-
tems of fuzzy relation equations and different
fuzzy models. The crucial role of the Ruspini
partition is proved and also visually demon-
strated.

Keywords: Systems of Fuzzy Relation
Equations, Fuzzy Models, Fuzzy Rules, In-
ference, Interpolation.

1 Introduction

Fuzzy rule based (FRB) systems have been many times
∗This research was sponsored by the Bilateral Scien-

tific Cooperation Flanders–Czech Republic, sponsored by
the Special Research Fund of Ghent University (project
nr. 011S01106). Furthermore, we gratefully acknowledge
partial support of the projects MSM6198898701 and DAR
1M0572 of the MŠMT ČR.

demonstrated to be powerful tools in modelling, deci-
sion making or automatic control. They basically con-
sist of two main blocks: a fuzzy rule base determined
by a set of n fuzzy rules and an inference mechanism.
A correct choice of a fuzzy relation which models a
fuzzy rule base and a corresponding inference mecha-
nism is crucial for a proper performance of the whole
FRB.

Consider arbitrary universes X and Y . The classes of
fuzzy sets on X and Y are denoted by F(X) and F(Y ),
respectively. Then all information available in a given
fuzzy rule base is contained in pairs of input-output
fuzzy sets i.e. in (A1,B1), . . . , (An,Bn), telling us
that, for i = 1, ..., n, the fuzzy set Ai ∈ F(X) is as-
signed the fuzzy set Bi ∈ F(Y ) [31].

In general, there are two standard approaches to mod-
elling a given fuzzy rule base by an appropriate fuzzy
relation. Let x ∈ X, y ∈ Y , let operation ∗ be a
left-continuous t-norm and finally, let →∗ be its ad-
joint residuation operation [18]. Then the first ap-
proach consists in a construction of a fuzzy relation
R̂∗ ∈ F(X × Y ) given as follows

R̂∗(x, y) =
n∧

i=1

(Ai(x) →∗ Bi(y)) . (1)

As written in [11], “In the above view, each piece of in-
formation (fuzzy rule) is viewed as a constraint. This
view naturally leads to a conjunctive way of merging
the individual pieces of information since the more in-
formation, the more constraints and the less possible
values to satisfy them.”

This fact together with the fact that the minimum op-
eration as well as other t-norms are appropriate inter-
pretations of a conjunction (logical connective AND)
and residuation operations are appropriate interpreta-
tions of an implication [1, 10, 15, 23, 30] leads to a
conclusion that R̂∗ is a proper model of the following

On Additive and Multiplicative Fuzzy Models 95



fuzzy rules

IF x is A1 THEN y is B1

. . .
AND

. . .
IF x is An THEN y is Bn

(2)

where Ai,Bi are membership predicates represented
by fuzzy sets Ai ∈ F(X) and Bi ∈ F(Y ), respectively.

The second standard approach to modelling a fuzzy
rule base, initiated by [20], consists in a construction
of a fuzzy relation Ř∗ ∈ F(X × Y ) given as follows

Ř∗(x, y) =
n∨

i=1

(Ai(x) ∗Bi(y)). (3)

Obviously, fuzzy relation (3) can be hardly considered
as a model of fuzzy rule base (2).

We again recall the work of Dubois, Prade and Ughetto
[11]. “It seems that fuzzy rules modelled by (3) are not
viewed as constraints but are considered as pieces of
data. Then the maximum in (3) expresses accumula-
tion of data”.

This fact together with a commonly known fact that
the maximum operation as well as other t-conorms
are appropriate interpretations of a disjunction (log-
ical connective OR) [15, 23] leads to a conclusion that
Ř∗ given by (3) is a proper model of the following set
of fuzzy rules

x is A1 AND y is B1

. . .
OR
. . .

x is An AND y is Bn.

(4)

It is worth mentioning that distinguishing between the
conditional (IF-THEN) form of fuzzy rules (2) and the
Cartesian product (AND) form of fuzzy rules (4) on
a syntactical level is not very common but it can be
found e.g. in [3, 17, 22]. Usually only the form given
by (2) is considered, because of several, e.g., historical
reasons and the differences are taken into account only
on the semantical level. But the differences can play a
crucial role for further implementations and, therefore,
they should be kept in mind. For a more detailed study
concerning both rule forms we refer to [15, 23, 17] and
to an exhaustive investigation in [9] and in [22].

2 Systems of Fuzzy Relation
Equations

Besides a fuzzy rule base, (fuzzy) inference mechanism
is an essential part of each FRB system. It is a deduc-
tion rule determining an output B ∈ F(Y ) based on an

arbitrary input A ∈ F(X). In particular, it is defined
as an image of A under a fuzzy relation R ∈ F(X×Y ),
which models a given fuzzy rule base. In most cases,
we deal with the direct image (sup-∗ composition)

B = A ◦∗ R (5)

which stems from the compositional rule of inference
introduced by L.A. Zadeh [32]. It is given by

(A ◦∗ R)(y) =
∨

x∈X

(A(x) ∗R(x, y)) (6)

and it is worth mentioning that its logical background
coincides with the generalized modus ponens [15].

A fuzzy rule base may be viewed as a partial mapping
from F(X) to F(Y ). Building a fuzzy inference mod-
ule on the base of a rule base means extending this
partial function to a total one in some “reasonable
manner”. It means we have to associate B ∈ F(Y )
with an arbitrary A ∈ F(X) in such a way which hav-
ing an input Ai would determine an output equal to
Bi for i = 1, . . . , n.

It leads to the following system of direct image fuzzy
relation equations

Ai ◦∗ R = Bi i = 1, . . . , n. (7)

A fuzzy relation F ∈ F(X×Y ) which fulfills the equal-
ity (7) is a solution to the system of direct image equa-
tions.

Let us recall some basic results concerning the systems
of direct image equations which can be found e.g. in
[6, 16, 19].

Theorem 1 System (7) is solvable if and only if R̂∗
is a solution to the system and moreover, by R̂∗ is the
greatest solution to (7).

Theorem 1 is a crucial theorem in the field of direct
image equations since it is a necessary and sufficient
condition of the solvability of system (7) and it deter-
mines a solution. Moreover, whenever we deal with
fuzzy rules (2) interpreted by R̂∗, the direct image is
the first choice for an inference mechanism since fuzzy
relation R̂∗ has a unique position in the set of all possi-
ble solutions. There cannot appear any other solutions
if R̂∗ is not a solution and it is the greatest solution if
the corresponding system is solvable.

Let us recall a solvability criterion (sufficient condi-
tion) published in [7] and then independently re-found
in [16] specifying conditions upon which even Ř∗ can
be a solution to system (7).

Theorem 2 Let Ai for i = 1, . . . , n be normal. Then
Ř∗ is a solution to (7) if and only if the following
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condition
∨

x∈X

(Ai(x) ∗Aj(x)) ≤
∧

y∈Y

(Bi(y) ↔∗ Bj(y)) (8)

holds for arbitrary i, j ∈ {1, . . . , n}.

Theorem 2 specifies a condition under which Ř∗, con-
nected to the direct image inference mechanism, is an
appropriate model of a fuzzy rule base. On the other
hand, whenever Ř∗ is an appropriate model, the fuzzy
relation R̂∗ is an appropriate model too. So, Ř∗ does
not achieve such a unique position among other possi-
ble fuzzy models compared to R̂∗.

But it is not common approach to fix an inference
mechanism and search for an appropriate model of a
given fuzzy rule base which would be a solution to
a corresponding system of fuzzy relation equations.
Vice-versa, usually a fuzzy relation is chosen first
based on certain, here more closely unspecified, rea-
sons. Therefore, it is natural to adopt another infer-
ence mechanism which yields a system of fuzzy relation
equations where Ř∗ has an analogous position among
other solutions to the system.

Let us recall by subdirect image (inf-→∗ composition)

B = A ¢∗ R (9)

which rises from the Bandler-Kohout subproduct [2].
It is given by

(A ¢∗ R)(y) =
∧

x∈X

(A(x) →∗ R(x, y)). (10)

The subdirect image has no connection to the general-
ized modus ponens deductive rule and its motivation
was different in [2]. On the other hand, as mentioned
in [14], the inference mechanism needs not be necessar-
ily logical but simply a mapping from F(X) to F(Y )
fulfilling certain properties.

In the sequel, we will recall some basic facts [6, 19]
about systems of subdirect image fuzzy relation equa-
tions given as follows

Ai ¢∗ R = Bi i = 1, . . . , n (11)

which should justify our further usage of the subdirect
image as an inference mechanism.

Theorem 3 System (11) is solvable if and only if Ř∗
is a solution to the system and moreover, Ř∗ is the
least solution to system (11).

Furthermore, both systems of fuzzy relation equations
are dual [6].

Theorem 4 [21] Let Ai for i = 1, . . . , n be normal.
Then R̂∗ is a solution to (11) if and only if the condi-
tion

∨

x∈X

(Ai(x) ∗Aj(x)) ≤
∧

y∈Y

(Bi(y) ↔∗ Bj(y))

holds for arbitrary i, j ∈ {1, . . . , n}.

Here we observe, that Ř∗ has precisely the same posi-
tion among other solutions to system (11) as the fuzzy
relation R̂∗ had in the case of the direct image equa-
tions. So, if we adopt the idea of [14] that the inference
mechanism can be understood only as a certain map-
ping between collections of fuzzy sets without deeper
connection to a logical deduction rule, nothing pre-
vents us from treating the subdirect image as a specific
kind of finding a conclusion behaving as an inference
mechanism.

Based on the facts and theorems above, we claim that
fuzzy rules (2) predetermine the direct image inference
while fuzzy rules (4) predetermine the subdirect image
inference.

Remark 1 It is worth mentioning that condition (8)
appearing in Theorem 2 and Theorem 4 is from the
practical point of view not very convenient. On the
other hand, it is well known fact that if antecedent
fuzzy sets form the so called ∗ semi-partition [8] it
forces fulfilling the discussed condition in advance.

3 Additive Models

A lot of work has been done in the field of fuzzy
relation equations [6, 13, 16], mainly aiming at the
solvability criteria, greatest and lower solutions, least
and greater solutions, respectively and at determining
complete solution sets.

Unfortunately, this work has not been followed by
practitioners very often. This was perhaps caused, be-
sides other unspecified reasons, by the fact that neuro-
fuzzy systems [12] and Takagi-Sugeno rules [29] are the
most frequently used fuzzy methods nowadays. But
only two particular solutions R̂∗ and Ř∗ have been
mainly studied so far [24].

Let us only briefly recall that Takagi and Sugeno pro-
posed fuzzy rules of the form

IF x is Ai THEN y is fi(x), i = 1, . . . , n
(12)

which are modelled by the weighted arithmetic mean

y =
∑n

i=1 Ai(x)fi(x)∑n
i=1 Ai(x)

, (13)

which has obviously nothing common with logical im-
plication and so, they do not correspond to the fuzzy
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rules in conditional form (2). But because of powerful
approximation abilities, they became very popular in
fuzzy community.

Let us stress that the consequent parts fi(x) of rules
(12) are usually polynomial functions so, we can dis-
tinguish Takagi-Sugeno rules of the k-th order where
k ∈ N denotes the order of the consequent polynomial
functions.

It is worth mentioning that the so called Ruspini con-
dition [28] given by

n∑

i=1

Ai(x) = 1, for x ∈ X (14)

is often required and therefore, the interpretation of
the Takagi-Sugeno rules of the 0-th order is then given
by the formula

n∑

i=1

Ai(x)bi (15)

where bi ∈ R are consequents of rules (12).

Remark 2 Takagi-Sugeno rules are basically data-
driven i.e. determined on the basis of a finite input-
output data set. Besides this standard approach to an
identification of a model, there exists an integral (con-
tinuous) version of the identification of the Takagi-
Sugeno rules of the 0-th order called fuzzy transform
[25].

Indeed, considering crisp values bi to be singletons, i.e.,
special fuzzy numbers on Y , having in mind that the
product is nothing else but a particular t-norm [18],
and the fact that we assume the Ruspini condition
leads to the following natural generalization of Takagi-
Sugeno rules with fuzzy consequents

R⊕
∗ (x, y) =

n⊕

i=1

(Ai(x) ∗Bi(y)), (16)

where ⊕ is the ÃLukasiewicz t-conorm. Moreover, it
coincides with standard fuzzy relations appearing in
the neuro-fuzzy systems [12].

Fuzzy relation R⊕
∗ ∈ F(X × Y ) is nothing else but

a special case of a model of fuzzy rule base (4) de-
rived from the disjunctive model Ř∗ where the dis-
junction aggregating particular pieces of data is gen-
erally given by a t-conorm, in this particular case by
the ÃLukasiewicz addition. Therefore, it will be called
additive fuzzy model.

Remark 3 Formalization of fuzzy rules (2) modelled
by R̂∗ can be viewed in the “conjunctive normal forms”
(CNF) and formalization of fuzzy rules (4) modelled by
Ř∗ can be viewed in the “disjunctive normal forms”

(DNF), for both we refer to [26]. The normal forms
were proposed to investigate fuzzy models from an
approximation point of view. The additive models
R⊕
∗ correspond to the “additive normal forms” (ANF)

which were motivated by one particular additive nor-
mal form in [26] and then further studied in [4, 5]. Fi-
nally, relationship between additive normal forms and
the fuzzy transform (and Takagi-Sugeno rules conse-
quently) has been discussed in [4].

Let us recall the definition of the generalized orthog-
onality [26] which was crucial for the additive normal
forms [26, 5].

Definition 1 We say that Ai ∈ F(X), i = 1, . . . , n
fulfill the orthogonality condition if

n⊕
i=1
i 6=j

Ai(x) = 1−Aj(x). (17)

The following lemma characterizes the orthogonality
condition as equivalent to the Ruspini one.

Lemma 1 Fuzzy sets Ai ∈ F(X), i = 1, . . . , n fulfill
the orthogonality condition if and only if

n∑

i=1

Ai(x) = 1. (18)

3.1 Subdirect Image Equations

Since the additive model corresponds to fuzzy rules (4)
they are expected to be related to the subdirect image
inference mechanism. This subsection investigates this
relationship via subdirect image fuzzy relation equa-
tions.

Theorem 5 Let Ai, i = 1, . . . , n be normal and fulfill
the Ruspini condition. Then system (11) is solvable
and R⊕

∗ is a solution.

Due to Theorem 3 we can state the following corollary
of Theorem 5.

Corollary 1 Let Ai, i = 1, . . . , n be normal and fulfill
the Ruspini condition. Then Ř∗ is a solution to system
(11).

Moreover, ite can be demonstrated on the basis of the
proof of Theorem 5, that R⊕

∗ is not the only additive
model which is a solution to system (11).

Proposition 1 Let Ai, i = 1, . . . , n be normal and
fulfill the Ruspini condition. Furthermore, let N be a
t-norm such that ∗ ≤ N. Then the fuzzy relation R⊕

N
is a solution to (11).
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Let us briefly summarize results of this subsection.
Theorem 5 provides us with an easy-to-check condi-
tion certifying a proper performance of an additive
model connected to a subdirect image inference mech-
anism. Moreover, the assumptions refer only to the
antecedent fuzzy sets so and their fulfillment can be
ensured in advance before an identification process.

Since no solvability is assumed, the theorem impact is
even in specifying sufficient solvability condition. This
consequently means that Ř∗ is a solution as well. Fi-
nally, a wide variety of t-norms can be used in the
additive models.

3.2 Direct Image Equations

This subsection focuses on systems of direct image
equations. Disjunctive model Ř∗ has been proved to
be a solution to system (7) assuming certain condi-
tions. Similarly, we study the additive model on the
same system.

Theorem 6 Let Ai for i = 1, . . . , n be normal and
fulfill the Ruspini condition. Furthermore, let ∗ ≤ ⊗
where ⊗ is the ÃLukasiewicz t-norm. Then system (7)
is solvable and R⊕

∗ is a solution.

Due to Theorem 1 we can state the following corollary
of Theorem 6.

Corollary 2 Let Ai for i = 1, . . . , n be normal and
fulfill the Ruspini condition. Furthermore, let ∗ ≤ ⊗.
Then R̂∗ is a solution to system (7).

Theorem 6 requires to use a t-norm which is even
weaker than the ÃLukasiewicz one which is already a
very weak t-norm, see [18]. So, for practical appli-
cations, perhaps only the case when ∗ = ⊗ is worth
mentioning. In this case, the ÃLukasiewicz t-norm is
used both for, the sup-⊗ composition as an inference
method as well as for connecting antecedent and con-
sequent fuzzy sets in the corresponding fuzzy model
R⊕
⊗.

The result is strengthened by the following theorem.

Proposition 2 Let Ai, i = 1, . . . , n be normal and
Ai fulfill the Ruspini condition. Furthermore, let N
be an arbitrary t-norm and let ∗ ≤ ⊗. Then R⊕

N is a
solution to (7).

Proposition 2 allows us to deal with a t-norm weaker
or equal to the ÃLukasiewicz one only in the inference
mechanism but the fuzzy model can use an arbitrary
t-norm N. Similarly to the subdirect image equations,
only normality of antecedents and the Ruspini condi-
tion were assumed.

4 Multiplicative Models

As we have shown in Section 3, investigation of addi-
tive fuzzy models does not bring only results concern-
ing proper usage of such models. Furthermore, it led
to new results in the field of systems of fuzzy relation
equations. Especially the fact, that fulfilling two, in
practice very often required, conditions leads to the
solvability of the corresponding fuzzy relation equa-
tions. These results are of a high practical importance
since they put assumptions only on the antecedents.
This enables to identify a fuzzy rule base in such a way
to ensure the solvability of an adjoint system of fuzzy
relation equations although the consequent fuzzy sets
could be arbitrary e.g. identified from data by some
algorithm.

It is a well known fact that both systems of fuzzy re-
lation equations are dual [6]. This leads to a natural
idea of introducing the following multiplicative models

R⊗
∗ (x, y) =

n⊗

i=1

(Ai(x) →∗ Bi(y)). (19)

Multiplicative model R⊗
∗ is a special case of a model of

fuzzy rule base (2) derived from the conjunctive model
R̂∗ where the conjunction aggregating particular rules
is generally given by a t-norm, in this particular case
by the ÃLukasiewicz t-norm. It is another arithmetic
model, dual to the corresponding additive one.

Now we focus on searching for solutions to systems of
direct image and subdirect image fuzzy relation equa-
tions given by (19).

4.1 Direct Image Equations

Theorem 7 Let Ai, i = 1, . . . , n be normal and fulfill
the Ruspini condition. Then system (7) is solvable and
R⊗
∗ is a solution.

Due to Theorem 1 we can state the following corollary
of Theorem 7.

Corollary 3 Let Ai, i = 1, . . . , n be normal and fulfill
the Ruspini condition. Then R̂∗ is a solution to (7).

Analogously to the case of subdirect image equations
and additive models, we can use a wide variety of resid-
uation operations in the multiplicative models.

Proposition 3 Let Ai, i = 1, . . . , n be normal and
fulfill the Ruspini condition. Furthermore, let N be a
t-norm such that ∗ ≤ N. Then R⊗

N is a solution to (7).
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4.2 Subdirect Image Equations

Theorem 8 Let Ai for i = 1, . . . , n be normal and
fulfill the Ruspini condition. Furthermore, let ∗ ≤ ⊗.
Then R⊗

∗ is a solution to system (11).

Analogously to the dual case, to the case of an addi-
tive fuzzy model and the direct image equation, the
ÃLukasiewicz t-norm is to weak and so R⊗

⊗ is the only
case of a practical importance. And analogously to the
dual case, Theorem 8 can be strengthen.

Proposition 4 Let Ai, i = 1, . . . , n be normal and
fulfill the orthogonality condition. Furthermore, let N
be a t-norm such that N ≤ ⊗. Then R⊗

N is a solution
to (11).

Proposition 4, allows us to deal with a residuation ad-
joint to a weak t-norm only in the fuzzy relation inter-
preting a fuzzy rule base but the respective inference
machine can be based on an arbitrary residuation op-
eration.

5 Examples

To demonstrate the results introduced in Section 3, let
us consider the following example.

Example 1 Let Ai ∈ F(X), i = 1, . . . , n fulfill the
Ruspini condition

n∑

i=1

Ai(x) = 1, ∀x ∈ X. (20)

Moreover, let us assume normality of each fuzzy set
Ai.

Let there be a fuzzy rule base (4) where the antecedents
are represented by the given fuzzy sets Ai and the con-
sequents by arbitrary fuzzy sets Bi ∈ F(Y ).

Then due to Theorem 5, fuzzy relation

R⊕
⊗(x, y) =

n⊕

i=1

(Ai(x)⊗Bi(y)) (21)

is a solution to the system of fuzzy relation equations

Ai ¢⊗ R = Bi, i = 1, . . . , n.

Furthermore, this system is also solved by fuzzy rela-
tions

Ř⊗(x, y) =
n∨

i=1

(Ai(x)⊗Bi(y)) and

R⊕
¯(x, y) =

n⊕

i=1

(Ai(x)¯Bi(y)) =
n∑

i=1

Ai(x)Bi(y)

due to Corollary 1 and Proposition 1, respectively.

Moreover, due to Theorem 6, fuzzy relation (21) is also
a solution to the system of fuzzy relation equations

Ai ◦⊗ R = Bi i = 1, . . . , n, (22)

and due to Proposition 2, a solution to system (22)
can be also found in the form of R⊕

¯.

This means, that fuzzy models Ř⊗, R⊕
⊗ and R⊕

¯ are
safe models [27] of fuzzy rules (4) from the fuzzy in-
terpolation point of view when assuming the subdirect
image with the ÃLukasiewicz t-norm as the correspond-
ing inference mechanism. The two latter arithmetic
fuzzy models R⊕

⊗ and R⊕
¯ are safe even in the case of

the direct image with the ÃLukasiewicz t-norm.

To demonstrate the results introduced in Section 4, let
us consider the following example.

Example 2 Let Ai ∈ F(X), i = 1, . . . , n fulfill the
Ruspini condition. Moreover, let us assume normality
of each fuzzy set Ai.

Let there be a fuzzy rule base (2) where the antecedents
are represented by the given fuzzy sets Ai and the con-
sequents by arbitrary fuzzy sets Bi ∈ F(Y ).

Then due to Theorem 7, fuzzy relation

R⊗
⊗(x, y) =

n⊗

i=1

(Ai(x) →⊗ Bi(y)) (23)

is a solution to the system of fuzzy relation equations

Ai ◦⊗ R = Bi, i = 1, . . . , n.

Furthermore, this is system is also solved by fuzzy re-
lations

R̂⊗(x, y) =
n∧

i=1

(Ai(x) →⊗ Bi(y)) and

R⊗
¯(x, y) =

n⊗

i=1

(Ai(x) →¯ Bi(y))

due to Corollary 3 and Proposition 3, respectively.

Moreover, due to Theorem 8, fuzzy relation (23) is also
a solution to the system of fuzzy relation equations

Ai ¢⊗ R = Bi i = 1, . . . , n, (24)

and due to Proposition 4, even to the system

Ai ¢¯ R = Bi i = 1, . . . , n. (25)

This means, that the fuzzy models R̂⊗, R⊗
¯ and R⊗

⊗
are safe models [27] of fuzzy rules (2) from the fuzzy
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(a) Antecedent fuzzy
sets

(b) Consequent fuzzy
sets

(c) Model R′⊕
¯ (d) Model R′⊗

¯

(e) Model R⊗
¯ (f) Model R⊗

¯

Figure 1: Example of arithmetic fuzzy models.

interpolation point of view when assuming the direct
image with the ÃLukasiewicz t-norm as the correspond-
ing inference mechanism. The last arithmetic fuzzy
models R⊗

⊗ is safe even in the case of the subdirect
image with the ÃLukasiewicz t-norm or the subdirect
image with the product t-norm.

In the sequel, we present several figures of the proposed
fuzzy models.

Example 3 Let us be given fuzzy pairs (Ai,Bi), i =
1, . . . , 9 on F([0, 1])×F([0, 1]) approximating the func-
tion y = x2. The fuzzy sets Ai are triangular and form
a uniform fuzzy partition of X = [0, 1]. The fuzzy sets
Bi are triangular with the kernel points equal to the
precise solution of the equation y = x2 for x being the
kernel point of the corresponding Ai and they fulfil the
Ruspini condition, see Figures 1(a)—1(b).

Let us observe how the additive and the multiplicative
fuzzy models, both with respect to the product t-norm,
look if we take into account either only two or all fuzzy
pairs.

The fuzzy models R′⊕
¯ and R′⊗

¯ take into account only
pairs of the fuzzy sets (A3,B3) and (A7,B7), the fuzzy
models R⊕

¯ and R⊗
¯ take into account all the given

fuzzy pairs.

How the constructed fuzzy models look like (view from
above) is displayed on Figure 1.

We can see that the, originally absolutely non-
compatible, models converge to each other when the
corresponding antecedent fuzzy sets converge to the
Ruspini partition.

This observation completes known facts about rela-
tionship between partitions, solvability of systems of
fuzzy relation equations and possible solutions (cf. Re-
mark 1).

6 Conclusions

Two types of fuzzy rules have been discussed together
with corresponding inference mechanisms. New fuzzy
models of the rules have been proposed. Additive and
multiplicative fuzzy models have been discussed from
the fuzzy interpolation point of view, i.e., as possible
solutions of corresponding systems of fuzzy relation
equations. The crucial role of the Ruspini partition
has been proved and visually demonstrated.
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[4] Daňková, M. and Štěpnička, M.(2006). Fuzzy
transform as an additive normal form. Fuzzy Sets
and Systems, 157, pp. 1024-1035.
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[31] Vetterlein, T. and Štěpnička, M.(2006). Complet-
ing fuzzy if-then rule bases by means of smooth-
ing splines. International Journal of Uncertainty,
Fuzziness and Knowledge-Based Systems, 14, pp.
235-244.

[32] Zadeh, L.A.(1973). Outline of a new approach
to the analysis of complex systems and decision
processes. IEEE Trans. Systems, Man and Cyber-
net, 3, pp. 28-44.

102 Fuzzy Rules



Automation of Human Reasoning in Economical Analysis

Antonı́n Dvořák
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Abstract

An application of so-called perception-based
logical deduction in the modeling of an economic
analysis given in natural language is presented.
Fuzzy IF-THEN rules and theory of evaluating
linguistic expressions are used, and possibilities
of automated reasoning are outlined.
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1 Introduction

In this paper, we will describe an application of perception-
based logical deduction (PbLD) in the modeling of eco-
nomic analysis given in natural language.

In paper [11], we used the fuzzy type theory (FTT)
[7], theory of evaluating linguistic expressions [10] and
perception-based logical deduction (PbLD) [8] in the ana-
lysis of a detective story. In this paper, we will apply this
method to a model of economical analysis of macroeco-
nomic situation. For this purpose, we use as an example
a part of free economical analysis of the Czech Savings
Bank. It describes the influence of economic growth and
other factors to the change of unemployment rate in the
Czech Republic. It turns out that influence of these auxil-
iary factors (non-motivating social system, rigid labor mar-
ket, high tax load) is important and decreases the expected
positive effect of high economic growth.

Of course, the model of this particular economic analysis
should be taken as an illustration of our methodology based
on FTT and PbLD. Its main features are:

• It works inside well-developed and sound formal the-
ory.

• It extensively uses formal theory of the, so-called,
evaluating linguistic expressions, which are natural-
language expressions describing positions on an or-

dered scale. Examples of evaluating linguistic ex-
pressions are small, more or less big, etc. These ex-
pressions are used incessantly by people. Therefore,
sound formal model of them behaving accordingly to
human intuition is very important.

• Evaluating linguistic expressions are used in fuzzy IF-
THEN rules and sets of them which we call linguistic
descriptions. The model of meaning of linguistic de-
scriptions is constructed using formal tools of FTT. It
allows us to model the role of context (possible world)
in accordance with intuition using standard notions of
intension and extension (see Section 2).

• Due to its formal nature, our methodology is open
to various kinds of improvements in the direction of
higher proportion of automated extraction of linguis-
tic descriptions, automated deduction, etc.

Our approach relates to the, so-called, precisiated natural
language (PNL) introduced by L. A. Zadeh in [15]. It aims
at formalizing natural language sentences or texts using
tools from the field of soft computing. E. g., the authors
in [3] showed some application of PNL in the analysis of
simple economic sentence.

There are also connections to common-sense reason-
ing [13], originated in large part by John McCarthy [6].
It includes formalization of reasonings performed by hu-
mans, taking into account their nonmonotonicity and other
features.

2 Preliminaries

2.1 Fuzzy type theory

As stated, the main tool for the construction of a model∗)

of our economic analysis is fuzzy type theory. In this sec-
tion, we will very briefly overview some of its main points.

∗)We are using the term model in two meanings: as a general
description of some situation, system etc., and as a formal model
in the sense of mathematical logic.
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A detailed explanation of FTT can be found in [7]. The
classical type theory is in details described in [1].

The Types is a set of types constructed iteratively from the
atomic types ε (elements) and o (truth values). Formα de-
notes a set of formulas of type α ∈ Types. If A ∈ Formα is
a formula of type α ∈ Types then we write Aα.

Formulas of type o (truth value) can be joined by the fol-
lowing connectives (derived formulas): ∨∨∨ (disjunction), ∧∧∧
(conjunction), &&& (strong conjunction), ∇∇∇ (strong disjunc-
tion), ⇒⇒⇒ (implication). General (∀) and existential (∃)
quantifiers are defined as special formulas. For the details
on their definition and semantics — see [7].

If A ∈ Formoα then A represents a property of elements of
the type α. By abuse of language, we will often say “A is a
property” (of elements of type α) and similarly, A(oα)α is a
relation (between elements of type α). We will freely write
or omit the type when no misunderstanding may occur.

A theory T is a set of formulas of type o (determined by a
subset of special axioms, as usual). Provability is defined
as usual.

The operator

ιzαAo := ια(oα)(λzαAo)

picks up an element of type α such that the formula Ao is
true in the degree 1 for it.

Semantics. The structure of truth values in this paper is
the Łukasiewicz∆ algebra and so, the corresponding FTT
is Łukasiewicz (Ł-FTT). ∆ is the Baaz delta [5]. Let J
be a language of Ł-FTT. A frame for J is a tuple M =
〈(Mα,=α)α∈Types ,L∆〉 where L∆ is Łukasiewicz∆ alge-
bra of truth values, =α is a fuzzy equality on Mα.

Recall that if βα is a type then the corresponding set Mβα

contains (not necessarily all) functions f : Mα −→ Mβ .

Let p be an assignment of elements from M to variables.
An interpretation IM is a function that assigns every for-
mula Aα, α ∈ Types and every assignment p a correspond-
ing element, that is, a function of the type α. A general
model is a frame M such that IMp (Aα) ∈ Mα holds true.

The following is a special formula representing a non-zero
truth value:

Υoo := λzo · ¬¬¬∆∆∆(¬¬¬zo).

Lemma 1
If T ` Υzo &&&(zo ⇒⇒⇒ yo) then T ` Υyo.

2.2 Evaluating linguistic expressions

Evaluating linguistic expressions (or, simply, evaluating
expressions) are expressions of natural language, for exam-
ple, small, medium, big, about twenty five, roughly one hun-
dred, very short, more or less deep, not very tall, roughly

warm or medium hot, quite roughly strong, roughly medium
size, and many others. They form a small but very impor-
tant part of natural language and they are present in its ev-
eryday use any time. The reason is that people very often
need to evaluate phenomena around them. Moreover, they
often make important decisions based on them, learn how
to control, and many other activities.

Because of lack of space and quite complicated formalism,
we will only touch this theory and refer to the contribution
[9]. All the details can be found in [10].

Important role in the theory of evaluating expressions is
played by the concept of the context. It characterizes range
of possible values for (numerical) variables and is repre-
sented by a special type ω. For simplicity, we will sup-
pose that in each model, the context is given by a triple
〈vL, vM , vR〉, where vL, vM , vR ∈ R and vL < vM < vR.
The values vL, vM , vR characterize minimal, middle and
maximal value of the given context, respectively. On syn-
tactical level, the context is denoted by a variable w ∈
Formω and represented by three constants ⊥w, †w and >w.

In applications, we often need also more general type of
context, which allows both positive as well as negative val-
ues. We will call this type of context two-sided. It is given
by 〈vNL, vNM , vZ , vPM , vPR〉, where vNL < vNM <
vZ < vPM < vPR. In this context, the sign is used be-
fore evaluating linguistic expressions, e.g. negative small,
positive big (abbreviations: −Sm , +Bi ), etc. There is
also special evaluating linguistic expression zero. Contexts
from the previous paragraph will be called simple.

Evaluating expressions are denoted by lettersA,B, . . .. In-
tension of A is a formula Int(A). Recall that intension
means a property that is denoted by A. It is important to
note that intension does not depend on the context. For ex-
ample, very small is a name of a property of being “very
small” which may mean about 150 cm (and less) when
speaking about people, about 3 mm when speaking about
beetles, etc. The type of Int(A) is (oα)ω. The latter will
often be denoted by ϕ.The formal theory of evaluating ex-
pressions is denoted by TEv . This theory provides means
how the above concepts of context, intension and others
can be effectively formalized.

2.3 Fuzzy IF-THEN rules and perception-based
logical deduction

The perception-based logical deduction in the frame of
FTT has been described in [8]. Though the method is more
general, we will suppose that all considered linguistic ex-
pressions are evaluating ones.

A fuzzy IF-THEN rule is a linguistic expression of the form

R := IF X is A THEN Y is B.

whereA,B are evaluating expressions. The linguistic pred-
ication ‘X is A’ is called antecedent and ‘Y is B’ is called
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consequent.

Intension of a fuzzy IF-THEN rule R is (represented by) a
formula

Int(R) := λw λw′ ·λxλy ·A(oα)ωwx⇒⇒⇒ B(oβ)ωw′y
(1)

A linguistic description LD is a set of fuzzy IF-THEN
rules. Its topic is a set of linguistic expressions {Int(Aj) |
j = 1, . . . , m} and its focus is {Int(Bj) | j = 1, . . . ,m},
where m is a number of IF-THEN rules in the linguistic
description LD.

In practice, we usually need more antecedent variables. In
this case, the antecedent variables are usually connected by
linguistic connective AND that is interpreted by a logical
connective ∧∧∧.

In perception-based logical deduction, we must introduce
several special formulas. We will give only their informal
description and refer to [8] for their precise definitions. The
formula ≺ denotes the relation of sharpness between (in-
tensions of) evaluating expressions. For example, if x is, at
least partly, “very big” in all contexts then it is also “big”
in all of them, i.e. Int(very big) ≺ Int(big). We will also
introduce formula Evalo(ϕαω) (Eval wx Int(A) expresses
that an element x in context w is evaluated by A).

One of principal paradigms of the concept of precisiated
natural language is that the world knowledge, i.e. the
knowledge accumulated by people during their life, is per-
ception based. We will formalize the concept of perception
using a formula Perc ∈ Form(oϕ)α which expresses that an
intension zϕ is a perception of xα ∈ Formα.

If we consider a linguistic description LD then PercLD is a
perception w.r.t. TopicLD. For example, for a given linguis-
tic description LD the formula

PercLDxEv

means that the evaluating expression Ev from the topic of
LD is a perception of x. More precisely, there is a context
w in which x is evaluated in the best way by the sharpest
Ev (among evaluating expressions belonging to the topic of
LD). We will also introduce a local perception LPerco(ϕαω)

relative to a specific context w.

Lemma 2
(a) Let Ev1 ≺ Ev2. Then

TEv ` Perc x Ev1 ⇒⇒⇒ Perc x Ev2.

(b) Let TEv ` zϕwx ⇒⇒⇒ z′ϕw′y. Then TEv `
Eval wxzϕ ⇒⇒⇒ Eval w′yz′ϕ.

The linguistic description LD characterizes a certain kind
of dependence (relation) between features of objects (and,

consequently, the objects themselves) using natural lan-
guage. People use it when they want to describe a cer-
tain situation or process but they do not know it precisely.
Therefore, the most important role of the linguistic descrip-
tion is to provide a conclusion about consequent objects Y
when an information about antecedent objects X is given.
Such an information has a character of perception of prop-
erties of the latter objects and so, the corresponding proce-
dure is called perception-based logical deduction.

On the basis of the theory presented in [8], the following
special inference rule of perception-based logical deduc-
tion can be introduced. Let LD be a linguistic descrip-
tion consisting of rules of the form (1) and x ∈ Formα,
y ∈ Formβ , w ∈ Formαo, w′ ∈ Formβo. Then the follow-
ing scheme is a valid special inference rule:

rPbLD :
LPercLDwxEvA

i , LD
Eval w′ ŷiEvC

i

(2)

where ŷi ≡ ιy · EvA
i wx ⇒⇒⇒ EvC

i w′ y, i ∈ {1, . . . ,m},
T ` TopicLDEvA and T ` FocusLDEvC .

This rule has the following interpretation: Let LD be a lin-
guistic description consisting of fuzzy IF-THEN rules of
the form (1). If we find a formula Int(Ai) ≡ EvA

i of some
expression from the topic TopicLD and an element u0 in the
context w0 such that EvA

i w0u0 has a non-zero truth degree
then (denoting b0

i ≡ EvA
i w0u0) we conclude that the ele-

ment ιy · b0
i ⇒⇒⇒ EvC

i w′y which is typical for the formula
b0

i ⇒⇒⇒ EvC
i w′y, is evaluated by the linguistic expression

EvC
i ∈ FocusLD in every context w′.

Note that the main result of rPbLD is the element ŷi.
Then in every model M we can find a specific element
IMp (ŷi) = v ∈ Mβ using the operation IMp (ιβ(oβ)) which
in fuzzy set theory is just the defuzzification function. In
our case, the DEE method (Defuzzification of linguistic ex-
pressions) should be used. The detailed, less formal expla-
nation of the perception-based logical deduction including
examples is presented in [12].

Human reasoning that is based on a complex of experience,
observation, logical reasoning and world knowledge is nec-
essarily non-monotonic. Hence, our model must include
also the theory of non-monotonic reasoning (cf. [2, 11]).
We deal with a class of theories that themselves are consis-
tent but when using them simultaneously, we may arrive at
a contradiction or, at least, to a non-desirable result. There-
fore, we consider a special preference relation that tells us
which theory should be used in the given state (called be-
lief state in [2]). At each state, we work in a special theory
which in our case is determined by a linguistic description
(one or more) and possibly also by some perception (recall
that this is a formula representing intension of some evalu-
ating linguistic expression).

In this paper, we are not going into details of this approach.
We will suppose that our formal theories contain only those
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parts of the theory of evaluating expressions TEv , that are
necessary for deductions based on used linguistic descrip-
tions and perceptions.

3 Example of a model of economic analysis

We present a model of a macroeconomic situation using
PbLD. We use a part from free economical analysis of
Czech Savings Bank for the fourth quarter of 2006:†)

Our computations show, that acceleration of
economy by one per cent causes unemploy-
ment rate decrease only by 0.3 per cent. Non-
motivating social system, rigid labor market and
high tax rate on labor expenses are by our opinion
main culprits of structurally high rate of unem-
ployment, although economy grows at high rate.

We will present an analysis of this quotation by means of
the above outlined theory.

3.1 Method

As mentioned, our theory can be classified as a part of the
methodology introduced by L. A. Zadeh in his papers [14,
15] and called Precisiated Natural Language (PNL). The
latter is an attempt at developing a unified formalism for
various tasks involving natural language propositions.

Two main premises of PNL are the following:

(a) Much of the world knowledge is perception based.

(b) Perception based information is intrinsically fuzzy.

The PNL methodology requires presence of the, so-called,
World Knowledge Database (WKDB) which contains
all the necessary information including perception based
propositions describing the knowledge acquired by direct
human experience and which can be used in the deduc-
tion process. A multiagent, modular deduction database
(MDE) contains various rules of deduction.

Our version of PNL incorporates logical machinery. The
translation from natural language to fuzzy IF-THEN rules
is so far done manually. The formal frame is Łukasiewicz
fuzzy type theory (Ł-FTT) and theories of evaluating lin-
guistic expressions and fuzzy IF-THEN rules as described
in the previous sections. Moreover, we apply some prin-
ciples of non-monotonic reasoning. However, we are not
going into details of the role of it in this paper.

We model the above natural-language macroeconomic ana-
lysis using two linguistic descriptions with hierarchic struc-
ture. We will use an intermediate variable strength of auxil-
iary factors for the overall influence of the non-motivating
†)http://www.csas.cz/banka/content/inet/internet/cs/treasury ie.xml,

in Czech

social system, rigid labor market and high tax rate. Hence,
we will introduce linguistic description LDAux with three
antecedent variables and one consequent variable, the
above mentioned strength of auxiliary factors. This vari-
able is then used as antecedent variable to the second lin-
guistic description LDUn, with the second antecedent vari-
able rate of economy acceleration. The consequent vari-
able in this linguistic description is rate of unemployment
change – the result.

3.2 World knowledge

(i) ϑ ∈ Types represents a general feature of objects that
can be characterized using grades. In the model, a set
of this type can be, e.g., a subset of the real numbers.

(ii) β ∈ Types represent objects of type (national) state.†)

(iii) γ ∈ Type represents general abstract objects.

(iv) Ss ∈ Formϑβ , Lm ∈ Formϑβ , T l ∈ Formϑβ , Uc ∈
Formϑβ , Ea ∈ Formϑβ , Af ∈ Formϑγ , are special
formulas characterizing state of social system, rigid-
ity of labor market, level of tax load, unemployment
change, economy acceleration (of objects of type β)
and auxiliary factors (of object of type γ), respec-
tively.

(v) In correspondence with the previous
item, we also need to consider contexts
wSs, wLm, wTl, wUc, wEa, wAf ∈ Formϑo.

(vi) Special constant concerning the story, namely:
cCR ∈ Formβ representing in our case the Czech Re-
public. However, linguistic description below should
be valid also for other countries.

3.3 Formalization and reasoning

(i) Contexts. Context can be either simple (items (a), (b),
(c), (e)) or two-sided (items (d), (f)), see Section 2.2.
Two-sided contexts are used for variables which can
take both positive and negative values.

(a) Motivation of social system: wSs = 〈0, 0.5, 1〉
(abstract degrees).

(b) Rigidity of labor market: wLm = 〈0, 0.5, 1〉 (ab-
stract degrees).

(c) Strength of tax load: wTl = 〈0, 15, 40〉 (%).
(d) Rate of unemployment change: wUc =

〈−1,−0.5, 0, 0.5, 1〉 (%).
(e) Strength of auxiliary factors: wAf = 〈0, 0.5, 1〉

(abstract degrees).
(f) Rate of economy acceleration: wEa =

〈−6,−3, 0, 5, 10〉 (%).

†)This type could also represent other territorial objects, e.g.,
regions, European Union etc.
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(ii) Linguistic descriptions

(a) Linguistic description LDAux for the influence of
auxiliary factors:‡)

IF XSs is Sm AND XLm is Bi AND XTl is Bi
THEN XAf is Bi (3)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The corresponding intensions of such rules are

λwSs λwLm λwTl λwAf ·λx1,ϑ λx2,ϑ λx3,ϑ λyϑ

·(EvA
1 wSs x1,ϑ)∧∧∧(EvA

2 wLm x2,ϑ)∧∧∧(EvA
3 wTl x3,ϑ)

⇒⇒⇒ EvCwAf yϑ. (4)

(b) Linguistic description LDUn for the computation
of unemployment change.

IF XEa is + Bi AND XAf is Bi
THEN XUc is − Sm

(5)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The corresponding intensions of such rules are

λwEa λwAf λwUc · λx1,ϑ λx2,ϑ λyϑ

· (EvA
1 wEa x1,ϑ)∧∧∧ (EvA

2 wAf x2,ϑ)

⇒⇒⇒ EvCwUc yϑ. (6)

(iii) Furthermore, we must construct a specific model.
This will be based on a frame

M = 〈(Mα, =α)α∈Types ,L∆〉.

where Mo = [0, 1] and Mα = R for α = ϑ.

(iv) Perceptions

(P1) Social system is non-motivating. We can say
that motivation of social system is very small.
Formally,

IMp (LPerc wSs(SscCR)Ve Sm) = 1. (7)

(P2) Labor market is rigid. It means that rigidity of
labor market is big. Formally,

IMp (LPerc wLm(LmcCR)Bi) = 1. (8)

(P3) Tax load is high. Formally,

IMp (LPerc wTl(SscCR)Bi) = 1. (9)

‡)Only one rule based on natural-language macroeconomic
analysis is given here. However, more similar rules can be
present.

(P4) Economy acceleration is positive big. Formally,

IMp (LPerc wEa(SscCR) + Bi) = 1. (10)

(v) Deductions We use a formal theory TUc for the rea-
soning about our example. It includes appropriate
parts of theory of evaluating expressions TEv , inten-
sions of linguistic descriptions LDAux and LDUn and
perceptions (P1)–(P4).

TUc = {LPerc wSs(SscCR)Ve Sm,

LPerc wLm(LmcCR)Bi ,
LPerc wTl(SscCR)Bi ,

LPerc wEa(SscCR) + Bi , (4), (6)} ∪ TEv (11)

Below, we give the main ideas of proofs.

(a)

TUc ` LPercLDAuxwSs(SscCR)Sm (12)

It means that small is the perception of variable
motivation of social system with respect to lin-
guistic description LDAux.

PROOF: Note that there is evaluating expres-
sion Ve Sm in perception (P1) and evaluating
expression Sm in IF-THEN rule (3). Suppose
that in linguistic description LDAux is no other
rule which has in the variable Xss evaluating
expression〈linguistic hedge〉〈atomic expression〉,
where 〈atomic expression〉 is small. Then (12)
follows from the definition of LPerc. 2

(b)

TUc ` LPercLDAuxwLm(LmcCR)Bi . (13)

It means that big is the perception of variable
rigidity of labor market with respect to linguis-
tic description LDAux.

PROOF: In (b) and (c), evaluating expression
in perception (P2) and (P3) is equal to evaluat-
ing expression in corresponding variables of (3),
respectively. Proofs are analogous to (a). 2

(c)

TUc ` LPercLDAuxwTl(T lcCR)Bi . (14)

It means that big is the perception of variable
tax load with respect to linguistic description
LDAux.

(d)
TUc ` Eval wAf (AfcAF )Bi . (15)

This deduction means that cAF is evaluated by
evaluating expression big. It represents the result
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of deduction over linguistic description LDAux –
strength of auxiliary factors is big.
PROOF: Follows from rPbLD and (4), where
cAF is a new constant representing the result of
this deduction. 2

(e)

TUc ` LPercLDUnwAf (AfcAF )Bi (16)

It means that big is the perception of variable
strength of auxiliary factors with respect to lin-
guistic description LDUn.
PROOF: Suppose that in linguistic description
LDUn is no other rule which has in the variable
Xaf evaluating expression big. Then (16) fol-
lows from the definition of LPerc. 2

(f)
TUc ` Eval wUc(UccUC)(−Sm) (17)

This deduction means that cUC is evaluated by
evaluating expression negative small. It repre-
sents the result of deduction over linguistic de-
scription LDUn – rate of unemployment change
is negative small.
PROOF: Follows from rPbLD and (6), where
cUC is a new constant. 2

Hence, we can conclude that change of unemploy-
ment is negative small.

3.4 Remarks

• In our example, there was one difference between
evaluating expression from perception and evaluating
expression in the corresponding variable in the lin-
guistic description (namely very small in (P1) and
small in (3)). Overall result (change of unemploy-
ment is negative small) corresponds to the evaluat-
ing expression in the consequent of IF-THEN rule (5).
Hence, the result could seemingly be obtained without
complex formal apparatus. However, more compli-
cated situations (much more variables, linguistic de-
scriptions etc.) are usually not transparent so much.
Then, our formal apparatus is not only useful but nec-
essary.

• An implementation of the theory of evaluating expres-
sions and perception-based logical deduction is avail-
able as a part of the software system LFLC (Linguis-
tic Fuzzy Logic Controller, demo version available at
http://irafm.osu.cz) [4]. This system is de-
signed in such a way that the user is not supposed to be
aware of the complicated formal systems presented in
previous sections. If he/she provides contexts, linguis-
tic descriptions in the form of IF-THEN rules and per-
ceptions, then deductions from subsection 3.3 are per-
formed automatically. Hence, the method described

in this paper is accessible also for users without ad-
vanced knowledge of fuzzy logic.

4 Conclusions

In this paper, a model of concrete macroeconomic analysis
using perception-based logical deduction was presented. In
the further research, we will concentrate on:

• Modeling of more complicated economic analyses.

• Methods for automated or semi-automated extraction
of linguistic descriptions and deductions.

• Incorporation of further parts of theory of non-
monotonic reasoning.

Acknowledgement

This work was supported by project MSM 6198898701 of
the MŠMT ČR.
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Abstract 

This paper describes a method for formal 
compression of fuzzy systems. This method 
compresses a fuzzy system with an 
arbitrarily large number of rules into a 
smaller fuzzy system by removing the 
redundancy in the fuzzy rule base. As a 
result of this compression, the number of 
on-line operations during the fuzzy 
inference process is significantly reduced 
without compromising the solution. This 
rule base compression method and its 
software implementation outperform 
significantly than all other known methods 
for fuzzy rule base reduction. 

Keywords: Fuzzy systems, rule base reduction, rule 
base compression. 

 

1     Introduction 
Information based decision making is usually 
accompanied by uncertainty which is inherent to the 
environment in which the information is being 
gathered. Such uncertainty may seriously 
compromise the reliability of the information 
gathering process as well as the quality of any 
subsequent decisions made. 

Fortunately, fuzzy systems are well suited for 
decision making tasks characterised by uncertainty 
[6]. The latter can be taken into account by means of 
the approximate reasoning and logical inference 
capabilities of fuzzy systems. However, there is often 
a problem in this case caused by the large number of 
rules which depends on the number of information 
based inputs. This usually leads to a significant 
increase in the qualitative complexity in terms of 
poor transparency and unclear interpretation of the 
fuzzy rules as well as the quantitative complexity in 
terms of increased number of operations during the 
fuzzy inference process. This point is illustrated 
further below by Equation (1). 

A fuzzy system is usually represented by if-then rules 
of the form: 

If i1 is vi1,1 and … and im is vim,1  

then o1 is vo1,1 and … and on is von,1                                                              
… ……………………………… ..                         (1) 
If i1 is vi1,r and … and im is vim,r  

then o1 is vo1,r and … and on is von,r                                                            
 
Where m is the number of information based inputs, 
n is the number of decision making outputs and r is 
the number of fuzzy rules in the system. In this case, 
ip, p=1,m represents the p-th input, vip,s p=1,m, s=1,r 
is the linguistic value of the p-th input in the s-th 
rule, oq, q=1,n represents the q-th output and         
voq,s q=1,n, s=1,r is the linguistic value of the q-th 
output in the s-th rule.  

The number of rules in a fuzzy system r is an 
exponential function of the number of the inputs m 
and the number of linguistic values k that these inputs 
can take [3]. In most cases, this exponential function 
is in the form 
 
r = km                                                                       (2) 
 
and it is shown explicitly in Figure 1. 
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Figure 1:  Number of rules for two, three and four 
inputs 

 

So, the question that arises here is how to use fuzzy 
systems for tackling uncertain information without 
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making them fall into the trap of complexity and thus 
compromising their suitability for tackling the 
uncertainty in the first place. The assumption made in 
this case is that when it is impossible to improve the 
quality of information due to time or operation 
related constraints, it should still be possible to use 
this information in a reliable way by means of an 
enhanced decision making process which utilises the 
capabilities of fuzzy systems for dealing with 
uncertainty and simplifies their complexity at the 
same time [1]. 

2     Operation stages in fuzzy systems 
Fuzzy inference is a process of mapping a given 
input to an output using the theory of fuzzy sets, as 
shown in Figure 2. The most commonly used fuzzy 
inference technique is the so-called Mamdani method 
and this is why it is used in this paper. This method 
consists of 3 major stages - fuzzification, inference 
and defuzzification.  In the fuzzification stage, the 
authors have decided to use the two most widely used 
types of membership functions - triangular and 
trapezoidal. The inference stage is divided into 3 sub 
stages - application, implication and aggregation.  
The authors have decided to use the conjunctive 
method (MIN) in the application stage, the truncation 
method in the implication stage, and disjunctive 
method (MAX) in the aggregation stage. In the 
defuzzification stage, the authors have decided to 
apply the most widely used centroid method. In order 
to develop this artefact, the authors have decided to 
use the MATLAB Fuzzy Logic Toolbox due to its 
wide applicability in both academia and industry. 

 

Figure 2: Operation stages in fuzzy systems 

3     Algorithmic design of the rule base 
compression method 

A detailed algorithm for rule base compression is 
shown in Figure 3. 
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Figure 3: Algorithm for rule base compression 

 
The above algorithm includes eight major steps. The 
first step is based on a dialogue with the user who is 
prompted to enter all the information about the rule 
base. The user is prompted to enter information such 
as the number of inputs and outputs, as well as the 
number of linguistic values for each input and output. 
The user also has to enter the output value for each 
possible combination of input linguistic values, 
which is displayed by the system. After the 
acquisition of all the necessary information, the 
algorithm creates an integer table with positive 
integer numbers. 
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The second step is again based on dialogue with the 
user who is prompted to enter all the fuzzy inference 
system information such as variable names and 
membership function definitions. In the third step, 
the software creates and saves the fuzzy system with 
the original rules. 

The fourth step is to re-arrange the rules into groups. 
These groups are sorted in an increasing order with 
respect to the chosen output linguistic values. This 
aggregation process can be carried out entirely      
off-line. The next step is to find the dominant rule for 
each group. This step can only be applied on-line, 
which is due to the fact that the dominant rules can 
be found only after the completion of the 
fuzzification and application stages. 

In the sixth step, the software creates a fuzzy rule 
base system with the compressed rules and saves it. 
Step seventh is the system evaluation process which 
uses the file saved in step six. This process evaluates 
the output of a fuzzy rule based system for given 
inputs. The final step is to generate the solution 
surface. This solution surface is created through a 
given number of points for the crisp input values and 
the defuzzified output values. 

4     Software implementation of the rule 
base compression method 
The MATLAB Fuzzy Logic Toolbox has been used 
for the software implementation of the rule base 
compression method. The software has been 
implemented with full functionality [2]. The 
implemented software is discussed in more detail 
below, where the rule base compression method is 
illustrated for a case study taken from [4]. 

A fuzzy system for the operation of a service centre 
for spare parts is described with 3 inputs i1, i2, i3 and 
one output o1. Whereby i1 is the repair utilisation 
factor, i2 is the number of servers, i3 is the mean 
delay of service and o1 is the number of spare parts. 
In this case, i1 can take the three linguistic values low 
(L) = 1, medium (M) = 2 and high (H) = 3, i2 can take 
the three linguistic values small (S) = 1, medium   
(M) = 2 and large (L) = 3, i3 can take the three 
linguistic values very short (VS) = 1, short (S) = 2 
and medium (M) = 3, whereas o1 can take the seven 
linguistic values very small (VS) = 1, small (S) = 2, 
rather small (RS) = 3, medium (M) = 4 rather large       
(RL) = 5, large (L) = 6 and very large (VL) = 7. 

The integer tables for the original and the 
compressed fuzzy system are shown below in Tables 
1-2.  

Table 1: Integer table for the original fuzzy system 

 

Rule  
number 

Input 
i1 

Input 
i2 

Input 
i3 

Output 
o1 

1 1 1 1 1 

2 1 1 2 1 

3 1 1 3 1 

     

4 1 2 1 1 

5 1 2 2 1 

6 1 2 3 1 

     

7 1 3 1 2 

8 1 3 2 2 

9 1 3 3 1 

     

10 2 1 1 2 

11 2 1 2 1 

12 2 1 3 1 

     

13 2 2 1 3 

14 2 2 2 2 

15 2 2 3 1 

     

16 2 3 1 4 

17 2 3 2 3 

18 2 3 3 2 

     

19 3 1 1 7 

20 3 1 2 6 

21 3 1 3 4 

     

22 3 2 1 4 

23 3 2 2 4 

24 3 2 3 2 

     

25 3 3 1 5 

26 3 3 2 4 

27 3 3 3 3 
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Table 2: Integer table for the compressed fuzzy 
system 

Rule 
number 

Input 
i1 

Input 
i2 

Input 
i3 

Output  
o1 

1 or 2 or 3 
or 4 or 5 or 
6 or 9 or 11 
or 12 or 15 

1 or 2 1 or 2 
or 3 

1 or 2 
or 3 

1 

7 or 8 or 10 
or 14 or 18 

or 24 

1 or 2 
or 3 

1 or 2 
or 3 

1 or 2 
or 3 

2 

13 or 17 or 
27 

2 or 3 2 or 3 1 or 2 
or 3 

3 

16 or 21 or 
22 or 23 or 

26 

2 or 3 1 or 2 
or 3 

1 or 2 
or 3 

4 

25 3 3 1 5 

20 3 1 2 6 

19 3 1 1 7 

 

The integer Table 2 above is shown in the general 
form, whereby the rule numbers and the inputs are 
given is compound expressions of disjunctive terms. 

Several output surfaces for these two systems are 
shown below whereby input 1 is fixed to 0, 0.5 and 1. 
These output surfaces are shown in Figures 4-9 and 
their numeric values are shown in Figures 10–15. 

 

Figure 4: Output surface for the original system with 
input 1 fixed to value 0 

 

Figure 5: Output surface for the compressed system 
with input 1 fixed to value 0 

 

Figure 6: Output surface for the original system with 
input 1 fixed to value 0.5 

 

Figure 7: Output surface for the compressed system 
with input 1 fixed to value 0.5 
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Figure 8: Output surface for the original system with 
input 1 fixed to value 1 

 

Figure 9: Output surface for the compressed system 
with input 1 fixed to value 1 

 

Figure 10: Numeric values for the original system 
with input 1 fixed to value 0 

 

Figure 11: Numeric values for the compressed 
system with input 1 fixed to value 0 

 

Figure 12: Numeric values for the original system 
with input 1 fixed to value 0.5 

Advanced Inference in Fuzzy Systems by Rule Base Compression 115



 

Figure 13: Numeric values for the compressed 
system with input 1 fixed to value 0.5 

 

Figure 14: Numeric values for the original system 
with input 1 fixed to value 1 

 

Figure 15: Numeric values for the compressed 
system with input 1 fixed to value 1 

More output surfaces for both systems are shown in 
Figures 16-21 whereby input 1 is fixed to 0, 0.5 and 
1, whereas the variation of input 2 and input 3 is 
represented with 30 points each. The number of 
points for each input has been chosen to be 10 times 
greater than the corresponding number from the 
previous output surfaces (input 2 = 3x10 and input 3 

= 3x10).  

 

Figure 16: Output surface for the original system 
with input 1 fixed to value 0 
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Figure 17: Output surface for the compressed system 
with input 1 fixed to value 0 

 

Figure 18: Output surface for the original system 
with input 1 fixed to value 0.5 

 

 

Figure 19: Output surface for the compressed system 
with input 1 fixed to value 0.5 

 

Figure 20: Output surface for the original system 
with input 1 fixed to value 1 

 

Figure 21: Output surface for the compressed system 
with input 1 fixed to value 1 

5     Comparative evaluation 
The evaluation approach used here is based on 
precise calculations and it is superior to the well 
known approximate BIG (O) approach. The proposed 
rule base compression method has been compared 
with the hierarchical method, which is the most 
advanced method available for rule base reduction 
due to its wide applicability [6]. 

The fuzzy systems implementing these two methods 
are compared in terms of exact amount of on-line 
operations, which determine the overall number of 
elementary operations (EO) such as addition, 
subtraction, multiplication, division and comparison.  

The quantitative complexity for both systems is 
calculated for each stage and sub-stage in fuzzy rule 
based system such as fuzzification (EOFU), inference 
that includes application (EOAP), implication (EOIM) 
and aggregation (EOAG), and defuzzification (EODE). 
The compressed system has an additional process to 
determine the dominant rules (EOCO). 
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The quantitative complexity is calculated for the 
hierarchical and the compressed system, as shown by 
the Equations (3)-(4) 

EOHS =  
EOFU

HS + EOAP
HS + EOIM

HS + EOAG
HS + EODE

HS  = 
(m - 1) . [(8 . t + 1) . w 2 + 12 . w + 2 . t – 1] . n . h 

(3)                           
 
EOFS =  
EOFU

FS + EOAP
FS + EOIM

FS + EOAG
FS + EODE

FS + 
EOCO

FS =  
(m - 1) . [(8 . t + 1) . w 2 + 12 . w + 2 . t – 1] . n . h 

(4) 
 
where m is number of inputs, w is number of 
linguistic values per input, n is number of outputs,     
t is number of elements in the discrete universe 
discourse for the output and h is number of 
simulation cycles. 

The results from the comparative evaluation of the 
quantitative complexity for a hierarchical and a 
compressed system are presented in Table 3 and 
Figure 22 whereby a hierarchical system implements 
the hierarchical method and a compressed system 
implements the proposed method of rule base 
compression. 

Table 3:  Complexity of the hierarchical and the 
compressed system 

Number of rules 
/fuzzy system 

Hierarchical 
system 

Compressed 
system 

3^2 = 9 562 232 
3^3 = 27 1,124 295 
3^4 = 81 1,686 466 

   
5^2 = 25 2,710 650 

5^3 = 125 5,420 905 
5^4 = 625 8,130 2,160 

   
7^2 = 49 7,618 1,276 

7^3 = 343 15,236 1,955 
7^4 = 2,401 22,854 6,750 

   
9^2 = 81 16,438 2,110 

9^3 = 729 32,876 3,541 
9^4 = 6,561 49,314 16,636 

   
11^2 = 121 30,322 3,152 

11^3 = 1,331 60,644 5,759 
11^4 = 14,641 90,966 34,986 
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Figure 22: Complexity of the hierarchical and the 
compressed system 

 
Table 3 and Figure 22 clearly show that the 
compressed system is superior to the hierarchical 
system for all considered permutations of inputs and 
their linguistic values. These permutations have been 
chosen on the basis of the most commonly used 
applications of fuzzy systems.  

6     Conclusion 
The proposed method and its programming 
implementation compress a fuzzy system with an 
arbitrarily large number of rules into a smaller fuzzy 
system by removing the redundancy in the fuzzy rule 
base. As a result of this compression, the number of 
on-line operations during the fuzzy inference process 
is substantially reduced without compromising the 
solution. This method outperforms significantly all 
other known methods for fuzzy rule base reduction. 
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Abstract

Computation with information described in 
natural  language  (NL)  has  intrinsic 
importance  because  much  of  human 
knowledge  is  described  using  these 
languages.  Soft  Computing  approach  to 
NL-Computation  concerns  with  semantic 
imprecision  of  natural  languages  through 
the  use  of  NL  precisiation,  generalized 
constraints and prototypical forms. NLs are 
basically  systems  for  describing 
perceptions.  NL  precisiation  consist  on 
expressing the meaning of  propositions in 
NL as generalized constraints. In this paper, 
adverbs and adjectives in NL propositions 
are  considered  as  constraints.  Thus, 
generalized  constraints  are  proposed  to 
specify  the  attribute  values  associated  to 
nouns by means of adverbs and adjectives. 
A  prototypical  form  (or  protoform)  is 
suggested  to  represent  an  abstracted 
summary, a symbolic expression of a noun 
phrase,  involving  adverbs,  adjectives  and 
nouns.  This  type  of  protoform  could  be 
used  to  represent  the  use  of  adverbs  and 
adjectives  to  describe  or  specify  nouns. 
Then, these cases are considered protoform 
equivalent.

Keywords: generalized constraints, natural language, 
protoform, conceptual graph.

1     Introduction

World Wide Web has become the largest available 
repository in the history of Humankind with billions 
of Megabytes of information. Most of the knowledge 

stored  in  the  Web  is  written  in  natural  language. 
Existing search engines are able to retrieve millions 
of pages in just few seconds, but most of them are 
not relevant for the user. In order to stop retrieving 
irrelevant  pages,  it  is  necessary  to  deal  with  the 
semantic  aspects  of  the  information  contained  in 
those pages. 

Furthermore, existing search engines are not able to 
synthesize  a  query  answer  from  the  pieces  of 
information disperse across the Web, that is, they do 
not  have  deduction  capabilities.  There  are  several 
obstacles for search engines to be able to do that, but 
underlying them is the problem of natural language 
understanding,  the basic  problem of precisiation of 
meaning.  To  deal  effectively  with  those  obstacles, 
Zadeh [24] suggests new tools as: Precisiated Natural 
Language  (PNL),  Generalized  Constraint  Language 
(GCL)  and  Protoform  Theory  (PFT).  Computation 
with  information  described  in  natural  language,  or 
NL-Computation, for short is of intrinsic importance 
because much of human knowledge is described in 
natural  language.  NL-Computation  involves  three 
modules:  (a)  Precisiation  module;  (b)  Protoform 
module; and (c) Computation module. [16].

A prerequisite to mechanization of natural language 
understanding  is  precisiation  of  the  meaning  of 
concepts  and  propositions  drawn  from  a  natural 
language.  A  proposition  in  natural  language  is 
precisiable if it could be expressed as a generalized 
constraint [20]. 

The  meaning  of  a  natural  language  element  is 
precisiated  through  translation  into  GCL  and  is 
expressed  as  a  generalized  constraint.  Usually,  the 
natural language element is a proposition, a system of 
propositions  or  a  concept.  And  the  generalized 
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constraint  may be  viewed  as  a  model  of  meaning 
[16].

The Protoform module serves as an interface between 
Precisiation and Computation modules. Basically, its 
function  is  that  of  abstraction  and  summarization. 
Informally, a protoform, abbreviation of prototypical 
form, is an abstracted summary, a concept which is 
centred  on  the  confluence  of  abstraction  and 
summarization.  More  specifically,  a  protoform is  a 
symbolic expression which defines the deep semantic 
structure  of  a  construct  such  as  a  proposition, 
command,  question,  scenario,  or  a  system  of  such 
constructs [19].  The Computation module serves to 
deduce an answer to a query [16].

A  Precisiated  Natural  Language  (PNL)  is  a  sub 
language  of  precisiable  propositions  in  NL,  which 
primary function is  serving as  a part  of  NL which 
admits  precisiation.  A  proposition,  p,  in  NL  is 
precisiable  if  it  is  translatable  into  a  precisiated 
language, expressed in a mathematically well-defined 
language. [23]. 

In PNL a perception is equated to its description in a 
natural language. The point of departure in PNL is 
the assumption that the meaning of a proposition, p, 
in a natural language, NL, may be represented as a 
generalized constraint. Some of the main components 
of  PNL are:  a  dictionary  from NL to  GCL and  a 
dictionary from GCL to PFL [17]. This work could 
be seen as a first attempt in this direction: to define 
those dictionaries. 

Conceptual  graphs  [12,  13],  based  on  semantic 
networks and Peirce’s existential graphs, combine the 
visual  advantage  of  graphical  languages  and  the 
expressive power of  logic.  The main motivation of 
conceptual  graphs  has  been  a  smooth  mapping 
between  logic  and  natural  language.  The  formal 
order-sorted  logic  foundation  of  conceptual  graphs 
provides  a  rigorous  basis  for  reasoning  processes 
performed directly on them. 

Morton [8] early recognized the advantages of both 
conceptual  graphs  and  fuzzy  logic  and  combined 
them into fuzzy conceptual graphs (FCGs). Cao [4] 
first introduced and studied FCG programs (FCGPs). 
Continuing that work, Cao [2] establish a sound and 
complete foundation for FCG programming.

Usually  in  dictionaries,  the  meaning  of  a  word  is 
explained  by  a  descriptive  definition,  a statement 
which captures the use, the function and the essence 

of a term or a concept. Terms, which are included in 
the meaning definition, constitute a set of keywords 
associated with the meaning essence.  For example, 
the term “megavitamin_therapy”  which meaning in 
WordNet is  “therapy based on a theory that  taking 
very  large  doses  of  vitamins  will  prevent  or  cure 
physical  or  psychological  disorders”  could  be 
described  by  the  terms  contained  in  the  set 
B(megavitamin_therapy)  =  {therapy,  theory,  very 
large  doses,  vitamins,  prevent,  cure,  physical, 
psychological,  disorder}.  Therefore,  those  terms 
should be used to describe what this kind of therapy 
is, because they constraint the essence of its meaning. 
It  results  evident  from  this  example,  that  a  noun 
phrase  as  very  large  doses describes  better  the 
therapy meaning than just  the words  large or  dose 
used independently [10]. It is easy to realize that they 
constraint  the  meaning  while  describing  it.  In  this 
paper,  the  role  of  adverbs  and  adjectives  as  noun 
constraints is analyzed and some ideas about how to 
manipulate  them  as  generalized  constraints  are 
proposed. The role of adjectives as noun constraints 
by themselves was analyzed in a previous paper [11]. 
In  this  paper,  we  will  concentrate  in  the  use  of 
adverbs as adjective modifiers. 

2     Introducing adverbs as generalized 
constraints

A  natural  language  is  basically  a  system  for 
describing  perceptions,  which  are  intrinsically 
imprecise,  reflecting the limited human capacity to 
manage with detailed information [17]. For example, 
the proposition p: Monika is very young express that 
the age of Monika has a value that could characterize 
her as being  very young.  Therefore,  in spite of her 
age is not precisely known, we know that it belongs 
to a set of age values which characterize very young 
persons  (assuming  that  Monika  is  a  person,  of 
course).  That  way,  the  meaning  of  very  young is 
clear, although the precise age is not known. 

A  prerequisite  to  the  mechanization  of  natural 
language  understanding  is  precisiation  of  the 
meaning  of concepts and propositions drawn from a 
natural language. A proposition in natural language is 
precisiable if it could be expressed as a generalized 
constraint [19]. 

The concept of a generalized constraint serves as a 
bridge  between  linguistics  and  mathematics  by 
providing a mean of precisiation of propositions and 
concepts  drawn  from  a  natural  language  [24].  A 
typical constraint is an expression of the form X ∈ C, 
where X is the constrained variable and C is the set 
of values which X is allowed to take. A generalized 
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constraint,  GC,  is  defined  as  an  expression  of  the 
form  GC:  X  isr  R  where  X  is  the  constrained 
variable;  R  is  a  constraining  relation  which,  in 
general, is nonbivalent; and r is an indexing variable 
which identifies the modality of the constraint, that 
is, its semantics. R will be referred to as a granular 
value of X. In  the above example,  a proposition  p: 
Monika is  very  young in  NL is  transformed into a 
generalized constraint GC(p):  Age(Monika) isr very  
young in GCL, where very young is a fuzzy relation 
representing the degree to which a numerical value of 
age fits the description of age as very young [17].

The  main  modalities  of  generalized  constraints  are 
[24]: 

• Possibilistic (r  = blank), where  R  defines the 
possible values of X.

• Probabilistic (r = p), with R playing the role of 
the probability distribution of X.

• Veristic  (r  = v), where  R  plays the role of a 
verity (truth) distribution of X.

• Usuality (r  =  u),  the  usuality  constraint 
presupposes that  X  is a random variable, and 
that  probability  of  the  event  {X  isu  R}  is 
usually,  where  usually  plays  the  role  of  a 
fuzzy probability which is a fuzzy number

• Random-set (r  = rs), where  X  is a fuzzy-set-
valued  random  variable  and  R  is  a  fuzzy 
random set.

• Fuzzy-graph (r = fg), where X is a function, f  
and R is a fuzzy graph which constrains f.

• Bimodal (r  =  bm),  where  R  is  a  bimodal 
distribution.

• Group (r  =  g),  where  X  is  a  group variable, 
G[A], and R is a group constraint on G[A].

GCL serves  as  a  precisiation  language  in  order  to 
express  the meaning of  propositions,  commands as 
questions expressed in natural languages (NL). But, 
what is not clear is how to transform a proposition p 
from  NL  to  a  GC(p) in  GCL.  Therefore,  it  is 
necessary to identify methods and algorithms to do 
this transformation. 

Each of the things in the world can be thought of as 
having a value on each of a set of dimensions such as 
size,  colour,  shape,  taste,  consistency,  and  other 
attributes.  Each attribute  is  really a  value on some 
dimension. To distinguish one thing from another, it 
is necessary to deal with these dimensions. 

Lexicons  define  nouns  to  designate  categories  of 
things,  which  share  a  whole  set  of  attributes  that 
distinguish  and  characterize  them.  Common  nouns 
represent  a  strong  tendency  for  particular  sets  of 

values on different dimensions to co-occur. The noun 
apple itself  cannot  be  said  to  refer  to  a  particular 
apple;  rather  it  designates  a  whole  category,  the 
category  apple,  which  includes  many  possible 
individual apples. An apple isn't just an object of a 
particular shape; it has a characteristic range of sizes, 
tastes,  consistencies,  and locations.  In  other  words, 
the category apple is a whole cluster of co-occurring 
features

In grammatical  theory,  a  noun phrase (abbreviated 
NP) is a phrase whose head is a noun or a pronoun, 
optionally  accompanied  by  a  set  of  modifiers  as 
adjectives [15]. Noun phrases could be used as  the 
subject  or  object  of  a  verb.  Noun  phrases  are 
syntactical  units  that  appear  in  most  sentences 
expressing  a  NL  constraint  applied  to  nouns  and 
bring information about them.

In a noun phrase as  extremely  big apple, the words 
extremely  big define  an  attribute  that  characterizes 
some members of  the  apple category,  one possible 
value on a  conceptual  dimension,  size.  The  phrase 
attributes a big size to the apple that is being referred. 
The word designating the attribute big in the example 
is an adjective, while the word extremely is an adverb 
modifying the adjective.

Gasser [5] proposes that an English attributive phrase 
consisting of an adjective Adj designating an attribute 
Att followed  by  a  noun  N designating  a  thing 
category  C designates  the  subcategory of  C whose 
members  have  attribute  Att.  Then,  if  we  have  the 
phrase young Monika:

    Young       Monika

        ↑                 ↑

<Adjective> <Noun>

         ↑                ↑

<Attribute> <Category>

This  idea  could  be  expressed  using  Conceptual 
Graphs (CG) in linear form [13, 7]:

[Person: Monika]  (Attr)  [Young]. (1)

In  linear  notation,  concepts  have  [square  brackets] 
around them, while relations have (parentheses) [9]. 
Person represents  a  concept  type  and  Monika is  a 
referent  of  this  concept  type,  while  Attr  (attribute) 
represents  a  relation.  Therefore,  Monika should 
appear in the catalogue of individuals declared as a 
Person. 
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Fuzzy Conceptual Graphs (FCG) extends simple CGs 
with  linguistic  labels  defined  by  fuzzy  sets  as 
individual markers [8, 3]. For example, the following 
FCG  expresses  that  Monika has  an  attribute  Age 
which  has  a  measure  Young.  Young  will  be  the 
linguistic label of a fuzzy set.

[Person: Monika]  (Attr) [Age: *]  (Meas)  
[Measure: Young]. (2)

Meas is a relation used to describe an attribute by a 
quantity. The quantity could be a measure or a degree 
[13]. There are some underlying problems as: How 
do we know that Monika is a person? Therefore, we 
need  some  contextual  information  about  Monika. 
Another solution could be to assume it by default. 

3     General aspects about adverbs.

Adverbs  are  a  part  of  speech.  They  are  used  to 
modify  any  other  language  part:  verbs,  adjectives 
(including  numbers),  clauses,  sentences  and  other 
adverbs, except for nouns [15]. Examples: 

Mary sings beautifully

David is extremely clever

Adverbs  typically  answer  such  questions  as  how?, 
when?,  where?,  in  what  way?,  or  how often? This 
function  is  called  the  adverbial  function,  and  is 
realised not just by single words (i.e., adverbs) but by 
adverbial phrases and adverbial clauses.

Adverbs  and  adjectives  have  important 
characteristics in common [14]:

• Their gradability, 
• They have comparative and superlative forms. 

The following words, together with their comparative 
and  superlative  forms,  can  be  both  adverbs  and 
adjectives (see Table 1):

early, far, fast, hard, late

Table 1: Use of late as adjective and adverb

Adjective Adverb

Robert catches the 
late train

Robert returns home 
late.

The comparative  better  and the superlative  best,  as 
well  as  some words denoting time intervals  (daily, 
weekly,  monthly), can also be adverbs or adjectives, 
depending on how they are used.

Like  adjectives,  many  adverbs  are  gradable [14], 
which  can  be  modified  by  very or  extremely  (see 
Table 2):

Table 2: Examples of gradable adverbs

softly very softly

suddenly very suddenly

slowly extremely slowly

The  modifying  words  very  and  extremely  are 
themselves adverbs. They are called  degree adverbs 
[14]  because  they  specify  the  degree  to  which  an 
adjective or another adverb applies. Degree adverbs 
include  almost,  barely, entirely,  highly,  quite, 
slightly, totally, and utterly. 

Like adjectives, too, adverbs are inflected in terms of 
comparison. The comparative and superlative forms 
of  adverbs  are  sometimes  generated  by adding  -er 
and -est. 

John works hard -- Mary works harder -- I work 
hardest

However,  the  majority  of  adverbs  form  the 
comparative  using  more  and  the  superlative  using 
most (see Table 3). 

Table 3: Examples of adverbs in comparative form

Adverb Comparative Superlative 

recently more recently most recently

effectively more effectively most effectively

frequently more frequently most frequently
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Adverbs also take comparisons with  as ...  as,  less, 
and  least.  In  the  formation  of  comparatives  and 
superlatives, some adverbs are irregular (see Table 4)

Table 4: Examples of irregular adverbs

Adverb Comparative Superlative 

well better best

badly worse worst

little less least

much more most

However, an important distinguishing feature is that 
adverbs do not modify nouns, either attributively or 
predicatively, as adjectives do.

Many  adverbs  are  formed  by  adding  -ly to  an 
adjective (see Table 5). These adverbs are known as 
-ly adverbs [14], but also many adjectives also end in 
-ly, including  costly, deadly, friendly, kindly, likely,  
lively, manly, and timely. In some cases, the suffix –
wise, like  clockwise, may be used to derive adverbs 
from typical nouns.

Table 5: Examples of –ly adverbs

Adjective slow quick soft sudden

Adverb slowly quickly softly suddenly

Taken  as  a  whole,  the  adverb  class  is  the  most 
diverse  of  all  the  word  classes,  and  its  members 
exhibit  a  very  wide  range  of  forms and  functions. 
Adverbs are considered a part of speech in traditional 
English  grammar,  which  is  derived  from  Latin 
grammar. 

A logical  approach for  dividing words  into  classes 
relies on recognizing which words can be used in a 
certain context.  For example,  some adverbs can be 
used to modify an entire sentence, whereas others can 
not. 

Following different adverbial functions are described 
briefly. In the following examples, the adverb is 

highlighted in bold, while the word it modifies is 
shown in italics.

Adverbs as an adjective-modifier typically express 
something about the degree of the adjective, such as 
`very'. Such adverbs are usually called degree 
adverbs [14] for obvious reasons. 

• Monika is very young

• His poetry is very beautiful.

• The meaning of this passage is abundantly 
clear.

• That sign is hardly visible.

The value expressed by the adjective (i.e.  young) is 
transformed by the adverb (i.e. very) in a new level, a 
new  value.  Using  Fuzzy  Conceptual  Graphs,  this 
sentence can be formulated:

[Person: Monika]  (Attr) [Young]  (Meas)  
[Degree: #very]. (3)

Then, it could be transformed in:

[Person: Monika]  (Attr) [Age: *]  (Meas)  
[Measure: VeryYoung]. (4)

where VeryYoung is the  linguistic label of a fuzzy 
set

In general, it holds that adverbs that end in -ly can be 
modified by the same adverbs  that  can modify  the 
adjective that results from removing the -ly ending.

• He writes very clearly.

• The sun came out quite suddenly.

• This species is the slightly slower growing 
one.

[Person:  #he]   (Thme)   [write]   (Manr)   
[Clearly]  (Meas)  [Degree: #very]. (5)

In  the  following  examples  the  adverb  modifies  a 
preposition.

• She is standing very near the door.
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• She's going directly to the store.

Adverbs  as  a  verb-modifier  convey  information 
about  the  manner,  time,  or  place  of  an  event  or 
action. They are known collectively as circumstantial 
adverbs and constitute the most distinctive adverbial 
classes [14]. They express one of the circumstances 
relating  to  an  event  or  action  -  how it  happened 
(manner),  when it  happened  (time),  or  where it 
happened  (place).  They  are  often  derived  from 
adjectives by using the suffix -ly. 

a) Manner adverbs  tell  us  how  an  action  is  or 
should be performed:

• She sang loudly in the bath

• The sky quickly grew dark

• They whispered softly

• I had to run fast to catch the bus

b) Time adverbs denote not only specific times but 
also frequency:

• Robert returns late.

• I'll be checking out tomorrow

• Give it back, now!

• John rarely rings any more

• I watch television sometimes

c) Place adverbs indicate where:

• Put the box there, on the table

• I've left my gloves somewhere

English  is  a  language  which prefers  a  sequence  of 
subject–verb–object in  its  simplest,  unmarked 
declarative statements.  A simple  complete sentence 
consists of a  subject and a  predicate. The subject is 
typically a noun phrase. The predicate is a finite verb 
phrase.

A noun phrase is a phrase whose head is a noun or a 
pronoun,  optionally  accompanied  by  a  set  of 
modifiers [15]. The modifiers may be:

• Determiners:  articles  (the,  a),  demonstratives 
(this, that), numerals (two, five, etc.), possessives 
(my,  their,  etc.),  and  quantifiers  (some,  many, 

etc.); determiners are usually placed before the 
noun. Most English dictionaries still identify the 
determiners as adjectives. 

• Adjectives (the red ball); or
• Complements,  in the form of an ad positional 

phrase (such as: the man with a black hat), or a 
relative  clause  (the  books  that  I  bought  
yesterday).

Noun  phrases  could  be  expanded  by  adjectival 
phrases, which are  phrases that have an adjective as 
their head. In turn, adjectives  could be expanded by 
adverbial phrases,  which  are  phrases that  have  an 
adverb as their head.

In  English,  noun  phrases  can  be  treated  as  single 
grammatical units. A noun phrase can play the role of 
a verb argument (such as the subject, the object) or 
the role of the predicate. 

Noun phrases  can be  easily  recognized by using a 
simple  parser  as  the  following,  written  in  Prolog 
using  Definite  Clause  Grammars  (DCGs).  DCGs 
constitute an extension of context free grammars that 
have proven useful for describing natural and formal 
languages,  and that  may be conveniently expressed 
and  executed  in  Prolog.  A  more  complete  version 
could be found in [1]

sentence  nounphrase, verbphrase.

verbphrase  verb, nounphrase.

nounphrase  det(CV), adjnounph(CV).

adjnounph(CV)  noun(CV).

adjnounph(CV)  adjective(CV, Adj), 

noun(CV).

adjnounph(CV)  adjective(CV, Adj), 

adjective(CV, Adj2),

{Adj \== Adj2}, noun(CV).

This  program  does  not  accept  repeated  adjectives 
such  as  in  “big  big  girl”.  It  is  able  also  to  check 
whether it is needed an ’an’ or an ’a’. Linking this 
program with a dictionary as WordNet, it is easy to 
recognize a huge quantity of simple sentences using 
WordNet terms (nouns, verbs, adjectives, etc.). 

When a noun phrase with an attributive adjective is 
detected  as  “the  very  young  girl”,  it  could  be 
transformed to a predicative adjective form as “the  
girl is very young” and processed as it. In case of a 
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noun phrase with several adjectives as “the extremely  
fascinating big red book”, it could be processed as if 
there  were  several  sentences  with  predicative 
adjectives: “the book is extremely fascinating”, “the  
book is big”, and “the book is red”.

Once a noun phrase is detected, the adjective and the 
noun could be  used  to  determine  the characteristic 
associated to that noun which is being described by 
the  adjective,  if  there  is  enough  contextual 
information. For example, the adjective young in the 
sentence  Monika  is  young specifies  the  age of 
Monika. But if the sentence was Monika is tall, it will 
specify the height of Monika. Therefore an auxiliary 
relation  will  be  needed  to  establish  an  association 
between  nouns,  adjectives  and  characteristics;  this 
relation could be expressed by Conceptual Graphs.

[Person:  *]   (Attr)   [Age:  *]   (Meas)   
[Measure: VeryYoung]. (6)

In  order  to  determine  the  generalized  constraint 
modality  r, we considered that the usuality modality 
should be used by default taking into account that the 
concept  of  usual  value  is  closer  to  our  intuitive 
perception of “expected value” than the concept of 
expected value as it is defined in Probability Theory. 
[21].  The  difference  between  the  concepts  of 
expected and usual  values goes to the heart  of  the 
difference between precise and imprecise probability 
theories. The expected value is precisely defined and 
unique.  The  usual  value  is  context-dependent  and 
hence is not unique. However, its definition is precise 
if the natural language predicates which occur in its 
definition are defined precisely by their membership 
functions.  In  this  sense,  the  concept  of  the  usual 
value has a flexibility that the expected value does 
not have. Then, a new Prolog fact could be generated 
as  ‘Monika’.age  is_u  very_young.  to  represent  the 
generalized constraint.

3     Defining protoforms to manage with 
adverbs. 

Informally, a protoform, A, of an object, B, written 
as A=PF(B), is an abstracted summary of B. Usually, 
B is a lexical entity such as a proposition, question, 
command,  scenario,  decision  problem,  etc.  More 
generally, B may be a relation, system, geometrical 
form or an object of arbitrary complexity. Usually, A 
is  a  symbolic  expression,  but,  like  B,  it  may be  a 
complex object. The primary function of PF(B) is to 
place in evidence the deep semantic structure of B. 
[Zadeh, Aug-2005].

The prototypical form of the object ‘Monika’. age is  
very_young will  be  A.B  is  C,  where  A is  an 
abstraction of Monika, B is an abstraction of age, and 
C is  an  abstraction  of  very_young.  The  same 
prototypical  form  could  be  applied  to  the  objects 
Monika  is  very_intelligent and  the  book  is  
extremely_big. 

Abstraction has levels,  just  as summarization does. 
For this reason, an object may have a multiplicity of 
protoforms. Conversely, many objects may have the 
same  protoform.  Such  objects  are  said  to  be 
protoform-equivalent.  Based  on  the  previous 
example,  we consider  that  the  protoform  A.B is  C 
could  be  applied  to  any  noun  phrase  where  the 
intrinsic  semantic  structure  of  that  expression 
corresponds to specifying or describing the value of a 
subject attribute, including an adverb modifying the 
adjective.  This  kind  of  expression  occurs  when an 
adjective is used  attributively or  predicatively as in 
“the  very  young  Monika” and  “Monika  is  very 
young”.  Therefore,  “the  extremely  big  book”  and 
“this  woman is  incredibly beautiful” are protoform 
equivalent with protoform type A.B is C.

4     Conclusions

The  generalized-constraint-based  computational 
approach  to  NL-Computation  opens  the  door  to  a 
wide  ranging  enlargement  of  the  role  of  natural 
languages in  scientific  theories  [16].  In  this  paper, 
adverbs  and  adjectives  in  NL  propositions  are 
considered  generalized  constraints  as  soon  as  they 
describe  or  specify characteristics  associated to the 
noun they describe. 

Fuzzy Conceptual Graphs (FCGs) are used to express 
propositions  in  natural  language,  which  use 
adjectives and adverbs. The visual advantage of these 
graphs  and  their  logic  expressiveness  shown 
extremely helpful  for  defining dictionaries  between 
NL and GCL.

In English, adjectives can be used either attributively 
or  predicatively.  In  both  cases,  a  generalized 
constraint could be used to express how the value of 
the attribute associated to the noun is conditioned in 
order to be acceptable. By using simple sentences as 
the ones presented here a lot of information could be 
retrieved from documents on the Web. 

Furthermore  a  prototypical  form  is  proposed  to 
represent  the  deep  semantic  structure  of  a  noun 

Using Generalized Constraints and Protoforms to Deal with Adverbs 125



phrase, involving adverbs, adjectives and nouns. That 
way, all of these cases share the same protoform and, 
therefore, are protoform equivalent.
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Abstract

Finding sequential patterns is one of impor-
tant issues in data mining. This paper deals
with linguistic (fuzzy) sequential patterns.
The existing algorithms for discovering such
patterns do involve usual sigma counts of
fuzzy sets as measure of support. Unfortu-
nately, a well-known side effect is then an
undesirable cumulation of small membership
values. We like to propose an improved ap-
proach based on generalized sigma counts,
which in particular leads to a consequently
lower cumulation, and considerably to better
results. We test the modified algorithm us-
ing different generalized sigma counts based
on different cardinality pattern functions.

Keywords: Data mining, Linguistic sequen-
tial patterns, Scalar Cardinality, Generalized
sigma counts, Pattern function

1 Introduction

Internet servers especially WWW servers, generate a
huge number of data. In particular, they log large
amounts of information about connections, security
events and users transfers. Finding regularities in such
(usually) large data files leads to security improve-
ment, brings knowledge about users behavior and,
therefore, is of interest to administrators, marketing
departments, etc.

There are two main approaches to discovering those
singularities: association rules and sequential patterns
(see [1, 2, 3, 4, 8, 9]). We like to focus on sequen-
tial patterns which are expression of the form X1 →
X2 → . . . → Xn, where Xi is a set of some items. In
the case of linguistic sequential patterns, the Xi’s are
equipped with some linguistic labels. In particular, a
linguistic browsing pattern in the WWW is a sequence
of web pages to which linguistic terms expressing the

duration of browsing time are assigned. For instance,
the linguistic browsing pattern file1.html/short →
file2.html/long → file3.html/medium says that a
frequent behavior of users is that they watch the page
file1.html for a short time, then they watch file2.html
for a long time and, further, they watch file3.html for
a medium time. It was Hong et al. [7] (cf.[8]) who
proposed an algorithm for finding such patterns which
is an adaptation of the ideas by Agrawal and Shirkant
[1, 2, 3]. The following are three main steps of that
algorithm:

1. Create fuzzy sets from transactions data using
given membership functions.

2. Generate large itemsets by calculating the fuzzy
cardinality of each candidate itemset.

3. Generate iterative sequential patterns from the
large itemsets found in step 2.

By the way Hong et al. proposed in [9] a GA algorithm
which dynamically constructs membership functions
to model linguistic terms of browsing time.

The Hong’s algorithm from [7] uses the usual sigma
count as a measure of support. Unfortunately, a well-
known side effect is then an undesirable cumulation of
small membership values which can lead to wrong con-
clusions. For example, a fuzzy set A with 100 elements
with membership values equal to 0.01 has the sigma
count equal to 1, which is not coherent with intuition
(see [5]).

In this paper we like to propose an improved approach
based on generalized sigma counts, which in particu-
lar leads to considerably lower cumulation and, conse-
quently, to better results.

2 Generalized Sigma Counts

Our further discussion requires some notions related to
cardinalities of fuzzy sets. FFS will denote the family
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of all finite sets in a universe M. Let us recall the
axiomatic definition of scalar cardinality according to
Wygralak [13, 14]

A function σ : FFS → [0,∞) will be called a scalar
cardinality if the following postulates are satisfied for
each a, b ∈ [0, 1], A,B ∈ FFS and x, y ∈M:

(SC1) σ(1/x) = 1,
(SC2) a ≤ b ⇒ σ(a/x) ≤ σ(b/y),
(SC3) A ∩B = 1∅ ⇒ σ(A ∪B) = σ(A) + σ(B).

If σ does fulfill the above axioms, the number σ(A) is
said to be a scalar cardinality of A.

The following characterization correspond to scalar
cardinalities definied via (SC1)-(SC3).

Theorem 1 A mapping σ : FFS → [0,∞) is a scalar
cardinality iff

∀A ∈ FFS : σ(A) =
∑

x∈supp(A)

f(A(x)), (1)

where f : [0, 1] → [0, 1] is nondecreasing and f(0) = 0,
f(1) = 1.

Each function f from Theorem 1 is called a cardinality
pattern or pattern function. Since f = id gives as
σ(A) the usual sigma count of A from [16], each σ(A)
from (1) will be called a generalized sigma count of
A. To emphasize which pattern function f is used
to generate a generalized sigma count, we will write
SCf (A) instead of σ(A).

In the following, we present some basic examples of
pattern function together with the resulting general-
ized sigma counts. They are instances of pattern func-
tions leading to a reduction of accumulation of small
membership degrees.

Example 2.1 Let t ∈ (0, 1]

f1(a) =
{

1, if a ≥ t,
0, otherwise. (2)

for a ∈ [0, 1].One can also see that choice of even door-
sill 1 is justified.

It is easy to see that SCf1(A) = |At|, where At denotes
the t-cut set of A. f1 reduces the cumulation effect by
reducing to zero each membership value which is less
than a fixed threshold t, and by increasing to 1 each
membership value ≥ t (see Fig. 1).

Example 2.2 Let

f2(a) = ap (3)

for a ∈ [0, 1], p > 0. (see Fig. 2)
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Figure 1: Pattern function f1 with t = 0.4
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Figure 2: Pattern function f2 with p = 4

Obviously, p = 1 gives the usual sigma count.

Example 2.3 Let b, c ∈ (0, 1)

f3(a) =





0, if a ≤ b,
a if a ∈ (b, c),
1, otherwise.

(4)

for a ∈ [0, 1].

In this case, we are using two threshold levels b and c.
The threshold b determines which low degrees of the
membership are supposed to be 0 and c determines
which big values of the membership are supposed to be
replaced by 1. The values of the membership between
b and c stays untouched. (see Fig. 3).

Example 2.4 Let b, c, d ∈ (0, 1] and b < c < d

f4(a) =





0, if a ≤ b,
2(a−b

c )2, if a ∈ (b, c],
1− 2(a−d

c )2, if a ∈ (c, d),
1, otherwise.

(5)

Function f3 (4) is discontinuous contrast enhancement
function. f4 (5) is more sophisticated continuous vari-
ant of such function (see Fig 4). This kind of pattern
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Figure 3: Pattern function f3 for b = 0.2, c = 0.8

function promote higher values of membership func-
tion. We will take an advantage of this pattern func-
tion in examples.
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Figure 4: Pattern function f4 with b = 0.3, c = 0.6,
d = 0.9

Example 2.5 Let b ∈ (0, 1]

f5(a) =
{

0, if a < b,
a, otherwise. (6)

for a ∈ [0, 1].

In this case pattern function (6) works as identity func-
tion (as a usual sigma count) except values less than
threshold point b which are treated as 0 (see Fig. 5).
So b decides how small values will not be cumulated.

Example 2.6 Let p ∈ (0, 1]

f6(a) = 1− (1− a)p (7)

for a ∈ [0, 1].

Worth mentioning is that each normed generator of a
nonstrict Archimedean t-conorm is a pattern function
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Figure 5: Pattern function f5 with b = 0.4
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Figure 6: Pattern function f6 with a = 0.2

(see [13]). As example, take the normed generator (7)
of the Schweizer t-conorm sS,λ(a, b) := 1 − (0 ∨ ((1 −
a)λ + (1− b)λ − 1))

1
λ whit λ > 0 (see Fig. 6).

Notice that function f2 (3) is just normed generator of
Yager t-conorm.

To show how values of cardinality depends on choice
of cardinality function we show next example.

Example 2.7 Let us consider a fuzzy set A to which
50 elements belong to degree 0.1, 30 elements to de-
gree 0.2, 10 elements to degree 0.3, 6 elements to de-
gree 0.4, 2 elements to degree 0.8 and 2 elements to
degree 0. The sigma count of this fuzzy set equals
SCid(A)=19.8, which seems to be a inflated result in
comparison with our intuition. Computing generalized
sigma counts, we get more adequate results, for in-
stance

SCf1(A) = 10,
SCf2(A) = 3.426,
SCf3(A) = 9.4,
SCf4(A) = 4.222,
SCf5(A) = 5.8,
SCf6(A) = 4.912,
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where the cumulation effect is reduced. As we see, the
choice of an appropriate pattern function is a key issue
when using generalized sigma counts.

3 An Improved algorithm of Mining
Sequential Patterns

For the sake of simplicity, the algorithm will be pre-
sented in non-formalized form. As input data we take
log file from WWW server. It is a set U of n transac-
tions, where n can be large. Each transaction contains
browsed information about opened files from WWW
server. For the mining process the following files of
transactions will be of interest: datetime, source IP
and name of opened file. At the beginning we need to

Table 1: Example of transactions in the log

Client IP Time Web Page
194.114.147.2 22:03:57 index.html
194.114.147.2 22:04:11 offer.html
194.114.147.2 22:04:25 rocker.html
194.114.147.2 22:04:33 b8250.html
194.149.88.10 12:51:50 index.html
194.149.88.10 12:52:06 offer.html
194.149.88.10 12:52:28 rocker.html
194.149.88.10 12:52:28 bench.html
195.46.43.144 11:20:11 index.html
195.46.43.144 11:20:15 offer.html
195.46.43.144 11:20:20 rocker.html

212.122.214.145 20:07:18 index.html
212.122.214.145 20:07:23 offer.html
212.122.214.145 20:07:29 bench.html
212.122.214.145 20:07:40 rocker.html
212.122.214.145 20:07:48 chair.html
212.122.214.145 20:07:54 a0910.html

preprocess log data in three steps:

1. Select from log only transactions containing files
that are web pages for example such as ”.html”,
”.php”, ”.asp” etc. Example of part of such trans-
formed log is shown in Table 1.

2. Replace each IP by unique integer (called encoded
client ID). For convenience we will represent all
files as capital letters eg. file ”index.htm” as ”A”,
”offer.html” as ”B” and so on.

3. Sort by client ID and datetime fields.

4. For each client calculate the time durations of
browsing each web page as time to open the next
file. Last files for particular client ID will be omit-
ted, because of the lack of information about the
moment of disconnecting.
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Figure 7: Example of linguistic terms of browsing time:
Short, Medium, Long

Table 2: Example of transformed log into linguistic
sequences

ID Page Short Medium Long

1 A 0,080 0,920 0,000

1 B 0,160 0,840 0,000

1 C 0,000 0,833 0,167

2 A 0,800 0,200 0,000

2 B 0,760 0,240 0,000

2 D 0,000 0,700 0,300

3 A 0,960 0,040 0,000

3 B 1,000 0,000 0,000

3 E 0,000 0,900 0,100

3 D 0,800 0,200 0,000

4 A 1,000 0,000 0,000

4 B 0,960 0,040 0,000

4 C 0,640 0,360 0,000

4 E 1,000 0,000 0,000

4 D 0,000 0,300 0,700

4 E 0,840 0,160 0,000

4 C 1,000 0,000 0,000

5 A 0,760 0,240 0,000

5 B 0,480 0,520 0,000

5 F 0,600 0,400 0,000

6 A 0,760 0,240 0,000

6 B 0,080 0,920 0,000

6 F 0,920 0,080 0,000

6 D 1,000 0,000 0,000

7 A 0,480 0,520 0,000

7 B 0,320 0,680 0,000

7 F 0,000 0,833 0,167

7 C 0,000 0,867 0,133

7 E 0,520 0,480 0,000

5. Construct browsing sequence by transforming
each transaction into a fuzzy set ( x1

short +
x2

medium +
x3

long ) using the given membership functions. It
can be functions proposed in Figure 7.
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Such linguistic browsing patterns will be a input for
the mining algorithm described below:

1. Calculate membership value of each region for
each browsing sequence using a fuzzy sum opera-
tor. A region is a web page with a linguistic value,
for example: A.Short, B.Long, etc. For simplic-
ity, we apply the max operation which, however,
could be replaced by any t-conorm.

2. Calculate scalar cardinality of each regions in all
browsing sequences. To avoid problems with cu-
mulating small values we use a generalized sigma
count with a given pattern function.

For each file, select region with the value of car-
dinality greater than a fixed threshold α. We will
use α = 1. In [7], this step relies on choosing re-
gions with the sigma count greater than or equal
to α, where α = 2.

We collect all selected regions in the set L1 which
is called the large itemset.

3. If L1 is empty, we stop the algorithm. Otherwise,
we put k := 2, which denotes the length of current
sequence, and we do following.

4. Generate the set of candidates Ck consisting of
pairs of all possible combinations of elements from
Lk−1.

5. For each candidate from set Ck we calculate mem-
bership value for each user sequence using a t-
norm as intersection operator. Let us use the
minimum operation for simplicity.

6. Calculate a generalized scalar cardinality of each
k-sequence in Ck in the way shown in Step 2 with
given cardinality pattern. We choose only these
sequences which have counts grater than given
threshold point α. The resulting set is denoted
by Lk.

7. If Lk is not empty we construct set Ck+1 from
Lk by combining all possible k-sequences with
sequences from L2, and we go to Step 5 with
k:=k+1.

8. Finally, take Lk as the set of longest sequences
found by the algorithm.

4 Examples of Mining with Various
Generalized Sigma Counts

To show the influence of the choice of a pattern func-
tion to the mining process, let us present some ex-
amples. We will use symbols ”A.S”, ”A.M”, ”A.L” to
denote linguistic items, where ”A” represents file name

and ”S” stands for ”Short”, ”M” for ”Medium”, ”L”
for ”Long”. All computations refer to the small data
set from Table 2. We put threshold point α = 1 and
use the t-norm minimum together with the t-conorm
maximum.

Example 4.1 The values given in brackets are values
of generalized cardinality.

1. Sets L1 and L2 generated by means of the stan-
dard sigma count SCid

Set L1

A.S (4.84), B.S (3.76), C.M (2.06), D.S (1.80),
E.M (1.54), F.S (1.52)

Set L2

A.S→B.S (3.640)

2. Sets L1, L2 and L3 generated using a SCf1 with
b = 0.4

Set L1

A.S (6.00), B.M (5.00), C.M (2.00), D.S (2.00)
E.S (2.00), F.S (2.00)

Set L2

A.S→B.M (3.00), B.M→F.S (2.00)
Set L3

A.S→B.M→F.S (2.00)

3. Sets L1 and L2 generated by means of SCf2 with
p = 4

Set L1

A.S (2.98), B.S (2.25), C.M (1.06), D.S (1.41)
E.S (1.07)
Set L2

A.S→B.S (2.09)

4. Sets L1, L2 and L3 generated by means of SCf3

with parameters as in Example 2.3

Set L1

A.S (5.00), B.M (3.87), C.M (2.36), D.S (2.00)
E.S (1.52), F.S (1.60)

Set L2

A.S→B.M (2.00), B.M→F.S (1.52)
Set L3

A.S→B.M→F.S (1.28)

5. Sets L1, L2 and L3 generated by means of SCf4

with parameters as in Example 2.4
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Set L1

A.S (4.91), B.M (3.08), C.M (1.99), D.S (1.94)
E.S (1.27), F.S (1.50)

Set L2

A.S→B.M (1.34), B.M→F.S (1.27)
Set L3

A.S→B.M→F.S (1.16)

6. Set L1, L2 and L3 generated by means of SCf5

with b = 0.4

Set L1

A.S (4.76), B.M (3.39), C.M (1.70), D.S (1.80)
E.S (1.52), F.S (1.52)

Set L2

A.S→B.M (1.76), B.M→F.S (1.44)
Set L3

A.S→B.M→F.S (1.28)

7. Set L1 and L2 generated by means of SCf6 with
b = 0.2

Set L1

A.S (2.38), B.S (1.97), D.S (1.27)
E.S (1.14)
Set L2

A.S→B.S (1.43)

As we can see, the choice of the cardinality function
plays a significant role. In the first example with
the usual sigma count, cardinality values are relatively
high but the length of maximal sequence is 2. In the
next examples, values of cardinalities are smaller but
sequences found are longer.

5 A Real Data Mining Example

Our mining algorithm, involving generalized sigma
counts, and its implementation, have also been tested
on real log data. Let us show some results for a log
set of about 5.000 transactions concerning 900 clients
who browsed about 200 web pages. We present only
final sets of longest browsing patterns found for each
cardinality pattern. As in previous example, we use
the minimum and maximum operators, and α = 1 as
the threshold level.

Example 5.1 As previously, values in brackets are
cardinalities.

1. The use of SCid (the usual sigma count)

Set L10

S.S→S2.S→T.S→T2.S→T3.S→T4.S→
B.S→B2.S→B3.S→B4.S (1.12)

2. SCf1 with t = 0.4

Set L5

A.S→S.S→T.S→B.S→W.S (4.00)

3. SCf2 with p = 4

Set L5

S.S→E1.S→E2.S→T.S→B.S (1.06)
W.S→S.S→A.S→C.S→B.S (1.04)

4. SCf3 with b = 0.2, c = 0.8

Set L4

F3.S→C3.S→C2.S→C.S (1.12)
G.L→H.L→O.S→CS (1.67)

C2.S→C3.S→L.S→C4.S→ (1.64)
B4.S→B5.S→F.S→V.S (1.20)
S.S→A.S→C.S→B.S (2.00)
S.S→T.S→B.S→W.S (8.00)

5. SCf4 with b = 0.3, c = 0.6, d = 0.9

Set L7

A.S→S.S→S2.S→T.S→T2.S→T3.S→T4.S (1.44)
S2.S→T.S→T2.S→T3.S→T4.S→B.S→B2.S (1.03)

6. SCf5 with b = 0.4

Set L5

O.S→B.S→T.S→S.S→A.S (1.44)

7. SCf6 with b = 0.2

Set L5

B.S→B2.S→B3.S→B4.S→B5.S (8.89)
T.S→T2.S→T3.S→T4.S→M.M (1.50)
S2.S→T.S→T2.S→T3.S→T4.S (1.05)

One sees that the usual sigma count leads to one
long browsing pattern whose support is however weak,
which is a consequence of the cumulation effect.
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6 Conclusions

We presented a modified algorithm for mining linguis-
tic browsing patterns in the WWW. Using generalized
sigma counts we can reduce the effect of cumulating
small values of membership function.

In our future work, we like to investigate methodolog-
ical issues related to the choice of pattern functions
generating generalized sigma counts. Also, we like to
examine other t-norms and t-conorms for numerical
interpretation of logical connectives in the mining pro-
cedure.
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Abstract 

In this paper a multistage fuzzy controller is 
designed and implemented on the ball and 
beam system which is a well-known 
benchmark in the control area because of its 
nonlinear, unstable non-minimum phase 
behavior. The most important property of 
the proposed controller is its simplicity 
whiles it fully mimics human’s actions for 
controlling this system. In comparison to 
classical controllers such as Linear 
Quadratic Regulator (LQR) or 
combinational controllers such as fuzzy 
proportional integrator (PI), the proposed 
controller makes the overall system more 
stable with a remarkable decrease in settling 
time. Furthermore it eliminates overshoots 
around the desired set point much better 
than mentioned controllers do. This leads to 
a very smooth movement of ball on the 
beam illustrated in some simulations. 

Keywords: Ball and beam, Multistage fuzzy 
controller.  

 

1     Introduction 

In the last decade fuzzy algorithms have been used 
extremely in different areas such as image 
processing, control, communication, power plants 
and transport systems [1]. Fuzzy algorithms were 
first employed by Mamdani & King to control simple 
systems [2], [3]. After emerging these applications of 
fuzzy systems, many researchers devoted enormous 
effort and time to develop and extend fuzzy concepts 
to different areas such as manufacturing, robotics, 

and home utilities. A very good review of fuzzy 
applications has been presented in [1].  

Classical controllers need a very precise linear or 
nonlinear model of the plant to do controlling task 
well. Almost in all practical cases, there is no 
accurate model of the plant or the existing model is 
full of uncertainties. In fuzzy algorithms, the same 
method that an expert operator uses to model and 
control a system is implemented without knowing 
any mathematical model of the plant. Besides use of 
human’s experience in control process, fuzzy 
algorithms eliminate human weakness in making 
quick decisions and doing massive mathematical 
computations. 

Rule base of commonplace fuzzy controllers are 
often developed directly using error (e ) and error 

velocity (e& ) [4]. Like other classical controllers, 

error acceleration (e&& ) is not a suitable input for fuzzy 
controllers due to its lack of immunity to noise. 
Beside its calculation difficulties, it also increases the 
rule base dimension extremely which is source of 
some annoying problems such as cumbersome and 
time-consuming computations [5], [6]. In many cases 
for improving overall performance and elimination of 
steady state error, fuzzy controllers are combined 
with classical controllers such as PID [7]. Also some 
researchers have tried to link adaptive, supervisory, 
and optimal techniques with fuzzy systems to 
improve the results more [4]. In these methods, mass 
of mathematical computation and design complexity 
prevail use of human experiences which is in contrast 
with the core motive for use of fuzzy systems. 
Because of this complexity in their structure and 
having no transparency, subsequently, an ordinary 
operator easily can not understand and execute them 
[8]. Neural networks are an alternative that are not 
much popular in comparison to other intelligent 
methods. This is due to lack of transparency in their 
design and learning method used by them. 
Furthermore, they don’t use human experiences to do 
controlling tasks. 
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This paper is an extension to the experimental project 
done in [5], [6]. In [5], authors have used a 
combination of fuzzy and classical PID controller to 
handle ball on the beam through turning the beam 
using an electrical DC motor. This motor provides 
required torque ordered by the controller for 
accomplishing that goal. To avoid dimension 
increasing, they have used a fuzzy PI controller with 
a resetting factor. The output of this controller is 
passed as input to a PID controller that eliminates 
steady state error. This design is almost complex and 
far from the concept of fuzzy controllers. In the other 
word, designers have not indeed employed human’s 
experiences for controlling the ball on the beam. 

In this paper a fuzzy multistage controller is designed 
for the famous ball and beam system considered in 
[5]. The underlying system possesses a highly 
nonlinear, unstable, non-minimum phase model 
which puts it as a challenging control problem. The 
proposed controller in this paper mimics human is 
method for controlling of this highly nonlinear 
system. We have avoided use of classical methods to 
improve the response of the closed-loop system. 
There is no need for having analytical model of the 
system which is a pleasing aspect. Furthermore, use 
of this design noticeably decreases number of rule 
bases leading to computational mass reduction. 

The rest of this paper is organized as follows: Section 
2 represents dynamic equations of the ball and beam 
system. Section 3 includes some information about 
two kinds of multistage controller and their 
structures. Proposed controller for the ball and beam 
system is expressed in section 4. The simulation 
results in section 5 highlight the capabilities of the 
proposed controller. In the end, section 6 concludes 
the paper. 

2     Ball and Beam System 

Nonlinearity and instability as well as being non-
minimum phase make the control of ball and beam 
system a thought-provoking problem. In many cases, 
it has been considered as a challenging benchmark 
for verifying goodness of control algorithms. This 
section describes dynamics equation of this system 
used in simulation. 

The ball and beam system includes three main parts: 
a ball with a fixed mass, a fixed length beam, and an 
electrical DC motor as depicted in Figure 1. 

τ

 

Figure 1: Ball and beam system schematic. 

The electrical motor delivers an appropriate torque 
that turns beam around its center. By an adequate and 
quick turn of beam, the ball position is regulated on 
beam. 

We used the well-known lagrangian equation in 
classical dynamics to obtain ball and beam dynamical 
equations. Lagrangian term of a system is defined as 
difference between kinematics energy and potential 
energy:  

PKL −=  (1) 

Lagrangian equations are as follow:   
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iQ is an external input in iq direction. For using (1) 

and (2), we need to calculate kinematics and potential 
energy for all parts of the system. While the overall 
kinematics energy of the system includes kinematics 
energies of both beam and ball, potential energy 
solely depends on the ball position on the beam. 
Using (2) and after some mathematical manipulations 
and simplification, dynamic equations for the ball 
and beam system are obtained as follow: 
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(3) 

In (3), m, M, L, R, x, θ  and τ  denote ball mass, 
radius of ball, beam mass, length of beam, ball 
position distance to the beam center, beam angle and 

torque input respectively. rc is rotational coefficient 
of ball which is one for the pure rotational movement 
of ball on the beam. Ki, Kb, Jm and Ra are electrical 
DC motor parameters. All parameters belong to an 
experimental plant and their values have been 
presented in Table 1 [5]. 

Table 1: Parameter Values 

Mechanical Parameters Electrical Parameters 

Ki  = 2.1 Nm/A m = 0.1017 Kg 

Kb  = 2.1 V/Rad/sec M = 0.157 Kg 

Ω=  2  Ra  l = 0.5 m 

Jm = 0.6578 Kgm2 r = 0.011 m 

Bm = 0.0606 --- 

The isolated equilibrium point of the system is 
]0000[=TX and the system is quite unstable 

in other points. It means, ball goes out of the beam 
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length or the beam angle increases enormously. 
Besides this, the equilibrium point of the system has 
no attraction area and every faint disturbance will 
drive plant to undesired points. 

The purpose of controlling  task for the ball and 
beam system is to bring and keep ball in a specific 

position such as 
TxX ]000[ 00 = . The 

nonlinear system in (3) is locally controllable and 
observable around this point. Furthermore, the 
linearized model has zeros and poles in the right side 
of plan. Therefore, the underlying nonlinear system is 
non-minimum phase and unstable. 

One of the most important reasons for controlling 
this system is that the behavior of many systems is 
very similar to it. If we can overcome problems 
rising from high nonlinearity or instability in the ball 
and beam system, accordingly, we will be able to 
develop and apply the devised techniques to control 
other systems with similar troubles. 

3     Multistage Control 

In commonplace fuzzy controllers, usually the error 
and its derivative are frequently used as inputs to the 
rule base. There is a rule base (may be several) that 
produces control signals based on logical algorithms. 
In these methods, number of error inputs increases 
considerably if the system has more than one output. 
Oftentimes this leads to a very large and huge rule 
base which is undesirable for controlling tasks 
particularly in real time applications. Not only this, 
but also any modification or readjustment of such a 
rule base will be really a tiresome and time 
consuming task. To remedy this problem, an 
innovative method should be established that while it 
uses all error signals for control, dimension 
increment and related problems are subdued well. 
Two most famous techniques for overcoming this 
problem are decentralized control and multistage 
control. Conformity on human’s experience and 
reasonable structure of multistage control technique 
has motivated some researchers to devise and 
implement controllers based this algorithm [7]. 

Multistage controllers have been addressed much for 
multi input-multi output system controlling tasks [9], 
[10], [11], [12]. In contrast with usual controllers that 
produce control signals in one stage, they produce the 
control signals in several stages. Multistage control 
has two renowned structures named skew-tree and 
ternary-tree. Figure 2 schematically represents these 
two structures. The number of rules and stages are 
equal in two structures [7], but logic of producing 
control signals is thoroughly different. There is a 
parallel mood in the ternary-tree structure; it means, 
some stages can be done and computed concurrently. 
In contrast, in skew-tree structure, each stage is 
dependent to outputs of former stages, so parallel 
calculation is not possible. While it seems that the 

ternary-tree structure is faster than the skew-tree 
structure, in most cases, skew-tree structure has more 
conformity on human’s knowledge and experiences 
in sense of control. Which structure is used is 
determined based on the underlying system and 
controlling goals. 

To control the ball and beam system, we have used 
the skew-tree structure to profit transparency in its 
structure. Next section presents the proposed fuzzy 
controller using this structure and human’s 
experiences. 

4     The Proposed Multistage Fuzzy 
Controller 

The ball and beam system is a Single Input-Multi 
Outputs (SIMO) system. The motor voltage is the 
only input of the system while position and velocity 
of the ball on the beam, angle and angular velocity of 
the beam are four outputs of the system. Based on 
skew-tree structure and considering two inputs for 
every stage, number of the stage, should be three in 
the multistage controller. As a noticeable aspect of 
the proposed controller, we declined the number of 
stages by eliminating a middle stage. This 
elimination was made possible by a proper definition 
and selection of not only inputs, but also outputs in 
the structure of multi stage controller. The structure 
of the proposed controller has shown in Figure 3. 

This controller is a mimicry of human strategy for 
keeping the ball on the beam. Every expert human 
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Figure 2:  Skew-tree (top) and ternary-tree (bottom) 
structures. 
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handles and manages beam angle in such a way that 
ball is compelled to go toward the beam center or any 
other desired point. If ball is going to exceed beam 
length, the proper task is to turn beam in a way to 
force the ball to change its movement direction. 
Amount of the beam turn directly depends on ball 
position, ball velocity, beam angle and angular 
velocity of beam. So, it is reasonable to use these 
signals as inputs to the multistage controller.  

Use of human’s experience in our design leads to a 
multistage controller which decides and performs 
like a human for keeping and manipulating ball on 
the beam. It means that the designed controller has 
the maximum analogy to an operator while its 
controlling capabilities are much more than human’s 
ones. 

In the first place, ball position on the beam and its 
velocity are passed as inputs to the first stage of 
multistage controller. This stage produces an 
appropriate angle which can drive ball to the favored 
positions on the beam. In the other word, this stage 
sends out the best value for the beam angle regarding 
to the ball position and its velocity. Actualization of 
this value for beam angle will steer ball to the desired 
positions properly. “Reset beam angle if x& doesn’t 

assist decreasingxe ” is the basic principle in 

construction of rule base of this stage given in Table 
2. Figure 4 displays membership functions for input 
and output variables of this stage. For each variable 
we have considered 7 membership functions, namely 
NB, NM, NS, Z, PS, PM and PB. N, Z, P, S, M, and 
B are abbreviations for negative, zero, positive, 
small, medium, and big respectively. So, NB stands 
for a membership function with a highly negative 
discourse universe and so far.  

Following human’s procedure for controlling of ball 
and beam system and decreasing required stages can 
be fulfilled by turning beam in such a way that it 
quickly takes the output of the former stage. For 
realizing these goals as well as declining the number 
of stages, we consciously address the difference 
between the beam angle and desired angle calculated 
in the previous stage as one of the inputs to the stage 
ahead. This can be graphically understood from 
Figure 3. This difference and the actual angular 
velocity of beam are passed as inputs to the second 
stage which causes a turn in the beam assisting ball 
movement to the desired positions. Again, this stage 

is an intelligent implementation of human’s 
experiences established based this simple but highly 
effective rule: “if present angular velocity leads to a 
bigger difference, reset motor voltage.” Rules for this 
stage and membership functions of input/output 
variables are given in Table 3 and Figure 4 
respectively.  

The final point to note here is that there is an indirect 
control mood in the proposed design. Other control 
methods directly regulate motor voltage using 
position error and they can not be easily, if not 
possible, interpreted by human’s experiences [5]. In 
our method, the first stage gives the best value for the 
beam angle which steers ball to the favored points. 
For realization of this angle, we skillfully tune motor 
voltage in the second stage with a complete sense 
about what’s happening. In fact, we control ball 
position based on the beam angle which is similar to 
one a human does. This is possible due to the used 
multistage fuzzy controller. 
 

Table 2:  Fuzzy rules for the first stage 

  x&  

  NB NM NS Z PS PM PB 

NB NB NB NB NB NM NS Z 

NM NB NM NM NB NS Z PS 

NS NB NM NS NM Z PS PS 

Z NM NM NS Z PS PM PM 

PS NS NS Z PM PS PM PB 

PM NS Z PS PB PM PM PB 

xe  

PB Z PS PM PB PB PB PB 

 

Table 3:  Fuzzy rules for the second stage 

  θ&  

  NB NM NS Z PS PM PB 

NB NB NB NB NB NM NS Z 

NM NB NB NB NM NS Z PS 

NS NB NB NM NS Z PS PM 

Z NB NM NS Z PS PM PB 

PS NM NS Z PS PM PB PB 

PM NS Z PS PM PB PB PB 

θ∆  

PB Z PS PM PB PB PB PB 

Fuzzy Rules for

Fuzzy Rules for
Motor Input

dθ

θ

dθ +
-xe

xe &

θ&

θ∆

θ&
au

 

Figure 3: Schematic of proposed controller. 
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Figure 2: Membership functions for input/output variables in two stages.

5     Simulation 

In simulations, we considered two scenarios. In the 
first one, the controller should drive ball to a desired 
point and keep it there. In the second one, it is 
desired that ball tracks a reference trajectory on the 
beam. To demonstrate capabilities of the proposed 
controller, we implement two other controllers (LQR 
and Fuzzy PI with a resetting factor) and compare 
our results to theirs.  

In the first simulation, ball is initially in 20 cm of the 
beam center and controllers should bring the ball to 
the center of beam. Figure 5 shows ball move on the 
beam and beam angle for three controllers. 

In the second simulation ball tracks a square periodic 
trajectory on the beam with a fixed period. In this 
case, the desired ball position changes from –10 cm 
to 10 cm and conversely with a 10s period. Ball 
position and beam angle for the three controllers are 
displayed in Figure 6. 

The simulations results clearly reveal that 
performance of the multistage fuzzy controller is 
much better than the LQR and the fuzzy PI 
controllers. For a better sense about this matter, we 
compare the obtained results for these three 
controllers from different viewpoints such as settling 
time, steady state error, and overshoot which are the 
most important criteria for assessing of a controller 
performance.  

The LQR and multistage fuzzy controller have a 
smaller settling time than the fuzzy PI controller. The 
settling time for the fuzzy PI controller is about 6s 
while it is about 4.5s for the rest. Furthermore, in the 
second simulation, the settling time for the LQR 
controller has increased, but it is approximately 
constant for the multistage controller. 

From the other hand, the steady state error of the 
closed-loop system response is almost equal to zero 
for the three controllers in the first simulation. 
However with respect to the tracking error, the fuzzy 
controllers are much better than LQR controller and 
place ball to desired points more precisely. 

Aside from transparency in structure and all 
mentioned benefits above, the most important 
advantage of the multistage controller over the two 
other controllers is that its implementation leads to a 
very smooth movement of ball on the beam. Ball 
goes from one side to another side of the beam 
without any overshoot or fluctuation around desired 
points in a short transient time than do the others. 
Other controllers produce some overshoots and 
variations during ball movement on the beam. Ball 
first exceeds the desired points and then controller 
efforts to bring it back to the desired points leading to 
some undesired fluctuation. 

A look at beam angles in Figure 5 and Figure 6 also 
emphasizes strength of the proposed controller. It 
clearly shows that the multistage fuzzy controller 
requires the minimum beam turn for driving ball to 
the desired points. The turning range for this 
controller is [-0.5 0.5] degree while it is [-1.5, 0.5] 
and [-2, 1.5] degree for fuzzy PI and LQR controllers 
respectively. This means that ball moves more 
smoothly and uniformly in the case of using 
multistage fuzzy controller. 

All these illustrations introduce the designed 
controller as a powerful one for handling the ball and 
beam system. The proposed controller not only hires 
fewer rules in comparison to the common techniques, 
but also outdoes over those traditional ones in term of 
reducing settling time and overshoot which lead to 
the smooth movement of ball on beam. 
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Figure 5: Ball position (top) and beam angle (bottom) 

in the first simulation. 
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Figure 6: Ball position (top) and beam angle (bottom) 

in the second simulation. 

6     Conclusion 

In this paper a multistage fuzzy controller was 
designed for the classical ball and beam system. The 
most noticeable advantage of the proposed controller 
is its conformity on human’s experiences and 
knowledge for controlling and managing difficult 
tasks such as moving a ball on the beam. In design of 
the proposed controller, we avoided combination of 
nonlinear controllers with fuzzy controllers to keep 
transparency in the controller structure. In 
comparison to classical controllers such as LQR and 
combinational controllers such as fuzzy PI, the 
proposed controller makes the overall system more 
stable and gives a very smooth movement of the ball 
on the beam. Furthermore it results to a remarkable 
decrease in settling time and eliminates overshoots 
around the desired points. Decreasing computational 
mass and having a few number of rule bases are other 
advantages of the proposed method achieved through 
proper input-output selection for stages of multistage 
controller. This method with some modification in 
structure can be applied to other dynamic systems to 
benefit from mentioned advantages. 
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Abstract 

EEG-based brain computer interface (BCI) 
provides a new communication channel 
between the human brain and a computer. 
The classification of EEG data is an 
important task in EEG-based BCI. In this 
paper we present a new modification on 
classic "Peak Picking" to make a better 
detection for a specific pattern in EEG. The 
new method shows a significant 
improvement in P300 detection which is a 
common approach in BCI systems. The 
proposed model uses more than one scalp 
electrode and combines the outputs with a 
fuzzy technique, to detect P300 cognitive 
component. 

 

Keywords: EEG, ERP, BCI, Peak Picking Method 
(PPM), Fuzzy Membership Functions 

 

1     Introduction  

One of the most interesting fields of current researches 
is to develop a machine that can communicate with a 
brain, directly. Many methods for discrimination 
between different mental and cognitive activities have 
been developed so far, like; many techniques such as 
feature extraction, feature selection and classification. 
Each of these methods has their own benefits and 
drawbacks that make their use totally case-dependent. 
BCI systems use different methods to communicate 
with human brain. One of the most common 
communication techniques is to find a specific pattern 
in scalp-recorded EEG; like P300, N400, and N170 or 

generally ERP components. Different methods have 
been proposed to find a specific pattern in EEG, some 
like template matching and peak picking are classical 
ones while other methods like using a feature 
extraction block in combination with a classifier are 
modern ones [1, 2, 3]. 

The aim of this study is to show that a modification in 
a classical method (Peak Picking) can yield good 
results for P300 detection. This modification is using a 
simple fuzzy multi-agent to vote for a final decision 
based on decisions made by some Peak Picking blocks 
for some scalp electrodes (Fig.1).  

So, this paper is organized as follows. After this 
introduction, in part 2, the EEG data will be 
introduced. Then in part 3, a brief review over Peak 
Picking will show its efficiency for P300 detection. In 
part 4, the proposed model for the classifier will be 
introduced and used to show the benefit with new 
model. Finally in part 5, the conclusion will be made 
to show the efficiency of this modification. 

 
Figure1. Block diagram of the proposed classifier 

which comprises N template matching (TM) blocks 
and a fuzzy decision making system, (representing a 

typical multi-agent classifier) 
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2     EEG Data 

In the present article, the EEG data is BCI 
Competetion2003 EEG dataset recorded from 64 scalp 
positions with P300 speller paradigm in which the 
subject was supposed to distinguish between two 
classes of stimuli; one class which contains a P300 
cognitive component and the other one which lacks 
this component. 

The aim of this competition is to detect the P300 
component in scalp recorded EEG; which seems 
identical to our aim in P300 detection in this study. 
After data acquisition, there will be a 64 electrodes 
EEG data. Processing all these channels will be a time 
consuming task. So two important issues most be 
considered; 1) the efficiency in processing and 2) the 
classification accuracy. The first step to have an 
efficient classification is to know the scalp active 
regions during the P300 speller paradigm. In Fig.2, the 
average waveform for EEG data for a subject is shown 
for two classes of stimuli; with P300 (the upper panel, 
the dashed line) and without P300 (the upper panel, 
the solid line) for Cz electrode. The lower panel in 
Fig.2 shows the r value for these two classes of data. 
The r value (Eq.1) represents the difference between 
two classes of data with respect to time in which i is 
time sample, j is the trial number, and s is the EEG 
with P300, n is the EEG without P300. 
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Figure2. (Upper panel) average EEG for two classes 
of stimuli over Cz electrode that shows a significant 
difference in about 300ms. (Lower panel) squared 

difference value (r) for each sample which confirms 
the importance of 300ms in class discrimination. 

The r value shows that the major difference between 
two classes, happens around 300ms which is actually 
the time associated with P300 occurrence in the 

literature. Using plots in Fig.3, the major active 
regions during P300 occurrence can be estimated. This 
plot shows a head plot at 300ms after stimulus onset 
for one subject using all 64 scalp electrodes. Using 
this plot, it is easier to decide which electrodes to 
choose as the most efficient electrodes for P300 
detection. 
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Figure3. The head plot for r value at 300ms after 

stimulus which can represent the activity at this time 
in head surface. 

3     Using Classic Peak Picking for P300 
Detection 

As the name indicates, the aim of Peak Picking 
Method (PPM) is to detect a specific pattern based on 
its peak value in a region associated with a specific 
cognitive component. As far as the aim of this study is 
to use PPM for a P300 based BCI system, the 
aforementioned region is about 200 to 400ms which is 
the occurrence time of the P300 cognitive component. 
The mathematical background of this technique is 
quite simple and comprises a comparison between two 
values; a prespecified value (or the threshold) and a 
critical point's value (a point around 200-400).  

If the point's value is bigger than this threshold, then 
the trial contains the P300 and if it's smaller than 
threshold, it doesn't contain the P300. In spite of its 
simplicity, this method yields good accuracy for a 
special P300 detection task; because of a dominant 
peak related to P300 occurrence around 300ms after 
stimuli onset [4]. 

Based on results from previous section, which adopted 
the time series values to show the active regions, it is 
obvious that using all 64 electrodes is not an efficient 
method. In addition to its long process time, this 
approach can cause a misclassification because of a 
bad detection in unrelated electrodes (like those near 
to Occipital or Parietal lobes).  

As far as we need more than one scalp electrode for 
our modification, it seems necessary to find the best 
electrodes for a more accurate PPM based P300 
detection. Before using PPM, data was preprocessed 
using band pass filtering (0.5-30Hz) which will cancel 
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the high frequency noises and keep the ERP related 
frequency content of the trial. Using this technique on 
Fz, Cz, Pz, Oz, F3, F4, C3, C4, P3 and P4 electrodes 
the results (Table1) show that the accuracy for this 
technique is not acceptable (comparing with the 
results of  new researches using modern techniques). 
The P300 detection process in a pseudo code step by 
step form is as follows; 

1- Select a trial from an EEG dataset. 

2- Filter this trial with a band-pass filter (0.5-30Hz) 
to cancel the high frequency content of the trial. 

3- For the selected electrode, use a calibration to find 
its corresponding threshold value. The reason for 
this task is that the ERP over each electrode can 
have a different peak value and occurrence time. 

4- Select the time samples from 250 to 350 and find 
the average value for them (for the BCI2003 data, 
this time interval will contain about 24 points). For 
this part a test was done for some other intervals 
that finally, this interval yielded the best result. 

5- If the resulted average value is bigger than the 
threshold calculated in section3, the trial contains 
P300 and if not, then the trial doesn't contain this 
component. 

6- Calculate the "Target Accuracy" and "Non-target 
Accuracy" and "Total Accuracy" for each 
electrode. 

 
Figure4. Single trial plots for 4 scalp locations for 

target and non-target stimuli which indicate the 
difficulty with this method for an accurate P300 

detection. The horizontal dashed bold lines show the 
threshold value. 

According to percentage in columns 2 and 3 of 
Table1, it seems obvious that, for a specific trial, 
different channels can show different labels. This 
means that using a combination of outputs, based on 
the previous knowledge of the classifier, can make the 
results better. In the next section, using a fuzzy multi 
agent for this combination will be discussed. 

 
Table 1: The accuracy for P300 detection using the 
classic PPM over some scalp electrodes (in percent) 
over 2000 trials (1000; target and 1000; non-target). 

Electrode Target 
Accuracy 

Nontarget 
Accuracy 

Total 
Accuracy 

Fz 65.5 63.3 64.4 

Cz 66.5 77 71.75 

Oz 48.4 42.4 45.4 

Pz 52.5 58.6 55.55 

F3 61.3 60.5 60.9 

F4 64.2 60 62.1 

C3 67 70.6 68.8 

C4 75.3 70.6 72.95 

P3 52.6 55.6 54.6 

P4 62 56.3 59.15 

 

4     Modifying the Classic Peak Picking 
for P300 Detection 

The spreading use of fuzzy logic shows its power in 
different task; specially inference and decision 
making. As shown in previous sections, a specific 
trial, can obtain different labels after going through 
each PPM block in Fig.1. This means that for each 
trial, some of PPM blocks can have accurate P300 
detection while some others cannot. 

In this section, we are going to modify PPM for a 
better and more accurate detection by simultaneously 
using it over some electrodes and voting over outputs 
to have a final label which will be better than a single 
PPM block. It seems to be a good idea to combine 
information acquired from different scalp positions to 
find the best combination for a more accurate 
classification [5]. 

For this reason, we used a fuzzy block as a voter or 
mixing block at the output to have all the PPM blocks' 
outputs as input to make the final output. As shown in 
Fig.5 and Table1, using a threshold based 
classification cannot yield good accuracy, at least for 
one scalp electrode. So it seems necessary to find a 
solution to combine the results from each electrode.  
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In this work, for good combination, the process was as 
follows. First of all, the classifier must get calibrated 
over a dataset (a train dataset). For training process, 
for each electrode we need a Max and Min value 
which represents the 0.95 and 0.05 of input range in 
Fig.6 respectively. Then using this Max and Min 
values, each average value (step 4 of previous section) 
must be normalized to a point between 0.05 and 0.95 
(using Eq2). 
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Figure6. Three Gaussian membership functions used 

to assign the outputs with a label; High, Low or 
Medium 
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After doing all these operations, average value (step4 
of previous section) will be a member of three rules in 
Fig.6 with a specific membership.  

Having membership values for each trial over each 
electrode and the rules in Table2, the final label for the 
input trial will be determined. Because of poor 
accuracy of Oz, Pz, P3 and P4 electrodes, they will not 
be taken into consideration (so we will use only Cz, 
C3, C4, Fz, F3 and F4).  

Using this technique, for the same input trials as what 
used for section2, the accuracy result is shown in 
Table3. As can be seen, the results are really better 
than the previous ones. 

Rules in Table2 are extracted based on some 
experimental trial and error procedure. This table 
shows a reduced set of rules that were the most 
effective and accurate ones. 
 
 
 
 
 

Table2. Fuzzy rules used to determine the final label 
of an input trial based on its TM output over 

electrodes Cz, C3, C4, Fz, F3, and F4. 

Rule# If Then 

01 Sum (High)>Sum(Low) Label=High 

02 Sum(Low)>Sum(High) Label=Low 

03 
Sum(Low)=Sum(High) 

C3=C4=Cz=Medium 
Label=Low 

04 
Sum(Low)=Sum(High) 

C3=C4≠Medium 
Label=Label(C3) 

05 
Sum(Low)=Sum(High) 

C3=Cz≠Medium 
Label=Label(C3) 

06 
Sum(Low)=Sum(High) 

Cz=C4≠Medium 
Label=Label(Cz) 

07 
Sum(Low)=Sum(High) 

C3=C4≠Medium 
Label=Label(C3) 

08 
Sum(Low)=Sum(High) 

C3=C4=Medium 
Cz≠Medium 

Label=Label(Cz) 

09 
Sum(Low)=Sum(High) 

Cz=C3=Medium 
C4≠Medium 

Label=Label(C4) 

10 
Sum(Low)=Sum(High) 

C4=Cz=Medium 
C3≠Medium 

Label=Label(C3) 

 

 

Table3. Accuracy values for final system (Fig.1) over 
2000 trials (1000 target and 1000 non-target). 

System Target 
Accuracy 

Nontarget 
Accuracy 

Total 
Accuracy 

TMs 

+ 

 Fuzzy Voter 

81.2 78.1 79.65 

 

5     Review of the Method for a Typical 
Stimulus 

Now that everything is described for this method, in 
this part we will evaluate a sample trial to detect 
whether it contains the P300 or not. The following 
step will be done till the final output (label) gets 
determined: 

1- A trial must be selected for a particular 
stimulus for electrodes Cz, C3, C4, Fz, F3 
and F4. 
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2- All six trials from previous step must get 
filtered for a noise cancellation (0.5-30Hz 
band-pass filter). 

3- The average of samples ranging from 250 to 
350 must be calculated. If it is bigger than the 
Max, then it contains the P300 and if not, it 
will get normalized using Eq2. 

4- The output of step3 must go for membership 
functions in Fig.6 to determine its 
membership for three rules. 

5- It will yield six memberships for six 
electrodes that will determine the final label 
based on rules in Table2. 

Following these steps, we will have a simple but 
fairly accurate method for P300 detection. The 
final accuracy of 79.65% over 2000 samples is a 
good result for a simple classification procedure 
like our modified PPM. 

6     Conclusion and Discussion 

In this study, we used a new technique to modify a 
simple classification technique like Peak Picking. As 
shown in results, the poor PPM results got much better 
by a simple combination based on a fuzzy rule set. 
This idea can be used for better accuracy by 
combining some more accurate classifiers; such as 
SVM, LDA, ANN, etc. 

The main advantage of this method that caused such 
good results was to combine information from 
different scalp places for a better classification. 
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Abstract 

In this study, we present a new framework 
to combine the Genetic Algorithm (GA) 
and Support Vector Machine (SVM) for an 
accurate P300 detection. P300 is the most 
important cognitive component used in a 
Brain Computer Interface (BCI) occurring 
around 300ms after stimulus onset.  To 
detect this component and discriminate it 
from ongoing EEG, a typical Continuous 
Wavelet Transform (CWT) feature 
extraction is adopted in combination with 
GA and SVM for feature selection and 
feature classification, respectively. SVM is 
a powerful classifier that yields good 
classification results in its optimum point. 
In this study we use a new technique in GA 
to select the best feature subset (optimum 
feature set) and tune the SVM (for the 
selected feature subset) simultaneously, 
which showed a significant improvement in 
classification results. 

Keywords: BCI, P300, CWT, SVM, GA.  

1     General formatting instructions 

A reliable brain-computer interface (BCI) can be a 
big step forward for rehabilitation and different 
clinical and non-clinical applications. There are 
different approaches in designing a BCI system from 
its biological input from the subject; like MEG and 

EEG, among which EEG-based and especially ERP-
based BCI systems are the most favorite ones from 
applicability, cost, time resolution and some other 
viewpoints [1]. The most common ERP component 
for a BCI system is P300 which is a positive peak 
occurring 300ms after stimulus onset. Compared to 
other well-known components, P300 has a robust and 
obvious waveform that makes it suitable for a typical 
BCI system. In a P300-based BCI system, the major 
task is to discriminate trials with P300 from those 
without it or to detect the P300 cognitive component. 
A typical P300 detector BCI, comprises following 
steps; EEG acquisition, EEG Preprocessing, Feature 
Extraction from EEG, Feature Selection and 
Classification. Using all or a subset of these blocks is 
a case dependent issue.  

In this study, we used the BCI Competition 2003 
EEG dataset for P300 speller paradigm (IIb dataset) 
and then used a CWT process for both preprocessing 
and feature extraction [2]. Because of their high 
resolution both in time and frequency domain, 
wavelet coefficients from the CWT process are good 
features for classification, especially for a P300 
detection task. As a classifier, we adopted the SVM 
in three ways; Linear SVM (LSVM), SVM with 
Gaussian kernel (GSVM) and SVM with polynomial 
kernel (PSVM). For all these classifiers, GA is used 
to both select the optimum feature set and tune the 
SVM for its optimum point. To describe all these 
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issues, this paper is organized as follows. After a 
brief introduction, EEG dataset will be introduced 
and then the wavelet analysis procedure for feature 
extraction from EEG time series will be described. 
As the classifier, SVM, its parameters and their 
importance will be briefly introduced. Finally after 
describing the GA process, the results will be 
evaluated and discussed. 

2     Materials and Methods 

A typical P300 waveform can be extracted with a 
simple averaging technique. As shown in Fig.1, 
based on this technique, P300 waveform can have 
different waveforms (from its amplitude and shape 
viewpoints) in different scalp places which is because 
of different activities in different brain areas in 
response to each category of stimulation. The 
maximum peak and better discrimination between 
average waveforms can be seen in Cz and Fz 
channels while the worst discrimination is shown in 
Oz and Pz channels. Having this data, the next step is 
to extract the features from it to help the classifier 
discriminate between classes, easily. 

In the present article, the EEG data is BCI 
Competition 2003 EEG dataset recorded from 64 
scalp positions with P300 speller paradigm in which 
the subject was supposed to distinguish between two 
classes of stimulus; one class which induces P300 
cognitive component and the other one which lacks 
this component. The aim of this competition is to 
detect the P300 component in scalp recorded EEG; 
which seems identical to our aim in P300 detection in 
this study. After data acquisition, there will be a 64-
channel EEG data with number of trials equal to the 
number of stimuli. Each trial will contain 156 
samples which are associated with a nearly 650ms 
time duration sampled with 256Hz. 

3     Continuous Wavelet Transform 

As a very useful and applicable method for EEG 
trials' analysis, wavelet transform is getting used in a 
wide range of data analyses in this field. In this study 
we used continuous wavelet transform (CWT) for 
extracting time-frequency characteristics of EEG 
trials as the features describing time series' dynamics. 
For this reason, we used four wavelets for a multi 
resolution analysis; two general purpose basis 
functions (Matlab’s Bior3.9 and Db4) and two 

special purpose wavelets (Quiroga’s manually tuned 
wavelet for ERP analyses and Glassman’s SNAP 
wavelet based on EEG’s origin). In this method, each 
EEG trial will be decomposed into its frequency sub-
bands and in each sub-band there will be some 
coefficients representing the time interval associated 
with it. This process is shown in Fig.2 for a sample 
trial with P300 and a sample trial without P300. 
These coefficients can be used as our features. Using 
all the scalp channels and all the extracted 
coefficients, it’s time to select the best wavelet and 
the best features associated with that particular 
wavelet. Fig.3 shows the D-values (Eq.1) for some 
features extracted by using all four aforementioned 
wavelets (first 4000 features sorted by their D-value). 
As Fig.3 shows, Quiroga’s manually tuned wavelet 
can make more statistically discriminant features 
than three other wavelets. 

D= (µ1-µ2)/(σ1
2+σ2

2)0.5             (1) 
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Fig. 1 Typical average waveform of trials 

with/without P300 over different scalp places which 
shows an obvious peak on central regions (Cz and Fz 

channels). 
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Having the result of Fig.3, we can now have a 
primary feature selection which will not yield the 
final optimum subset, but will result in a subset 
inside which we can have this optimum subset. So 
finally based on aforementioned D-value, we selected 
150 most statistically discriminant features which 
will get fed into the “feature selection”-“classifier” 
block set. 
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Fig. 2 A typical multi resolution analysis (MRA) on 
two sample EEG trials; one with P300 (a) and one 

without P300 (b) with Quiroga’s wavelet. Obviously, 
we can say that the coefficients are different in low 

frequencies and in times around 300 ms. The DWT is 
for scales 2, 4, 8, 16, 32 and CWT is for scales 1 to 

32. 
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Fig. 3 Statistical discriminancy of 4000 best features 

(based on their D-value) for four wavelets; W1 
(Db4), W2 (Bior3.9), W3 (Quiroga’s) and W4 

(SNAP). 
 

4     “Genetic Algorithm”-“Support 
Vector Machine” Combination 

The feature set resulting from primary statistical 
feature selection (using D-value) can not assure us to 

have the best classification accuracy. It means using 
all of these features together will not guarantee the 
best accuracy and also maybe destroy the result 
compared to an optimum subset of it. For this reason 
we used genetic algorithm for a final feature 
selection which will yield the best feature subset in 
order to make the most accurate classification. 

 
Fig.4 combination of GA and the SVM classifier in 

which the classification accuracy will affect the 
feature selection block's output. Finally this 
interaction between classifier and the feature 

selection block (GA) will make the system to evolve 
and select the most discriminant feature set. 

 
SVM classifiers have two important parameters to be 
tuned; C and σ (standard deviation of the Gaussian 
kernel).  In the easiest approach to tune these 
parameters, we can use a k-fold cross validation over 
a specific range of these parameters and finally find 
the best point from the classification accuracy 
viewpoint. This approach is not the best way of 
finding the optimum values for C (trade off 
coefficient) and σ (Gaussian kernel’s variance) in an 
evolutionary process. Because, after some 
generations, the resulting feature set is not the same 
as the one in the first generations. It means, while 
using GA for feature selection, the input space is 
changing over generation from the dimension 
viewpoint which makes it require a new discriminant 
hyperplane for the optimum classification. 

For this reason, we used another approach for 
determining the best point of using GA-SVM 
combination from feature set and classifier 
viewpoint. In a binary GA for feature selection (the 
classic viewpoint), the chromosome length is equal to 
the number of features (150 bits for this problem). 
Finally, bits with 1 value represent the selected 
features while those with 0 values represent the 
rejected features. To make the SVM tuning process 
an evolutionary process, we added 20 new bits to the 
end of chromosomes which were tuning-specific bits; 
10 bits for C and 10 bits for σ. The decimal 
equivalent of these 10 bits divided by 10 will 
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represent the final value for each parameter. So the 
chromosomes will be of length 170 from which 150 
bits are representing the selected features and 20 bits 
are representing the optimally tuned values for C and 
σ parameters (Fig.5). 

 
 

150 bits (feature selection) 10 bits (C) 10 bits (σ) 

Fig.5 a typical chromosome used for simultaneous 
feature selection and SVM tuning. As this figure 
shows, this chromosome comprises three parts; 
Feature Selection, C tuning and σ tuning bits. 

 
There are some other important parameters in the GA 
that are supposed to get determined to have a better 
and more effective evolution; like mutation rate, 
crossover rate, initial population size and the number 
of generations to reach the end of evolution. For this 
reason, we used some tests over our dataset and 
selected the optimum parameters (as follows).  

Crossover and Mutation Rate (c, m): to tune these 
two parameters, we selected four values for them; 
(0.3, 0.3), (0.5, 0.5), (0.7, 0.3) and (0.9, 0.1) for 
population size of 100, elite number of 10 and 2000 
generations. The result is shown in Fig.6. 

As the result in Fig.6 shows, increasing the crossover 
rate can make the mating more effective and faster 
for reaching its optimum point. The problem with 
having only the crossover is the lack of new 
evolutionary actions in the final generations as shown 
in Fig.6-A. In this figure, the fitness has a flat area 
after reaching a fairly good value and will remain 
unchanged. To evaluate the effect of mutation rate, 
we selected the values as in Fig.6-B in which the 
mutation rate is equal to 50% which shows a jump 
for better fitness at the middle of the evolution (after 
the flat area). This means that the mutation rate can 
show its effect in the final generation when the 
crossover can not make any new evolution. The other 
important point about Fig.6-B is that increasing the 
crossover rate can make the final fitness better. To 
confirm this idea, we increased the crossover rate to 
0.9 with a small mutation rate which results the 
Fig.6-D in which there's no evolutionary change in 
the last generations (the small mutation rate) but 
reaches its optimum point very fast. So we can say 
having a big crossover can help us have a good 
evolution.  
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Fig.6 the best fitness value vs. the number of 

generations in the GA for different (c, m) values; 
A.(0.3, 0.3), B.(0.5, 0.5), C.(0.7, 0.3) and D.(0.9, 

0.1). 
 

So we finally selected the crossover rate and 
mutation rate the way in which we have both effects 
very well (a good evolution and effective mating 
with some new evolution in flat area of the fitness) 
which results the Fig.6-C. In this situation we have 
the best evolution in which we have all the things at 
the best point. 

 
Population Size: the variety is another important 
issue to make better generations which is affected by 
the number of individuals in the initial population 
size. In this study, we tested this factor for two values 
of 50 and 100 which shows the better evolution for 
100 individuals which confirms our initial idea 
(Fig.7). 
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Fig.7 shows the effect of initial population size for 

two values of A. 50 individuals and B. 100 
individuals. As the results show the bigger the initial 
population size, the better and the more effective the 

evolution is held here. 
 

Having all these results together, we used the GA for 
both feature selection and SVM tuning with 
crossover rate of 0.7, mutation rate of 0.3, initial 
population size of 100 individuals, 1000 generations, 
binary chromosomes (individuals) with the length of 
170 bits. The results of this process is described and 
discussed in the next section. 

 

5     Results and Conclusion 

To evaluate our method over real EEG data for a BCI 
application, we selected 2500 trials of 
aforementioned dataset. Having the EEG trials, we 
extracted the continuous time-frequency features 
from the data. Then selected 150 most statistically 
discriminant features for a simpler computation. 
Then GA was used with aforementioned parameters 
in combination with SVM classifier. Two different 
methods were used for SVM tuning; 1- evolutionary 
SVM tuning and 2- using a 10-fold cross validation 
for SVM tuning. For the first method this length was 
170 and for the second method, the length of 
chromosome was 150.  

Data was divided into two groups; training dataset 
(2000 trials: 1000 trials with P300 and 1000 trials 
without P300) and test dataset (500 trials: 250 trials 
with P300 and 250 trials without P300). Finally the 
classification task was done and evaluated. The result 

of this classification is shown in Table1. Since the 
same process can be done for different classes of 
SVM, we tested the method for linear SVM (LSVM), 
SVM with Gaussian kernel (GSVM) and SVM with 
polynomial kernel (PSVM). For PSVM, the 
chromosome length is different, because the range of 
σ is different from polynomial's degree. So we added 
13 bits to the end of chromosomes (163 bits to tune 
the PSVM). 

 
Table1. The result of classification for different 

methods of combining the SVM and GA 

Method Accuracy 
on train 

Accuracy 
on test 

LSVM+ First Method 76.8% 74.9% 

PSVM+ First Method 81.8% 82.7% 

GSVM+ First Method 84.6% 80.5% 

PSVM+ Second Method 87.1% 81.9% 

GSVM+ Second Method 91.2% 88.7% 
 

As the result show, using the SVM tuning in a 
simultaneous manner with feature selection can yield 
a good result compared to the first method in which 
the SVM is tuned separated from the feature 
selection process. As mentioned before, this is as a 
result of tuning the SVM for the specific feature 
subset selected at the final level. 
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Abstract

We take as a departure point the definition
of activity orders, intending to measure the
ambiguity and fuzziness of any closed inter-
val in [0, 1]. To do it, we define a family of
orders on the set of closed intervals of a dis-
tributive lattice L, that will allow us to set
up some preorders associated to the ambigu-
ity and fuzziness.
Keywords: activity orders, fuzziness and
ambiguity.

1 Introduction. Activity orders

If J [L] represents the set of closed intervals in a dis-
tributive lattice L, then some order relations on J [L]
are defined to set up preorders associated to the fuzzi-
ness and ambiguity.

To do it, we will start from the concept of activity
order [10, 9, 11] that was introduced by Serra [10], in
the context of the morphologic operators on images of
Rn or Zn, as follows.

1.1 Definition

Let Ω = {Ψ/Ψ : ℘(R2) → ℘(R2)} be a set of functions
that transforms the images A of the plane R2 with the
order (Ψ1 ≤ Ψ2) ⇐⇒ (Ψ1(A) ⊆ Ψ2(A), ∀A ∈ R2).
Let i ∈ Ω be the identity operator: i(A) = A, ∀A ∈
R2. The activity order between operators Ψ1,Ψ2 is
defined by:

Ψ1 � Ψ2 ⇐⇒







(i ∧Ψ1) ≥ (i ∧Ψ2)
&

(i ∨Ψ1) ≤ (i ∨Ψ2)

Later, Heijmans and Keshet [8] extended this defini-
tion to any lattice, generating a family of orders that
are shown in the next:

1.2 Definition

Let (L,≤) be a lattice and ω0 ∈ L. The binary relation
�ω0

is defined on L by the expression:

(x �ω0
y) ⇐⇒







(ω0 ∧ y) ≤ (ω0 ∧ x)
&

(ω0 ∨ y) ≥ (ω0 ∨ x)
(1)

where ∨ and ∧ represent the joint and meet in L re-
spectively.

1.3 Proposition

The relation �ω0
is reflexive and transitive for each

ω0 ∈ L, that is:

(α �ω0
α), ∀α ∈ L

((α �ω0
β)&(β �ω0

γ)) =⇒ (α �ω0
γ).

It is not necessarily antisymmetric, since the lattice
in Figure 1 verifies: α �ω0

β , β �ω0
α and α 6= β.

Consequently, the binary relation �ω0
, in general, is

not an order relation.

An immediate consequence of the studied theory in [8]
is the following result that tells us when the previous
relation is an order.

1.4 Theorem

If the ordered set (L,≤) is a distributive lattice
(L,∨,∧), it is verified:

(i) For all ω0 ∈ L, the relation �ω0
defined in (1) is

an order relation on L.

(ii) The partially ordered set (L,�ω0
) associated to

ω0 is a meet-semilattice (L,fω0
,0ω0

) with a min-
imum element 0ω0

= ω0, and where the meet op-
eration fω0

is given, for all (α, β) ∈ L2, by
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Figure 1: �ω0
is not an order

(α fω0
β) = ξ, where

ξ = [ω0∧(α∨β)]∨(α∧β) = [ω0∨(α∧β)]∧(α∨β).

Hence, we will work with the distributive lattices and
with the following family of orders.

1.5 Definition

If (L,≤) is a distributive lattice and ω0 ∈ L, then the
order relation �ω0

defined in (1), is said to be the
ω0-activity order.

1.6 Example

In Figure 2, we represent some examples of the family
of orders (�ω)ω∈[0,1] obtained in the chain ([0, 1],≤).
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Figure 2: Orders of the family (�ω)ω∈[0,1]

Note that �op
ω0

, the dual order of �ω0
, is given by:

(α �op
ω0

β) ⇐⇒







(ω0 ∧ α) ≤ (ω0 ∧ β)
&

(ω0 ∨ α) ≥ (ω0 ∨ β)

Therefore, (L,�op
ω0

) is a joint-semilattice where

(αg
op
ω0

β) = [ω0∧(α∨β)]∨(α∧β) = [ω0∨(α∧β)]∧(α∨β),

and ω0 is the maximum element of (L,�op
ω0

).

Note that, for every distributive lattice (L,≤) with a
minimum element 0, it is verified: (�0) = (≤). If
there is a maximum element 1, then the relation �1 is
≥, (opposite to ≤).

Let us see a particular case of this order relation that
has already been defined.

1.7 Proposition

The ”sharpened” order ≤s [5, 13] used in fuzziness
degree measures [2] and in the theory of fuzzy entropies
[12], is a particular case of the orders �ω. Specifically,
for L = [0, 1], ω = 1

2 :

(α ≤s β) ⇐⇒ (α �op
1/2 β) ⇐⇒







min( 1
2 , α) ≤ min( 1

2 , β)
&

max( 1
2 , α) ≥ max( 1

2 , β)

If we consider now an interval [ω0] represented by
[ω0] = [ω0, ω0] ∈ J [L], with ω0 ≤ ω0, we can char-
acterize the family of orders that we have defined in
the sets of intervals (J [L],≤).

1.8 Proposition

If (L,≤) is a distributive lattice and (J [L],≤) is the
distributive lattice of the closed intervals in L with the
order

([α, α] ≤ [β, β]) ⇐⇒ (α ≤ β)&(α ≤ β),

then

([α, α] �[ω0] [β, β]) ⇐⇒ (α �ω0
β)&(α �ω0

β)

Proof Given the interval [ω0] = [ω0, ω0], the ω0-
activity order associated to the element ω0 is

(α �ω0
β) ⇐⇒







(ω0 ∧ α) ≥ (ω0 ∧ β)
&

(ω0 ∨ α) ≤ (ω0 ∨ β)
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On the other hand, if we take the order relation defined
on the set of intervals

([α, α] �ω0
[β, β]) ⇐⇒

⇐⇒







([ω0, ω0] ∧ [α, α]) ≥ ([ω0, ω0] ∧ [β, β])
&

([ω0, ω0] ∨ [α, α]) ≤ ([ω0, ω0] ∨ [β, β])

Then, it follows that

([α, α] �ω0
[β, β]) ⇐⇒

⇐⇒











[ω0 ∧ α, ω0 ∧ α] ≥ [ω0 ∧ β, ω0 ∧ β]

&

[ω0 ∨ α, ω0 ∨ α] ≤ [ω0 ∨ β, ω0 ∨ β]

⇐⇒























































ω0 ∧ α ≥ ω0 ∧ β

&

ω0 ∧ α ≥ ω0 ∧ β

&

ω0 ∨ α ≤ ω0 ∨ β

&

ω0 ∨ α ≤ ω0 ∨ β

⇐⇒











α �ω
0
β

&

α �ω0
β

�

1.9 Example

If L = [0, 1], then we obtain:

([α] �[0,1] [β]) ⇐⇒ (α �0 β)&(α �1 β),

that is

([α] �[0,1] [β]) ⇐⇒ (α ≤ β)&(α ≥ β)

It proves that �[0,1] is the inclusion order ⊇ between
intervals:

([α] �[0,1] [β]) ⇐⇒ ([α] ⊇ [β]).

Notation. Given a distributive lattice (L,≤), for ev-
ery element ω0 ∈ L, the order relation dual of �ω0

will
be denoted by ≤ω0

. That is, ≤ω0
=�op

ω0
.

Therefore, we will have that:

α ≤ω0
β ⇐⇒











ω0 ∧ α ≤ ω0 ∧ β

&

ω0 ∨ α ≥ ω0 ∨ β

As we said before, the set L with this order relation is
a joint-semilattice where the joint of any two elements
is given by

α ∨ω0
β = {ω0 ∧ (α ∨ β)} ∨ (α ∧ β)

and where ω0 is the maximum element.

1.10 Example

In particular, if L = [0, 1] and (J [L],≤) is the dis-
tributive lattice of the closed intervals in L with the
order

[a, b] ≤ [c, d] ⇐⇒ a ≤ c & b ≤ d

then

[a, b] ≤[1,1] [c, d] ⇐⇒











[a, b] ∧ [1, 1] ≤ [c, d] ∧ [1, 1]

&

[a, b] ∨ [1, 1] ≥ [c, d] ∨ [1, 1]

⇐⇒ [a, b] ≤ [c, d]

that is, the order ≤[1,1] is the usual order between in-
tervals ≤.

2 Preorder relation associated to the
fuzziness of the intervals

In the Fuzzy sets theory, diverse magnitudes have been
defined in order to measure the fuzziness [6, 7]. Similar
measures have also been considered for interval-valued
fuzzy sets [3].

From a different point of view, using the order relations
≤ω0

, we will introduce in this section some preorder
relations on the set of closed intervals in L = [0, 1],
that later we will allow us to define other measures of
fuzziness and ambiguity on the interval-valued fuzzy
sets.

In order to set up comparisons among the fuzziness of
the elements of the set of closed intervals in L = [0, 1]
we will remind the relation ’at least as fuzzy as’ defined
by De Luca and Termini in [6].

2.1 Definition

Let (L,≤) be a distributive lattice endowed with a
negation ′. Given two elements x, y ∈ L, y is said to
be at least as fuzzy as x, and we will represent by

x ≺fuz y ⇐⇒











x ∧ x′ ≤ y ∧ y′

&

x ∨ x′ ≥ y ∨ y′

The intuitive idea of this definition is that y and y′ are
closer in L than x and x′.

2.2 Proposition

The relation ≺fuz is a preorder relation on L.

Proof The relation ≺fuz is reflexive:

x ∧ x′ ≤ x ∧ x′

&

x ∨ x′ ≥ x ∨ x′











⇐⇒ x ≺fuz x, ∀x ∈ L

A Characterization of the Ambiguity and Fuzziness by Means of Activity Orders on the Closed
Interval in [0, 1] 159



It is also transitive:

x ≺fuz y ⇒ x ∧ x′ ≤ y ∧ y′ & x ∨ x′ ≥ y ∨ y′

y ≺fuz z ⇒ y ∧ y′ ≤ z ∧ z′ & y ∨ y′ ≥ z ∨ z′











=⇒

x ≺fuz z

Therefore, the relation ≺fuz is a preorder relation. �

Remark. The previous relation is not an order rela-
tion because it is not an antisymetrical relation:

x ≺fuz y ⇒ x ∧ x′ ≤ y ∧ y′ & x ∨ x′ ≥ y ∨ y′

y ≺fuz x ⇒ y ∧ y′ ≤ x ∧ x′ & y ∨ y′ ≥ x ∨ x′











=⇒

x ∧ x′ = y ∧ y′

&

x ∨ x′ = y ∨ y′











and this does not imply that, necessarily, x = y.

2.3 Proposition

If L = [0, 1], it is proved in [6] that

x ≺fuz y ⇐⇒ x≤sy or x≤sy′

where ≤s is the sharpened order relation used in the
Proposition 1.7.

Remark. It is immediate to prove that

1. The element 0. 5 is the maximum element for this
relation.

x ≺fuz 0. 5, ∀x ∈ L

2. The elements 0 and 1 are the minimal elements.

∀x ∈ L, 0 ≺fuz x, 1 ≺fuz x

3. The following equivalences are verified

x ≺fuz y ⇐⇒ x ≺fuz y′ ⇐⇒ x′ ≺fuz y′ ⇐⇒
x′ ≺fuz y

In order to characterize the relation ’to be at least as
fuzzy as’ in the set of closed intervals in L = [0, 1], we
define on J [L] the following order relation.

2.4 Definition

Given two intervals [a, b], [c, d] ∈ J [L],

[a, b] ≤[0.5,0.5] [c, d] ⇐⇒

⇐⇒











[a, b] ∧ [0. 5, 0. 5] ≤ [c, d] ∧ [0. 5, 0. 5]

&

[a, b] ∨ [0. 5, 0. 5] ≥ [c, d] ∨ [0. 5, 0. 5]

⇐⇒











[a, b] ≤ [c, d] if [a, b], [c, d] ≤ [0. 5, 0. 5]

a ≤ c & b ≥ d if a, c ≤ 0. 5 & b, d ≥ 0. 5

[a, b] ≥ [c, d] if [a, b], [c, d] ≥ [0. 5, 0. 5]

2.5 Proposition

The order relation ≤[0.5,0.5] is an extension to the set
of closed intervals in L of the ’sharpened order’ ≤s

defined on L.

Proof The order relation ≤[0.5,0.5] is the dual order of
the ω0-activity order �[0.5,0.5] defined on set of inter-
vals J [L] as

[a, b] �[0.5,0.5] [c, d] ⇐⇒











[a, b] ∧ [0. 5, 0. 5] ≥ [c, d] ∧ [0. 5, 0. 5]

&

[a, b] ∨ [0. 5, 0. 5] ≤ [c, d] ∨ [0. 5, 0. 5]

As we proved in the Proposition 1.8, the ω0-activity
order between intervals �[0.5,0.5] is an extension of the
order �0.5

([a, b] �[0.5,0.5] [c, d]) ⇐⇒ (a �0.5 c)&(b �0.5 d)

Considering the dual orders and taking into account
that �0.5 is the dual order of the ’sharpened order’ ≤s

defined on L = [0, 1], we obtain:

([a, b] ≤[0.5,0.5] [c, d]) ⇐⇒ (a≤sc)&(b≤sd)

That is, the order relation ≤[0.5,0.5] is an extension to
the set of closed intervals in L of the ’sharpened order’
≤s. �

2.6 Example

In Figure 3 we have represented the semilattice
(J [C],≤[0.5,0,.5] ) of the closed intervals in the chain
C = {0, 0. 1, 0. 2, 0. 3, 0. 4, 0. 5, 0. 6, 0. 7, 0. 8, 0. 9, 1}.

The extension to the set of closed intervals in L of the
order relation ≤s allows us to extend the relation ’to
be at least as fuzzy as’ in the following way:
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[ 0 . 0 , 0 . 2 ]

[ 0 . 0 , 0 . 3 ]

[ 0 . 0 , 0 . 4 ]

[ 0 . 0 , 0 . 5 ]

[ 0 . 0 , 0 . 6 ]

[ 0 . 0 , 0 . 7 ]

[ 0 . 0 , 0 . 9 ]

[ 0 . 0 , 1 . 0 ] [ 0 . 0 , 0 . 0 ]

[ 0 . 0 , 0 . 1 ]

[ 0 . 1 , 0 . 2 ]
[ 0 . 1 , 0 . 3 ]

[ 0 . 1 , 0 . 4 ]

[ 0 . 1 , 0 . 5 ]

[ 0 . 1 , 0 . 6 ]

[ 0 . 1 , 0 . 7 ]

[ 0 . 1 , 0 . 8 ]

[ 0 . 1 , 0 . 9 ]

[ 0 . 1 , 1 . 0 ]

[ 0 . 1 , 0 . 1 ]

[ 0 . 2 , 0 . 2 ]
[ 0 . 2 , 0 . 3 ]

[ 0 . 2 , 0 . 4 ]

[ 0 . 2 , 0 . 5 ]

[ 0 . 2 , 0 . 6 ]

[ 0 . 2 , 0 . 7 ]

[ 0 . 2 , 0 . 8 ]

[ 0 . 2 , 0 . 9 ]

[ 0 . 2 , 1 . 0 ]

[ 0 . 3 , 1 . 0 ]

[ 0 . 3 , 0 . 5 ]

[ 0 . 3 , 0 . 6 ]

[ 0 . 3 , 0 . 7 ]

[ 0 . 3 , 0 . 8 ]

[ 0 . 3 , 0 . 9 ][ 0 . 4 , 1 . 0 ]

[ 0 . 4 , 0 . 5 ]

[ 0 . 4 , 0 . 6 ]

[ 0 . 4 , 0 . 7 ]

[ 0 . 4 , 0 . 8 ]

[ 0 . 4 , 0 . 9 ]

[ 0 . 4 , 0 . 4 ]

[ 0 . 5 , 1 . 0 ]

[ 0 . 5 , 0 . 5 ]

[ 0 . 5 , 0 . 6 ]

[ 0 . 5 , 0 . 7 ]

[ 0 . 5 , 0 . 8 ]

[ 0 . 5 , 0 . 9 ]

[ 0 . 6 , 1 . 0 ]

[ 0 . 6 , 0 . 6 ]

[ 0 . 6 , 0 . 7 ]

[ 0 . 6 , 0 . 8 ]

[ 0 . 6 , 0 . 9 ]

[ 0 . 7 , 1 . 0 ]

[ 0 . 7 , 0 . 7 ]

[ 0 . 7 , 0 . 8 ]

[ 0 . 7 , 0 . 9 ]

[ 0 . 8 , 1 . 0 ]

[ 0 . 8 , 0 . 8 ]

[ 0 . 8 , 0 . 9 ]

[ 1 . 0 , 1 . 0 ]

[ 0 . 9 , 0 . 9 ]

[ 0 . 9 , 1 . 0 ]

[ 0 . 0 , 0 . 8 ]

[ 0 . 3 , 0 . 4 ]

[ 0 . 3 , 0 . 3 ]

Figure 3: Semilattice (J [C],≤[0.5,0.5])

2.7 Definition

Given two intervals [a, b], [c, d] ∈ J [L], we will say that
the interval [c, d] is at least as fuzzy as the interval
[a, b], and we will denote it by:

[a, b] ≺fuz [c, d] ⇐⇒











[a, b] ≤[0.5,0.5][c, d]

or

[a, b] ≤[0.5,0.5][1− d, 1− c]

that is:

[a, b] ≺fuz [c, d] ⇐⇒



























































































[a, b] ≤ [c, d] ≤ [0. 5, 0. 5]

or

a ≤ c ≤ 0. 5 & b ≥ d ≥ 0. 5

or

[a, b] ≥ [c, d] ≥ [0. 5, 0. 5]

or

[a, b] ≤ [1−d, 1− c] ≤ [0. 5, 0. 5]

or

a ≤ 1− d ≤0. 5 & b ≥ 1− c ≥ 0. 5

or

[a, b] ≥ [1−d, 1− c] ≥ [0. 5, 0. 5]

Remarks.

1. The interval [0. 5, 0. 5] is at least as fuzzy as any
other element of the set J [L].

[a, b] ≺fuz [0. 5, 0. 5], ∀[a, b] ∈ J [L]

Therefore, it will be the interval that represents
the greatest fuzziness.

2. The intervals [0, 0], [0, 1] and [1, 1] are the min-
imal elements. However, it is not verified that
any element is at least as fuzzy as the minimal
elements, since they can be not comparable el-
ements. For example, [0, 0] ⊀fuz [0, 0. 8] and
[0, 0. 8] ⊀fuz [0, 0].

In next section we will try to do a similar study in
order to be able to compare the ambiguity of the closed
intervals in L.

3 Preorder relation associated to the
ambiguity of the intervals

Intuitively, we associate the amplitude of the intervals
to the ambiguity. The interval [0, 1] is the one that has
the biggest amplitude and so, following this idea, it will
be the one that would represent the greatest ambigu-
ity. For this reason, we will do a development similar
to the one done in the previous section to compare the
fuzziness between too intervals using an order relation
for which the interval [0, 1] is the maximum element.

3.1 Definition

Given two intervals [a, b], [c, d] ∈ J [L], the order rela-
tion ≤[0,1] is defined as:

[a, b] ≤[0,1] [c, d] ⇐⇒











[a, b] ∧ [0, 1] ≤ [c, d] ∧ [0, 1]

&

[a, b] ∨ [0, 1] ≥ [c, d] ∨ [0, 1]

⇐⇒

⇐⇒











[0, b] ≤ [0, d]

&

[a, 1] ≥ [c, 1]

⇐⇒











b ≤ d

&

a ≥ c

The order relation ≤[0,1] agrees with the inclusion ⊆
between intervals:

[a, b] ≤[0,1] [c, d] ⇐⇒ [a, b] ⊆ [c, d]

Remark. The order relation ≤[0,1] is the order rela-
tion dual of the ω0-activity order �[0,1], which, as we
saw before, is the order of inclusion ⊇ between inter-
vals.

3.2 Example

Let (J [C],≤) be the lattice of closed inter-
vals in the chain C = {0, 0. 1, 0. 2, 0. 3, 0. 4, 0. 5,
0. 6, 0. 7, 0. 8, 0. 9, 1}, then the semilattice (J [C],≤[0,1])
can be represented by the graphic of Figure 4.

Using this order relation defined on the set of in-
tervals, we will define the relation ’to be at least as
ambiguous as’.

3.3 Definition

Given two intervals [a, b], [c, d] ∈ J [L], we will say that
the interval [c, d] is at least as ambiguous as the inter-
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[ 0 . 0 , 0 . 2 ]

[ 0 . 0 , 0 . 3 ]

[ 0 . 0 , 0 . 4 ]

[ 0 . 0 , 0 . 5 ]

[ 0 . 0 , 0 . 6 ]

[ 0 . 0 , 0 . 7 ]

[ 0 . 0 , 0 . 9 ]

[ 0 . 0 , 1 . 0 ]

[ 0 . 0 , 0 . 0 ]

[ 0 . 0 , 0 . 1 ] [ 0 . 1 , 0 . 2 ]

[ 0 . 1 , 0 . 3 ]

[ 0 . 1 , 0 . 4 ]

[ 0 . 1 , 0 . 5 ]

[ 0 . 1 , 0 . 6 ]

[ 0 . 1 , 0 . 7 ]

[ 0 . 1 , 0 . 8 ]

[ 0 . 1 , 0 . 9 ]

[ 0 . 1 , 1 . 0 ]

[ 0 . 1 , 0 . 1 ] [ 0 . 2 , 0 . 2 ]

[ 0 . 2 , 0 . 3 ]

[ 0 . 2 , 0 . 4 ]

[ 0 . 2 , 0 . 5 ]

[ 0 . 2 , 0 . 6 ]

[ 0 . 2 , 0 . 7 ]

[ 0 . 2 , 0 . 8 ]

[ 0 . 2 , 0 . 9 ]

[ 0 . 2 , 1 . 0 ]

[ 0 . 3 , 0 . 3 ]

[ 0 . 3 , 1 . 0 ]

[ 0 . 3 , 0 . 5 ]

[ 0 . 3 , 0 . 6 ]

[ 0 . 3 , 0 . 7 ]

[ 0 . 3 , 0 . 8 ]

[ 0 . 3 , 0 . 9 ]
[ 0 . 4 , 1 . 0 ]

[ 0 . 4 , 0 . 5 ]

[ 0 . 4 , 0 . 6 ]

[ 0 . 4 , 0 . 7 ]

[ 0 . 4 , 0 . 8 ]

[ 0 . 4 , 0 . 9 ]

[ 0 . 4 , 0 . 4 ]

[ 0 . 5 , 1 . 0 ]

[ 0 . 5 , 0 . 5 ]

[ 0 . 5 , 0 . 6 ]

[ 0 . 5 , 0 . 7 ]

[ 0 . 5 , 0 . 8 ]

[ 0 . 5 , 0 . 9 ] [ 0 . 6 , 1 . 0 ]

[ 0 . 6 , 0 . 6 ]

[ 0 . 6 , 0 . 7 ]

[ 0 . 6 , 0 . 8 ]

[ 0 . 6 , 0 . 9 ]
[ 0 . 7 , 1 . 0 ]

[ 0 . 7 , 0 . 7 ]

[ 0 . 7 , 0 . 8 ]

[ 0 . 7 , 0 . 9 ]
[ 0 . 8 , 1 . 0 ]

[ 0 . 8 , 0 . 8 ]

[ 0 . 8 , 0 . 9 ]

[ 1 . 0 , 1 . 0 ][ 0 . 9 , 0 . 9 ]

[ 0 . 9 , 1 . 0 ]

[ 0 . 0 , 0 . 8 ]

[ 0 . 3 , 0 . 4 ]

Figure 4: Semilattice (J [C],≤[0,1])

val [a, b] and we will denote it by:

[a, b] ≺amb [c, d] ⇐⇒











[a, b] ≤[0,1][c, d]

or

[a, b] ≤[0,1][1− d, 1− c]

or what is the same:

[a, b] ≺amb [c, d] ⇐⇒











[a, b] ⊆[c, d]

or

[a, b] ⊆[1− d, 1− c]

Remarks.

1. The interval [0, 1] is at least as ambiguous as any
other element of the set J [L].

[a, b] ≺amb [0, 1], ∀[a, b] ∈ J [L]

This interval represents the greatest ambiguity.

2. The intervals of the type [a, a] are the minimal el-
ements and, therefore, there are the less ambigu-
ous of the set of intervals. We will consider that
the intervals of the type [a, a] have the smallest
ambiguity.

3. As it happened with the previous relation, also
in this case we can find some elements that are
not comparable. For example, [0. 2, 0. 3] ⊀amb

[0. 5, 0. 7] and [0. 5, 0. 7] ⊀amb [0. 2, 0. 3].

4. It is immediate to prove that any pair of intervals
verifies that:

[a, b] ≺amb [c, d] ⇔ [a, b] ≺amb [1−d, 1− c] ⇔ [1−
b, 1−a] ≺amb [1−d, 1−c] ⇔ [1−b, 1−a] ≺amb [c, d]

4 Future work

We are interested in being able to compare the am-
biguity and the fuzziness of any pair of intervals and,
hence, of an interval-valued L-Fuzzy set in order to

work with the interval-valued L-Fuzzy contexts [4, 1].
However, that is not possible if we only use the pre-
order relations, as we remarked before. So, we will
try to define an ambiguity and fuzziness degree of a
closed interval in [0, 1]. Also, in future works, we will
use these degrees in the interval-valued contexts area
[4, 1] in order to mesure the ambiguity and fuzziness
of an L-Fuzzy concept.
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Abstract

In this paper, we tackle the extension of ag-
gregations of distances in Rk to the fuzzy
numbers and fuzzy points and we investigate
the fullfilment of the conditions of a fuzzy
metric.

Keywords: Distance, aggregation, fuzzy
point, fuzzy number.

1 Introduction

Several distances are considered in [2, 3, 4, 6, 7, 9,
10, 12] and [5, 8] for the fuzzy sets. The fuzzy sets
with finite support with N elements can be considered
as points in Kosko’s N -dimensional hypercube [0, 1]N

[7, 13], and a distance between them can be defined
as a suitable aggregation of the values |µ(x) − ν(x)|,
for each element x in the support. For instance, the
well known euclidean distance:

√
Σx∈S |µ(x)− ν(x)|2,

the Hamming’s distance: Σx∈S |µ(x) − ν(x)|, the
Minkowski distances: p

√
Σx∈S |µ(x)− ν(x)|p, even the

maximum distance:
∨

x∈S |µ(x) − ν(x)|, where
∨

de-
notes the ”supremum”.

Fuzzy numbers are fuzzy subsets of R with continuous
support. In this case, the additions can be replaced by
integrations [5, 8] and, so, to define a distance between
fuzzy numbers with values in R. Nevertheless, in this
paper we consider that, in a parallel way to the dis-
tance between numbers of R or points in R2 as a real
number, the distance between fuzzy numbers or fuzzy
points must be described by means of a fuzzy num-
ber. Namely, fuzzy numbers are fuzzy subsets of R,
where the euclidean distance: |x− y| is known as well
as the fuzzy points are fuzzy subsets of R2, where an
aggregation of two euclidean pseudodistances is pre-
viously defined as euclidean, Hamming, maximum or
Minkowski distances. Fuzzy points and fuzzy metrics
have been introduced in [2] and [9] and the aggregation
of distances in [11].

In order to reach the extension to the fuzzy numbers
or the fuzzy points of a distance, an operation or even
an aggregation of them, we work with the extension
principle or with the equivalent α-cuts calculus [6] to
define operations, distances and even aggregation of
them for fuzzy numbers or fuzzy points.

In particular, if the fuzzy points have coordinates, i.e.,
they are defined from two fuzzy numbers, we can define
fuzzy distances through two ways. On one hand, an
aggregation of distances in R2 can be extended directly
to the fuzzy points. On the other hand, the distance
in R can be extended for those coordinates and the
distance between fuzzy points can be constructed by
aggregation of them. We investigate the relationship
between the two methods of definition.

2 Preliminaries

In order to define distances between finite fuzzy sets,
we consider a finite, n-element set

U = {u1, . . . , un},

and let FP(U) denote the set of its [0, 1]-valued fuzzy
subsets.

The mapping sending every µ ∈ FP(U) to the vector
(µ(u1), . . . , µ(un)) ∈ [0, 1]n is a bijection FP(U) ∼=
[0, 1]n, and it allows to identify, in a one-to-one way,
every fuzzy subset of U with a point of Kosko’s n-
dimensional hypercube [7]. Hypercubical calculus has
been described in [13].

This identification allows the translation of operations
and distances on [0, 1]n into operations and distances
on FP(U). So, for instance, if for any couple, µ, ν
of fuzzy sets and each i = 1, · · · , n we consider the
euclidean distance: d(µ(ui), ν(ui)) = |µ(ui) − ν(ui)|,
then di(µ, ν) = |µ(ui) − ν(ui)| is pseudodistance in
FP(U) [3, 4].
Let R be the set of real numbers and let R+ be the
subset of positive real numbers.
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Definition 1 [11] We will call aggregation of dis-
tances to a non-decreasing F : (R+)k → [0,+∞], such
that:

i) F (0, . . . , 0) = 0.

ii) F is subadditive: if ci ≤ ai + bi for every i =
1, . . . , k, then

F (c1, . . . , ck) ≤ F (a1, . . . , ak) + F (b1, . . . , bk).

iii) F (c1, . . . , ck) = 0 implies c1 = · · · = ck = 0.

Proposition 1 [11] If d1, . . . , dk are distances in R
(hence they are pseudodistances in Rk) and F :
(R+)k → [0, +∞] is an aggregation of distances, then
the mapping:

F (d1, . . . , dk) : Rk × Rk → R

such that: F (d1, . . . , dk)((x1, . . . , xk), (y1, . . . , yk)) =
F (d1(x1, y1), . . . , dk(xk, yk)) is a distance in Rk.

Example 1 Let ω = (ω1, . . . , ωk) ∈ (R+)k be any vec-
tor of positive weights. It is easy to check that condi-
tions (i) to (iii) of the definition 1 are satisfied, among
others, by the following mappings:

• F2,ω(c1, . . . , ck) =
√∑k

i=1 ωic2
i ,

• FH,ω(c1, . . . , ck) =
∑k

i=1 ωici

• F∞,ω(c1, . . . , ck) =
∨k

i=1 ωici,

• FL(c1, . . . , ck) = min(
∑k

i=1 ωici, 1)

Definition 2 [2, 12] A fuzzy set A : R → [0, 1] is a
fuzzy number if:

• A is upper semi-continous

• A(r) = 0 outside some interval [c, d]

• There are real numbers c ≤ a ≤ b ≤ d such that
A(r) is increasing on interval [c, a], A(r) decreas-
ing on [b, d] and A(r) = 1 on [a, b]

Remark 1 [6]

• Given a fuzzy subset B : U → [0, 1] of an or-
dinary set U and any number α ∈ [0, 1], the
alpha-cut (α-cut) is the crisp set Bα = {x ∈
U ; such that B(x) ≥ α}.

• In particular, given a fuzzy number A and any
number α ∈ [0, 1] the alpha-cut, Aα, is the crisp
set Aα = {x ∈ R such that A(x) ≥ α}.

• The α-cuts of a fuzzy number are closed intevals.

• We will denote the α-cut of a fuzzy number A ,
Aα, by [aα

1 , aα
2 ], with aα

1 , aα
2 ∈ R and aα

1 ≤ aα
2 .

Definition 3 [2] Let A , B be two fuzzy numbers and
let Aα = [aα

1 , aα
2 ], Bα = [bα

1 , bα
2 ] be their α-cut respec-

tively for all α ∈ [0, 1]. We can define:

• Strong order:
A ≤s B if and only if aα

1 ≤ bα
1 and aα

2 ≤ bα
2 for

all α ∈ [0, 1]

This relationship is a partial order (reflexive,
transitive, antisymmetric)

• Weak order:

A ≤w B if and only if aα
2 ≤ bα

2 for all α ∈ [0, 1]

This relationship is reflexive and transitive.

Definition 4 [2] A fuzzy set P̃ : R2 → [0, 1] is a fuzzy
point at (a,b) if:

• P̃ is upper semi-continous

• P̃ (x, y) = 1 if and only if (x, y) = (a, b)

• The α-cut of the fuzzy set P̃ , P̃α, is a compact,
convex, subset of R2, for all α ∈ [0, 1]

Example 2 [2] If A and B are fuzzy numbers so that
A(x) = 1 if and only if x = a and B(y) = 1 if and
only if y = b, respectively, then P̃ (x, y) = A(x)∧B(y)
is a fuzzy point at (a,b).

Example 3 We can consider a fuzzy point in (a, b) ∈
R2, such that its shape is a right circular cone with
base (x− a)2 + (y − b)2 ≤ 1/4

Remark 2 [6] If U and V are sets and O : U × · · · ×
U → V is a mapping, the ”extension principle” allows
to define an extended mapping

Õ : FP(U)× · · · × FP(U) → FP(V )

as follows:

Õ(A1, . . . , As)(v) =

sup{min(A1(u1), . . . , As(us)) | O(u1, . . . , us) = v}
(1)

For instance, O can be an algebraic operation, a t-
norm, a t-conorm, but also a distance or an aggrega-
tion.

Remark 3 [6]

The fuzzy set Õ(A1, . . . , As) can also be obtained
through the α-cuts or α-levels. Namely, if Ai is a fuzzy
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set defined on U , let Aα
i be the α-cut, according the re-

mark 1, and let’s consider the crisp set:

O(Aα
1 , . . . , Aα

s ) = {O(x1, . . . , xs) | xi ∈ Aα
i } (2)

then (Õ(A1, . . . , As))α = O(Aα
1 , . . . , Aα

s ) and we have:

Õ(A1, . . . , As)(v) =

sup{α | v ∈ (Õ(A1, . . . , As))α = O(Aα
1 , . . . , Aα

s )}

Remark 4 The operations on R: addition, multipli-
cation, maximum and minimum can be extended to
operations between fuzzy numbers.

If A and B are fuzzy numbers with α-cuts Aα =
[aα

1 , aα
2 ]; Bα = [bα

1 , bα
2 ], then

(A⊕B)(z) = sup{A(x) ∧B(y)|x + y = z}

(A⊗B)(z) = sup{A(x) ∧B(y)|xy = z}
(A

∨
B)(z) = sup{A(x) ∧B(y)|x ∨ y = z}

(A
∧

B)(z) = sup{A(x) ∧B(y)|x ∧ y = z}

are fuzzy numbers and their α-cuts are:

(A⊕B)α = [aα
1 + bα

1 , aα
2 + bα

2 ]

(A⊗B)α = [min{aα
1 bα

1 , aα
1 bα

2 , aα
2 bα

1 , aα
2 bα

2 },
max{aα

1 bα
1 , aα

1 bα
2 , aα

2 bα
1 , aα

2 bα
2 }]

(A
∨

B)α = [a1 ∨ b1, a2 ∨ b2]

(A
∧

B)α = [a1 ∧ b1, a2 ∧ b2],

respectively.

3 Fuzzy Distances

Definition 5 Let FN be the set of fuzzy numbers ac-
cording to the definition 2 and A,B ∈ FN . A mapping
D : FN×FN → FN is a fuzzy distance between fuzzy
numbers if the following properties hold:

• D(A,B) ≥ 0̃

• D(A,B) = D(B, A), ∀ A,B ∈ FN

• D(A,C) ≤ D(A,B)⊕D(B, C), ∀ A,B, C ∈ FN

• D(A,B) = 0̃ if and only if A = B

where ⊕ is the extended addition for fuzzy numbers
and 0̃ is any fuzzy number such that: 0̃(x) = 0, for
x < 0; 0̃(0) = 1, 0̃(x) is decreasing for 0 < x < d for
some d > 0 and 0̃(x) = 0, for x ≥ d

Moreover, ≤ is the binary relationship between fuzzy
numbers, which we have called either weak order ≤w

or the strong order ≤s defined in definition 3. If we
use ≤s (≤w) we will say that D is strong (weak) fuzzy
distance.

Is easy to check that if D is a fuzzy number such that
x > 0, ∀x ∈ SuppA, then 0̃ ≤w D is equivalent to
0̃ ≤s D

Remark 5 If we only can assure: ”as long as A = B,
then D(A, B) = 0” , then D is called a fuzzy pseudodis-
tance.

Definition 6 Let FP be the set of fuzzy points ac-
cording to the definition 4. A fuzzy distance D between
fuzzy points is a mapping D : FP × FP → FN such
that the following properties hold:

• D(P̃ , Q̃) ≥ 0̃

• D(P̃ , Q̃) = D(Q̃, P̃ ), ∀ P̃ , Q̃ ∈ FP

• D(P̃ , Q̃) = 0̃ if and only if P̃ and Q̃ are both fuzzy
points at (a, b)

• D(P̃ , Q̃) ≤w D(P̃ , R̃)⊕D(R̃, Q̃), ∀ P̃ , Q̃, R̃ ∈ FP

where ⊕ is the extended addition for fuzzy numbers
and 0̃ is any fuzzy number such that: 0̃(x) = 0, for
x < 0; 0̃(0) = 1, 0̃(x) is decreasing for 0 < x < d for
some d > 0 and 0̃(x) = 0, for x ≥ d

Moreover, ≤w is the binary relationship between fuzzy
numbers: Ã ≤w B̃, which is called weak order ( see the
definition 3).

Analogously to the case of fuzzy numbers, if D is a
fuzzy number such that x > 0, ∀x ∈ SuppA, then 0̃ ≤w

D is equivalent to 0̃ ≤s D

4 Extended Distances

4.1 Extended Distances between fuzzy sets

If d : U × U → R is a distance defined in the universe
U , it is possible to define an ”extension of the dis-
tance” between fuzzy subsets of that universe by the
”extension principle”:

So, the extension of the distance, d, between two fuzzy
sets, A, B, is a fuzzy subset of R defined as follows:

d̃(A,B)(r) = sup{A(x) ∧B(y) | d(x, y) = r}
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if there exists (x, y) ∈ U ×U such that d(x, y) = r and
d̃(A,B)(r) = 0, otherwise.

Notice that if d̃(A,B)(r) > 0, then there exist (x, y) ∈
U × U such that d(x, y) = r, therefore r ≥ 0.

4.2 Extended Distances between fuzzy
numbers

Definition 7 Let FN the set of fuzzy numbers ac-
cording to the definition 2 and A,B ∈ FN . Let
d : R× R→ R be the usual distance d(x, y) = |x− y|.
We can extend:

d̃(A,B)(z) = sup{A(x) ∧B(y)||x− y| = z}

Proposition 2 For each couple of fuzzy numbers
A,B the extension of the usual distance to the fuzzy
numbers d̃(A,B) yields a fuzzy number.

Proof

According to the remark 3, the extended distance can
be calculated through the α-cuts:

d(Aα, Bα) = {r ∈ R | ∃x ∈ Aα; y ∈ Bα, d(x, y) = r}

and

d̃(A,B)(z) = sup{α|z ∈ d(Aα, Bα)}

then: d̃(A, B)α = d(Aα, Bα).

We now argue that d̃(A,B) is a fuzzy number ( see
definition 2).

a) Since the α-cuts of A and B are compact it is easily
seen that d(Aα, Bα) is a bounded closed interval for all
α. Let d(Aα, Bα) = [l(α), r(α)]. It is known that [1], a
mapping f : Rm → R is upper semi-continuous if and
only if the set {x | f(x) ≥ t} is closed for all t ∈ R.By
reason of this result, as d̃(A,B)α = d(Aα, Bα) is a
closed interval for all α, hence d̃(A,B) is upper semi-
continuous.

b) Let d(A0, B0) = [c, d]. Then [c, d] ⊂ [0, +∞] and
d̃(A,B)(z) = 0 outside of [c, d]

c) Let d(A1, B1) = [a, b]. Now, since d̃(A,B)α =
d(Aα, Bα) = [l(α), r(α)] for all α with l(α) increas-
ing from c to a and r(α) decreasing from b to d, we
obtain d̃(A,B) is increasing on [c, a] and decreasing on
[b, d].

Proposition 3 The extension of the usual distance
of the fuzzy numbers is not a fuzzy distance between
fuzzy numbers according to the definition 5, because
the fourth condition is not satisfied.

Proof

• d̃(A,B) ≥ 0̃, because d̃(A,B) is fuzzy number and
its support only contains positive or zero elements
of R. So, if d̃(A,B) 6= 0̃ we can define a fuzzy
number, 0̃, such that d̃(A,B) ≥ 0̃

• Clearly, d̃(A,B) = d̃(B, A)

• Let Aα = [aα
1 , aα

2 ]; Bα = [bα
1 , bα

2 ]; Cα = [cα
1 , cα

2 ].
We only need to prove that: aα

2 ≤ bα
2 + cα

2 , for all
α ∈ [0, 1)

aα
2 = sup{d(x, y)|x ∈ Aα, y ∈ Bα} ≤

sup{d(x, z) + d(z, y)|x ∈ Aα, y ∈ Bα, z ∈ Cα} ≤

sup{d(x, z)|x ∈ Aα, z ∈ Cα}+

sup{d(z, y)|z ∈ Cα, y ∈ Bα} ≤

bα
2 + cα

2

• If d̃(A, B) = 0̃, then 0 ∈ d̃(A, B)1 = d(A1, B1),
but in general A 6= B. For instance, if A1 = B1

and aα
2 < bα

2 ,∀α ∈ [0, 1].

Remark 6 If A,B are triangular fuzzy numbers with
A1 = a; B1 = b and d̃(A,B) = 0̃, then a = b

Remark 7 The following example shows that the ex-
tension of the euclidean distance is not a strong dis-
tance between fuzzy numbers, that is, a fuzzy distance
between fuzzy numbers such that the order considered
is the the strong order defined in 3:

Let A0 = [1, 2]; B0 = [3/2, 7/2]; C0 = [3, 4]; be the
supports of A, B,C, respectively. Then:

d̃(A,B)0 = [0, 5/2]; d̃(B, C)0 = [0, 5/2];

d̃(A,C)0 = [1, 3] hence:

d̃(A,C)0 
 d̃(A,B)0 + d̃(B, C)0

because 3 ≤ 5/2 + 5/2, but 1 ≤ 0 + 0 is not true.

4.3 Extended Distances between fuzzy points

Definition 8 Let d be a distance defined in R2 the
”extension of d to the fuzzy points” is the mapping
from couples of fuzzy points to the fuzzy subsets of R:

d̃(P̃ , Q̃)(r) =
∨
{P̃ (x1, y1) ∧ Q̃(x2, y2) | d((x1, y1), (x2, y2)) = r}
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Proposition 4 For each couple of fuzzy points P̃ , Q̃
the extension of the usual distance to the fuzzy points
d̃(P̃ , Q̃) yields a fuzzy number.

Proof

According to the remark 3, the extended distance can
be calculated through the α-cuts:

d(P̃α, Q̃α) = {r ∈ R | ∃(x1, y1) ∈ P̃α; (x2, y2) ∈ Q̃α|

d((x1, y1), (x2, y2)) = r}

then

d̃(P̃ , Q̃)(r) =
∨
{α|r ∈ d(P̃α, Q̃α)}

and

d̃(P̃ , Q̃)α = d(P̃α, Q̃α)

We now argue that d̃(P̃ , Q̃) is a fuzzy number (2).

a) Since the α-cuts of P̃ and Q̃ are compact it is easily
seen that d(P̃α, Q̃α) is a bounded closed interval for all
α. Let d(P̃α, Q̃α) = [l(α), r(α)]. It is known that [1], a
mapping f : Rm → R is upper semi-continuous if and
only if the set {x | f(x) ≥ t} is closed for all t ∈ R.By
reason of this result, as d̃(P̃ , Q̃)α = d(P̃α, Q̃α) is a
closed interval for all α, hence d̃(P̃ , Q̃) is upper semi-
continuous.

b) Let d(P̃ 0, Q̃0) = [c, d]. Then d̃(P̃ , Q̃)(z) = 0 outside
of [c, d]

c) Let d(P̃ 1, Q̃1) = a, where a = d((a1, b1), (a2, b2))
and P̃ (a1, b1) = 1 and Q̃(a2, b2) = 1. Now, since
d̃(P̃ , Q̃)α = d(P̃α, Q̃α) = [l(α), r(α)] for all α with
l(α) increasing from c to a and r(α) decreasing from
a to d, we obtain d(P̃α, Q̃α) is increasing on [c, a] and
decreasing on [a, d].

Proposition 5 The extension to the fuzzy points of a
distance in R2 is a fuzzy distance between fuzzy points
according to the definition 6.

Proof The three first conditions of 6 can be proved
analogously to the proposition 3.

For the fourth condition and since the remark 6 we
have: d̃(P, Q) = 0 if and only if (a1, b1) = (a2, b2),
where P 1 = (a1, b1) and Q1 = (a2, b2).

Remark 8 An analogous example to 7 shows that the
extension of a distance in R2 is not a strong distance
[2].

Proposition 6 Let {di}i=1,2 two metrics on R that
define pseudometrics on R2 and let F (d1, d2) an ag-
gregation (see Proposition 1) on R2.

We can extend each di to a fuzzy distance between
fuzzy numbers:

d̃i(A,B)(r) =
∨
{A(x) ∧B(y)|di(x, y) = r}; i = 1, 2

We can extend F (d1, d2) to a fuzzy distance between
fuzzy points:

˜F (d1, d2)(P, Q)(r) =
∨
{P (x1, y1)∧Q(x2, y2)|F (d1, d2)((x1, y1), (x2, y2)) = r}

Proof Straightforward.

Proposition 7 If P (x, y) = A(x) ∧ B(y); Q(x, y) =
A′(x)∧B′(y), where A,B, A′, B′ are fuzzy numbers, we
can extend the aggregation of the extended distances d̃i

between fuzzy numbers to fuzzy points

Proof

F̃ (d̃1(A, A′), d̃2(B,B′))(r) =∨
{d̃1(A,A′)(r1) ∧ d̃2(B,B′)(r2)|F (r1, r2) = r},

where:
d̃1(A,A′)(r1) =∨

{A(x1) ∧A′(x2)|d1(x1, x2) = r1}
d̃2(B, B′)(r2) =∨

{B(y1) ∧B′(y2)|d2(y1, y2) = r2},

Therefore:

F̃ (d̃1(A, A′), d̃2(B,B′))(r) =∨
{A(x1) ∧A′(x2) ∧B(y1) ∧B′(y2)|
F (d1(x1, x2), d2(y1, y2)) = r}

i.e.:
F̃ (d̃1(A, A′), d̃2(B,B′))(r) =∨
{A(x1) ∧B(y1) ∧A′(x2) ∧B′(y2)|
F (d1(x1, x2), d2(y1, y2)) = r}

hence:

F̃ (d̃1(A, A′), d̃2(B,B′))(r) =∨
{P (x1, y1) ∧Q(x2, y2)|

F (d1, d2)((x1, y1), (x2, y2)) = r} =

˜F (d1, d2)(P, Q)(r)
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5 Conclusion and future work

The distances in R can be extended in several ways to
the fuzzy numbers and, mainly, to the fuzzy points.
We have investigated the relationship between two of
these ways. As future work, we would investigate other
possible ways. For instance:

Let d1, d2 be the two pseudodistances

d1((x1, y1), (x2, y2)) = |x1 − y1|
d2((x1, y1), (x2, y2)) = |x2 − y2|

defined in R2 and let d = F (d1, d2) a distance defined
by aggregation of pseudodistances, where F is a map-
ping included in example 1.

We have,

• On one hand the extended definition of distance
for di and for d:
d̃1(P̃ , Q̃)(r) =

∨
{P̃ (x1, y1) ∧ Q̃((x2, y2) | |x1 − y1| = r}

d̃2(P̃ , Q̃)(r) =
∨
{P̃ (x1, y1) ∧ Q̃((x2, y2) | |x2 − y2| = r}

˜dF (P̃ , Q̃)(r) =
∨{P̃ (x1, y1) ∧ Q̃((x2, y2) |

dF ((x1, y1), (x2, y2)) = r}
where

dF ((x1, y1), (x2, y2)) = F (|x1 − y1|, |x2 − y2|)

• On the other hand the extended definition of the
aggregation:

F̃ (d̃1, d̃2)(P̃ , Q̃) = F̃ (d̃1(P̃ , Q̃), d̃2(P̃ , Q̃))

as fuzzy numbers

i.e.

(d̃1 ⊕ d̃2)(P̃ , Q̃) = d̃1(P̃ , Q̃)⊕ d̃2(P̃ , Q̃)

where:

(d̃1(P̃ , Q̃)⊕ d̃2(P̃ , Q̃))(r) =
∨
{d̃1(P̃ , Q̃)(x) ∧ d̃2(P̃ , Q̃))(y)|x + y = r}

or:

(d̃1

∨
d̃2)(P̃ , Q̃)) = (d̃1(P̃ , Q̃)

∨
d̃2(P̃ , Q̃))

Our future work will be the investigation of the rela-
tionship between

d̃F (P̃ , Q̃)

and
F̃ (d̃1, d̃2)(P,Q)
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Abstract

In this paper we introduce the conditional en-
tropy without a fuzzy measure for the union
of fuzzy partitions. We recall its properties
and we solve the system of functional equa-
tions which derives from these conditions,
taking into account the locality principle and
the independence axiom.

Keywords: Fuzzy partitions, Entropy,
Functional equations.

1 Introduction

In [4] B.Forte has introduced the so called locality
property in the crisp setting; later, in [2] Divari and
Pandolfi have given some compositive laws for crisp
partitions. Later, the authors have used the locality
property in the fuzzy setting in [8].

The aim of this paper is to find a class of conditional
entropy for the union of fuzzy partitions, by using the
locality property and the independence axiom.

Finally, we present the crisp case: the system is anal-
ogous.

2 Preliminaires

From algebraic point of view, similar concepts have
been introduced in the setting of MV-algebras by
Mundici in [5].

Let X be an abstract space and F a family of fuzzy sets
F [9] with membership function F (x), 0 ≤ F (x) ≤ 1
for all x ∈ X. Now we recall some definitions which we
will use later.

Let F1 and F2 be two fuzzy sets, with membership
functions F1(x) and F2(x). We recall that (F1 ∩+

F2)(x) = F1(x) ∧ F2(x),∀x ∈ X is the member-
ship function of the intersection set F1 ∩+ F2 and

(F1 ∪+ F2)(x) = F1(x) ∨ F2(x),∀x ∈ X is the mem-
bership function of the union set F1 ∪+ F2.

Moreover, we say that two fuzzy sets F1 and F2 are
disjoint if F1∩+F2 = ∅. A family {F1, ..., Fn} is a finite
partition of a set F, called support, if Fi 6= ∅, Fi are
disjoint sets and Σn

i=1Fi(x) = F (x) ∀ x ∈ X. We shall
indicate with P(F) the fuzzy partition with support
F , with {F} the fuzzy set thought as a partition and
with K the family of all partitions of X.

We consider the whole space X as a fuzzy partition,
which shall be indicated by {X}.

In [1] we have recognized that for every P(F) an al-
gebra CP(F) of crisp sets is associated, whose elements
are the inverse images of Borel sets of [0, 1]n through
the map F → [0, 1]n .

Given two partitions P(F) and P ′(F) of the same set
F :

P(F) = {F1, ...,Fi, ...,Fn/Fi ∩+ Fh = ∅, i 6= h, (1)

Σn
i=1Fi(x) = F (x)∀ x ∈ X},

P ′(F) = {F′1, ...,F′j, ...,F′m/F′j ∩+ F′k = ∅, j 6= k,

Σm
j=1F

′
j(x) = F (x)∀ x ∈ X}

we say that P ′(F) is a less fine than P(F) (P ′(F) �
P(F)) if CP′(F) ⊂ CP(F).

Later, as in [3], we shall use the operation algebraic
joint between two partitions of X. Now, we consider
two partitions P(F) as in (1) and P(G) in K:

P(G) = {G1, ...,Gj, ...,Gm/Gj ∩+ Gk = ∅, j 6= k,

Σm
j=1Gj(x) = G(x)∀ x ∈ X}.

The algebraic joint P(F)∇P(G) is

P(F)∇P(G) = {Fi ·Gj/1 ≤ i ≤ n, i ≤ j ≤ m}
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with lexicographic order, where (Fi ·Gj)(x) = Fi(x) ·
Gj(x),∀ x ∈ X. We say that two fuzzy partitions P
and P(F) are algebraically independent if

(Fi ·Gj)(x) 6= 0,∀ x ∈ X. (2)

Now, we recall the definition of the union of two par-
titions, given in [6, 8].

Given two partitions P(F) and P(G) ∈ K, the union
P(F) ∪+ P(G) is defined by

P(F) ∪+ P(G) = {F1, ...,Fi, ...,Fn,G1, ...,Gj, ...,Gm/

∀x ∈ X, Fi(x) ∧Gj(x) = 0 (i 6= j),

Σn
i=1Fi(x) + Σm

j=1Gj(x) ≤ 1}. (3)

In this case, we call P(F) and P(G) compositive par-
titions. Let H ⊂ K be the family of compositive par-
titions.

As in [7], we introduce the entropy without a fuzzy
measure for a fuzzy partition P(F) ∈ K conditionated
by Q ∈ K with H(Q) 6= +∞ as a function

H∗
Q(·) : K → [0,+∞]

with the following properties:

(I) P ′(F) � P(F) ⇒ H ∗
Q(P ′(F)) ≤ H ∗

Q(P(F)),

P ′(F) ∈ K.

(II) H ∗
Q(P(F)) = H ∗(P(F)),

if P(F) is not conditioned by Q.

It follows that : H∗
Q({X}) = 0 and H∗

Q({∅}) = +∞ .

(III) H ∗
Q(P(F)∇P(G)) = H ∗

Q(P(F)) + H ∗
Q(P(G),

if P(F) and P(G) are algebraically independent and
P(G) ∈ K.

3 Conditional entropy for the union of
the partitions

If P(F),P ′(F),P(G) ∈ H,Q,R ∈ K and H∗(Q) 6=
+∞, the conditional entropy H∗

Q

P(F) ∪+ P(G)


for the union of the fuzzy partitions satisfies the fol-
lowing conditions:

(α) 0 ≤ H ∗
Q

P(F) ∪+ P(G)
 ≤ +∞

as P(F)∪+ P(G) = {X} → H∗
Q

P(F)∪+ P(G)
 = 0

and P(F) ∪+ P(G) = {∅} → H∗
Q

P(F) ∪+ P(G)
 =

+∞;

(β) H ∗
Q

P(F) ∪+ P(G)
 = H ∗

Q

P(G) ∪+ P(F)
;

(γ) P ′(F) � P(F) ⇒

H ∗
Q

P ′(F) ∪+ P(G)
 ≤ H ∗

Q

P(F) ∪+ P(G)
,

(δ) H ∗
Q

(P(F) ∪+ P(G))∇R
 =

H ∗
Q

P(F) ∪+ P(G)
 + H ∗(R),

if R is algebraically independent from P(F) and P(G)
and it is not conditioned by Q; the (δ) is a consequence
of (II) and (III) seen above.

4 Statement of the problem

Taking into account the locality principle fuzzy parti-
tions [7]:

H∗
P(F) ∪+ P(G)

−H ∗
P(F) ∪+ {G}

 =

H ∗
{F} ∪+ P(G)

−H ∗
{F} ∪+ {G}

. (4)

we put

H∗
Q

P(F) ∪+ P(G)
 = Ψ

[
H∗

(P(F) ∪+ {G})∇Q
,

H ∗
({F} ∪+ P(G))∇Q

,H ∗
({F} ∪+ {G})∇Q

,H ∗(Q)

]
(5)

where P(F),P ′(F),P(G) ∈ H,Q,R ∈ K, with
H∗(Q) 6= +∞ and Ψ(·) = [0,+∞]×[0,+∞]×[0,+∞]×
[0,+∞] → [0,+∞].

From [(α)− (δ)], we have:

(A) Ψ
[
H ∗

{X }∇Q,H ∗
{X }∇Q,

H ∗
{X }∇Q,H ∗(Q)

]
= 0;

(B)Ψ
[
H ∗

(P(F)∪+{G})∇Q
,H ∗

({F}∪+P(G))∇Q
,

H ∗
({F} ∪+ {G})∇Q

,H ∗(Q)
]

=
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Ψ
[
H ∗

(P(G)∪+{F})∇Q
,H ∗

({G}∪+P(F))∇Q
,

H ∗
({G} ∪+ {F})∇Q

,H ∗(Q)
]
;

(C) Ψ
[
H ∗

(P ′(F) ∪+ {G})∇Q
,

H ∗
({F} ∪+ P(G))∇Q

,

H ∗
({F} ∪+ {G})∇Q

,H ∗(Q)
]

≤ Ψ
[
H ∗

(P(F)∪+{G})∇Q
,H ∗

({F}∪+P(G))∇Q
,

H ∗
({F} ∪+ {G})∇Q

,H ∗(Q)
]

if P ′(F) � P(F) ;

(D) Ψ
[
H ∗

((P(F) ∪+ {G})∇Q)∇R
,

H ∗
(({F} ∪+ P(G))∇Q)∇R

,

H ∗
(({F} ∪+ {G})∇Q)∇R

,H ∗(Q)
]

=

Ψ
[
H ∗

(P(F) ∪+ {G})∇Q
,

H ∗
({F} ∪+ P(G))∇Q

,

H ∗
({F} ∪+ {G})∇Q

,H ∗(Q)
]

+ H ∗(R),

if R ∈ K is algebraically independent from P(F) and
P(G) and it is not conditioned by Q.

Setting:

H ∗
({F} ∪+ P(F))∇Q

 = x ,

H ∗
(P(F) ∪+ {G})∇Q

 = y ,

H ∗
({F} ∪+ {G})∇Q

 = z ,

H ∗
(P ′(F) ∪+ {G})∇Q

 = y ′,

H ∗(R) = s,H ∗(Q) = t ,

with x, y, z, y′ ∈ [0,+∞], x ≤ z, y ≤ z and s, t ∈
(0,+∞). From (A) − (D), we get the following sys-
tem of functional equations:

(a) Ψ(t, t, t, t) = 0 ,
(b) Ψ(x, y, z, t) = Ψ(y, x, z, t) ,
(c) Ψ(x, y′, z, t) ≤ Ψ(x, y, z, t) if y′ ≤ y ,
(d) Ψ(x + s, y + s, z + s, t) = Ψ(x, y, z, t) + s .

5 Solution of the problem

In this paragraph we shall solve the system of func-
tional equations seen above.

We look for a function Ψ continuous as a universal
law, in the sense that the equations and the inequality
about Ψ must be satisfied for all values of the variables
in their proper spaces.

Proposition 5.1 Let h be any bijettive and strictly
increasing function, differentiable with its inverse, and
with h(0) = 0; then every function Ψ of the type

Ψ(x, y, z, t) =
1
3

[
h−1

h(x)− h(t)
+

h−1
h(y)− h(t)

 + h−1
h(z)− h(t)

]
, (6)

enjoys the equations (a), (b) and (c); it satisfies also
(d) if and only if

Ψ(x, y, z, t) =
x + y + z

3
− t . (7)

Proof

The conditions (a), (b), (c) are clearly satisfied by any
function satisfying (6).

Moreover, it is obvious that the function (7) satisfies
all the conditions (a)− (d), and is of the form (6), for
h = identity map.

So, it remains to prove that every function Ψ of the
form (6), satisfying (d), must be of the type (7).

By (6) the condition (δ) becomes

1
3

[
h−1

h(x + s)− h(t)
 + h−1

h(y + s)− h(t)


+h−1
h(z + s)− h(t)

]
=

1
3

[
h−1

h(x)− h(t)
+

h−1
h(y)− h(t)

 + h−1
h(z)− h(t)

]
+ s . (8)

Putting

h−1
h(x)− h(t)

 = ϕt(x), (9)

then (8) becomes

1
3

[
ϕt(x + s) + ϕt(y + s) + ϕt(z + s)

]
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=
1
3

[
ϕt(x) + ϕt(y) + ϕt(z)

]
+ s, i.e.

ϕt(x + s) + ϕt(y + s) + ϕt(z + s)

= ϕt(x) + ϕt(y) + ϕt(z) + 3s . (10)

Choosing y = x + s, z = y + s, (10) gives rise to
ϕt(z + s) = ϕt(x) + 3s, i.e.

ϕt(x + 3s) = ϕt(x) + 3s. (11)

Now, we calculate the derivative of (11) with respect
to s :

3
∂ϕt

∂s
(x + 3s) = 3,

∂ϕt

∂s
= 1

i.e., by arbitrariness of x and s,

ϕt(s) = s + c(t) , (12)

where c(t) is an arbitrary function, which we can calcu-
late by the derivative of the function (11) with respect
to t. We get

∂ϕt

∂t
(x + 3s) =

∂ϕt

∂t
(x) ,∀x, s so

∂ϕt

∂t
= (cost) = c1

and from (12) c′(t) = c1. The last equality implies
c(t) = c1t+ c2, where c2 is another constant. So, from
(12), we have obtained the function

ϕt(x) = x + c1t + c2. (13)

By substituting (13) in (9), we get:

h(x)− h(t) = h(x + c1t + c2),∀x; (14)

in particular for x = t we obtain

0 = h((1 + c1)t + c2) ∀t. (15)

Now (15) implies two possibilities: 1) h(t) = 0,∀t
which we eliminate, 2) c1 = −1 and c2 = 0. From
(14) we deduce h(x) − h(t) = h(x − t), so the func-
tion h is linear: h(x) = αx. In conclusion, from (6) it
follows (7):

Ψ(x, y, z, t) =
x + y + z

3
− t .

6 Conditional entropy for crisp
partitions

For crisp partitions [2], we can use the following local-
ity property:

H
πA ∪ πB

−H
πA ∪ {B}

 =

H
{A} ∪ πB

−H
{A} ∪ {B} , (16)

and we put

Hπ′(πA ∪ πB) = Φ

[
H

(πA ∪ {B}) ∩ π′
,

H
({A} ∪ πB) ∩ π′

, H
({A} ∪ {B}) ∩ π′

, H(π′)

]
(17)

πA, πB , π′ ∈ E , E is the family of all partitions of
A,B ⊂ X, π′ is the partition which conditiones πA∪πB

and H(π′) 6= +∞, and Φ(·) = [0,+∞] × [0,+∞] ×
[0,+∞]× [0,+∞] → [0,+∞].

The system of functional equations are the same, so,
also in the crisp setting, we get the same solution (7).

7 Conclusion

Taking into account the locality principle and the inde-
pendence axiom, the measures of conditional entropy
are:

- from (5) and (7), for fuzzy partitions:

HQ(P(F) ∪+ P(G)) =
1
3

[
H ∗

({F} ∪+ P(F))∇Q
+

H ∗
(P(F)∪+{G})∇Q

+H ∗
({F}∪+{G})∇Q

]
−H(Q)

- from (17) and (7), for crisp partitions:

Hπ′(πA∪πB)) =
1
3

[
H

({A}∪πB)∩π′
+H

(πA∪{B})∩π′
+

H
({A} ∪ {B}) ∩ π′

]
−H(π′).
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Abstract

In this paper we generalize the well known
construction of ”classic” measure theory to
the fuzzy case. We consider such T-norm
based classes of fuzzy sets as T-semirings and
T-tribes (T - sigmaalgebras), such fuzzy val-
ued functions as elementary T-measures, ex-
terior T-measures and T-measures, and we
suggest the construction of a TM-measure by
extension of an elementary TM-measure on a
TM-semiring to a TM-measure on a TM-tribe
in the case of the minimum T-norm TM.
Keywords: fuzzy set, measure.

1 Preliminaries

Let X be a nonempty set, Φ a sigmaalgebra of its sub-
sets and ν is a finite measure ν : Φ → [0,+∞[.
The class of all fuzzy subsets of X is denoted
F (X, [0, 1]). The operations for fuzzy sets A,B ∈
F (X, [0, 1]) such as intersection, union and difference
are defined by using a triangular norm T and its cor-
responding triangular conorm S :

(A TB)(x) = T (A(x), B(x)),
(A SB)(x) = S(A(x), B(x)),
(A D B)(x) = T (A(x), Bc(x))

respectively ( here c is the standart involution αc =
1− α ).
The aim of the present paper is to construct a fuzzy
valued measure of fuzzy sets by extension a ”crisp”
measure ν in the case of the minimum T-norm TM :
TM (x, y) = min(x, y) and SM (x, y) = max(x, y).

There are many works, where measures of fuzzy sets
were studied. A detailed survey of the most impor-
tant concepts and results obtained in this direction can
be found in the paper by D. Butnariu and E.P. Kle-
ment [1]. As different from this approach our interest

is in developing a theory where not only sets are fuzzy,
but also the measure takes fuzzy real values. At this
point we had to choose which one of the several (quite
different) approaches to the concept of a fuzzy real
number. We decided in favour of fuzzy real numbers,
as they were first defined by B. Hutton [4], and then
thoroughly studied in a series of papers (see e.g.[5],[6]).
Although there are also some works were fuzzy valued
measures are involved, they used an alternative (essen-
tially different) definition of a fuzzy real number (see
[2, 3]). Besides the authors of this works are mainly in-
terested in finding appropriate definititions and stady-
ing the properties of this measures. As different from
this works our main interest is in presenting the con-
struction of such measures.
We develope a construction of a fuzzy valued measure
by extending a measure defined on a sigmaalgebra of
crisp sets to the fuzzy-valued measure define on a T-
tribe of fuzzy sets, where T is a given t-norm.
In order to realize the construction we need to intro-
duce a concept of a semiring of fuzzy sets, as well as
elementary and exterior measures are needed. In Sec-
tion 3, we give the definition of a T-semiring of fuzzy
sets. Then in Section 4, we consider the definition
of a fuzzy-valued elementary T-measure defined on a
T-semiring. Section 5 is devoted to the concept of a
fuzzy-valued exterior T-measure defined on the class of
all fuzzy sets F (X, [0, 1]).The main result (Section 8)
is proved only in the case of a minimum t-norm.

2 Fuzzy real numbers

This section contains some definitions and properties
of fuzzy number theory.

Definition 1. (Hutton [4]). A fuzzy real number is a
function z : R → [0, 1] such that

(i) z is non-increasing;

(ii) infx z(x) = 0, supx z(x) = 1;

(iii) z is left semi-continuous, i.e. inft<x z(t) = z(x).
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The set of all fuzzy real numbers is called the fuzzy real
line and it is denoted by R([0, 1]). A fuzzy number z
is called non-negative if z(0) = 1. The set of all non-
negative fuzzy real numbers we denote by R+([0, 1]).

The ordinary real line R can be identified with the
subspace {za | a ∈ R} of R([0, 1]) by assigning to a
real number a ∈ R the fuzzy real number za defined
by

za(x) =
{

1, if x ≤ a ,
0, if x > a .

The operation of fuzzy addition ⊕ defined by

(z1 ⊕ z2)(x) = sup
t

(
min{z1(t), z2(x− t)}

)
whenever z1, z2 ∈ R([0, 1]), is a jointly continuous ex-
tension of addition + from the real line R to the fuzzy
real line R([0, 1]).

3 Classes of fuzzy sets

In questions where T -tribes are involved, our main
source of references is [1].

Definition 2. (Klement and Butnariu [1]) A subclass
Σ ⊂ F (X, [0, 1]) is called a T -tribe on X if the follow-
ing properties are satisfied:

(i) ∅ ∈ Σ;

(ii) for all A ∈ Σ we have Ac ∈ Σ;

(iii) for all sequences (An)n∈N ⊂ Σ we have
∞
T

n=1
An ∈ Σ.

The operations for a sequence of fuzzy sets (An)n∈N
such as intersection and union are defined in the
following way:

∞
T

n=1
An = inf

n

n

T
k=1

An = inf
n

(A1 TA2 T ... TAn),

∞
S

n=1
An = sup

n

n

S
k=1

An = sup
n

(A1 SA2 S ...SAn).

Next we introduce a class of fuzzy sets called a T -
semiring.

Definition 3. A subclass ℘ ⊂ F (X, [0, 1]) is called a
T -semiring on X if the following properties are satis-
fied:

(i) ∅ ∈ ℘;

(ii) for all A,B ∈ ℘ we have A TB ∈ ℘;

(iii) for all A,B ∈ ℘ there exist such T -disjoint fuzzy

sets A1, A2, ..., An ∈ ℘, that A D B =
n

S
i=1

Ai.

A finite family of fuzzy sets A1, A2, . . . , An is said to
be T-disjoint (see e.g. [1]) if for each k ∈ {1, . . . , n}

(
n

S
j=1,j 6=k

Aj) TAk = ∅.

Construction. In this survey the folowing example
of a T - semiring plays a special role. For M ∈ Φ,
α ∈ [0, 1] we define a fuzzy set A by

A(x) =
{

α, x ∈ M,
0, x /∈ M.

In the sequel the set A will be denoted by A(M,α). We
can prove that all such fuzzy sets form a T - semiring

℘̃ = {A(M,α)|M ∈ Φ and α ∈ [0, 1]}.

4 T - measure

Definition 4. (Klement and Butnariu [1]) Let Σ be
a T-tribe. A function µ : Σ → R+([0, 1]) is called
a fuzzy valued T-measure if it satisfies the following
conditions:

(i) µ(∅) = z0;

(ii) for all A,B ∈ Σ it holds
µ(A TB)⊕ µ(A SB) = µ(A)⊕ µ(B);

(iii) sup
n

µ(An) = µ(A), whenever

(An)n∈N ⊂ Σ, (An)n∈N ↗ A and A ∈ Σ.

Construction. Our aim is to construct a fuzzy valued
T - measure µ̃ on a T -tribe by extension a ”crisp”
measure ν. To achieve this purpose we generalize the
well known construction of ”classic” measure theory
(see e.g. [7]) to the fuzzy case.

5 Elementary T - measure

Definition 5. Let ℘ be a T-semiring. A function m :
℘ → R+([0, 1]) is called an elementary T-measure if it
satisfies the following conditions:

(i) m(∅) = z0;

(ii) for all A,B ∈ ℘ : A TB = ∅ we have
A SB ∈ ℘ ⇒ m(A SB) = m(A)⊕m(B).

Construction. We define an elementary TM -
measure m̃ on the TM -semiring ℘̃ by the formula
m̃(A(M,α)) = zν(M),α, where

zν(M),α(t) =

 1, t ≤ 0,
α, 0 < t ≤ ν(M),
0, t > ν(M),

is the fuzzy real number. We proved that the function
m̃ is countably TM -semiaditive, i.e.
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for all sequences (An)n∈N ⊂ ℘̃ and for all

A ∈ ℘̃ : A ⊂
∞
SM
n=1

An we have m̃(A) ≤
∞∑

n=1
m̃(An).

6 Exterior T - measure

Definition 6. A function m∗ : F (X, [0, 1]) →
R+([0, 1]) is called an exterior T-measure if it satis-
fies the following conditions:

(i) m∗(∅) = z0;

(ii) for all sequences (An)n∈N ⊂ F (X, [0, 1])

and for all A ∈ F (X, [0, 1]) : A ⊂
∞
S

n=1
An it holds

m∗(A) ≤
∞∑

n=1
m∗(An).

Construction. The function m̃∗ : F (X, [0, 1]) →
R+([0, 1]) defined by

m̃∗(A) = inf{
∞∑

n=1

m̃(An)|(An)n∈N ⊂ ℘ : A ⊂
∞
SM
n=1

An}

whenever A ∈ F (X, [0, 1]), is the exterior TM -measure.

7 TM -tribe of m∗-measurable sets

Definition 7. Let m∗ be an exterior T-measure.
A fuzzy set A ∈ F (X, [0, 1]) is called a m∗-measurable
set, if it satisfies the following conditions for all sets
E ∈ F (X, [0, 1]) :

(i) m∗(A)⊕m∗(E) = m∗(A TE)⊕m∗(A SE);

(ii) m∗(Ac)⊕m∗(E) = m∗(Ac TE)⊕m∗(Ac SE).

Construction. We denote Σm̃∗ the class of all m̃∗-
measurable sets. It is proved that

(i) ℘̃ ⊂ Σm̃∗ ;

(ii) Σm̃∗ is a TM -tribe.

8 The restriction of an exterior
TM -measure to a TM -tribe

Construction. We denote by µ̃ the restriction of m̃∗

to Σm̃∗ . It is proved that

(i) µ̃ is a TM -measure;

(ii) µ̃/℘̃ = m̃;

(iii) µ̃/Φ = ν.

The last equality means that for every M ∈ Φ it holds
µ̃(A(M, 1)) = zν(M).
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Abstract

Some manipulations with vague quantities
consist in an aggregation of vague amounts
where the resulting aggregated quantity (in
our case a sum of vague summands) is ex-
pected to be (almost) crisp. The aim of
this contribution is to analyze and briefly
discuss various approaches to this problem
which can be supported by the elementary
theory of fuzzy quantities. The analysis is
focused on the possibility of achieving the
desired sum, on the fuzzy set theoretical
methods applicable to this model, and also
to the limits of regulation of some fuzzy
summands during the aggregation process.

Keywords: Fuzzy quantity, extension
principle, decomposition paradigm, shape,
scale, compensation of vagueness, vague-
ness.

1 Introduction

The well handled processing of fuzzy quantities ap-
pears to be one of the most prospective trends of
further development of fuzzy set theory and applica-
tions. It becomes important for advanced methods of
management of uncertainty and vagueness in numer-
ous economic, sociological and organizational proce-
dures. The significancy of the multilevel investigation
of fuzzy quantities is analyzed from the point of view
of fuzzy methodology (see, e. g., [12, 13, 14]), its tra-
ditional methods are modified to be more adequate
to the real problems (e. g., in [11]), and the fuzzy set
theoretical model of quantitative phenomena is widely
generalized (as, e. g., in [1]).

This development of the general theory implies an
extension of the scale of its potential applications to

new sorts of problems. In this paper, we discuss sev-
eral approaches to the problem of aggregation of vague
(it means fuzzy) components aiming to minimize the
variability (fuzziness) of the result.

Such problem seems to be rather contradictoric
with regard to the essence of fuzziness, nevertheless,
it is not as unusual as it appears.

Let us consider, for example, a model of transport
line passing one or more check-points where the time
demanded for passing particular intervals is relatively
free, meanwhile their total is given by a time-table
as a narrow interval. Very similar situation appears
when a container is part-wise filled by some mater-
ial, where particular doses are in certain limits arbi-
trary but the total amount is given quite strictly. All
such situations, formulated in the language of fuzzy
set theory, mean the demand to get a crisp (or almost
crisp) sum of fuzzy components. This is impossible in
the classical model based on the extension principle.
However, such situations exist and they are not very
rare.

Some attempts to it were done in [7, 8], some others
can be potentially derived by means of the decomposi-
tion model (see [11] and others). In this contribution,
we discuss the effectivity and adequacy of some of
them. Namely, we compare the models using exten-
sion and decomposition principles. The questions on
which we focus our attention are:

— how to estimate the possibility that (after the
realization of particular vague additions) the to-
tal sum will be equal or very near to the desired
value,

— how to characterize the possibilities of compen-
sation of declinations of consequently added ele-
ments,

— which of both principles of computation with
fuzzy quantities appears more effective (and due

1
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to which criteria) in modelling the real situations
of the considered type.

2 Fuzzy Quantity

In the whole paper, we denote by R the set of all real
numbers.

Due to [5, 6] and other works, we define fuzzy quan-
tity a as a fuzzy subset of R with membership function
µa such that:

There exists xa ∈ R such that µa(xa) = 1.(1)
There exist x1, x2 ∈ R such that x1 < xa < x2(2)
and µa(x) = 0 for x /∈ [x1, x2].

Any member xa ∈ R fulfilling (1) is called a modal
value of a. The set of all fuzzy quantities will be
denoted by R. The properties of fuzzy quantities are
summarized in many works. Let us mention at least
[2, 3, 4, 5, 6, 9].

To simplify the notations, we denote by 〈r〉, where
r ∈ R, the fuzzy quantity in R which is condensed in
a single possible value, i. e.

µ〈r〉(r) = 1, µ〈r〉(x) = 0 for x 6= r.(3)

If a ∈ R then we denote by (−a) ∈ R the opposite
fuzzy quantity to a, and

µ(−a)(x) = µa(−x) for all x ∈ R.(4)

As the fuzzy quantities are, in fact, extensions of crisp
real numbers, it is rational to extend even the alge-
braic operations used over R, on R. It is usually done
by so called extension principle. In this paper we need
only the operation of addition which, extended over
R, is denoted by ⊕, and if c = a ⊕ b, a, b, c ∈ R,
then

µc(x) = sup
y∈R

[min(µa(y), µb(x− y))](5)

for any x ∈ R. The properties of this (and others)
operation are summarized, e. g., in [2, 3, 5, 6]. It can
be easily seen that they are rather similar but not
identical with the group properties of the addition of
crisp real numbers.

Some of the essential differences between both addi-
tion operations are related with the concept of fuzzy
zero. Its seemingly natural definition as 〈0〉 (note,
a ⊕ 〈0〉 = a for every a ∈ R) does not fit with the
concept of opposite element as (−a). As shown in
[5, 6] and further specified in [9], fuzzy zeros form a
class of fuzzy quantities, closed for the operation ⊕,
which we denote

S = {s ∈ R : µs(x) = µs(−x) for all x ∈ R} .(6)

Fuzzy quantities from S are called symmetric. Due to
[9], the class S can be narrowed to

Z = {z ∈ R : z ∈ S, µz(0) = 1} ,(7)

whose elements are called strongly symmetric. The
algebraic properties of symmetric and strongly sym-
metric fuzzy quantities are equivalent and they agree
with the group axioms (including commutativity) un-
der the condition that we substitute the identity be-
tween fuzzy quantities a = b, a, b ∈ R,

a = b if µa(x) = µb(x) for all x ∈ R,(8)

by a weaker equivalence due to which a, b ∈ R are
equivalent iff they differ in fuzzy zeros, only (see, [5,
6, 9]).

The comparison and ordering relation between
fuzzy quantities can be (and often is) defined in differ-
ent ways, due to the character of the solved problem
(a representative analysis of it can be found in [4],
some possibilities are mentioned in [6], too). Here, we
use the ordering relation most respecting the vague
structure of fuzzy quantities. Namely, we define the
fuzzy ordering relation º over R as a fuzzy relation
with membership function νº : R × R → [0, 1] such
that for a, b ∈ R the possibility of a º b is

νº(a, b) = sup
x,y∈R

x≥y

[µa(x), µb(y)] ,(9)

and, analogously, we define fuzzy equality a ∼ b as
fuzzy relation with ν∼(a, b) : R× R→ [0, 1],

ν∼(a, b) = sup
x∈R

[µa(x), µb(x)] .(10)

3 Decomposition Paradigm

The algebraic operations based on the extension prin-
ciple, including the addition (5), are natural. They re-
flect the expected properties of composition of vague-
ness of summands after the summation procedure in
the standard situations. One of the evident results
is, that the vagueness of the sum is higher than the
one of the summands, where the vagueness is repre-
sented by the extent and values of the membership
functions. This observation contradicts with the es-
sential demand of the problem analyzed in this paper.
Hence, it appears evident that the extension principle
cannot serve as the method of its solution.

An alternative approach to the processing of fuzzy
quantities increasing the flexibility of actually applied
methods was suggested in several papers, including
[7], and it was summarized in [11]. It is based on so
called decomposition paradigm due to which any fuzzy
quantity a ∈ R consist of three components:

2
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— the crisp numerical value xa

— the shape function ϕa characterizing the struc-
ture of vagueness connected with a,

— the increasing scale function fa characterizing the
structure of vagueness connected with the source
of data.

The formal properties of all these components are pre-
sented, e. g., in [11]. The essential meaning of this
decomposed model is that it admits the possibility
to process each of the components separately, with
regard to the demands of actual application. Such
processing leads to the components of the resulting
fuzzy quantity (let us denote it c ∈ R with compo-
nents (xc, ϕc, fc)), where the membership function µc

is derived by means of

µc(x) = ϕc (fc(x)− fc(xc)) , x ∈ R.(11)

The consequence of the decomposition paradigm
significant for the model of addition which we are
looking for is the admissibility of separate process-
ing of shapes independent on the scales and crisp val-
ues. The shapes represent the main features of the
membership functions – namely, they reflect the main
structure of vagueness and its behaviour. In the fol-
lowing sections, we use especially the possibility to
combine the shapes not only by means of the exten-
sion principle (or its very close analogy) but by other
relevant fuzzy set theoretical operations. The choice
of the one used in a specific model can be modified
with respect to the described reality.

4 Composition of Vagueness

In the main section, we briefly discuss and compare
some approaches to the problem formulated in the
Introduction.

Let us consider fuzzy quantities a, b, c ∈ R with
membership functions µa, µb, µc, respectively. Let us
denote, for any d ∈ R with µd, the values

µsup
d = sup {x ∈ R : µd(x) > 0}(12)

µinf
d = inf {x ∈ R : µd(x) > 0}(13)

and

Vd = xsup
d − xinf

d .(14)

In the following subsections, we analyze the demand
that

min (Va, Vb) > Vc(15)

including the possibility that c = 〈xc〉 for modal value
xc of c. By xa, xb we denote some of the (possibly
many) modal values of a and b, respectively.

The main goal of this contribution is to discuss
some of the possible compositions of a and b whose re-
sult is near to the fuzzy quantity c. For the purpose of
general problem discussion, we denote this composi-
tion by ◦, which means that we discuss the properties
of the relations represented by formulas

a ◦ b ∼ c or a ◦ b º c.(16)

Special attention is focused on the compositions of
fuzzy quantities a ◦ b where (15) is fulfilled.

In the following subsections, we briefly discuss three
specific cases of the composition operation ◦, espe-
cially from the point of view of the degree, in which
they respect demands (15) and (16). Priority is given
to the following questions:

— How large is the possibility that the composition
a ◦ b is close to c?

— What is the extent of possible values of the com-
posed fuzzy quantity a ◦ b (i. e., the value of
Va¯b)?

— Does the actual method include a possibility of
compensation of the composition by means of
proper modification of fuzzy quantity b in accor-
dance with a?

— Is it possible to compare the effectivity of partic-
ular composition methods.

4.1 Extension Principle Model

The first model of composition operation which we
consider, is the classical extension principle (5), i. e.,
we consider the operation ⊕ in the position of ◦. It
means that we compute, by means of the extension
principle, the sum a ⊕ b ∈ R with membership func-
tion µa⊕b.

Due to the above notation

a ◦ b = a⊕ b.(17)

Unfortunately, this method evidently does not respect
the most important general demand, namely the one
demanding (see (14))

Va⊕b < min (Va, Vb) .

Observation 1. The possibility of a⊕b ∼ c is equal
to 1 iff there exist modal values xa, xb, xc of a, b, c,
respectively, such that

xa + xb = xc.

3
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Observation 2. The possibility that a ⊕ b ∼ c is
generally equal to µ∼(a⊕ b, c) due to (10).

Observation 3. Using (12), (13) and (14),

xinf
a⊕b = xinf

a + xinf
b , xsup

a⊕b = xsup
a + xsup

b ,

hence

Va⊕b ≥ max (Va, Vb) > Vc.

Observation 4. The previous statements cannot be
changed by any choice of b. If we choose b = 〈xc−xa〉
as a crisp quantity then Va⊕b = Va > Vc, and ν∼(a⊕
b, c) = 1.

The previous observations show that the dogmatic
application of the extension principle does not gen-
erally aim to the desirable model of the considered
situation.

4.2 Complementation Model

The next model modifies the previous extension prin-
ciple approach by accenting stronger stress on the po-
tential possibility of compensation of vague declina-
tions of the first component by proper modification of
the second one.

Evidently, the space for the choice of the second
summand (we are used to denote it b ∈ R) is not un-
limited. Its boundaries are often given by physical or
technological parameters, accessible stock of material
or energy, qualification and accessibility of human re-
sources, etc. Let us denote the accessible set of the
second summands by B ⊂ R.

Using the above notation, the operation ◦ in this
case means

a ◦ b = a⊕ d for some d ∈ B,(18)

or, more generally,

a ◦ b = {a⊕ d : d ∈ B} .

The choice of d ∈ B is to respect the following state-
ments.

Summarizing the model, we can see that there ex-
ists a desirable terminal fuzzy quantity c ∈ R which
is to be as exact as possible, with a modal value
xc. Moreover, “the first” summand, a fuzzy quantity
a ∈ R is (vaguely) known. Our aim in this subsection
is to choose “the second” summand, fuzzy quantity
b ∈ B ⊂ R which is the best one from the point of
view of the goal of this model. Let us suppose, still,
that the considered composition operation ◦ is the ex-
tension principle summation ⊕. Then all observations
introduced in Subsection 4.1 keep valid, and, more-
over, the following ones can be seen whenever (18) is
kept in mind.

Observation 5. If there exists b ∈ B such that xb =
xc−xathen ν∼(a⊕b, c) = 1 and, consequently, ν∼(a◦
b, c) = 1.

Observation 6. If the fuzzy quantity condensed in
one possible value 〈xc − xa〉 ∈ B and if we put b =
〈xc − xa〉 then the statement of Observation 5 holds
and, moreover Va+b = Va which extent of variability
is the nearest one to Vc.

Observation 7. If we put b = c⊕(−a) and if b ∈ B
then it fulfils assumptions of Observation 5.

4.3 Accessibility Testing Model

One of the questions to be answered whenever we try
to solve the problem of (almost) deterministic total
value of vague summands is the possibility that at
least one value of the sum a◦b is equal to the desired
total value c.

Let a, b be given, and let us define d = c ⊕ (−a).
Then the eventual possibility of successful outcome of
our problem, it means the possibility that

a⊕ b ∼ c,

is a fuzzy phenomenon whose possibility is

ν∼(d, b).(19)

In a more lucid way, this possibility can be defined
also by the formula

max
x∈R

[min(µd(x), µb(x))] .(20)

Observation 8. Analogously to Observation 1, pos-
sibilities (19) and (20) are equal to 1 iff there exist
modal values xa, xb, xc such that xa + xb = xc, as in
such case also xd = xc − xa = xb and, consequently
xc = xa + xd, as well.

5 Extent of Vagueness

The problem of regulation and compensation of sum-
mands in order to maximize the possibility that the
sum will be close to some not very extensive fuzzy
quantity has also another aspect. In the previous sec-
tion, the main attention is focused on the conditions,
under which at least the modal values of the sum and
goal quantity are identical. The second problem, to
achieve the vagueness of the sum as narrow as possi-
ble, demands a qualitatively new approach based on
the methods suggested (and analyzed) in [11, 7] and
in several related papers. It means, to process the

4
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crisp modal values and the shapes of the vagueness
separately, and by means of other procedures than
the extension principle.

Let us consider fuzzy quantities a, b with modal
crisp values xa, xb and shape functions ϕa, ϕb, re-
spectively (cf. Section 2). To simplify the notations,
we put the scales fa, fb (see Section 2 and (11))

fa(x) = fb(x) = x,(21)

and, consequently, it is possible to construct the mem-
bership functions µa, µb, using (11)

µa(x) = ϕa(x− xa), µb(x) = ϕb(x− xb),(22)

where the shape functions fulfil:

— ϕa(x) ∈ [0, 1], ϕb(x) ∈ [0, 1], x ∈ R,

— ϕa(0) = ϕb(0) = 1,

— ϕa, ϕb are continuous, not decreasing for x < 0,
and not increasing for x > 0,

— there exist x1, x2 ∈ R such that ϕa(x) = ϕb(x) =
0 for x /∈ [x1, x2].

Evidently, the shape functions represent normalized
forms of the membership functions.

Respecting the procedures, methods and conclu-
sions discussed in [11], we may compute a composition
a ◦ b, due to Subsection 4.1, by means of separate
composition of xa, xb and ϕa, ϕb. Let us keep the
denotation

c = a ◦ b, c is defined by (xc, ϕc)(23)

where ϕc fulfils the above properties of the shapes and
the eventual scale fc of c is equal to fa and fb.

In the case of our problem, it is natural to combine
(or compose) fuzzy quantities in (23) by

xc = xa + xb and ϕc = ϕa ◦ ϕb,(24)

where the composition of shapes ϕa ◦ ϕb can be rel-
atively arbitrary, under the condition that it reflects
the natural character of the modelled reality.

In our case, two following procedures appear nat-
ural and adequate to the problem:

ϕc(x) = min (ϕa(x), ϕb(x)) , x ∈ R,(25)

and

ϕ′c(x) = ϕa(x) · ϕb(x), x ∈ R,(26)

however, the possibility of other, more sophisticated,
operations is admissible as well.

Observation 9. Evidently, µc(x) = ϕc(x− xc) ful-
fills µc(xc) = 1 and

Vc = Va ∩ Vb,

µc(x) = min (µa(x− xb), µb(x− xa)) , x ∈ R,

which means that the demand of the minimization of
the extent of the vagueness is fulfilled.

Observation 10. Similarly, if (26) is used and if
x1 > −1, x2 < 1 then

Vc ⊂ Va ∩ Vb,

µc(x) ≤ min (µa(x− xb), µb(x− xa)) , x ∈ R,

which means that the goals of the procedure are ful-
filled, as well.

Observation 11. If x1 < −1, or x2 > 1, then the
extents of vagueness Vc, Va, Vb do not fulfill the previ-
ous Observation 10 but, the significantly large values
of µc(x) are condensed near xc.

6 Conclusive Remarks

In the last two sections, we have analyzed the problem
of construction of an additive composition method
resulting into a fuzzy quantity with minimal uncer-
tainty, from two points of view. How to maximize
the possibility of the most desired value, and how to
minimize the uncertainty connected with the result.
The second condition is very near to the demand to
decrease the possibility of less desired values of the
result.

In fact, the optimal approach to the problem for-
mulated in Introduction is based on s simultaneous
application of both views and by combination of their
results. This represents the possible continuation of
the research introduced here.
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[8] M. Mareš, Quantitative aspects of fuzzy geo-
graphic information, Control and Information
(submitted).
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Abstract

In the paper [4] a structure of operation lo-
cally internal on some subset of domain is
given. Here we present additional properties
of such operation and sufficient conditions to
obtain such operation.

Keywords: Uninorms, monotonic opera-
tion, idempotent operation, ordinal sum of
semigroup, locally internal operation.

1 Introduction

Binary operations in the unit interval have many ap-
plications in fuzzy set theory as multivalued logical
connectives (cf.[9]). On the other hand, they are ex-
amples of aggregation operators in the unit interval
(cf.[13]). For that reason it is important to examine
and characterize such operations.

Some examples of binary operations U : [0, 1]2 → [0, 1]
are uninorms.
Uninorms were introduced by Yager and Rybalov [13]
as a generalization of triangular norms and conorms
letting the neutral element e to be an arbitrary point
of the unit interval. In [7] Fodor, Yager and Rybalov
examined a general structure of uninorms. For exam-
ple, the frame structure of uninorms and characteriza-
tion of representable uninorms were presented.
In the case e = 1 we obtain triangular norms and in the
case e = 0 triangular conorms. In the case e ∈ (0, 1)
we obtain operations considered in [2] - [7], [10]-[13].

In this paper we will consider more general class of
operation as uninorm i.e. we omit the assumption of
the commutativity.

The main goal of this paper is to present a character-
ization of operations locally internal on a some subset
of domain.

In section 2 we present some notions and descriptions

of the structure of uninorms and construction of ordi-
nal sum of semigroup. In section 3 we put the charac-
terization of idempotent uninorm given in [12]. Next,
in section 4 we present the structure of operation which
are locally internal on some subset of their domain,
properties of the corresponding function and its influ-
ence on the structure of underlying operations (t-norm
and t-conorm). At the end of paper we give full char-
acterization of such operation.

2 Notion of uninorms

We discuss the structure of binary operations U in the
class

U(e) = {U : [0, 1]2 → [0, 1] : U is increasing, associa-
tive, with the neutral element e ∈ [0, 1]}

Definition 1 ([13]). An operation U ∈ U(e) (where
e ∈ [0, 1]) is called a uninorm if it is commutative.
A uninorm T (S) is called a triangular norm (triangu-
lar conorm) if it has the neutral element e = 1 (e = 0).
Definition 2 ([9]). Operation T (S) is called a trian-
gular subnorm (triangular superconorm) if it is com-
mutative, associative, increasing and fulfils the condi-
tion T ≤ min (S ≥ max).
Example 1 (cf. [9]). Here are the basic triangular
norms:
TM (x, y) = min(x, y), x, y ∈ [0, 1] (minimum),
TP (x, y) = x · y, x, y ∈ [0, 1] (product),
TL(x, y) = max(x+y−1, 0), x, y ∈ [0, 1] ( Lukasiewicz
triangular norm).
Of course every triangular norms are triangular sub-
norms. Operations
T1(x, y) = 0, x, y ∈ [0, 1],
T2(x, y) = 1

2x · y, x, y ∈ [0, 1],
are triangular subnorms, but not triangular norms.

These operations we can use to construct new trian-
gular norms.
Lemma 1 (cf.[8]). Let {[ak, bk]}k∈T be a countable
family of nonoverlapping, closed, proper subintervals
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of [0, 1]. Let T be an operation in [0, 1] defined by

T (x, y) =


ak + (bk − ak)Tk

(
x−ak

bk−ak
, y−ak

bk−ak

)
,

if x, y ∈ (ak, bk],
min(x, y) otherwise,

(1)

where Ti are triangular subnorms. Moreover, we as-
sume that operation Tk have neutral element e = 1, if
bk = al and Tl is with zero divisor, or bk = 1. Then T
is a triangular norm.

Operation given by (1) is called the ordinal sum of
{([ai, bi], Ti)}i∈T .

Next we present the frame structure of operation from
the class U(e)
Theorem 1 (cf. [7]). If an operation U is in the
class U(e) for e ∈ (0, 1), then there exist an operation
T ∈ U(1) and an operation S ∈ U(0) such that

U(x, y) =
{
ϕ−1 (T (ϕ(x), ϕ(y))) for x, y ∈ [0, e]
ψ−1 (S (ψ(x), ψ(y))) for x, y ∈ [e, 1] ,

(2)
where {

ϕ(x) = x/e, x, y ∈ [0, e]
ψ(x) = (x− e)/(1− e), x, y ∈ [e, 1] . (3)

Let us denote

A(e) = [0, e)× (e, 1] ∪ (e, 1]× [0, e). (4)

Lemma 2. If U : [0, 1]2 → [0, 1] is an increasing op-
eration and has the neutral element e ∈ (0, 1), then

min ≤ U ≤ max in A(e). (5)

Furthermore, if U is associative, then
U(0, 1), U(1, 0) ∈ {0, 1}.

The frame structure of uninorms, by Theorem 1 and
Lemma 2, is depicted on Figure 1.

T ∗

S∗min≤U≤max

min≤U≤max

0 e

e

1

1

Figure 1: Structure of uninorm

Theorem 2 (cf.[10]). Let e ∈ (0, 1). If T is an arbi-
trary triangular norm and S is an arbitrary triangular
conorm, then formula (2) with U = min (or U = max)
in A(e) gives a uninorm.

Example 2 (cf.[7]). Formula

U(x, y) =
{

0, x = 0 or y = 0,
xy

(1−x)(1−y)+xy , x > 0 and y > 0,

gives uninorm with e = 1
2 , T (x, y) = xy

2−(x+y−xy) ,
S(x, y) = x+y

1+xy , x, y ∈ [0, 1]. T and S are arbitrary in
Theorem 2, but here, T and S are dual (cf.[9], p.223).

3 Idempotent uninorms

In this section we present the characterization of an
idempotent uninorm given in [12].
Theorem 3 ([12]). Let e ∈ [0, 1]. Operation U ∈ U(e)
is idempotent iff there exists a decreasing function g :
[0, 1] → [0, 1] with g(e) = e, g(x) = 0 for all x > g(0),
g(x) = 1 for all x < g(1), satisfying for x ∈ [0, 1]

inf{y : g(y) = g(x)} ≤ g2(x) ≤ sup{y : g(y) = g(x)}
(6)

and such that for all x, y ∈ [0, 1]

U(x, y) =


min(x, y) if y < g(x) or

y = g(x) and x < g2(x)
max(x, y) if y > g(x) or

y = g(x) and x > g2(x)
x or y if y = g(x) and x = g2(x)

.

(7)
Moreover, U is commutative beyond the points
(x, g(x)) such that x = g2(x).
Example 3. Let e ∈ (0, 1). For the uninorms U1

and U2 given by (2) with U1 = min and U2 = max
on A(e) respectively, and T = min, S = max, the
corresponding functions are of the form

gU1(x) =
{

1, if x ∈ [0, e)
e, if x ∈ [e, 1] ,

gU2(x) =
{
e, if x ∈ [0, e]
0, if x ∈ (e, 1] .

4 Operations locally internal in A(e)

Using additional assumption on U ∈ U(e) in A(e) we
get a representation of U by certain formula.
Lemma 3 ([3]). If operation U is increasing with
the neutral element e ∈ (0, 1) and U(x, y) ∈
{x, y} in A(e), then the formula

gU (x) =
{

sup{y : U(x, y) = x}, if x ≤ e,
inf{y : U(x, y) = x}, if x > e,

(8)

gives a decreasing function gU : [0, 1] → [0, 1] with fixed
point e, satisfying for x ∈ [0, 1] equation (6) and such
that in A(e) operation U is given by (7). Moreover,
U is commutative in A(e) beyond the points (x, g(x))
such that x = g2(x).
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Unfortunately, values of U on [0, e]2 ∪ [e, 1]2, in above
lemma, are undetermined.

Example 4. Let e ∈ (0, 1). For the uninorm U given
in Theorem 2 which is given by minimum in A(e), the
corresponding function is the same as gU1 in Example 3
In this case the corresponding t-norm and t-conorm
may be arbitrary.

Moreover, for a given function g, not all t-norms and
t-conorms leads to uninorms.

Example 5 ([3]). Let g(x) = 1 − x, x ∈ [0, 1]. Oper-
ation U : [0, 1]2 → [0, 1] given by

U(x, y) =

 2xy, if x, y ∈ [0, 1
2 ]

max(x, y), if y > g(x)
min(x, y), otherwise

is not associative. Indeed, for x = y = 1
4 ,

z = 13
16 we have U

(
U

(
1
4 ,

1
4

)
, 13

16

)
= U

(
1
8 ,

13
16

)
=

1
8 , U

(
1
4 , U

(
1
4 ,

13
16

))
= U

(
1
4 ,

13
16

)
= 13

16 . Therefore
U(U(x, y), z) 6= U(x, U(y, z)). This shows, that t-
norm and t-conorm in (2) cannot be arbitrary, if we
want to construct a uninorm.

The partial answer, to the question, to what condition
should fulfil underlying t-norm and t-conorm gives the
next theorem.

Theorem 4 ([3]). Let g : [0, 1] → [0, 1] be a decreasing
involution (g2 = id). The formula

U(x, y) =



T (x, y), x, y ∈ [0, e]
S(x, y), x, y ∈ [e, 1]
min(x, y), x < e < y ≤ g(x)

or y ≤ g(x) < e < x
max(x, y), x < e < g(x) < y

or g(x) < y < e < x

(9)

gives a uninorm, iff T = min and S = max.

For that reason we give the properties of the function
gU , in case of operation U locally internal on A(e)
and we describe its influence on the structure of the
operation U (and underlying operations).

Lemma 4 ([4]). Let e ∈ (0, 1), U ∈ U(e) be lo-
cally internal on A(e) and g = gU . If g is a strictly
decreasing and continuous function on (a, b) ⊂ [0, 1]
and g((a, b)) = (c, d), then g is strictly decreasing
and continuous function on (c, d), and g2(x) = x for
x ∈ (a, b) ∪ (c, d) (cf. Figure 2 left).

Lemma 5 (cf. [4]). Let e ∈ (0, 1), U ∈ U(e) be locally
internal on A(e) and g = gU . If s ∈ [0, 1] and p, q are
define by

p =

{
lim

x→s+
g(x), if s < 1

0, if s = 1
, (10)

0 e

e

1

1

a

a

b

b

c

c

d

d

0 e

e

1

1

p

p

q

q

s

s

Figure 2: Subinterval (a, b) with strictly decreasing g
(left) and the point of discontinuity of the function g
(right)

q =

{
lim

x→s−
g(x), if s > 0

1, if s = 0
, (11)

then g(x) = s for x ∈ (p, q).
Remark 1. The interval (p, q) in the above lemma
may be nonempty only if s = 0 or s = 1 or s is a point
of discontinuity of the function g.
Lemma 6 (cf. [4]). Let e ∈ (0, 1), U ∈ U(e) be lo-
cally internal on A(e) and g = gU . Let s ∈ [0, 1]
and B = {x : g(x) = s}. If card B ≥ 2 then
p := inf B < supB =: q, p ≤ g(s) ≤ q and (10),
(11) hold. Moreover, if s ∈ (0, 1), then s is a point of
discontinuity of the function g.
Lemma 7 ([4]). Let U ∈ U(e) be locally internal on
A(e). If g = gU is strictly decreasing and continuous
function on (a, b) ⊂ [0, e] and g((a, b)) = (c, d), then
(cf. Figure 3)

U = min on [0, b]× (a, e] ∪ (a, e]× [0, b], (12)

U = max on [e, d)× [c, 1] ∪ [c, 1]× [e, d). (13)

0 e

e

1

1

a

a

b

b

c

c

d

d

min

minmin

maxmax

max

Figure 3: Subinterval (a, b) with strictly decreasing g

Lemma 8 ([4]). Let U ∈ U(e) be locally internal on
A(e) and s be a point of discontinuity of the function
g = gU .
If s ∈ [0, e], then

U = min on [0, s]× (s, e] ∪ (s, e]× [0, s]. (14)

If s ∈ [e, 1], then

U = max on [e, s)× [s, 1] ∪ [s, 1]× [e, s). (15)
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q

q
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s
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Figure 4: Dependence of the values of operation U
under discontinuity points of the function gU

Lemma 9 ([4]). Let U ∈ U(e) be locally internal on
A(e) and s be a point of discontinuity of the function
g = gU , p, q be given by (10), (11) and g(s) = r,
p < r < q.
If s ∈ [0, e), then r > e and (cf. Figure 5, left)

U = max on (p, r)× [r, q) ∪ [r, q)× (p, r). (16)

If s ∈ (e, 1], then r < e and (cf. Figure 5, right)

U = min on (p, r]× (r, q) ∪ (r, q)× (p, r]. (17)

0 e

e

1

1 p
p

m
a
x

max

s

s

p

p

q

q

r

r

0 e

e

1

1

p

p

q

q

s

s

p
p

r

r
min

min

Figure 5: The values of the operation U in the points
of discontinuity of the function g

If s ∈ [0, 1] is a point such that p < q (see (10), (11))
then we obtain one or two intervals, i.e. (p, q) or (p, r),
(r, q), where r = g(s). Moreover g|(p,q) = const.

By this observation we obtain the fact that operation
U on [0, e]2 is an ordinal sum of {([ai, bi], Ti)}i∈A1 ,
(see Lemma 1), such that function g is constant on
(ai, bi) ⊂ [0, e] for all i ∈ A1. The operation U on
[e, 1]2 is an ordinal sum of {([cj , dj ], Sj)}j∈A2 , such
that function g is constant on (cj , dj) ⊂ [e, 1] for all
j ∈ A2.
Let us denote B1 = {[ai, bi] : i ∈ A1}, B2 = {[cj , dj ] :
j ∈ A2}.

So, by above, we have

Lemma 10. Let e ∈ (0, 1), U ∈ U(e) be locally inter-
nal in A(e) and g = gU . If (ai, bi) ∈ B1, then U is
internal operation in (ai, bi] or in [ai, bi].

By this lemma we define operation Ti on the set [ai, bi]
as follows

Ti(x, y) =
{
ai if x = y = ai,
U(x, y) otherwise, x, y ∈ [ai, bi].

(18)
This operation is associative, increasing with zero ele-
ment ai and fulfills condition Ti ≤ min.

Similarly for [e, 1]2 we have

Lemma 11. Let e ∈ (0, 1), U ∈ U(e) be locally inter-
nal in A(e) and g = gU . If (cj , dj) ∈ B2, then U is
internal operation in [cj , dj) or in [cj , dj ].

By this lemma we define operation Sj on the set [cj , dj ]
as follows

Sj(x, y) =
{
dj , if x = y = dj ,
U(x, y) otherwise, x, y ∈ [cj , dj ].

(19)
This operation is associative, increasing with zero ele-
ment dj and fulfills condition Sj ≥ max.

The next theorem gives a description of operations be-
longing to the set U(e) and locally internal on A(e).

Theorem 5 ([4]). Let e ∈ (0, 1). If operation U ∈
U(e) is locally internal on A(e) then

• there exists a decreasing function g : [0, 1] → [0, 1]
with fixed point e such that (6) holds, g(x) = 0
for all x > g(0), g(x) = 1 for all x < g(1) and U
is given in A(e) by formula (7);

• U |[0,e]2 is an ordinal sum of {([ai, bi], Ti)}i∈A1 ,
such that (ai, bi) ⊂ [0, e] \ {g(x) : x ∈ [e, 1]} for
all i ∈ A1;

• U |[e,1]2 is an ordinal sum of {([cj , dj ], Sj)}j∈A2 ,
such that (cj , dj) ⊂ [e, 1] \ {g(x) : x ∈ [0, e]} for
all j ∈ A2.

0 e

e

1

1 p

q
ai

ai

bi

bi

Ti

cj

cj

dj

dj
Sj

Figure 6: Structure of operation belonging to the class
U(e) and locally internal on A(e)

But the converse theorem is not true
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Example 6. Let g : [0, 1] → [0, 1] be given by

g(x) =

 1 if x ∈ [0, 0.25)
0.5 if x ∈ [0.25, 0.5]
0.25 if x ∈ (0.5, 1]

.

Operation given by

U(x, y) =

 0, if x, y ∈ [0, 0.25]
max(x, y), if y > g(x)
min(x, y), otherwise

is increasing, has the neutral element 1
2 , but it is

not associative, e.g. U( 1
4 , U( 3

4 ,
1
8 )) = U( 1

4 ,
1
8 ) =

0, U(U( 1
4 ,

3
4 ), 1

8 ) = U( 3
4 ,

1
8 ) = 1

8 . Therefore,
U( 1

4 , U( 3
4 ,

1
8 )) 6= U(U( 1

4 ,
3
4 ), 1

8 ). This shows, that these
conditions are not necessary.

We obtain only partial results

Lemma 12. Let e ∈ (0, 1). If g : [0, 1] → [0, 1] is
decreasing function such that g(e) = e and (6) holds
then U given by (7) on A(e) is increasing on A(e) and
e is the neutral element of operation U .

Proof. First we show, that U is increasing on [0, e] ×
[e, 1]. By (7) we see that U(a, b) ∈ {a, b} for every
point (a, b) ∈ A(e). Let x < y ≤ e ≤ z.
By monotonicity of the function g we get g(x) ≥ g(y).
If z < g(x), then U(x, z) = min(x, z) = x, U(y, z) ∈
{y, z}, thus U(x, z) ≤ U(y, z).
If z > g(x), then z > g(y) and U(x, z) = z = U(y, z).
If z = g(x) then we consider two cases, namely:
- if z = g(y), then g2(x) = g2(y) and one of the in-
equalities hold
g2(x) ≤ x, then g2(y) < y, U(y, z) = max(y, z) = z
and U(x, z) ∈ {x, z}, thus U(x, z) ≤ U(y, z),
x < g2(x), then U(x, z) = min(x, z) = x and U(y, z) ∈
{y, z}, thus U(x, z) ≤ U(y, z),
- if z > g(y), then U(y, z) = max(y, z) = z and
U(x, z) ∈ {x, z}, thus U(x, z) ≤ U(y, z).
It means that U(x, z) ≤ U(y, z) for all x, y, z such that
x < y ≤ e ≤ z. Now we will prove the monotonicity of
U on [0, e]× [e, 1] with respect to the second variable.
Let z ≤ e ≤ x < y.
If x < g(z), then U(z, x) = min(z, x) = z, U(z, y) ∈
{z, y}, thus U(z, x) ≤ U(z, y).
If g(z) ≤ x < y, then U(z, y) = max(z, y) = y,
U(z, x) ∈ {z, x}, thus U(z, x) ≤ U(z, y).
The proof of monotonicity of U on [e, 1]× [0, e] is sim-
ilar. Therefore U is increasing on A(e).

By the fact that g(e) = e, and (7) we have U(e, x) =
min(e, x) = x for x < e, U(e, x) = max(e, x) = x
for x > e and U(e, e) = min(e, e) = e or U(e, e) =
max(e, e) = e, thus U(e, x) = x for x ∈ [0, 1]. For
x < e, we have g(x) ≥ e. If g(x) > e, then by (7) we
have U(x, e) = min(x, e) = x. If g(x) = e, then by the
fact that g(e) = e we have x < g2(x) and by (7) we
have U(x, e) = U(x, g(x)) = min(x, e) = x. Similarly,
we obtain U(x, e) = x for x > e. Therefore, e is the

neutral element of operation U .

Lemma 13. Let e ∈ (0, 1). If g : [0, 1] → [0, 1] is
decreasing and fulfills the condition g(e) = e, g(x) = 0
for x > g(0), g(x) = 1 for x < g(1) and (6) holds,
then U given by (7) on A(e) is commutative on A(e)
beyond the points (x, g(x)) such that x = g2(x).

To obtain complete results we need a few facts

Lemma 14. Let e ∈ (0, 1), U ∈ U(e) be locally inter-
nal in A(e) and g = gU , i ∈ A1, (ai, bi) ∈ B1 and Ti be
given by (18). Thus g((ai, bi)) = {si}, where si ∈ [e, 1]
and:

(i) g(bi) = si and (U(x, si) = x on (ai, bi] or
U(x, si) = si on (ai, bi]), or
U(bi, si) = si and Ti has the neutral element bi.

(ii) If Ti has the zero element divisors (where the
zero element is equal to ai), then g(ai) = si

and (U(x, si) = si on [ai, bi) or U(x, si) =
x on [ai, bi)).

(iii) If bi is the zero element divisor of operation Ti,
then g(ai) = g(bi) = si and
(U(x, si) = si on [ai, bi] or U(x, si) =
x on [ai, bi]).

Proof. The condition g((ai, bi)) = {si} follows directly
from definition B1.
If U(bi, si) = min(bi, si) = bi, then by (7) we have
g(bi) ≥ si. By monotonicity of the function g and
condition g(x) = si for x ∈ (ai, bi) we have g(bi) =
si. Moreover for x ∈ (ai, bi) we have U(x, si) ≤
U(bi, si) = bi and U(x, si) ∈ {x, si}, thus U(x, si) =
x = min(x, si) for x ∈ (ai, bi].
If U(bi, si) = max(bi, si) = si, then by (7) we have
g(bi) ≤ si.
If g(bi) < si, then for z ∈ [e, 1] such that g(bi) < z < si

by associativity and commutativity U (without the
graph of the function g) we have U(x, bi) ≤ x < bi
and

U(x, bi) = U(U(x, bi), z) = U(x, U(bi, z)) = U(x, z) = x,
U(bi, x) = U(bi, U(x, z)) = U(bi, U(z, x)) =

U(U(bi, z), x) = U(z, x) = x

for x ∈ (ai, bi). It means, that U(x, bi) = U(bi, x) = x.
If g(bi) = si, then we have two possibilities:
U(x, si) = max(x, si) = si on (ai, bi] or U(x, si) =
min(x, si) = x on (ai, bi).
If U(x, si) = min(x, si) = x for x ∈ (ai, bi), then
U(x, bi) = U(U(x, bi), si) = U(x, U(bi, si)) =
U(x, si) = x,
U(bi, x) = U(bi, U(si, x)) = U(U(bi, si), x) =
U(si, x) = x.
Moreover, U(bi, bi) ≤ bi and U(x, bi) = x for
x ∈ (ai, bi). Therefore, U(bi, bi) = bi. Similarly,
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U(ai, bi) ≤ min(ai, bi) = ai and by Lemmas 7, 8
and 9, U(x, ai) = U(ai, x) = ai for x ∈ (ai, bi), thus
U(ai, bi) = ai. It means that bi is the neutral element
of the operation Ti.

If Ti has zero element divisors, then there exist x, y ∈
(ai, bi) such that U(x, y) = ai. Suppose, that condi-
tion (ii) does not hold. By monotonicity of the func-
tion g we have two possibilities:

if g(ai) > si, then taking z ∈ (si, g(ai)), we have
U(U(x, y), z) = U(ai, z) = ai, U(x,U(y, z)) =
U(x, z) = z, which contradicts to the associativity of
U .

if g(ai) = si, U(ai, si) = ai and U(t, si) = max(t, si)
for t ∈ (ai, bi), then U(U(x, y), si) = U(ai, si) = ai,
U(x,U(y, si)) = U(x, si) = si, which contradicts to
the associativity of U . So, we have (ii).
In order to prove (iii), first notice that, if bi is the
zero divisor of operation Ti, then bi can not be the
neutral element of operation Ti. By (i) we have that
g(bi) = si and (U(x, si) = min(x, si) on (ai, bi] or
U(x, si) = max(x, si) on (ai, bi]).
The operation Ti has zero element divisors and by (ii)
we have g(ai) = si and (U(x, si) = si on [ai, bi) or
U(x, si) = x on [ai, bi)).
By above results we have g(ai) = g(bi) = si and
(U(x, si) = si on [ai, bi] or U(x, si) = x on [ai, bi]).

Similarly, we obtain the following result
Lemma 15. Let e ∈ (0, 1), U ∈ U(e) be locally inter-
nal in A(e). If g = gU , j ∈ A2, (cj , dj) ∈ B2 and Sj

be given by (19), then g((cj , dj)) = {sj} for sj ∈ [0, e]
and

(i’) g(cj) = sj and (U(x, sj) = sj on [cj , dj) or
U(x, sj) = x on [cj , dj))
or U(cj , sj) = sj and Sj has the neutral element
cj.

(ii’) If Sj has zero divisors (where the zero element
is equal dj), then g(dj) = sj and (U(x, sj) =
x on (cj , dj ] or U(x, sj) = sj on (cj , dj ]).

(iii’) If cj is a zero divisor of operation Sj, then g(cj) =
g(dj) = sj

and (U(x, sj) = x on [cj , dj ] or U(x, sj) =
sj on [cj , dj ]).

Lemma 16. Let e ∈ (0, 1) and g : [0, 1] → [0, 1] be a
decreasing function such that g(e) = e. Thus the con-
ditions (6) and g(x) = 0 for all x > g(0), g(x) = 1 for
all x < g(1) are equivalent to the following conditions

• If g is a strictly decreasing and continuous func-
tion on (a, b) ⊂ [0, 1] and g((a, b)) = (c, d), then
g is a strictly decreasing and continuous function
on (c, d), and g2(x) = x for x ∈ (a, b) ∪ (c, d).

• If s ∈ [0, 1] is a point of discontinuity of the func-
tion g and p, q are given by (10) and (11) then
g(x) = s for x ∈ (p, q).

• Let s ∈ [0, 1] and B = {x : g(x) = s}. If card B ≥
2 then p := inf B < supB =: q, p ≤ g(s) ≤ q and
(10) and (11) hold.

Theorem 6. Let e ∈ (0, 1) and the following condi-
tions hold:

• there exists a decreasing function g : [0, 1] → [0, 1]
such that g(e) = e, g(x) = 0 for x > g(0), g(x) =
1 for x < g(1), (6) holds and U is given by (7) in
A(e),

• U |[0,e]2 is an ordinal sum of {([ai, bi], Ti)}i∈A1 ,
such that (ai, bi) ⊂ [0, e] \ {g(x) : x ∈ [e, 1]} and
Ti are increasing, associative operations fulfilling
Ti ≤ min for all i ∈ A1,

• conditions (i), (ii), (iii) from Lemma 14 are ful-
filled,

• U |[e,1]2 is an ordinal sum of {([cj , dj ], Sj)}j∈A2 ,
such that (cj , dj) ⊂ [e, 1] \ {g(x) : x ∈ [0, e]} and
Sj are increasing, associative operations fulfilling
Sj ≥ max for all j ∈ A2,

• conditions (i’), (ii’), (iii’) from Lemma 15 are ful-
filled.

Thus U ∈ U(e) and it is locally internal on A(e).

Proof. By (7) we obtain that operation U is locally
internal on A(e). Using Lemma 12 we can see that U
is increasing and has the neutral element e.
Let us define the operation Ũ : [0, 1]2 → [0, 1] as fol-
lows

Ũ =

 U on A(e)
min on [0, e]2

max on [e, 1]2

This operation is increasing, associative, idempo-
tent, has the neutral element e. Moreover, Ũ
is commutative beyond the points (x, g(x)) such
that x = g2(x) (see Theorem 3). Furthermore,
U = Ũ on the set [0, 1]2 \ D where D ={⋃

i∈A1
(ai, bi]2 ∪

⋃
j∈A2

[cj , dj)2
}

. Directly from this
fact we obtain that U is commutative on the set
[0, 1]2 \ D beyond the points (x, g(x)) such that x =
g2(x).
To prove the associativity of U we check the equality

U(U(x, y), z) = U(x,U(y, z)) (20)

only on sets {x, y, z} such that at least one of the pairs
belonging to the set {x, y, z}×{x, y, z} belongs also to
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the set D.
On the rest of the domain the associativity of U follows
directly from the associativity of Ũ .
As a result, we need to consider only the case x, y ∈
[ai, bi] for i ∈ A1. Thus, there exists si ∈ [e, 1] such
that g((ai, bi)) = {si}. Moreover, g(si) = ai or g(si) =
bi.
Let us consider the following cases:

1. Let x, y ∈ (ai, bi) and U(x, y) 6= ai. Thus

a) if z < si, then
U(U(x, y), z) = U(x, y) = U(x,U(y, z)),
U(U(x, z), y) = U(x, y) = U(x,U(z, y)),
U(U(z, x), y) = U(x, y) = U(z, U(x, y)),
U(U(z, y), x) = U(y, x) = U(z, U(y, x)),
U(U(y, x), z) = U(y, x) = U(y, U(x, z)),
U(U(y, z), x) = U(y, x) = U(y, U(z, x)),

b) if z > si, then
U(U(x, y), z) = z = U(x, z) = U(x,U(y, z)),
U(U(x, z), y) = U(z, y) = U(y, z) = z =
U(x, z) = U(x,U(y, z)) = U(x, U(z, y)),
U(U(z, x), y) = U(U(x, z), y) = U(z, y) =
U(y, z) = z = U(U(x, y), z) = U(z, U(x, y)),
U(U(z, y), x) = U(U(y, z), x) = U(z, x) =
U(x, z) = z = U(U(y, x), z) = U(z, U(y, x)),
U(U(y, x), z) = z = U(y, z) = U(y, U(x, z)),
U(U(y, z), x) = U(z, x) = U(x, z) = z =
U(y, z) = U(y, U(x, z)) = U(y, U(z, x)),

c) if z = si, then U = min on (a, b) × {si} or
U = max on (a, b)×{si} and we get the case
a) or b).

2. Let x = ai, y ∈ (ai, bi]. Thus U = Ũ on the set
{x, y, z} and condition (20) holds.

3. Let x = bi, y ∈ [ai, bi] and U(x, y) 6= ai. Thus by
(i) this case leads to the cases 1) or 2).

4. Let x, y ∈ (ai, bi) and U(x, y) = ai. Thus by (ii)
this case is similar to the case 1).

5. Let x = bi, y ∈ (ai, bi] and U(x, y) = ai. Thus
and by (iii) this case is similar to the case 1).

6. Let x = y = ai. Thus for U(x, y) = ai we have
case 2) and for U(x, y) < ai we have ai = bj for
some j ∈ A1 and we have cases 4) or 5) for the
interval [aj , bj ].

Similarly, we may obtain the associativity condition
(20) for x < e < y, z. Therefore, U is associative.
It means that U is the operation from the class U(e).

5 Conclusion

In this paper we characterize uninorms with the neu-
tral element e ∈ (0, 1) such that U(x, y) ∈ {x, y} on

A(e). We see that triangular norm and conorm from
Theorem 1 have the form of the ordinal sum. An open
problem is to characterize all uninorms, without the
assumption, that U(x, y) ∈ {x, y} in A(e). In the case
of the continuous triangular norm and the continuous
triangular conorm given by (2) the characterization
can be found in [6].
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Abstract

In this paper we summarize results on per-
fect MV-algebras and we show that the class
of first order ÃLukasiewicz formulas valid in
all interpretations over perfect MV-chains is
axiomatizable.
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1 Introduction

The class of MV-algebras arises as algebraic counter-
part of the infinite valued ÃLukasiewciz sentential cal-
culus, as Boolean algebras did with respect to the clas-
sical propositional logic. Due to the non-idempotency
of the MV-algebraic conjunction, unlike Boolean alge-
bras, MV-algebras can be non-archimedean and can
contains elements x such that x¯ . . .¯ x (n times) is
always greater than zero, for any n > 0 (here ¯ de-
notes the ÃLukasiewicz conjunction). In general, there
are MV-algebras which are not semisimple, i.e. the in-
tersection of their maximal ideals (the radical of A) is
different from {0}. Non-zero elements from the radi-
cal of A are called infinitesimals. Perfect MV-algebras
are those MV-algebras generated by their infinitesimal
elements or, equivalently, generated by their radical.
Hence perfect MV-algebras can be seen as extreme ex-
amples of non-archimedean MV-algebras.

An important example of a perfect MV-algebra is the
subalgebra S of the Lindenbaum algebra L of first or-
der ÃLukasiewicz logic generated by the classes of for-
mulas which are valid when interpreted in [0, 1] but
non-provable. Hence perfect MV-algebras are directly
connected with the very important phenomenon of in-
completeness in ÃLukasiewicz first order logic (see [10],
[2]).

As it is well known, MV-algebras form a category
which is equivalent to the category of abelian lattice

ordered groups (`-groups, for short) with strong unit
[9]. This makes the interest in MV-algebras relevant
outside the realm of logic. Let us denote by Γ the func-
tor implementing this equivalence. In particular each
perfect MV-algebra is associated with an abelian `-
group with a strong unit. But, more has been proved.
Namely the category of perfect MV-algebras is equiva-
lent to the category of abelian `-groups, see ([7], Theo-
rem 3.5, p.420). Let us denote by D the functor imple-
menting this equivalence. Hence D maps functorially
each perfect MV-algebra to an abelian `-group and
vice versa, without the help of a strong unit. Here a
curious remark has to be made. Indeed the Γ functor
maps a non-equational class, the category of abelian `-
groups with strong unit, to an equational class, the va-
riety of MV-algebras. On the other hand, the functor
D maps an equational class, the category of abelian `-
groups, to a non-equational class, the category of per-
fect MV-algebras. However, as a consequence of using
the functor D, a surprising result was proved showing
the equivalence between the category of perfect MV-
algebras with a distinguished generator of the radical,
whose morphisms preserve the distinguished element,
and the category of all MV-algebras, cite4.

Perfect MV-algebras do not form a variety and con-
tains non-simple subdirectly irreducible MV-algebras.
It is worth stressing that the variety generated by all
perfect MV-algebras is also generated by a single MV-
chain, actually the MV-algebra C, defined by Chang
in [5]. The MV-algebra C is therefore a prototypical
perfect MV-algebra, and we shall see it plays a crucial
role in the theory of perfect MV-algebras, as well as in
the variety it generates.

In this paper we recount basic properties of perfect
MV-algebras and we adapt results from [2] for estab-
lishing that the class of first order ÃLukasiewicz formu-
las valid on all interpretations over perfect MV-chains
is axiomatizable.
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2 Perfect MV-algebras

A structure A = (A, 0, 1,¬,¯,⊕) is an MV-algebra iff
A satisfies the following equations:

1. (x⊕ y)⊕ z = x⊕ (y ⊕ z);

2. x⊕ y = y ⊕ x;

3. x⊕ 0 = x;

4. x⊕ 1 = 1;

5. ¬0 = 1;

6. ¬1 = 0;

7. x¯ y = ¬(¬x⊕ ¬y);

8. ¬(¬x⊕ y)⊕ y = ¬(¬y ⊕ x)⊕ x.

On A two new operations ∨ and ∧ are defined as fol-
lows: x∨y = ¬(¬x⊕y)⊕y and x∧y = ¬(¬x¯y)¯y.
The structure (A,∨,∧, 0, 1) is a bounded distributive
lattice. We shall write x ≤ y iff x ∧ y = x. We
say that an MV-algebra A is an MV-chain when, as
a lattice, A is linearly ordered. Boolean algebras are
just the MV-algebras obeying the additional equation
x ¯ x = x. For any MV-algebra A we denote by
B(A) = {x ∈ A | x¯ x = x} the biggest Boolean alge-
bra contained in A. We write nx instead of x⊕ ...⊕ x
(n-times) and xn instead of x¯ ...¯ x (n-times). The
least integer for which nx = 1 is called the order of x.
When such an integer exists, we denote it by ord(x)
and say that x has finite order, otherwise we say that
x has infinite order and write ord(x) = ∞.

Example. The unit interval of real numbers [0, 1]
with operations defined by x ⊕ y = min{1, x + y},
x¯ y = max{0, x + y − 1}, and ¬x = 1− x is an MV-
algebra. We shall refer to this MV-algebra as [0, 1].

An ideal of an MV-algebra A is a non-empty subset I
of A which is closed under ⊕ and such that if x ≤ y and
y ∈ I then x ∈ I. A prime ideal P of A is an ideal of A
such that x∧y implies x ∈ P or y ∈ P . An ideal M of
A is called maximal if M ⊆ I implies I = A or I = M ,
where I an ideal of A. Let M be a maximal ideal of A,
then we say that M is supermaximal if A/M ∼= {0, 1}.
The set of all prime ideals of A shall be denoted by
Spec(A). For each element x of an MV-algebra A the
set

id(x) = {y ∈ A | y ≤ nx, for some n > 0}

is the ideal of A generated by x. Each proper ideal is
contained in a maximal ideal.

As MV-algebras form an equational class, the notions
of MV-isomorphism, quotient, subalgebra, product,

etc., are just the particular cases of the correspond-
ing universal algebraic notions.

The intersection of all maximal ideals, the radical of
A, will be denoted by Rad(A).

An MV-algebra A such that Rad(A) = 0 is called
semisimple. An MV-algebra A is called simple if and
only if A is non trivial and {0} is its only proper ideal.
Every simple MV-algebra is isomorphic to a subalge-
bra of [0, 1], (see, e.g., [6], Theorem 3.5.1, p. 70). Ev-
ery non-zero element of a non trivial MV-algebra A
has finite order if and only if A is simple.

If for every element x of the MV-algebra A there is
an integer n such that nx is idempotent then A will
be called hyperarchimedean. For all unexplained MV-
algebraic notions we refer the reader to [6].

Definition 1. An MV-algebra A is local if A has
a unique maximal ideal. The class of all local MV-
algebras will be denoted by Local.

It is also well known that for each x ∈ A, x is a member
of a proper ideal, hence a maximal ideal, if and only if
the order of x is ∞.

It turns out that an MV-algebra A is local if and only
if for every x ∈ A, ord(x) < ∞ or ord(¬x) < ∞.

Definition 2. An MV-algebra A is called perfect if for
every nonzero element x ∈ A ord(x) = ∞ if and only
if ord(¬x) < ∞. The class of all perfect MV-algebras
will be denoted by Perfect.

It is clear that the class of all MV-algebras is a variety,
here denoted by MV . For any subclass K of elements
from MV , V (K) shall denote the subvariety of MV
generated by K. If K has just one element A then we
also write V (A) for V (K).

Definition 3. Chang’s MV-algebra is defined on the
set

C = {0, c, . . . , nc, . . . , 1− nc, . . . , 1− c, 1}

by the following operations (consider 0 = 0c):
x⊕ y =

• (m + n)c if x = nc and y = mc

• 1 − (m − n)c if x = 1 − nc and y = mc and 0 <
n < m

• 1 − (n −m)c if x = nc and y = 1 −mc and 0 <
m < n

• 1 otherwise;

¬x =
{

1− nc if x = nc
nc if x = 1− nc
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C is a linearly ordered MV-algebra, ord(nc) = ∞ and
ord(1 − nc) < ∞ for every n. So C is a perfect MV-
algebra.

Definition 4. A proper ideal P of an MV-algebra A
is called perfect if and only if for every a ∈ A, an ∈ P
for some n ∈ ω if and only if (¬a)m /∈ P for all m ∈ ω.

P is a perfect ideal if and only if A/P is a perfect
MV-algebra.

Proposition 5. The following hold:

(1) The only finite perfect MV-algebra is {0, 1};
(2) Every nonzero element in a perfect MV-algebra

A 6= B(A) generates a subalgebra isomorphic to
the Chang MV-algebra C.

(3) Linearly ordered MV-algebras in V (C) are all per-
fect MV-chains;

(4) V (Perfect) = V (C),

(5) Perfect = V (C) ∩ Local;

(6) A ∈ V (C) iff for every x ∈ A, 2x2 = (2x)2;

(7) A is perfect iff A = alg(Rad(A));

(8) A is perfect iff A = Rad(A)∪¬(Rad(A)); further
x ∈ Rad(A) iff ord(x) = ∞;

(9) Perfect is closed under homomorphic images and
subalgebras;

(10) A is perfect iff any proper ideal of A is perfect iff
{0} is a perfect ideal.

Proof. Properties (1) and (2) are immediate conse-
quences of order of elements in a perfect MV-algebra.

The proof of properties (3), (4), (5), (6) and of
(7), (8), (9), (10) can be found in [7] and in [4] respec-
tively.

Now we are going to show that the class of perfect
MV-algebras is first order definable.

Consider the following well formed formulas in the
first order language of MV-algebras containing the
equality relation as predicate symbol, operations of
MV-algebras as functional symbols and 0 and 1 as
constant symbols. Further denote by &, OR and
⇒ the classical propositional connectives. Let σ be
the wff (∀x)(x2 ⊕ x2 = (x ⊕ x)2) and τ be the wff
(∀x)(x2 = x ⇒ (x = 0 OR x = 1)). Then,

Proposition 6. Let A be an MV-algebra then the fol-
lowing are equivalent:

(i) A is perfect;

(ii) A satisfies σ & τ .

Proof. (i) ⇒ (ii). Let A be a perfect MV-algebra.
Then by Proposition 5(4), A ∈ V (C) hence A satisfies
the equation σ satisfied by C. Further, by Proposition
5(2), A cannot contain idempotent elements different
from 0 and 1.

(ii) ⇒ (i). Assume A to be an MV-algebra satisfy-
ing the formula σ & τ , so x2 = x implies x = 0 or
x = 1. Hence B(A) = {0, 1} and A ∈ V (C). Hence,
by Chang Theorem (see [6], Theorem 1.3.3, p.20), The-
orem 5.1 in ([7] p.424) and Corollary 5.2 in ([7] p.425)
(cfr Proposition 5(3)):

A ↪→
∏

P∈Spec(A)

A/P

where, for every P ∈ Spec(A), A/P is a perfect MV-
chain. Assume A is not perfect. Then there is z ∈ A
such that z /∈ Rad(A) ∪ ¬(Rad(A)). Therefore, there
are P, Q ∈ Spec(A) such that

z/P ∈ Rad(A/P ) and z/Q ∈ ¬Rad(A/Q).

So we get 2(z2/P ) = 0/P and 2(z2/Q) = 1/Q, that is
2z2 ∈ B(A) \ {0, 1}, contradicting B(A) = {0, 1}.

3 ÃLukasiewicz logic

In this section we consider first-order ÃLukasiewicz
logic. We shall use definitions and axioms from [2]
and [3], but apart from some technicalities, such defi-
nitions are analogous to those for example in [8].
Definition 7. Let L be a language containing sym-
bols of variables v0, v1, . . ., logical symbols →,¬; pred-
icate symbols R0, R1, . . .; a quantifier symbol ∃; im-
proper symbols (, ); and a function d : N → N,
N = {0, 1, 2, ...}.
The set of well-formed formulas of L, WFF , is
defined as usual, as follows: atomic formulas,
Rn(vi1 , vi2 , ..., vid(n)) are in WFF . If α, β ∈ WFF
so are (α → β) and ¬α. If α ∈ WFF and x is a
variable then (∃x)α is in WFF .
Definition 8. Let A be an MV-algebra and X a
nonempty set. An {A,X} − model is a system
〈A, X, (Fn)n∈N〉 such that for each n ∈ N there is a
function Fn : Xd(n) → A.

An {A,X} − model is linear if A is an MV-chain, is
canonical if A ⊆ [0, 1]. Given an {A,X} − model
〈A, X, (Fn)n∈N〉, an assignment is a function f :
V ar → X, with V ar = {v0, v1, . . .}, i.e., V ar is the
set of variables of L. If f is an assignment, v ∈ V ar,
x ∈ X, then fvx is the assignment

fvx(vi) =

{
f(vi), if vi 6= v

x, if vi = v.
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If S ⊆ A we define

∑
S =

{
least upper bound of S in A (if it exists)
A, otherwise.

Given M = 〈A,X, (Fn)n∈N〉 we assign values to each
α ∈ WFF . We define, therefore a function

V al(α, M, f) : WFF → A ∪ {A},
where f is an M-assignment inductively defined by the
following conditions:

(1) V al(Rn(vi1 , vi2 , ..., vid(n)),M, f) =
Fn(f(vi1), f(vi2), ..., f(vid(n)));

(2) Assuming V al defined for α ∈ WFF , then

V al(¬α, M, f) =

=

{
¬V al(α, M, f) if V al(α, M, f) ∈ A

A, otherwise;

(3) Assuming V al defined for α, β ∈ WFF , then

V al(α → β, M, f) =

=





¬V al(α, M, f)⊕ V al(β, M, f),
provided V al(α, M, f), V al(β, M, f) ∈ A

A, otherwise;

(4) V al((∃v)α, M, f) =
∑

x∈X V al(α, M, fvx).

Call an M-assignment an interpretation if
V al(α, M, f) ∈ A for all α ∈ WFF .

Axioms of first order ÃLukasiewicz logic (see for ex-
ample [2] or [8]), includes all axioms for ÃLukasiewicz
propositional logic. We can hence define the Linden-
baum MV-algebra L of first order ÃLukasiewicz logic as
the quotient of the MV-algebra of all formulas with re-
spect to the congruence given by provable equivalence
of formulas. An element from L shall be denoted by
[α], with α a formula from L.

Let β0, β1, ... be an enumeration of all β ∈ WFF of
the form βn = (∃vi)αn. For each n,m ≥ 0, let β(n,m)
be defined from αn by the following steps:

1) let vj be the first variable not occurring in αn;

2) replace all bounded occurrences of vm in αn by
vj ;

3) replace all free occurrences of vi in αn by vm.

An ideal I in L is said to preserve sums if for any n,
if [β(n,m)] ∈ I for all m, then

∑
m∈N[β(n,m)] ∈ I.

The following results are from [2] and [3].

Theorem 9. Let I be an ideal of L preserving sums.
Then the map α ∈ Form 7→ [α]/I ∈ L/I is an inter-
pretation over L/I.

We know from [2] that the class of first order formu-
las valid in all interpretations over all linearly ordered
MV-algebras is axiomatizable, while the class of for-
mulas valid in interpretations over [0, 1] is not (see
[10]). We shall study now the class of first order for-
mulas valid in all interpretation over perfect linearly
ordered MV-algebras.

Add to L the axiom schema, 2α2 ↔ (2α)2 and denote
the resulting system by Lp. Then we have,

Proposition 10. A wff α is provable in Lp, iff α is
valid on all perfect MV-chains.

Proof. The proof is based on the fact that for any for-
mula β with ord([β]) = ∞ there exists prime ideal
P of L containing [β] and preserving sums, hence by
Theorem 9 we can define an assignment of formulas
into L/P mapping [β] into 0. Since the axioms of
Lp include the axioms of L, the same is true for the
Lindenbaum algebra Lp of Lp. But the latter alge-
bra is now in the variety V (C) generated by Chang’s
algebra C (Proposition 5(6)). Consequently each lin-
early ordered subalgebra of Lp is perfect (Proposition
5(3)). From this it follows that if α is valid on all per-
fect MV-chains and not provable in Lp, then in Lp,
[α] 6= 1, hence ¬[α] 6= 0. Thus for some prime ideal P
we have ¬[α] 6∈ P and so in Lp/P we have [α]/P 6= 1.
But Lp/P is a perfect linearly ordered MV-algebra,
hence α is not equal to one in a perfect MV-chain, in
contradiction with our hypothesis.
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Abstract

In this paper we will introduce the variety of
state MV-algebras by enlarging the language
of MV-algebras with an unary operator σ,
and by adding equations ensuring σ to sat-
isfy some basic properties of a state on an
MV-algebra in the sense of [4]. The main
result of this paper says us that there is a
standard way to define a state MV-algebra
starting from a state on an MV-algebra and
vice-versa, each state MV-algebra defines a
state on an MV-algebra in its usual meaning.

Keywords: MV-algebra, state, tensor prod-
uct, coherence.

1 Introduction

MV-algebras was introduced by Chang in [2] in or-
der to show  Lukasiewicz logic (see [3]) to be standard
complete, i.e. complete with respect to evaluations of
propositional variables in the real unit interval [0, 1].
Chang’s Completeness Theorem says us that the real
unit interval [0, 1] is the standard domain of interpre-
tation for the propositional variables of  Lukasiewicz
logic. Recall in fact that the prototypical example of
an MV-algebra is the standard one

[0, 1]MV = 〈[0, 1],⊕,¬, 0〉,

where for all x, y ∈ [0, 1], x ⊕ y = min{1, x + y}, and
¬x = 1− x.

MV-algebras provide a generalization of Boolean al-
gebras in the sense that each Booelan algebra is an
MV-algebra satisfying the equation x⊕ x = x. There-
fore as to generalize probability on Boolean algebras,
Mundici introduced in [4] the notion of state on MV-
algebras. Roughly speaking a state on an MV-algebra
M is a (finitely) additive (in the sense of M) func-
tion s : M → [0, 1] mapping the bottom element of

M in 0. Hence each state s maps element of a given
MV-algebra M into the domain of the standard MV-
algebra [0, 1]MV , for this reason it makes sense to con-
sider a state as an additional operator on M.

Following this idea, in this paper we will enlarge the
language of MV-algebras by means of an unary opera-
tion σ and we will add, to those ones of MV-algebras,
a class of equations ensuring σ to satisfy some basic
properties of states. The resulting algebraic structure
will be called state MV-algebra. These algebras will be
introduced in Section 3, while in Section 5 we will show
how each state MV-algebra induce (at least) a state (in
its the usual meaning) on its MV-reduct, while each
state on an MV-algebra M defines a state MV-algebra
whose MV-reduct is the tensor product (see [5]) of
[0, 1]MV by M. In Section 6 we will apply state MV-
algebras to study the probabilistic coherence problem
on infinite-valued events. We will end with some re-
marks and open problems.

2 Preliminaries

Definition 2.1 An MV-algebra is an algebra M =
〈M,⊕,¬, 0, 1〉 such that:

• 〈M,⊕, 0〉 is a commutative monoid, having 0 as
neutral element,

• ¬¬x = x and x⊕ 1 = 1 hold for all x ∈ M ,

• x⊕¬(x⊕¬y) = y ⊕¬(y ⊕¬x) is satisfied for all
x, y ∈ M .

In any MV-algebra M one can define the following
further operations:

x → y = ¬x⊕ y, x	 y = ¬(x → y), x� y =
¬(¬x ⊕ ¬y), x ↔ y = (x → y) � (y → x),
x ∨ y = (x → y) → y, x ∧ y = ¬(¬x ∨ ¬x).

Finally any MV-algebra M is equipped with the order
relation: x ≤ y iff x → y = 1. An MV-algebra M
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is said linearly ordered iff the order relation defined
as above is linear. Following the tradition, a linearly
ordered MV-algebra will be also called an MV-chain.

Definition 2.2 ([4]) A state on an MV-algebra M is
a mapping s : M → [0, 1] such that:

• s(1) = 1,

• if x� y = 0 for x, y ∈ M , then s(x⊕ y) = s(x) +
s(y).

It is quite easy to see that each state s on an MV-
algebra M is monotone and satisfies s(0) = 0. A state
s : M → [0, 1] is said faithfull if s(x) > 0, whenever
x 6= 0.

3 State MV-algebras

Definition 3.1 A state MV-algebra is a pair (M, σ)
such that M is an MV-algebra and σ is a unary oper-
ation on M satisfying:
(1) σ(1) = 1,
(2) σ(¬x) = ¬σ(x),
(3) σ(x⊕ y) = σ(x)⊕ σ(y 	 (x� y)).
(4) σ(σ(x)⊕ σ(y)) = σ(x)⊕ σ(y).

Obviously the class of state MV-algebras forms a vari-
ety. In the following Lemma we will prove some prop-
erties of state MV-algebras.

Lemma 3.2 In a state MV-algebra (M, σ) the follow-
ing conditions hold:
(a) σ(0) = 0.
(b) If x ≤ y, then σ(x) ≤ σ(y).
(c) σ(x ⊕ y) ≤ σ(x) ⊕ σ(y), and if x � y = 0, then
σ(x⊕ y) = σ(x)⊕ σ(y).
(d) σ(x 	 y) ≥ σ(x) 	 σ(y) and if y ≤ x, then
σ(x	 y) = σ(x)	 σ(y).
(e) Letting d(x, y) = (x 	 y) ⊕ (y 	 x), we have that
d(σ(x), σ(y)) ≤ σ(d(x, y)).
(f) σ(x) � σ(y) ≤ σ(x � y). Thus if x � y = 0, then
σ(x)� σ(y) = 0.
(g) σ(σ(x)) = σ(x).
(h) The image σ(M) of M under σ is the domain of
a MV-subalgebra of M.

Proof. (a) By (1) and (2).

(b) If x ≤ y, then y = x ⊕ (y 	 x), therefore since
x � (y 	 x) = 0, substituting in (2) (y 	 x) for y, we
get σ(y) = σ(x⊕ (y 	 x)) = σ(x)⊕ σ(y 	 x) ≥ σ(x).

(c) By (b), σ(y) ≥ σ(y	 (x�y)), therefore σ(x⊕y) =
σ(x) ⊕ σ(y 	 (x � y)) ≤ σ(x) ⊕ σ(y). If (x � y) = 0,
then σ(x⊕ y) = σ(x)⊕ σ(y 	 (x� y)) = σ(x)⊕ σ(y).

(d) Using (2) and (c), we obtain:

σ(x	 y) = σ(¬(¬x⊕ y)) = ¬σ(¬x⊕ y) ≥ ¬(σ(¬x)⊕
σ(y)) =

= ¬(¬σ(x)⊕ σ(y)) = σ(x)	 σ(y). Moreover, if y ≤ x,
then ¬x� y = 0, and by (c), σ(x	 y) = ¬σ(¬x⊕ y) =
¬(σ(¬x)⊕ σ(y)) = σ(x)	 σ(y).

(e) Since (x	 y)� (y 	 x) = 0, by (d) and (c) we get

σ(d(x, y)) = σ(x 	 y) ⊕ σ(y 	 x) ≥ (σ(x) 	 σ(y)) ⊕
(σ(y)	 σ(x)) = d(σ(x), σ(y)).

(f) We have x�y = x	¬y, therefore by (e), σ(x�y) ≥
σ(x) 	 σ(¬y) = σ(x) 	 (¬σ(y)) = σ(x) � σ(y). If
x� y = 0, then 0 = σ(x� y) ≥ σ(x)� σ(y), therefore
σ(x� y) = 0.

(g) By (a), σ(0) = 0, therefore using (4) we get
σ(σ(x)) = σ(σ(x)⊕ σ(0)) = σ(x)⊕ σ(0) = σ(x).

(h) By (g), the range of σ is constituted by all the fixed
points of σ, therefore it is sufficient to prove that the
set of such fixed points is closed under ⊕ and under ¬.
Now closure under ⊕ follows from (4). As regards to
closure under ¬, using (2) and (g), we get σ(¬σ(x)) =
¬(σ(σ(x)) = ¬(σ(x)), and the claim follows.

Examples. (a) We start from a trivial example. Let
M be any MV-algebra and σ be the identity on M .
Then (M, σ) is a state MV-algebra.

(b) A slightly less silly example. Let σ be an idem-
potent endomorphism of an MV-algebra M (For ex-
ample, we may take M to be a non-trivial ultrapower
of the standard MV-algebra [0, 1]MV and σ to be the
standard part function). Then (M, σ) is a state MV-
algebra.

(c) This is in our opinion a sufficiently general exam-
ple. Let M be the algebra of all continuous and piece-
wise linear functions with real coefficients from [0, 1]n

into [0, 1]. Then M, with the point-wise application
of  Lukasiewicz ⊕ and ¬, forms an MV-algebra. Now
let for f ∈ M , σ(f) =

∫
[0,1]n

f . Then (M, σ) is a
state MV-algebra. Note that (M, σ) is simple, there-
fore it is subdirectly irreducible, but it is not totally
ordered. Although rather general, this algebra satis-
fies the quasi equation σ(x) = 0 implies x = 0, which
is not valid in general.

4 Congruences, ideals, subdirectly
irreducible elements

A σ-ideal of a state MV-algebra (M, σ) is an MV-
ideal closed under σ. Since σ(0) = 0, the congru-
ence classes of 0 are σ-ideals. Conversely, given a
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σ ideal J of a state MV-algebra (M, σ), the rela-
tion θJ = {(x, y) : d(x, y) ∈ J} is a congruence of
(M, σ). That θJ is a congruence of M is well-known.
Moreover, if (x, y) ∈ θJ , then d(x, y) ∈ J , there-
fore σ(d(x, y)) ∈ J , as J is a σ-ideal. Moreover
by Lemma 3.2, (e) d(σ(x), σ(y)) ≤ σ(d(x, y)). Thus
d(σ(x), σ(y)) ∈ J , and (σ(x), σ(y)) ∈ θJ . Thus θJ is a
congruence. Therefore:

Theorem 4.1 The congruence lattice of a state MV-
algebra is isomorphic to the lattice of its σ-ideals.

Lemma 4.2 The σ-ideal Ja generated by an
element a of a state MV-algebra (M, σ) is
{x : ∃n ∈ ω(x ≤ n(a⊕ σ(a)))}.

Proof. Let I = {x : ∃n ∈ ω(x ≤ n(a⊕ s(a)))}. By
the definition of σ-ideal, we have that every element
of I must be in Ja. Thus I ⊆ Ja. For the opposite
inclusion, it suffices to show that I is an ideal which
contains a. That a ∈ I is clear, and the proof that
I is an MV-ideal is routine. We show that I is closed
under σ. By Lemma 3.2, (c) and (g), if x ≤ n(a⊕σ(a)),
then σ(x) ≤ n(σ(a)⊕ σ(a)) ≤ 2n(a⊕ σ(a)), therefore
σ(x) ∈ J . This ends the proof.

Theorem 4.3 (a) If (M, σ) is a subdirectly irre-
ducible, then σ(M) is linearly ordered.
(b) If (M, σ) satisfies the quasi identity σ(x) = 0 im-
plies x = 0, then (M, σ) is subdirectly irreducible iff
σ(M) is subdirectly irreducible (as an MV-algebra).

Proof. (a) Let J be the minimum non-trivial σ-
ideal of M. By its minimality, J is mono-generated,
therefore there is a > 0 such that J = Ja =
{x : ∃n ∈ ω(x ≤ n(a⊕ σ(a)))}. Suppose that for some
σ(x), σ(y) ∈ σ(M) one has σ(x) 6≤ σ(y) and σ(y) 6≤
σ(x). Then the ideals Jσ(x)	σ(y) and Jσ(y)	σ(x) gen-
erated by σ(x)	 σ(y) and by σ(y)	 σ(x) respectively
are non trivial, therefore they both contain J . Since
σ(M) is closed under σ, by Lemma 4.2, there is n ∈ ω
such that a ≤ n((σ(x)	σ(y))) and a ≤ n(σ(y)	σ(x))
(here we are using in a crucial way the fact that σ
is the identity on σ(M) and that σ(M) is a sub-
algebra of A, cf Lemma 3.2 (g) and8 (h)). Hence
a ≤ n((σ(x) 	 σ(y)) ∧ (σ(y) 	 σ(x))) = 0, and a con-
tradiction has been reached.

(b) If σ(x) = 0 implies x = 0, then the intersection of
a non-trivial σ ideal J of (M, σ) with σ(M) is a non-
trivial ideal of σ(M). Moreover any ideal of σ(M) is
closed under σ, therefore in σ(M) every ideal is a σ
ideal. Hence if J is the minimum non-trivial σ ideal
of σ(M), then J ∩ σ(M) is the minimum non-trivial
ideal of σ(M). Indeed if I is another non-trivial ideal
of σ(M), then the σ ideal H of (M, σ) generated by
I contains J , and I = H ∩ σ(A) ⊇ J ∩ σ(A). It fol-

lows that J ∩ σ(M) is minimal. Hence if (M, σ) is
subdirectly irreducible, then so is σ(M).

Conversely, if I is the minimum non-trivial ideal of
σ(M), then the σ ideal K of (M, σ) generated by I
is the minimum non-trivial σ-ideal of (M, σ). Indeed,
if J is another non-trivial σ ideal of (M, σ), then J ∩
σ(M) ⊇ K ∩ σ(M) = I. Thus K contains the σ ideal
generated by I, i.e., K ⊇ J and J is minimal. Hence
if σ(M) is subdirectly irreducible, then so is (M, σ).

Remark. As already noted, not all subdirectly irre-
ducible state MV-algebras are linearly ordered. More-
over, linearly ordered state MV-algebras satisfy the
identity σ(x ∨ y) = σ(x) ∨ σ(y), which is not valid in
general. Thus the variety of state MV-algebras is not
generated by its totally ordered members. However,
by Theorem 4.3, it is generated as a quasivariety by
its member (M, σ) such that σ(M) is totally ordered.

5 State MV-algebras and states on
MV-algebras

Let (M, σ) be a state MV-algebra, and let F be a
maximal MV-filter over σ(M). Also, let for x ∈ M ,
s∗(x) = σ(x)/F . Note that σ(M)/F (considered
as an MV-algebra) is a simple MV-algebra, therefore
it embeds into the standard MV-algebra [0, 1]MV on
[0, 1]. Thus s∗ can be regarded as a map from M into
[0, 1]MV .

M
σ //

s∗ ))SSSSSSSSSSSSSSSSSS σ(M)
ηF // σ(M)/F

I

��
[0, 1]MV

ηF being the quotient map of σ(M) in the simple
MV-algebra σ(M)/F , and I being the embedding of
σ(M)/F into the standard MV-algebra [0, 1]MV .

Theorem 5.1 s∗ is a state on M.

Proof. That s∗(1) = 1 is clear. Now let x, y ∈ M
such that x�y = 0. Then by Lemma 3.2 (c) and (f), we
get that s∗(x⊕y) = s∗(x)⊕s∗(y) and σ(x)�σ(y) = 0.
Hence s∗(x)⊕ s∗(y) = s∗(x) + s∗(y), and s∗(x⊕ y) =
s∗(x) + s∗(y). Thus s∗ is a state.

Now let s be a state on a MV-algebra M. Consider
the tensor product T = [0, 1]MV ⊗M, (see Mundici’s
paper [5]). Every element of T can be written as α⊗a
with α ∈ [0, 1] and a ∈ M . (Warning: different expres-
sions may denote the same element, for instance, for
any α ∈ [0, 1] and a ∈ M , both α⊗ 0 and 0⊗ a denote
the bottom element of T . We also warn the reader
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that ⊗ is not an operation on T , but a function from
[0, 1] × M into T ). Moreover, for a, b, c, d ∈ M and
α, β, γ, δ ∈ [0, 1], the following conditions are satisfied:

(i) T is a MV-algebra.

(ii) (α⊕ β)⊗ 1 = (α⊗ 1)⊗ (β⊗ 1) and (1⊗ (a⊕ b)) =
(1⊗ a)⊕ (1⊗ b).

(iii) ¬α⊗ 1 = ¬(α⊗ 1) and 1⊗ ¬a = ¬(1⊗ a).

(iv) The maps α 7→ α⊗1 and a 7→ 1⊗a are embeddings
of [0, 1]MV and of M respectively into T . Thus we will
identify α with α⊗ 1 and a with 1⊗ a.

(v) If β � γ = 0 and b � c = 0, then (β + γ) ⊗ a =
(β⊗a)⊕T (γ⊗a) and α⊗ (b⊕ c) = (α⊗ c)⊕T (α⊗d).

(vi) α⊗ (a	d) = (α⊗a)	T (α⊗d) and (α	 δ)⊗a =
(α⊗ a)	T (δ ⊗ a).

The top element of T is 1 = 1 ⊗ 1, and the bottom
element is 0⊗ 0 = 0⊗ a = α⊗ 0.

We define an operation σ+ on T as follows: σ+(α ⊗
a) = α · s(a) (note that α · s(a) ∈ [0, 1]MV which is a
subalgebra of T ).

Theorem 5.2 σ+ is well-defined and (T , σ+) is a
state MV-algebra.

Proof. Let Md be the divisible MV-algebra gener-
ated by M. Hence every element of Md has the form
qa for some rational q ∈ [0, 1] and a ∈ M . There is
only one way to extend s : M→ [0, 1] to a state sd on
Md into [0, 1]. In fact it must be that sd(qa) = qs(a).
Let now TQ be the MV-algebra [0, 1]MV ∩Q⊗M. The
following holds:

Claim 5.3 TQ is isomorphic to Md via the isomor-
phism f : q ⊗ a 7→ qa.

Proof. (Claim) Let β : [0, 1] ∩ Q × M → Md be
defined as β(q, a) = qa. Then β is a bimorphism (see
[5]). In fact the following holds:

• β(1, 1) = 1 · 1 = 1,

• β(0, a) = β(q, 0) = 0,

• β(q, a1 ∨a2) = q(a1 ∨a2) = qa1 ∨ qa2 = β(q, a1)∨
β(q, a2), and analogously the other cases.

• If a1 � a2 = 0, then

– β(q, a1)�β(q, a2) = qa1� qa2 ≤ a1�a2 = 0.
– β(q, a1⊕a2) = q(a1⊕a2). But · distributes on
⊕, and thus β(q, a1⊕a2) = β(q, a1)⊕β(q, a2)

Symmetrically the other cases when q1 � q2 = 0
hold.

Therefore β is a bimorphism. Now from [5] (Theorem
3.2 pp. 234–235), there exists a unique homomorphism
λ : [0, 1]MV ∩Q⊗M→Md. Moreover it is easy to see
that λ is a bijection. In fact if λ(q⊗a) 6= λ(r⊗b), then
qa 6= rb, and thus q ⊗ a 6= r ⊗ b, then λ is injective.
To prove that λ is surjective is trivial. In fact notice
that for each qa ∈ Ad, at least λ(q ⊗ a) = qa. Thus
the claim holds.

Therefore q ⊗ a can be identified with qa = 1 ⊗ qa,
and σ+(q ⊗ a) = qs(a) = sd(qa). It follows that if
for some rationals q, r and for some a, b ∈ M one has
r ⊗ a = q ⊗ b, then ra = qb and σ+(r ⊗ a) = rs(a) =
sd(ra) = sd(qb) = qs(b) = σ+(q ⊗ b). Thus σ+ is
well-defined on Md.

Now the restriction of σQ on TQ is a state on TQ. In fact
σQ(1⊗1) = 1s(1) = 1, and if (q⊗a)�(r⊗b) = 0, then
qa�rb = 0. Then σQ((q⊗a)⊕(r⊗b)) = sd(qa⊕rb) =
sd(qa) ⊕ sd(rb) = σQ(q ⊗ a) ⊕ σQ(r ⊗ b). Finally, σ+

extends σQ by continuity:

σ+(α⊗ a) = sup
{
σQ(r ⊗ a) : r ∈ Q; r ≤ α

}
,

and therefore the following hold:

• Clearly for each α ∈ [0, 1] and a ∈ M , α ⊗ a =
sup{r ⊗ a | r ∈ Q, r ≤ α}. In fact for each fixed
a ∈ M , the partial function ⊗a

Q : q 7→ q ⊗ a = qa
is a continuos map over Q. Therefore for each
α ∈ [0, 1] and a ∈ M , α ⊗ a = sup{r ∈ Q | r ≤
α} ⊗ a = sup{r ⊗ a | r ∈ Q, r ≤ α}.

• σ+ is well-defined. In fact if α ⊗ a = β ⊗ b, then
sup{r ⊗ a | r ≤ α} = sup{q ⊗ b | q ≤ β}. Now,
for any fixed x ∈ A, σQ(· ⊗ x) : t 7→ ts(x) is a
continuous map over Q. Therefore σ+(α ⊗ a) =
sup{σQ(r ⊗ a) | r ≤ α} = {σQ(q ⊗ b) | q ≤ β} =
σ+(β ⊗ b). Hence σ+ is well-defined.

• σ+ is a state on T . In fact σ+(1, 1) = σQ(1, 1) =
1. Moreover if (α⊗a)�(β⊗b) = 0, then from the
continuity of �, one has sup{(r⊗a)�(q⊗b) | r ≤
α, b ≤ β} = 0. Therefore σQ((r ⊗ a)⊕ (q ⊗ b)) =
σQ(r⊗a)⊕σQ(q⊗b). Thus σ+((α⊗a)⊕(β⊗b)) =
sup{σQ((r ⊗ a) ⊕ (q ⊗ b)) | r ≤ α, q ≤ β} =
sup{σQ(r ⊗ a) ⊕ σQ(q ⊗ b) | r ≤ α, q ≤ β} =
σ+(α⊗ a)⊕ σ+(β ⊗ b) given the continuity of ⊕.

Therefore (1), (2) and (3) of Definition 3.1 hold. More-
over if α ∈ [0, 1], then σ+(α) = αs(1) = α. Since for
x, y ∈ T , σ+(x) ⊕ σ+(y) ∈ [0, 1], also (4) is verified.
Thus (T , σ+) is a state MV-algebra.

6 The coherence problem

Given a finite probabilistic assessment Pr(E1) = α1,
. . . , Pr(En) = αn, where E1, . . . , En are fuzzy events,
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identified with sentences of  Lukasiewicz logic, and
α1, . . . , αn are real numbers in [0, 1], we consider the
following problem: Is there a state s on the Linden-
baum sentence algebra L L of  Lukasiewicz logic such
that for i = 1, . . . , n, s([Ei]) = αi, (where [Ei] denotes
the equivalence class of Ei modulo provable equiva-
lence)? If such a state exist, then we say that the
assessment is coherent. We want to find an equa-
tional characterization of the coherence problem when
α1, . . . , αn are rational numbers. To this purpose,
note that since  Lukasiewicz logic is algebraizable in
the sense of Blok and Pigozzi (cf [1]), the formulas
E1, . . . , En can be regarded as terms of MV-algebras
as well. Now suppose that the αi are rational num-
bers, say αi = ni

mi
. Let x1, . . . , xn be fresh variables,

and consider for i = 1, . . . , n the formulas the equa-
tions εi : (mi−1)xi = ¬xi. Moreover, for i = 1, . . . , n,
we denote by δi the equation σ(Ei) = nixi. Then we
can prove:

Theorem 6.1 Let χ be the assessment consisting of
the conditions Pr(Ei) = ni

mi
, i = 1, . . . , n. The follow-

ing are equivalent:
(a) χ is coherent.
(b) The equations εi and δi, i = 1, . . . , n, are satisfi-
able in some non-trivial state MV-algebra.

Proof. (a) ⇒ (b). Given a state s on L L
we can construct the state MV-algebra (T , σ+) with
T = [0, 1]MV ⊗ L L as in Theorem 5.2, thus getting a
state MV-algebra whose operator σ+ extends s. Let
v be an evaluation on (T , σ+) such that v(xi) = 1

mi

(note that 1
mi

= 1
mi

⊗ 1 ∈ T ). Then equations εi

are satisfied by v. Moreover, σ+(Ei) = σ+(1 ⊗ Ei) =
1s(Ei) = s(Ei) = ni

mi
= niv(xi), and also equations δi

are satisfied by v.

(b) ⇒ (a). Let (M, σ) be a state MV-algebra and
v be an evaluation on (M, σ) satisfying equations εi

and δi, i = 1, . . . , n. Without loss of generality, we
may assume that M is countably (or even finitely)
generated, therefore there is an epimorphism h of L L
onto M such that h([x]) = v([x]) for every proposi-
tional variable x. Thus (mi − 1)h([xi]) = ¬h([xi]),
and σ(h([Ei])) = nih([xi]). Let I be a maximal
MV-ideal of σ(M), and define for every [E] ∈ L L,
s∗([E]) = σ(h(E))/I. Since quotients preserve iden-
tities, we have that s∗([Ei]) = (nih([xi]))/I and
(mi − 1)(h([xi])/I) = ¬(h([xi])/I). Thus the canoni-
cal embedding of σ(M)/I into [0, 1]MV maps h([xi])/I
into 1

mi
and s∗([Ei]) into ni

mi
.

Finally, we verify that (modulo the canonical embed-
ding of σ(M)/I into [0, 1]MV ), s∗ is a state. That
s∗(1) = 1 is clear. Moreover if [E] � [F ] = 0 in
L L, then h([E]) � h([F ]) = 0 holds in A, therefore
s∗([E])� s∗([F ]) = (σ(h([E]))�σ(h([F ])))/I = 0/I =

0, and

s∗([E]⊕ [F ]) = (σ(h([E])⊕ h([F ])))/I =

(σ(h([E])))/I ⊕ (σ(h([F ])))/I =

s∗([E])⊕ s∗([F ]).

Thus s∗ is a state on L L satisfying the assessment χ,
and the proof is finished.

7 Conclusions and open problems

We introduced a unary operator σ on MV-algebras as
to deal with the notion of states on MV-algebras and
so defining the class of state MV-algebras. The main
result of this paper says us that there is a canonical
way of associating to each state MV-algebra (M, σ)
a state on M, and vice-versa, given a state s on an
MV-algebra M, one can define a state MV-algebra
whose MV-reduct is obtained by tensor product of the
standard MV-algebra [0, 1]MV with M.

As we remarked at the end of Section 4, the variety
of state MV-algebras is not generated by its linearly-
ordered members. For this reason, unlike the most
common case, it is not possible to prove that the va-
riety of state MV-algebras is generated by those alge-
bras whose MV-reduct is the standard MV-algebra. In
our opinion the most appropriate candidates to be the
standard state MV-algebras are those algebras defined
as in Section 5, and hence those algebras in the form
(T , σ+), T being the tensor product [0, 1]MV ⊗M and
M being any (not necessarily linearly ordered) MV-
algebra. Unfortunately we was not able, since now, to
prove that an equation ϕ ≈ 0, written in the language
of state MV-algebras, holds in every state MV-algebra
iff ϕ ≈ 0 holds in some (T , σ+). Therefore it can be
reasonably considered as an open problem.

Another open problem is that one of studying the com-
putational complexity for state MV-algebras, and ap-
plying it to the problem of deciding the coherence of
rational assessments by the equational characteriza-
tion we proved in Section 6.

Acknowledgement

References

[1] Blok W., Pigozzi D., Algebraizable Logics.
Mem. Amer. Math. Soc, 396 (77). Amer. Math
Soc. Providence, 1989.

[2] Chang C. C., Algebraic analysis of many-vaued
logics. Trans. Amer. Math. Soc., 88, 467–490,
(1958).
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Abstract

We describe n-generated free MV -algebras as
MV-algebras having the lattice reduct which
is a direct limit in the category of distributive
lattices.

Keywords: MV -algebras, Lattices.

1 Preliminaries

We recall that an algebra A = (A; 0, 1,⊕, ·,∼), [1], is
said to be an MV -algebra iff it satisfies the following
equations:

1. (x⊕ y)⊕ z = x⊕ (y ⊕ z);

2. x⊕ y = y ⊕ x;

3. x⊕ 0 = x;

4. x⊕ 1 = 1;

5. ∼ 0 = 1;

6. ∼ 1 = 0;

7. x · y =∼ (∼ x⊕ ∼ y);

8. ∼ (∼ x⊕ y)⊕ y =∼ (∼ y ⊕ x)⊕ x.

Henceforth we shall write ab for a · b and an for
a · · · · · a︸ ︷︷ ︸

n times

, for given a, b ∈ A. Every MV -algebra has

an underlying ordered structure defined by

x ≤ y iff ∼ x⊕ y = 1.

(A;≤, 0, 1) is a bounded distributive lattice. Moreover,
the following property holds in any MV -algebra:

xy ≤ x ∧ y ≤ x ∨ y ≤ x⊕ y.

The unit interval of real numbers [0, 1] endowed with
the following operations: x⊕ y = min(1, x+ y), x · y =

max(0, x + y − 1),∼ x = 1 − x, becomes an MV -
algebra. Let Q denote the set of rational numbers, for
(0 6=)m ∈ ω we set Sm = (Sm;⊕, ·,∼, 0, 1), where

Sm =
{

0,
1
m

, . . . ,
m− 1

m
, 1

}
.

Recall that an algebra A ∈ K is said to be a free
algebra in a variety K, if there exists a set A0 ⊂ A such
that A0 generates A and every mapping f from A0 to
any algebra B ∈ K is extended to a homomorphism
h from A to B. In this case A0 is said to be the set
of free generators of A. If the set of free generators
is finite then A is said to be a finitely generated free
algebra .

2 Representation of n-generated
MV -algebras

Let us denote by DL the category, and the variety as
well, of distributive lattices, named by DL-algebras in
the sequel, and lattice homomorphisms.

Notice that any MV -algebra is bounded distributive
lattice and the lattice operations ∨ and ∧ are definable
by means of MV -algebra operations ⊕, · and ∼. So,
any MV -algebra is a DL-algebra with respect to the
operations ∨,∧.

Let (A,⊕, ·,∼, 1, 0) be an MV -algebra. Define a func-
tor D transforming MV -algebra (A,⊕, ·,∼, 1, 0) into
DL-algebra in the following way:

D((A,⊕, ·,∼, 1, 0)) = (A,∨,∧).

Then we have functor from the category of MV -
algebras MV to the category DL.

Let FVn(m) be the m-generated free MV -algebra in
the variety Vn = V({S1, ..., Sn}). We can consider any
MV -algebra as (unbounded) distributive lattice (with
lattice operations ∨ and ∧). It is clear that FVn(m) is
embedded into FVn+1(m) as MV -algebra and, conse-
quently, as a lattice.
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Let g
(n)
1 , ..., g

(n)
m ∈ FVn(m) be free generators of

FVn(m).

Let us define the injective mapping

εn(n+1) : D(FVn(m)) → D(FVn+1(m))

for any n ∈ ω/{0} in the following way:

g
(n)
1 7→ g

(n+1)
1 , ..., g(n)

m 7→ g(n+1)
m for any n ∈ ω/{0}.

It is clear that in the case when n = 1, g
(1)
1 , ..., g

(1)
m

generate FV1(m) (= D
(m)
1 = D(FV1(m))) using only

operations ∨,∧ and ∼. Then ε12(g
(1)
i ) = g

(2)
i , for i =

1, ..., m, and generate the algebra D
(m)
2 inside FV2(m)

by means of g
(2)
1 , ..., g

(2)
m using only operations ∨,∧ and

∼. It easy to check that D
(m)
2 is isomorphic to D

(m)
1 (=

D(FV1(m))). ε12(x∨ y) = ε12(x)∨ ε12(y), ε12(x∧ y) =
ε12(x) ∧ ε12(y).

In particular, if m = 1, then ε12(1) = g
(2)
1 ∨ ∼

g
(2)
1 (6= 1) and ε12(0) = g

(2)
1 ∧ ∼ g

(2)
1 ( 6= 0). Ob-

serve that ε12(D(FV1(1))) generates FV1(2) using MV -
algebra polynomials containing operations ∨,∧,∼ and
MV -algebra operation ⊕ (or ·) only one time. It is
enough, since in V2 holds the axiom 2x = 3x (and 2x
is a Boolean element). Indeed, by means of the gen-
erator g

(2)
1 using ∨,∧,∼ and polynomials containing

operation ⊕ (or ·) only one time, we obtain elements
(0, 1, 1), (1, 0, 1), (1, 1, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1) and,
hence, any element of FV1(2) by means of ∨,∧ and
g
(2)
1 ,∼ g

(2)
1 . Notice, that the embedding ε12 is

not MV -algebra embedding, it is DL-algebra embed-
ding. So, we define a functor L2 transforming DL-
algebra D(FV2(1)) into MV -algebra FV2(1). Further,
ε23(g

(2)
1 ) = g

(3)
1 and close {g(3)

1 } by means of opera-
tions ∨,∧,∼. Then we obtain DL-algebra D

(1)
3 which

is isomorphic to D(FV1(1)). Analogically, as in the
previous case, close D

(1)
3 using ∨,∧,∼ and polynomi-

als containing operation ⊕ (or ·) only one time. Then
we obtain DL-algebra ε23(D(FV1(2))) which is isomor-
phic to D(FV1(2)). Further, close ε12(D(FV1(2))) using
∨,∧,∼ and polynomials containing operation ⊕ (or ·)
only not more than on two places. Then we obtain
the algebra D(FV1(3)). So, we can define a functor L3

transforming DL-algebra D(FV3(1)) into MV -algebra
FV3(1). And so on.

Analogically it is shown in general case when m > 1.

Further, ε12(g
(2)
i ) = g

(3)
i , for i = 1, ..., m, and gen-

erate the algebra D
(m)
3 inside FV3(m) by means of

g
(3)
1 , ..., g

(3)
m using only operations ∨,∧ and ∼. It easy

to check that D
(m)
3 is isomorphic to FV1(m) (as a

lattice with involution). Moreover, D
(m)
3 generates

FV3(m), if we use the MV -algebra operations ∼ and ⊕
only two times. In other words, for generating FV3(m)
we use polynomials containing the operation ∼ and ⊕
only in not more than two places. It is enough, since
in V3 holds the axiom 3x = 4x.

Let us consider the direct system
(D(FVn(m)), εn(n+1))n∈ω/{0}. Let D(F (m))
be the direct limit of the direct system
(D(FVn(m)), εn(n+1))n∈ω/{0}. The elements of
D(F (m)) are infinite sequences (ai, ai+1, ai+2, ...)
for i ∈ ω such that ai ∈ D(FVi(m)) and ai has no
inverse image with respect to ε(i−1)i, and, moreover,
εi1(i1+1)(ai1) = ai1+1 for any i1 ≥ i. Now we define
the operation ⊕ on D(F (m)) in the following way.

Let a = (ai, ai+1, ai+2, ...), b = (bj , bj+1, bj+2, ...) and
a, b ∈ F (m), and i ≤ j. It is clear that ai (respec-
tively, bj) represented by a valuation of an MV -algebra
polynomial containing operation ⊕ only on i − 1 (re-
spectively, j − 1) places. Then we consider elements
amax(i,j) and bmax(i,j). It is clear that they belong
to D(FVmax(i,j)(m)). Choose the least number k ≥
max(i, j) such that amax(i,j) + bmax(i,j) ∈ D(FVk

(m)).
Then a ⊕ b = (ak + bk, ak+1 + bk+1, ak+2 + bk+2, ...).
Then we convert D(F (m)) into MV -algebra which we
denote by FMV (m).

Theorem 2.1. The MV -algebra FMV (m) is m-
generated free MV -algebra.
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Abstract

Generalized concept lattices have been re-
cently proposed to deal with uncertainty or
incomplete information as a non-symmetric
generalization of the theory of fuzzy for-
mal concept analysis. On the other hand,
concept lattices have been defined as well
in the framework of fuzzy logics with non-
commutative conjunctors.

The contribution of this paper is to prove
that any concept lattice for non-commutative
fuzzy logic can be interpreted inside the
framewok of generalized concept lattices,
specifically, it is isomorphic to a sublattice
of the cartesian product of two generalized
concepts lattices.

Keywords : formal concept analysis, con-
cept lattices, Galois connections.

1 Introduction

The theory of Formal Concept Analysis has its be-
ginnings in the works of Ganter and Wille [5] where
an object-attribute view of data is developed. Specif-
ically, a concept is defined as a pair of subsets which,
respectively mean the extension (the subset of objects
related to the concept) and the intension (the set of
attributes which define the concept).

Ganter-Wille’s approach was based on a classical set-
ting, in that objects (resp. attributes) either crisply
belong or not to the extension (resp. intension) of
a concept. Since then, there have been several ap-
proaches aiming at introducing some kind of fuzzi-
ness, vagueness or uncertainty in the data. Fuzzy con-
cept lattices were firstly introduced by Burusco and

∗Partially supported by TIC2003-09001-C02-01
†Partially supported by TIN2006-15455-C03-01
‡Partially supported by P06-FQM-02049

Fuentes-González in [4], later independently developed
by Pollandt in [11] and Bělohlávek in [2] (which also
considered fuzzy orderings). Later, Georgescu and
Popescu [6] defined the notion of fuzzy concept lat-
tice associated to fuzzy logic with a non-commutative
conjunction. More recently, Krajči considered the so-
called generalized concept lattices, which use different
sets of truth-values to refer to the subset of objects, to
the subset of attributes of a concept, as well as to the
degree to which an object has an attribute.

The framework of generalized concept lattices is actu-
ally a generalization of Pollandt’s concept lattice and
Bělohlávek’s concept lattice (when considering a clas-
sical ordering) and, furthermore, it has been shown to
embed some other approaches, like the concept lattices
with hedges [7].

In this paper, the frameworks of Krajči’s generalized
concept lattice and Georgescu-Popescu’s construction
for non-commutative conjunctions are related; specifi-
cally, we show the relationship between the residuated
operators introduced by the latter with the notion of
left-continuity introduced by the former. This rela-
tionship allows to interpret Georgescu-Popescu con-
cept lattices as a particular case of the generalized
concept lattices.

2 Generalized Concept Lattices

As stated in the introduction, generalized concept
lattices are based on two complete lattices (L1,�1)
(L2,�2), and a poset (P,≤), which are the different
sets of truth-values to refer to the objects, to the at-
tributes of a concept, as well as to the degree to which
an object has an attribute.

In addition, a conjunction operator ⊗ : L1 × L2 → P
is considered, which is assumed to be increasing and
left-continuous in both arguments. The notion of left-
continuity, see [8], is given below:

Definition 2.1 Given (L,�) a complete lattice and
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(P,≤) a poset, an application T : L → P is left-
continuous when, given p ∈ P and a non-empty subset
X ⊆ L, the following condition holds:

if T (x) ≤ p for every x ∈ X, then
T (sup X) ≤ p

The context under which concepts are defined is a tu-
ple (A, B,R,⊗), where the sets A and B represent the
attributes and objects, and R : A×B → P is a P -fuzzy
relation.

Given a context (A, B,R,⊗), two maps ↑ : L2
B → L1

A

and ↓ : L1
A → L2

B can be defined as follows:

g↑(a) = sup{x ∈ L1 | (∀b ∈ B) x⊗ g(b) ≤ R(a, b)}
f↓(b) = sup{y ∈ L2 | (∀a ∈ A)f(a)⊗ y ≤ R(a, b)}

Now, the concepts given by the context are defined as
the elements (g, f) of L2

B×L1
A such that g↑ = f and

f↓ = g.

By relying on the fact that the pair (↓, ↑) is a Galois
connection, Krajči proved that the set of concepts

G = {(g, f) | g↑ = f and f↓ = g}

is actually a complete lattice with the ordering �G
defined as

(g1, f1) �G (g2, f2) if and only if g1 �2 g2

The lattice G is known as the generalized concept lattice
associated to (A, B,R,⊗).

3 Concept lattice for
non-commutative conjunctors

Georgescu and Popescu introduced in [6] a concept
lattice which is based on the structure of complete
biresiduated lattice1 as underlying set for the truth-
values of both the objects and attributes. The formal
definition of this structure is given below:

Definition 3.1 A complete biresiduated lattice is a
tuple (L,�, &,↙,↖) satisfying the following condi-
tions:

1. (L,�) is a complete lattice.

2. (L, &,>) is a monoid.

3. The adjoint properties:

(a) x � z ↙ y if and only if x & y � z

(b) y � z↖ x if and only if x & y � z

1The term used by Georgescu-Popescu is complete gen-
eralized residuated lattice, which we do not use here in
order to avoid misunderstandings with Krajči’s.

Note that the adjoint conditions are different precisely
when the conjunctor & is non-commutative.

The study of implications and conjunctions related by
adjointness has recently been the subject of extensive
research, becoming an important branch of the the-
ory of multiple-valued and fuzzy logic. Note that this
structure was introduced in the framework of fuzzy
logic programming in [10] and, simultaneously, under
the name of implication triple, in [1].

In order to define the concept lattice, we have to intro-
duce the notion of context. Given a complete biresidu-
ated lattice (L,�, &,↙,↖), a (biresiduated) context
is a tuple (A, B,R) where A, B are sets represent-
ing the attributes and the objects, respectively, and
R : A×B → L is a L-fuzzy relation.

Now, given a context (A, B, R) the mappings �,
⇑ : LB → LA and �, ⇓ : LA → LB are defined as fol-
lows:

g�(a) = inf{R(a, b)↙ g(b) | b ∈ B}
g⇑(a) = inf{R(a, b)↖ g(b) | b ∈ B}
f⇓(b) = inf{R(a, b)↖ f(a) | a ∈ A}
f�(b) = inf{R(a, b)↙ f(a) | a ∈ A}

The concepts in this framework are triples (g, f, f ′) ∈
LA×B×B such that g� = f ; g⇑ = f ′; f⇓ = g; f ′

� = g;
this is why we will call them t-concepts.

The fact that the pairs (�, ⇓) and (⇑, �) form Galois
connections is used in [6] to prove that the set of t-
concepts, denoted as L, is a complete lattice under
the ordering (g1, f1, f

′
1) �L (g2, f2, f

′
2) if and only if

g1 � g2 (equivalently f2 � f1 or f ′2 � f ′1).

4 Relating both frameworks

In order to embed the concept lattice L into Krajči’s
framework, firstly we have to know when the opera-
tor &, defined in Section 3, is left continuous in both
arguments.

By definition, we have that & has associated two
“residuated” applications ↙ and ↖ satisfying the ad-
joint properties. As a result we obtain that & is sup-
preserving in both arguments, i. e., for all x, y ∈ L and
X, Y ⊆ L we have that sup(X) & y = sup{x′& y | x′ ∈
X}, and x & sup(Y ) = sup{x & y′ | y′ ∈ Y }, see [1].

Once we know that & is sup-preserving in both argu-
ments, the following step is to obtain left-continuity.
This can be achieved as an application of the follow-
ing result which characterises when an operator is sup-
preserving in terms of the left-continuity.

Lemma 4.1 Let (L,�) be a complete lattice and
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∧ : L × L → L an increasing operator then the fol-
lowing conditions are equivalent:

1. ∧ is sup-preserving in the first argument.

2. ∧ is left-continuous in the first argument and ⊥∧
y = ⊥ for every y ∈ L.

Proof: (1 implies 2)

The proof of the boundary condition is trivial consid-
ering X = ∅ since ⊥ ∧ y = sup(X) ∧ y = sup{x ∧ y |
x ∈ X} = ⊥. Now, given y, z ∈ L and a non-empty
subset X ⊆ L, if x ∧ y � z for every x ∈ X then
sup{x ∧ y | x ∈ X} � z, so, by hypothesis:

sup(X) ∧ y = sup{x ∧ y | x ∈ X} � z

therefore ∧ is left-continuous in the first argument.

(2 implies 1)

Let ∅ 6= X ⊆ L and y ∈ L, the inequality sup{x ∧
y | x ∈ X} � sup(X) ∧ y follows directly from the
increasing character of ∧ and definition of supremum.

For the other inequality, since x ∧ y � sup{x ∧ y | x ∈
X} for every x ∈ X, we can use the left-continuity
in the first argument of ∧, and obtain sup(X) ∧ y �
sup{x ∧ y | x ∈ X}.

If X = ∅, the equality is straightforward because of
the boundary condition and sup(X) = ⊥.

A similar lemma can be proved for the second argu-
ment, but in this case the boundary condition has
to be modified as x ∧ ⊥ = ⊥. As a consequence of
Lemma 4.1, we get that & is left continuous in both
arguments.

Remark 4.1 Note that only the first implication is
needed for our purposes. However, we have stated and
proved the full equivalence in order to point out a gap
in [3], in which there is no explicit mention to the
need of the boundary conditions, which turns out to be
essential.

Finally, an alternative definition of the Galois connec-
tions of Section 3 can be given in terms of suprema,
hence obtaining a definition more similar to that of
Krajči’s:

Lemma 4.2 Given a complete biresiduated lattice
(L,�, &,↙,↖) and a biresiduated context (A, B,R)
we have that:

g�(a) = sup{x ∈ L1 | (∀b ∈ B)x & g(b) � R(a, b)}
f⇓(b) = sup{y ∈ L2 | (∀a ∈ A)f(a) & y � R(a, b)}

Proof: For the first equality we need to prove that

sup{x ∈ L1 | (∀b ∈ B)x & g(b) � R(a, b)} =
inf{R(a, b)↙ g(b) | b ∈ B}

By the adjoint property of & with respect to ↙, and
the characterisation of the infimum as the supremum
of the lower bounds, we obtain

sup{x ∈ L | (∀b ∈ B)x & g(b) � R(a, b)} =
= sup{x ∈ L | (∀b ∈ B)x � R(a, b)↙ g(b)}
= inf{R(a, b)↙ g(b) | b ∈ B}

The other equality is proved in a similar way.

Theorem 4.1 Given a complete biresiduated lattice
(L,�, &,↙,↖) and a biresiduated context (A, B,R),
then there exist two generalized concept lattices, G1 and
G2 such that the sublattice of G1 × G2 defined by

G12 = {((g1, f1), (g2, f2)) ∈ G1 × G2 | g1 = g2}

is isomorphic to the lattice of t-concepts L.

Proof: By Lemma 4.2, we have that the definitions of
the applications (�, ⇓) given in Section 3 coincide with
the definitions of (↑, ↓) given in Section 2 considering
the context (A, B,R, &).

Now, if we consider the operator &op : L × L → L,
where x &op y = y & x, we obtain similarly that the
pair (⇑, �) is equal to (↑

op

, ↓op) defined for the context
(A, B, R, &op).

Finally, we simply have to take G1 and G2 as the
generalized concept lattices associated to the contexts
(A, B, R, &) and (A, B,R, &op)

5 Conclusions

We have shown how the framework of concept lat-
tices for non-commutative fuzzy logics introduced by
Georgescu and Popescu naturally embeds in the frame-
work of generalized concept lattices.

As future work we are planning to study the relation-
ship between the generalized concept lattice and the
recently introduced multi-adjoint concept lattice [9].
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Abstract

Fuzzy Description Logics (fuzzy DLs) have been
proposed as a language to describe structured
knowledge with vague concepts. In [23], a so-
lution based on Mixed Integer Linear Program-
ming has been proposed to deal with fuzzy DLs
under Łukasiewicz semantics in which typical
membership functions, such as triangular and
trapezoidal functions, can be explicitly repre-
sented in the language.

A major theoretical and computational limitation
so far is the inability to deal with General Con-
cept Inclusions (GCIs), which is an important
feature of classical DLs. In this paper, we ad-
dress this issue and develop a calculus for fuzzy
DLs with GCIs under various semantics: classi-
cal logic, “Zadeh semantics”, and Łukasiewicz
logic.

Keywords: Fuzzy Description Logics

1 Introduction

Description Logics (DLs) [1] are a logical reconstruction
of the so-called frame-based knowledge representation lan-
guages, with the aim of providing a simple well established
Tarski-style declarative semantics to capture the meaning
of the most popular features of structured representation of
knowledge. Nowadays, DLs have gained even more popu-
larity due to their application in the context of the Semantic
Web, as the theoretical counterpart of OWL DL (the W3C
standard for specifying ontologies, see [12] for details).

Fuzzy DLs [18, 22, 28, 30] extend classical DLs by allow-
ing to deal with fuzzy/vague/imprecise concepts for which
a clear and precise definition is not possible. The problem
to deal with imprecise concepts has been addressed several
decades ago by Zadeh [31], which gave birth in the mean-
while to the so-called fuzzy set and fuzzy logic theory and
a huge number of real life applications exists. Despite the

popularity of fuzzy set theory, relative little work has been
carried out in extending DLs towards the representation of
imprecise concepts, notwithstanding DLs can be consid-
ered as a quite natural candidate for such an extension [2,
5, 7, 8, 13, 16, 19, 18, 20, 21, 22, 23, 25, 27, 28, 30, 32].

From a semantics point of view, most works rely on the
Gödel conjunction and disjunction (x ∧ y = min(x, y),
x∨ y = max(x, y)), but with Łukasiewicz negation (¬x =
1 − x), essentially the semantics of fuzzy sets operators
proposed by Zadeh [31] (which we call here “Zadeh se-
mantics”), while very few work address the case of a fully
Łukasiewcz compliant semantics. Indeed, Hajek [6, 5]
proposes a reasoning solution based on a reduction to
Łukasiewicz propositional logic Ł, while Straccia [23] pro-
poses a reasoning solution, which is based on a mixture
of tableau rules and Mixed Integer Linear Programming
(MILP). The latter solution has been proposed to deal with
fuzzy DLs with so-called fuzzy concrete domains, i.e. the
possibility to represent in fuzzy DLs concepts with explicit
membership functions such as triangular, trapezoidal, left-
shoulder and right-shoulder functions.

A major theoretical, computational and practical limitation
so far of fuzzy DLs is the inability to deal with General
Concept Inclusions (GCIs), which is an important feature
of classical DLs; e.g., GCIs are necessary to represent do-
main and range constraints. We note that [29, 20] present a
solution for fuzzy DLs under “Zadeh semantics”, but which
is hardly applicable in real world scenarios. The major
problem relies on the fact that, informally, the algorithm
generates a disjunction for each rational occurring in the
knowledge base. This is clearly not feasible in practice.

In this paper, we address this issue and develop a calculus
for fuzzy ALCF(D) with GCIs under various semantics,
which have been considered in the running system fuzzyDL,
available from Straccia’s home page.

In the remainder, we proceed as follows. We next describe
the basics of fuzzy DLs, then address the inference algo-
rithm and finally we conclude.
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(a) (b)

(c) (d)

Figure 1: (a) Trapezoidal function; (b) Triangular function;
(c) L-function; (d) R-function

2 Fuzzy DLs basics

In this section, we define fuzzy ALCF(D). We recall here
the semantics given in [6, 5, 25, 26].

Syntax. In fuzzy ALCF(D), we allow to reason with
concrete fuzzy data types, using so-called concrete do-
mains. We recall thatALCF(D) is the basic DLALC [17]
extended with functional roles (also called attributes or fea-
tures) and concrete domains [14] allowing to deal with data
types such as strings and integers. In fuzzy ALCF(D),
however, concrete domains are fuzzy sets.

A fuzzy data type theory D= 〈∆D, ·D〉 is such that ·D as-
signs to every n-ary data type predicate an n-ary fuzzy re-
lation over ∆D. For instance, as for ALCF(D), the pred-
icate 618 may be a unary crisp predicate over the natural
numbers denoting the set of integers smaller or equal to
18. On the other hand, concerning non-crisp fuzzy domain
predicates, we recall that in fuzzy set theory and practice,
there are many functions for specifying fuzzy set mem-
bership degrees. However, the triangular, the trapezoidal,
the L-function (left-shoulder function), and the R-function
(right-shoulder function) are simple, but most frequently
used to specify membership degrees. The functions are de-
fined over the set of non-negative rationals Q+ ∪ {0} (see
Fig. 1). Using these functions, we may then define, for in-
stance, Young : Natural → [0, 1] to be a fuzzy concrete
predicate over the natural numbers denoting the degree of
youngness of a person’s age. The concrete fuzzy predicate
Young may be defined as Young(x) = L(x; 10, 30).

We allow modifiers in fuzzy ALCF(D). Fuzzy modifiers,
like very , more or less and slightly , apply to fuzzy sets
to change their membership function. Formally, a modifier
is a function fm : [0, 1] → [0, 1]. For instance, we may
define very(x) = x2 and slightly(x) =

√
x. Modifiers

have been considered, for instance, in [9, 28].

Now, let A, RA, RC , I, Ic and M be non-empty finite and

pair-wise disjoint sets of concepts names (denoted A), ab-
stract roles names (denoted R), i.e. binary predicates con-
crete roles names (denoted T ), abstract individual names
(denoted a), concrete individual names (denoted c) and
modifiers (denoted m). Concepts may be seen as unary
predicates, while roles may be seen as binary predicates.
RA also contains a non-empty subset Fa of abstract fea-
ture names (denoted r), while RC contains a non-empty
subset Fc of concrete feature names (denoted t). Features
are functional roles.

The syntax of fuzzy ALCF(D) concepts is as follows:

C := > | ⊥ | A | C1 u C2 | C1 t C2 | ¬C | m(C) |
∀R.C | ∃R.C | ∀T1, . . . , Tn.D | ∃T1, . . . , Tn.D .

Concerning axioms and assertions, similarly to [26], we
define fuzzy axioms as follows.

Let n ∈ (0, 1]. A fuzzy TBox T is a finite set of fuzzy con-
cept inclusion axioms 〈C v D,n〉, where C,D are con-
cepts. Informally, 〈C v D,n〉 states that all instances of
concept C are instances of concept D to degree n. We
write C = D as a shorthand of the two axioms 〈C v D, 1〉
and 〈D v C, 1〉. For instance,

Minor = Person u ∃age. 618 (1)

defines a person, whose age is less or equal to 18 (age is a
concrete feature), i.e., it defines a minor,

YoungPerson = Person u ∃age.Young (2)

defines a young person, while

SportsCar = Car u ∃speed .very(High) , (3)

we may define the concept of sports car, where very is a
concept modifier, e.g. a linear hedge, and High is a fuzzy
concrete predicate over the domain of speed expressed in
kilometres per hour and may be defined as High(x) =
R(x; 80, 250) (speed is a concrete feature).

A fuzzy ABox A consists of a finite set of fuzzy con-
cept and fuzzy role assertion axioms of the form 〈a :C, n〉,
〈(a, b) :R,n〉 and 〈(a, c) :T , n〉, where a, b are abstract in-
dividual constants, c is a concrete individual, and C, R and
T are a concept, an abstract role and a concrete role, re-
spectively.

Informally, from a semantical point of view, a fuzzy ax-
iom 〈α, n〉 constrains the membership degree of α to be
at least n. Hence, 〈jim :YoungPerson, 0.2〉 says that
jim is a YoungPerson with degree at least 0.2, while
〈(jim, 180 ) :hasHeight , 1〉, where hasHeight is a concrete
feature, says that jim’s height is 180. On the other hand,
a fuzzy concept inclusion axiom of the form 〈C v D,n〉
says that the subsumption degree between C and D is at
least n.

An ALCF(D) fuzzy knowledge base K = 〈T ,A〉 consists
of a fuzzy TBox T , and a fuzzy ABox A.

214 Fuzzy Logic 2



Semantics. The semantics extends [22]. The main idea is
that concepts and roles are interpreted as fuzzy subsets of
an interpretation’s domain. Therefore, ALCF(D) axioms,
rather than being satisfied (true) or unsatisfied (false) in an
interpretation, become a degree of truth in [0, 1].

In the following, we use ∧,∨,¬ and → in infix notation,
in place of a t-norm, s-norm, negation function, and im-
plication function. A fuzzy interpretation I = (∆I , ·I)
relative to a fuzzy data type theory D= 〈∆D, ·D〉 con-
sists of a nonempty set ∆I (called the domain), disjoint
from ∆D, and of a fuzzy interpretation function ·I that co-
incides with ·D on every data value, data type, and fuzzy
data type predicate, and it assigns (i) to each abstract con-
cept C a function CI : ∆I → [0, 1]; (ii) to each abstract
role R a function RI : ∆I × ∆I → [0, 1]; (iii) to each
abstract feature r a partial function rI : ∆I ×∆I → [0, 1]
such that for all u ∈ ∆I there is an unique w ∈ ∆I on
which rI(u, w) is defined; (iv) to each concrete role T a
function RI : ∆I ×∆D → [0, 1]; (v) to each concrete fea-
ture t a partial function tI : ∆I×∆D → [0, 1] such that for
all u ∈ ∆I there is an unique o ∈ ∆D on which tI(u, o)
is defined; (vi) to each modifier m the modifier function
fm : [0, 1] → [0, 1]; (vi) to each abstract individual a an
element in ∆I ; (vii) to each concrete individual c an ele-
ment in ∆D.

The mapping ·I is extended to roles and complex concepts
as specified in the Table 1 (where x, y ∈ ∆I and v ∈ ∆D).

We comment briefly some points. The semantics of ∃R.C
(∃R.C)I(d) = supy∈∆I RI(x, y) ∧ CI(y) is the re-
sult of viewing ∃R.C as the open first order formula
∃y.FR(x, y)∧FC(y) (where F is the obvious translation of
roles and concepts into first-order logic (FOL)). Similarly,
(∀R.C)I(x) = infy∈∆I RI(x, y) → CI(y) is related to
the open first order formula ∀y.FR(x, y) → FC(y). How-
ever, unlike the classical case, in general, we do not have
that (∀R.C)I = (¬∃R.¬C)I . For instance, it holds in
Łukasiewicz logic, but not in Gödel logic. Also interest-
ing is that (see [5]) the axiom > v ¬(∀R.A) u (¬∃R.¬A)
has no classical model. However, in [5], it is shown that in
Gödel logic it has no finite model, but has an infinite model.

Finally, the mapping ·I is extended to non-fuzzy axioms as
specified in the following table (where a, b are individuals):

(C v D)I = infx∈∆I CI(x) → DI(x)
(a :C)I = CI(aI)

((a, b) :R)I = RI(aI , bI) .

Note here that e.g. the semantics of a concept inclusion ax-
iom C v D is derived directly from its FOL translation,
which is of the form ∀x.FC(x) → FD(x). This definition
is clearly different from the approaches in which C v D
is viewed as ∀x.C(x) 6 D(x). This latter approach has
the effect that the subsumption relationship is a boolean
relationship, while the in former approach subsumption is
determined up to a degree in [0, 1].

The notion of satisfaction of a fuzzy axiom E by a fuzzy
interpretation I, denoted I |= E, is defined as follows:
I |= 〈α > n〉, where α is a concept inclusion axiom, iff
αI > n. Similarly, I |= 〈α > n〉, where α is a concept
or a role assertion axiom, iff αI > n. We say that a con-
cept C is satisfiable iff there is an interpretation I and an
individual x ∈ ∆I such that CI(x) > 0.

For a set of fuzzy axioms E , we say that I satisfies E iff
I satisfies each element in E . We say that I is a model of
E (resp. E) iff I |= E (resp. I |= E). I satisfies (is a
model of) a fuzzy knowledge base K = 〈T ,A〉, denoted
I |= K, iff I is a model of each component T ,R and A,
respectively.

A fuzzy axiom E is a logical consequence of a knowledge
base K, denoted K |= E iff every model of K satisfies E.

The interesting point is that according to our semantics,
e.g., a minor is a young person to a degree and this rela-
tionship is obtained without explicitly mentioning it.

Example 2.1 Consider the knowledge base K with defini-
tions (1) and (2). Then under Łukasiewicz logic we have
that (see [24])

K |= 〈Minor v YoungPerson, 0.6〉
K |= 〈YoungPerson v Minor , 0.4〉 .

2

Finally, given K and an axiom α of the form C v D, a :C,
(a, b) :R or (a, c) :T , it is of interest to compute α’s best
lower degree value bound. The greatest lower bound of α
w.r.t. K (denoted glb(K, α)) is

glb(K, α) = sup{n | K |= 〈α > n〉} ,

where sup ∅ = 0. Determining the glb is called the Best
Degree Bound (BDB) problem. For instance, the con-
sequences in Example 2.1 are the best possible degree
bounds. Another similar concept is the best satisfiability
bound of a concept C and amounts to determine

glb(K, C) = sup
I

sup
x∈∆I

{CI(x) | I |= K} .

Essentially, among all models I of the knowledge base,
we are determining the maximal degree of truth that the
concept C may have over all individuals x ∈ ∆I .

Example 2.2 Assume, that a car seller sells an Audi TT for
$31500, as from the catalog price. A buyer is looking for a
sports car, but wants to pay no more than around $30000.
In classical DLs no agreement can be found. The problem
relies on the crisp condition on the seller’s and the buyer’s
price. A more fine grained approach would be (and usually
happens in negotiation) to consider prices as concrete fuzzy
sets instead. For instance, the seller may consider optimal
to sell above $31500, but can go down to $30500. The
buyer prefers to spend less than $30000, but can go up to
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⊥I(x) = 0
>I(x) = 1

(C1 u C2)
I(x) = C1

I(x) ∧ C2
I(x)

(C1 t C2)
I(x) = C1

I(x) ∨ C2
I(x)

(¬C)I(x) = ¬CI(x))

(m(C))I(x) = fm(CI(x))

(∀R.C)I(x) = infy∈∆I RI(x, y) → CI(y)

(∃R.C)I(x) = supy∈∆I RI(x, y) ∧ CI(y)

(∀T1, . . . , Tn.D)I(x) = infy1,...,yn∈∆D(
Vn

i=1 Ti
I(x, yi)) → DI(y1, . . . , yn)

(∃T1, . . . , Tn.D)I(x) = supy1,...,yn∈∆D
(
Vn

i=1 Ti
I(x, yi)) ∧DI(y1, . . . , yn) .

Table 1: Fuzzy DL semantics.

5

Figure 2: The soft price constraints.

$32000. We may represent these statements by means of
the following axioms (see Figure 2):

AudiTT = SportsCar u ∃hasPrice.R(x; 30500, 31500)
Query = SportsCar u ∃hasPrice.L(x; 30000, 32000)

where hasPrice is a concrete feature (a car has only one
price, which is a number). Then we may find out that the
highest degree to which the concept C = AudiTTuQuery
is satisfiable is 0.5 (the possibility that the Audi TT and the
query matches is 0.5). That is, glb(K, C) = 0.5 and corre-
sponds to the point where both requests intersects (i.e., the
car may be sold at $31000).

3 Reasoning algorithm

Our procedure is inspired on [23]. We present here
the method for reasoning in ALCF with GCI’s under
Łukasiewicz semantics. We leave out, for reasons of space,
how to deal with fuzzy concrete domains and modifiers.
The interested reader may consult [23]. We note however,
that the procedure differs from the one presented in [23] in
such a way that it will be better suited to deal with GCIs.

Note that (∀R.C)I = (¬∃R.¬C)I . This allows us to
transform concept expressions into a semantically equiv-
alent Negation Normal Form (NNF), which is obtained by

pushing in the usual manner negation on front of concept
names, modifiers and concrete predicate names only. With
nnf (C) we denote the NNF of concept C.

The basic idea behind our reasoning algorithm is as fol-
lows. Consider K = 〈T ,A〉. In order to solve the BDB
problem, we combine appropriate DL tableaux rules with
methods developed in the context of Many-Valued Log-
ics (MVLs) [4]. In order to determine e.g. glb(K, a :C),
we consider an expression of the form 〈a :¬C, 1− x〉 (in-
formally, 〈a :C 6 x〉), where x is a [0, 1]-valued vari-
able. Then we construct a tableaux for K = 〈T ,A ∪
{〈a :¬C,¬x〉}〉 in which the application of satisfiability
preserving rules generates new fuzzy assertion axioms to-
gether with inequations over [0, 1]-valued variables. These
inequations have to hold in order to respect the seman-
tics of the DL constructors. Finally, in order to determine
the greatest lower bound, we minimize the original vari-
able x such that all constraints are satisfied 1. Similarly, for
C v D, we can compute glb(K, C v D) as the minimal
value of x such thatK = 〈T ,A∪{〈a :C u ¬D, 1− x〉}〉 is
satisfiable, where a is new abstract individual. Therefore,
the BDB problem can be reduced to minimal satisfiabil-
ity problem of a KB. Finally, concerning the satisfiability
bound problem, glb(K, C) is determined by the maximal
value of x such that 〈T ,A ∪ {〈a :C, x〉}〉 is satisfiable.

Under Łukasiewicz logic we end up with a bounded
Mixed Integer Linear Program (bMILP) optimization prob-
lem [15]. Interestingly, as for the MVL case, the tableaux
we are generating contains one branch only and, thus, just
one bMILP problem has to be solved.

Now, let V be a new alphabet of variables x ranging over
[0, 1], W be a new alphabet of 0-1 variables y. We ex-
tend fuzzy assertions to the form 〈α, l〉, where l is a linear
expression over variables in V,W and real values.

Similar to crisp DLs, our tableaux algorithm checks the sat-
isfiability of a fuzzy KB by trying to build a fuzzy tableau,

1Informally, suppose the minimal value is n̄. We will know
then that for any interpretation I satisfying the knowledge base
such that (a :C)I < n̄, the starting set is unsatisfiable and, thus,
(a :C)I > n̄ has to hold. Which means that glb(K, (a :C)) = n̄
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from which it is immediate either to build a model in case
KB is satisfiable or to detect that the KB is unsatisfiable.
The fuzzy tableau we present here can be seen as an exten-
sion of the tableau presented in [11], and is inspired by the
one presented in [19, 20].

Given K = 〈T ,A〉, let RK be the set of roles occurring in
K and let sub(K) be the set of named concepts appearing
in K. A fuzzy tableau T for K is a quadruple (S, L, E , V)
such that: S is a set of elements, L : S × sub(K) → [0, 1]
maps each element and concept, to a membership degree
(the degree of the element being an instance of the con-
cept), and E : RK× (S×S) → [0, 1] maps each role of RK
and pair of elements to the membership degree of the pair
being an instance of the role, and V : IA → S maps indi-
viduals occurring in A to elements in S. For all s, t ∈ S,
C,D ∈ sub(K), and R ∈ RK, T has to satisfy:

1. L(s,⊥) = 0 and L(s,>) = 1 for all s ∈ S,

2. If L(s,¬A) > n, then L(s, A) 6 ¬n.

3. If L(s, C u D) > n, then L(s, C) > m1, L(s, D) > m2

and n = m1 ∧m2, for some m1 and m2.

4. If L(s, C t D) > n, then L(s, C) > m1, L(s, D) > m2

and n = m1 ∨m2, for some m1 and m2.

5. If L(s,∀R.C) > n, then E(R, 〈s, t〉) 6 L(t, C) + 1 − n
for all t ∈ S.

6. If L(s,∃R.C) > n, then there exists t ∈ S such that
E(R, 〈s, t〉) > m1, L(t, C) > m2 and n = m1 ∧ m2,
for some m1 and m2.

7. If 〈C v D, n〉 ∈ T , then L(s, C) 6 L(s, D) + 1− n, for
all s ∈ S.

8. If 〈a :C, n〉 ∈ A, then L(V(a), C) > n.

9. If 〈(a, b) :R, n〉 ∈ A, then E(R, 〈V(a),V(b)〉) > n.

10. If 〈(a, c) :T , n〉 ∈ A, then E(T, 〈V(a),V(c)〉) > n.

Proposition 3.1 K = 〈T ,A〉 is satisfiable iff there exists a
fuzzy tableau for K.

Proof:[Sketch] For the if direction if T = (S,L, E ,V) is a
fuzzy tableau forK, we can construct a fuzzy interpretation
I = (∆I , ·I) that is a model of A and T as follows:

∆I = S, aI = V(a), a occurs in A
>I(s) = L(s,>),⊥I(s) = L(s,⊥), for all s ∈ S
AI(s) = L(s, A), for all s ∈ S
RI(s, t) = E(R, 〈s, t〉) for all 〈s, t〉 ∈ S × S

To prove that I is a model of A and T , we can show by
induction on the structure of concepts that L(s, C) > n
implies CI(s) > n for all s ∈ S. Together with properties
7–10, this implies that I is a model of T , and that it satisfies
each fuzzy assertion in A.

For the converse, we know from [5, 6] that ifK has a model
then it has a witnessed model. That is, I = (∆I , ·I) is a

witnessed model of K, if for all x ∈ ∆I there is y ∈ ∆I

such that

(∃R.C)I(x) = RI(x, y) ∧ CI(y)

and there is x ∈ ∆I such that

(C v D)I = CI(x) → DI(x) .

So, let I be a witnessed model of K. Then a fuzzy tableau
T = (S,L, E ,V) for K can be defined as follows:

S= ∆I , E(R, 〈s, t〉) = RI(s, t), L(s, C) = CI(s), V(a) = aI

It can be verified that T is a fuzzy tableau for K. 2

Now, in order to decide the satisfiability of K = 〈T ,A〉
a procedure that constructs a fuzzy tableau T for K has to
be determined. Like the tableaux algorithm presented in
[20], our algorithm works on completion-forests since an
ABox might contain several individuals with arbitrary roles
connecting them. Due to the presence of general or cyclic
terminology T , the termination of the algorithm has to be
ensured. This is done by providing a blocking condition for
rule applications.

Let K = 〈T ,A〉 be a fuzzy KB. A completion-forest F
for K is a collection of trees whose distinguished roots are
arbitrarily connected by edges.

Each node v is labelled with a sequence L(v) of expres-
sions of the form 〈C, l〉, where C ∈ sub(K), and l is either
a rational, a variable x, or a negated variable, i.e. of the
form 1− x, where x is a variable (the intuition here is that
v is an instance of C to degree equal or greater than of the
evaluation of l).

Each edge 〈v, w〉 is labelled with a sequence L(〈v, w〉) of
expressions of the form 〈R, l〉, where R ∈ RK are roles oc-
curring in K(the intuition here is that 〈v, w〉 is an instance
of R to degree equal or greater than of the evaluation of l).

The forest has associated a set CF of constraints of the form
c 6 c′, c = c′, xi ∈ [0, 1], yi ∈ {0, 1}, on the variables
occurring the node labels and edge labels. c, c′ are linear
expressions.

If nodes v and w are connected by an edge 〈v, w〉 with
〈R, l〉 occurring in L(〈v, w〉), then w is called an Rl-
successor of v and w is called an Rl-predecessor of w.

A node v is an R-successor (resp. R-predecessor) of w if
it is an Rl-successor (resp. Rl-predecessor) of w for some
role R. As usual, ancestor is the transitive closure of pre-
decessor.

We say that two non-root nodes v and w are equivalent,
denoted L(v) ≈ L(w), if L(v) = [〈C1, l1〉, . . . , 〈Cn, lk〉],
L(w) = [〈C1, l

′
1〉, . . . , 〈Cn, l′k〉], and for all 1 6 i 6 k, ei-

ther both li and l′i are variables, or both li and l′i are negated
variables or both li and l′i are the same rational in [0, 1] (the
intuition here is that v and w share the same properties).
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A node v is directly blocked iff none of its ancestors are
blocked, it is not a root node, and it has an ancestor w such
that L(v) ≈ L(w). In this case, we say w directly blocks
v. A node v is blocked iff it is directly blocked or if one
of its predecessor is blocked (the intuition here is that we
need not further to apply rules to node v, as an equivalent
predecessor node w of v exists).

The algorithm initializes a forest F to contain (i) a root
node vi

0, for each individual ai occurring in A, labelled
with L(vi

0) such that L(vi
0) contains 〈Ci, n〉 for each fuzzy

assertion 〈ai :Ci, n〉 ∈ A, and (ii) an edge 〈vi
0, v

j
0〉, for

each fuzzy assertion 〈(ai, aj) :Ri, n〉 ∈ A, labelled with
L(〈vi

0, v
j
0〉) such that L(〈vi

0, v
j
0〉) contains 〈Ri, n〉. F is

then expanded by repeatedly applying the completion rules
described below. The completion-forest is complete when
none of the completion rules are applicable. Then, the
bMILP problem on the set of constraints CF is solved.

We also need a technical definition involving feature roles
(see [14]). Let F be forest, r an abstract feature such that
we have two edges 〈v, w1〉 and 〈v, w1〉 such that 〈r, l1〉
and 〈r, l2〉 occur inL(〈v, w1〉) andL(〈v, w2〉), respectively
(informally, F contains 〈(v, w1) :r, l1〉 and 〈(v, w2) :r, l2〉).
Then we call such a pair a fork. As r is a function, such a
fork means that w1 and w2 have to be interpreted as the
same individual. Such a fork can be deleted by adding both
L(〈v, w2〉) to L(〈v, w1〉) and L(w2) to L(w1), and then
deleting node w2. A similar argument applies to concrete
feature roles. At the beginning, we remove the forks from
the initial forest. We assume that forks are eliminated as
soon as they appear (as part of a rule application) with the
proviso that newly generated nodes are replaced by older
ones and not vice-versa.

We also assume a fixed rule application strategy as e.g. the
order of rules below, such that the rule for (∃) is applied
as last. Also, all expressions in node labels are processed
according to the order they are introduced into the F .

With xα we denote the variable associated to the atomic
assertion α of the form a :A or (a, b) :R. xα will take the
truth value associated to α, while with xc we denote the
variable associated to the concrete individual c. The rules
are the following:

(A). If 〈A, l〉 ∈ L(v) then CF = CF ∪ {xv :A > l} ∪ {xv :A ∈
[0, 1]}.

(Ā). If 〈¬A, l〉 ∈ L(v) then CF = CF ∪ {xv :A 6 1 − l} ∪
{xv :A ∈ [0, 1]}.

(R). If 〈R, l〉 ∈ L(〈v, w〉) then CF = CF ∪ {x(v, w) :R >

l} ∪ {x(v, w) :R ∈ [0, 1]}.

(u). If 〈C u D, l〉 ∈ L(v) then append 〈C, x1〉 and 〈D, x2〉 to
L(v), and CF = CF ∪ {y 6 1− l, xi 6 1− y, x1 + x2 =
l + 1 − y, xi ∈ [0, 1], y ∈ {0, 1}}, where xi, y are new
variables.

(t). If 〈C t D, l〉 ∈ L(v) then append 〈C, x1〉 and 〈D, x2〉 to
L(v), and CF = CF ∪{x1 + x2 = l, xi ∈ [0, 1]}, where xi

are new variables.

(∀). If 〈∀R.C, l1〉 ∈ L(v), 〈R, l2〉 ∈ L(〈v, w〉) and the rule has
not been already applied to this pair then append 〈C, x〉 to
L(w) and CF = CF ∪{x > l1+l2−1, x 6 y, l1+l2−1 6
y, l1 + l2 > y, x ∈ [0, 1], y ∈ {0, 1}}, where x, y are new
variables. The case for concrete roles is similar.

(v). If 〈C v D, n〉 ∈ T and v is a node to which this rule has
not yet been applied then append 〈nnf(¬C), 1 − x1〉 and
〈D, x2〉 to L(v), and CF = CF ∪ {x1 6 x2 + 1− n}.

(∃). If 〈∃R.C, l〉 ∈ L(v) and v is not blocked then create a new
node w and append 〈R, x1〉 to L(〈v, w〉) and 〈C, x2〉 to
L(w), and CF = CF ∪ {y 6 1− l, xi 6 1− y, x1 + x2 =
l + 1 − y, xi ∈ [0, 1], y ∈ {0, 1}}, where xi, y are new
variables. The case for concrete roles is similar.

Let’s see an example.

Example 3.1 Consider K = 〈T ,A〉, where T = {〈∃R.C v
D, 1〉} and A = {〈(a, b) :R, 0.7〉, 〈b :C, 0.8〉}. Let us show that
glb(K, a :D) = 0.5. To this end, we have to determine the mini-
mal value for x such that 〈T ,A∪{〈a :¬D, 1− x〉}〉 is satisfiable.

To start with, we construct a forest F with two root nodes a and
b (one for each individual in A). We process first 〈(a, b) :R, 0.7〉,
then 〈b :C, 0.8〉 and finally 〈a :¬D, 1− x〉. Therefore, we set
L(a) = [〈C, 0.8〉, 〈¬D, 1 − x〉], L(〈a, b〉) = [〈R, 0.7〉] and
CF = {x ∈ [0, 1]}.

We first process 〈R, 0.7〉 ∈ L(〈a, b〉), apply rule (R) and, thus,
add x(a, b) :R > 0.7 and x(a, b) :R ∈ [0, 1] to CF .

Then we process 〈C, 0.8〉 ∈ L(a), apply rule (A) and, thus, add
xa :C > 0.8 and xa :C ∈ [0, 1] to CF .

We next process 〈¬D, 1 − x〉 ∈ L(a), apply rule (Ā) and, thus,
add xa :D 6 x and xa :D ∈ [0, 1] to CF .

Now, we apply (v) to a and 〈∃R.C v D, 1〉, and, thus, we ap-
pend 〈∀R.¬C, 1−x1〉 and 〈D, x2〉 to L(a), and we add x1 6 x2

and x1, x2 ∈ [0, 1] to CF .

Similarly, we apply (v) to b: we append 〈∀R.¬C, 1 − x3〉 and
〈D, x4〉 to L(b), and we add x3 6 x4 and x3, x4 ∈ [0, 1] to CF .

Next we process 〈∀R.¬C, 1 − x1〉 ∈ L(a), apply rule (∀) to it
and 〈R, 0.7〉 ∈ L(〈a, b〉) and, thus, we append 〈¬C, x5〉 to L(b),
and we add {x5 > 1 − x1 + 0.7 − 1, x5 6 y, 1 − x1 − 0.3 6
y, 1− x1 + 0.7 > y, x5 ∈ [0, 1], y ∈ {0, 1}} to CF .

We next process 〈D, x2〉 ∈ L(a), apply rule (A) and, thus, add
xa :D > x2 and xa :D ∈ [0, 1] to CF .

Next we process 〈∀R.¬C, 1 − x1〉 ∈ L(b), but no rule is appli-
cable to it. Finally, we process 〈D, x4〉 ∈ L(b), apply rule (A)
and, thus, add xb :D > x4 and xb :D ∈ [0, 1] to CF .

Now the forestF is complete as no more rule is applicable and we
consider the set of inequations CF . It remains to solve the bMILP
problem on CF . Indeed, it holds that glb(K, a :D) = min x.CF .
It can be verified that this value is 0.5.

Example 3.2 illustrates the behaviour on cyclic terminolo-
gies and shows how a potential infinite cyclic computation
is blocked.
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a L(a) = [〈A, 0.8〉, 〈¬A, 1− x1〉, 〈∃R.A, x2〉]

?
L(〈a, w1〉) = [〈R, x3〉]

w1 L(w1) = [〈A, x4〉, 〈¬A, 1− x5〉, 〈∃R.A, x6〉]

?
L(〈w1, w2〉) = [〈R, x7〉]

w2 L(w2) = [〈A, x8〉, 〈¬A, 1− x9〉, 〈∃R.A, x10〉]
w2 blocked by w1

CF = {xi ∈ [0, 1], yi ∈ {0, 1}, xa :A > 0.8, x1 6 x2,

xa :A > x1, y1 6 1− x2, x3 6 1− y1, x4 6 1− y1,

x3 + x4 = x2 + 1− y1, x(a, w1) :R > x3, xw1 :A > x4,

x5 6 x6, xw1 :A 6 x5, y2 6 1− x6, x7 6 1− y2,

x8 6 1− y2, x7 + x8 = x6 + 1− y2,

x(w1, w2) :R > x7, xw2 :A > x8, x9 6 x10, xw2 :A 6 x9}

Figure 3: Complete forest for Example 3.2.

Example 3.2 Consider K = 〈T ,A〉, where T = {〈A v
∃R.A, 1〉} and A = {〈a :A, 0.8〉}. Let’s show that K is satis-
fiable. The complete forest F in Figure 3 shows the computation.

As we can notice, node w2 is blocked by node w1, meaning that
w1 and w2 share the same properties. In order to build a model,
we replace all occurrences of w2 in CF with w1 and then we find
a solution to the inequalities. Our blocking condition is based on
the fact that, in case of cyclic definitions, as the calculus is de-
terministic, the same sequence of expressions has to be generated
within a cycle.

Proposition 3.2 (Termination) For each KB K, the
tableau algorithm terminates.

Proof: [Sketch] Termination is a result of the properties of
the expansion rules, as in the classical case [11]. More pre-
cisely we have the following observations. (i) The expan-
sion rules never remove nodes from the tree (except forks
at the beginning) or concepts from node labels or change
the edge labels. (ii) Successors are only generated by the
rule ∃. For any node and for each concept these rules are
applied at-most once. (iii) Since nodes are labelled with
nonempty sequences of sub(K), obviously there is a finite
number of possible labelling for a pair of nodes. Thus, the
blocking condition will be applied in any path of the tree
and consequently any path will have a finite length. 2

Proposition 3.3 (Soundness) If the expansion rules can
be applied to a KB K such that they yield a complete
completion-forest F such that CF has a solution, then K
has a fuzzy tableau for K.

Proof:[Sketch] Let F be a complete completion-forest
constructed by the tableaux algorithm for K. By hypoth-
esis, CF has a solution. If x is a variable occurring in CF ,
with x̄ we denote the value of x in this solution. If the vari-
able x does not occur in CF then x̄ = 0 is assumed. A
fuzzy tableau T = (S,L, E ,V) can be defined as follows:

S = {v | v is a node in F , and v is not blocked},
L(v,⊥) = 0, if v ∈ S,
L(v,>) = 1, if v ∈ S,
L(v, A) = x̄v :A, if v in F not blocked,

E(R, 〈v, w〉) = x̄(v, w) :R, if v, w in F not blocked
E(R, 〈v, w〉) = x̄(v, w′) :R, if v in F not blocked, w blocks w′

V(ai) = vi
0, where vi

0 is a root node

It can be shown that T is a fuzzy tableau for K. 2

Proposition 3.4 (Completeness) Consider a KB K. If K
has a fuzzy tableau, then the expansion rules can be applied
in such a way that the tableaux algorithm yields a complete
completion-forest for K such that CF has a solution.

Proof:[Sketch] Let T = (S,L, E ,V) be a fuzzy tableau for
K. Using T , we can trigger the application of the expan-
sion rules such that they yield a completion-forest F that is
complete. Using L and E we can find a solution to CF . 2

4 Conclusions

In this work we presented a reasoning algorithm for
ALCF(D) with general concept inclusions and explicit
membership functions (ALCF is a guarded logic [3]), un-
der Łukasiewicz semantics. Clearly, by using [23] the re-
sult applies also to the usually used “Zadeh semantics” of
fuzzy DLs, and of course also for the classical boolean vari-
ant of ALCF .

The result can be extended to more expressive fuzzy DLs,
such as SHIF(D) and SHOIN (D), which are the DLs
behind the web ontology description languages OWL-DL
and OWL-Lite, by adapting our blocking condition simi-
larly as done in [10]. The description of these blocking
conditions will be the subject of an extend paper. So far, an
implementation for fuzzy SHIF(D) can be found from
Straccia’s home page.
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Abstract 

Abstract. In this work we present several 
possible extensions of fuzzy Datalog. At 
first the concept of fuzzy Datalog will be 
summarized, then its extension for 
intuitionistic- and interval-valued fuzzy 
logic is given and the concept of bipolar 
fuzzy Datalog is introduced.  
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valued fuzzy Datalog, bipolar fuzzy Datalog  

1     Introduction  

The dominant portion of human knowledge can not 
be modeled by pure inference systems, because this 
knowledge is often ambiguous, incomplete and 
vague. The study of inference systems is tackled by 
several – and often very different – approaches. 
When knowledge is represented as a set of facts and 
rules, this uncertainty can be handled by means of 
fuzzy logic. 

A few years ago in [8, 9] a possible combination of 
Datalog-like languages and fuzzy logic was 
presented. In these works the concept of fuzzy 
Datalog has been introduced by completing the 
Datalog-rules and facts by an uncertainty level and 
an implication operator. The level of a rule-head can 
be inferred from the level of the body, and the level 
of the rule by the implication operator of the rule. 
Based upon our previous works, later on a possible 
fuzzy knowledge-base was developed, the deduction 
mechanism of which is fuzzy Datalog [1]. Now a 
question has arisen: can the fuzzy knowledge-base be 
improved by any extension of deduction mechanism? 
In this paper we deal with some possible extensions 
of fuzzy Datalog without examining their influence 

on the knowledge-base; we extend it to intuitionistic- 
and interval-valued fuzzy logic and joining to the 
discussion in [2, 3] we introduce the concept of 
bipolar fuzzy Datalog.  

On the next pages we summarize the concept of 
fuzzy Datalog, and then its new extensions will be 
presented. 

2     Fuzzy Datalog  

A Datalog program consists of facts and rules. In 
fuzzy Datalog (fDATALOG) we can complete the 
facts by an uncertainty level, the rules by an 
uncertainty level and an implication operator. This 
means that evaluating the fuzzy implication 
connecting to the rule, its truth-value according to the 
implication operator is at least the given uncertainty 
level. We can infer the level of a rule-head from the 
level of the body, and the level of the rule by the 
implication operator of the rule.  

The notion of fuzzy rule is given in definition below. 

Definition 1. An fDATALOG rule is a triplet r;β;I, 
where r is a formula of the form  

A ← A1,...,An  (n≥0). 

A is an atom (the head of the rule), A1,...,An are 
literals (the body of the rule); I is an implication 
operator and β ∈ (0,1] (the level of the rule).  

For getting finite result, all the rules in the program 
must be safe. An fDATALOG rule is safe if all 
variables occurring in the head also occur in the 
body, and all variables occurring in a negative literal 
also occur in a positive one. An fDATALOG 
program is a finite set of safe fDATALOG rules. 
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There is a special type of rule, called fact. A fact has 
the form A ← ;β;I. From now on, we refer to facts as 
(A, β), because according to implication I, the level 
of A easily can be computed. 

The semantics of fDATALOG is defined as the fixed 
points of consequence transformations. Depending 
on these transformations, two semantics for 
fDATALOG can be defined [9]. The deterministic 
semantics is the least fixed point of the deterministic 
transformation DTP, the nondeterministic semantics 
is the least fixed point of the nondeterministic 
transformation NTP. According to the deterministic 
transformation, the rules of a program are evaluated 
in parallel, while in the nondeterministic case the 
rules are considered independently and sequentially. 
These transformations are the following: 

Definition 2. Let BBP be the Herbrand base of the 
program P, and let F(BP) denote the set of all fuzzy 
sets over BP. The consequence transformations DTP: 
F(BP) → F(BP) and NTP: F(BP) → F(BP) are defined 
as 

DTP(X) = {∪{(A,αA)}} ∪ X and (1) 

NTP(X) = {(A, αA )} ∪ X , (2) 

where  

(A ← A1,...,An ; β; I) ∈ ground(P), (|Ai|, αAi) ∈ X , 
1 ≤ i ≤ n; αA = max(0, min{γ | I(αbody, γ) ≥ β}). 

There ground(P) is the set of all possible rules of P 
the variables of which are replaced by ground terms 
of HP, |Ai| denotes the kernel of the literal Ai, (i.e., it 
is the ground atom Ai, if Ai is a positive literal, and 
¬Ai, if Ai is negative) and αbody = min(αA1

,…, αAn
).  

In [8] it is proved that starting from the set of facts, 
both DTP and NTP have fixed points which are the 
least fixed points in the case of positive P. These 
fixed points are denoted by lfp(DTP) and lfp(NTP). It 
was also proved, that lfp(DTP) and lfp(NTP) are 
models of P, so we could define lfp(DTP) as the 
deterministic semantics, and lfp(NTP) as the 
nondeterministic semantics of fDATALOG 
programs. For a function- and negation-free 
fDATALOG, the two semantics are the same, but 
they are different if the program has any negation. In 
this case the set lfp(DTP) is not always a minimal 
model, but the nondeterministic semantics – lfp(NTP) 

– is minimal under certain conditions. These 
conditions are referred to as stratification. 
Stratification gives an evaluating sequence in which 
the negative literals are evaluated first [10]. 

To compute the level of rule-heads, we need the next 
concept: 

Definition 3. The uncertainty-level function is: 

f (I, α, β ) = min ({ γ | I (α, γ ) ≥ β }). 

According to this function the level of a rule-head 
can be computed. In former papers several 
implications were detailed (the operators are detailed 
in [11]), for now three are chosen from these. The 
values of their uncertainty-level functions can be 
easily computed. They are the following:  

Gödel: 

⎩
⎨
⎧
γ

γ≤α
γα

therwiseo  
      1

=) ,(IG 
 

f ( IG, α, β) = min (α, β) 

Lukasiewicz: 

⎩
⎨
⎧

γ+α−
γ≤α

γα
therwiseo  1

      1
=) ,(IL  

f (IL, α, β) = max(0, α + β -1) 

Kleene-Dienes: 

IK(α,γ) = max(1-α, γ) 

⎩
⎨
⎧

>βαβ
≤βα

βα
1   +     
1  +     0

=) , ,(I f K  

Further on during the extensions of fDATALOG we 
deal only with these operators. 

3     Extensions of fuzzy Datalog  

In intuitionistic-(IFS) and interval-valued (IVS) 
fuzzy logic the uncertainty is represented by two 
values, μ = (μ1, μ2), while in “normal” fuzzy logic it 
is represented by a single value (μ). In the 
intuitionistic case the two elements must satisfy the 
condition μ1+μ2 ≤ 1, while in the interval-valued case 
the condition is μ1 ≤ μ2. In IFS μ1 is the degree of 
membership, and μ2 is the degree of non-
membership, while in IVS the membership degree is 
between μ1 and μ2. It is obvious that the relation  
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μ’1 = μ1, μ’2 = 1 - μ2 create a mutual connection 
between the two systems.  

In both cases an ordering relation can be defined, and 
according to this ordering a lattice is taking shape:  

Definition 4.  

LF = {(x1,x2)∈[0,1]2 | x1+x2 ≤ 1}, (x1,x2) ≤F (x1,x2) ⇔ 
x1 ≤ y1 and x2 ≥ y2

LV = {(x1,x2)∈[0,1]2 | x1 ≤ x2}, (x1,x2) ≤V (x1,x2) ⇔ 
x1 ≤ y1 and x2 ≤ y2

are lattices of IFS and IVS respectively.  

It can be proved that both LF and LV are complete 
lattices [4]. In both cases the extended fDATALOG 
is defined on these lattices, and the necessary 
concepts are generalizations of the ones presented in 
Definition 1 and Definition 2. 

Definition 5. The extended fDATALOG program 
(efDATALOG) is a finite set of safe efDATALOG 
rules (r; β; IFV); 

– the extended consequence transformations eDTP 
and eNTP are formally the same as DTP and NTP in 
(1), (2) except:  

αA = max(0FV, min{γ | IFV(αbody, γ) ≥FV β}) and 

– the extended uncertainty-level function is  

f(IFV,α,β) = min ({ γ | IFV(α, γ ) ≥FV β }), 

where α, β, γ are elements of LF, LV respectively,  
IFV = IF or IV is an implication of LF or LV,  
0FV is 0F = (0,1) or 0V = (0,0) and ≥FV is ≥F or ≥V. 
 
As eDTP and eNTP are inflationary transformations 
over the complete lattices LF or LV, thus according 
to [11] they have an inflationary fixed point denoted 
by lfp(eDTP) and lfp(eNTP). If P is positive (without 
negation), then eDTP = eNTP is a monotone 
transformation, so lfp(eDTP) = lfp(eNTP) is the least 
fixed point. The next question is whether this fixed 
point is a model of P. The fixed point is an 
interpretation of P, which is a model, if for each 
(A←A1,...,An; β; I) ∈ ground(P) I(αbody , αA) ≥FV β. 

Proposition 1. lfp(eDTP) and lfp(eNTP) are models 
of P.  
 

Proof: For T= eDTP or T= eNTP in ground(P) there 
are  two kinds of rules: 

a/ (A ← A1, ..., An; β; I); (A, αA) ∈ lfp(T) and  
(|Ai|, αAi ) ∈ lfp(T), 1≤ i ≤ n, 

b/ (A ← A1, ..., An; β; I); ∃i : (|Ai|, αAi) ∉ lfp(T) 

In the first case because of the construction of αA 
IFV(αbody , αA) ≥FV β  holds, in the second case Ai is 
not among the facts, so αAi = 0FV, therefore αbody = 
0FV and IFV(αbody, αA) = 1FV ≥FV β  That is lfp(T) is a 
model. 

According to the above statements the next theorem 
is true: 

Theorem Both eDTP and eNTP have a fixed point, 
denoted by lfp(eDTP) and lfp(eNTP). If P is positive, 
then lfp(eDTP) = lfp(eNTP) and this is the least fixed 
point. lfp(eDTP) and lfp(eNTP) are models of P; for 
negation-free fDATALOG this is the least model of 
the program. 

A number of intuitionistic implications are 
established in [4] [6] and other papers, four of them 
are chosen for now, these are the extensions of the 
above operators. For these operators we have decided 
the suitable interval-values operators, and for both 
kinds of them we have deduced the uncertainty-level 
functions. Pressed for space the computations can not 
be shown, only the starting points and results are 
presented.  

The connection between IF and IV and the extended 
versions of uncertainty-level functions are given 
below: 

IV(α,γ) = (IV1, IV2); α’=(α1,1-α2); γ’=(γ1,1-γ2) 

IV1=IF1(α’,γ’); IV2=1-IF2(α’,γ’) 

f (IF, α, β ) = 

(min({γ1 | IF1(α, γ )≥β1}), max({γ2 | IF2(α, γ )≤β2})) 

f (IV, α, β ) = 

(min({γ1 | IV1(α, γ )≥β1}), max({γ2 | IV2(α, γ ) ≥β2})) 

The studied operators and the related uncertainty-
level functions are the following: 
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3.1     Extension of Kleene-Dienes implication  

One possible extension of Kleene-Dienes implication 
for IFS is: 

IFK(α,γ) = (max(α2,γ1), min(α1,γ2)) 

The appropriate computed elements are the 
following: 

IVK(α, γ) = (max(1-α2, γ1), max(1-α1, γ2)) 

⎩
⎨
⎧
β

β≥α
βα

otherwise    
     0

=) , ,I( f
1

12
FK1  

⎩
⎨
⎧
β

β≤α
βα

otherwise    
     1

=) , ,I( f
2

21
FK2  

⎩
⎨
⎧
β

β≥α
βα

otherwise    
 -1    0

=) , ,I( f
1

12
VK1  

⎩
⎨
⎧
β

β≥α
βα

otherwise    
 -1    0

=) , ,I( f
2

21
VK2  

3.2     Extension of Lukasiewicz implication  

One possible extension of Lukasiewicz implication 
for IFS is: 

IFL(α,γ) = (min(1,α2+γ1), max(0,α1+γ2-1)) 

The appropriate computed elements are the 
following: 

IVL(α, γ) = (min(1, 1 - α2 + γ1), min(1, 1 - α1 + γ2)) 

f1(IFK, α, β) = min(1-α2, max(0, β1-α2)) 

f2(IFK, α, β) = max(1-α1, min(1, 1-α1+ β2)) 

f1(IVK, α, β) = max(0, α2+ β1 -1) 

f2(IVK, α, β) = max(0, α1+ β2 -1) 

3.3     Extensions of Gödel implication  

There are several alternative extensions of Gödel 
implication, now we present two of them: 

⎪
⎩

⎪
⎨
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γ≥αγ>αγ
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The appropriate computed elements are: 
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f1(IFG1, α, β) = min(α1, β1) 

⎩
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⎧

βα
β≤α

βα
otherwise   ),max(
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=) , ,I(f
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f1(IVG1, α, β) = min(α1, β1) 

⎩
⎨
⎧

βα
β≤α

βα
otherwise   ),min(

     0
=) , ,I(f

22

21
VG12  

f1(IFG2, α, β) = min(α1, β1)  

f2(IFG2, α, β) = max(α2, β2)  

f1(IVG2, α, β) = min(α1, β1)  

f2(IVG2, α, β) = min(α2, β2) 

An extremely important question is whether the 
resulting degrees satisfy the conditions referring to 
IFS and IVS respectively. Unfortunately for 
implications other than G2, the resulting degrees do 
not fulfill these conditions in all cases. (It is possible, 
that as a result of further research the current results 
can be used for eliminating the contradiction between 
the facts and rules of the program.) For now the next 
proposition can easily be proven:  

Proposition 2. For α = (α1, α2), β = (β1, β2) 

if α1+α2 ≤ 1, β1+β2 ≤ 1 

then f1(IFG2, α, β) + f2(IFG2, α, β) ≤ 1 

if α1≤ α2, β1≤ β2

then f1(IVG2, α, β) ≤ f2(IVG2, α, β) 

A further question is whether the fixed-point 
algorithm terminates or not, that is the consequence 
transformations reach the fixed point in finite steps or 
not. As P is finite, the fixed point contains only finite 
many elements. The only problem may occur with 
the uncertainty levels of recursive rules. But it can be 
seen that it does not occur if f(IFV, α, β) ≤FV α  for 
each α ∈ LFV. G2 satisfies this condition so: 

Proposition 3. In the case of G2 operator the fixed-
point algorithm terminates.  
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4     Bipolar extension of fuzzy Datalog  

The above mentioned problem of extended 
implications other than G2, and the results of certain 
psychological researches have led to the idea of 
bipolar fuzzy Datalog. The intuitive meaning of 
intuitionistic degrees is based on psychological 
observations, namely on the idea that concepts are 
more naturally approached by separately envisaging 
positive and negative instances [2] [6] [8]. Taking a 
further step, there are differences not only in the 
instances but also in the way of thinking as well. 
There is difference between positive and negative 
thinking, between deducing positive or negative 
uncertainty. The idea of bipolar Datalog is based on 
the previous observation: we use two kinds of 
ordinary fuzzy implications for positive and negative 
inference, namely we define a pair of consequence 
transformations instead of single one. Since in the 
original transformations lower bounds are used with 
degrees of uncertainty, therefore starting from IFS 
facts, the resulting degrees will be lower bounds of 
membership and non-membership respectively, 
instead of the upper bound for non-membership. 
However, if each non-membership value μ is 
transformed into membership value μ’=1-μ, then 
both members of head-level can be inferred similarly. 
Therefore, two kinds of bipolar evaluations have 
been defined. 

Definition 6. The bipolar fDATALOG program 
(bfDATALOG) is a finite set of safe bfDATALOG 
rules (r; (β1, β2); (I1,I2)); 

– In variant “a” the elements of bipolar consequence 
transformations bDTP = (DTP1, DTP2) and bNTP = 
(NTP1, NTP2) are the same as DTP and NTP in (1), (2), 
in variant “b” in DTP2 and NTP2 the level of rule’s 
head is:  

α’A 2=max(0, min{γ’2 | I2(α’body 2, γ’2) ≥ β’2}); 

α’body 2=min(α’A12,…,α’An2) 

The uncertainty-level functions are: 

fa=(fa1,fa2); fb=(fb1,fb2); 

fa1 = fb1 = min{γ1 | I1(α1, γ1) ≥ β1}) 

fa2 = min{γ2 | I2(α 2, γ2) ≥ β2}); 

fb2 =1-min{γ’2 | I2(α’2, γ’2) ≥ β’2}) 

It is evident, that applying the transformation  
μ’1 = μ1, μ’2 = 1 - μ2, for all IFS levels of the 
program, the B variant can be applied to IVS degrees 
as well.  

Contrary the results of efDATALOG, the resulting 
degrees of most variant of bipolar fuzzy Datalog 
satisfy the conditions referring to IFS and IVS 
respectively.  

Proposition 4. For α = (α1, α2), β = (β1, β2) and for  
(I1,I2) = (IG,IG); (I1,I2) = (IL,IL); (I1,I2) = (IL,IG);  
(I1,I2) = (IK,IK); (I1,I2) = (IL,IK)  

if α1+α2 ≤ 1, β1+β2 ≤ 1 

then  fa1(I1, α1, β1) + fa2(I2, α2, β2) ≤ 1 

and  fb1(I1, α1, β1) + fb2(I2, α2, β2) ≤ 1 

further on 

fa1(IG, α1, β1) + fa2(IL, α2, β2) ≤ 1 

fa1(IG, α1, β1) + fa2(IK, α2, β2) ≤ 1 

fa1(IK, α1, β1) + fa2(IG, α2, β2) ≤ 1 

fa1(IK, α1, β1) + fa2(IL, α2, β2) ≤ 1 

Although there are more results for variant “a”, it 
seems the model realised by variant “b” is more 
useful. Because of the construction of bipolar 
consequence transformations the following 
proposition is evident. 

Proposition 5. Both variations of bipolar 
consequence transformations have a least fixed point, 
which are models of P in the following sense: 

a/ for each (A←A1,...,An; β; I) ∈ ground(P) 

I(αbody1, αA1) ≥ β1; I(αbody2, αA2) ≥ β2. 

b/ for each (A←A1,...,An; β; I) ∈ ground(P) 

I(αbody1, αA1) ≥ β1; I(α’body2, α’A2) ≥ β’2. 

The termination of the consequence transformations 
based on these three implication operators was 
proven in the case of fDATALOG [5], and since this 
property does not change in bipolar case, the bipolar 
consequence transformations terminate as well.  
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Example 1 Consider the next program:  

(p(a), (0.6,0.25)). 

(r(a), (0.7, 0.3)). 

q(x) ← p(x),r(x); I; (0.8, 0.15). 

q(a); (0.7,0.1). 

Let I=IFK(α,γ) = (max(α2,γ1), min(α1,γ2)). Then 
αbody= min((0.6,0.25), (0.7, 0.3)) = (0.6, 0.3). As  
0.3 < 0.8 and 0.6 > 0.15, so f1(IFK, α, β) = 0.8,  
f2(IFK, α, β) = 0.15, that is the level of rule’s head is 
(0.8, 0.15). Allowing the other levels of q(a), its 
resulting levels are the union of them: max((0.8, 
0.15), (0.7,0.1)) = (0.8, 0.1). So the fixed point of the 
program is: {(p(a), (0.6, 0.25)), (r(a), (0.7, 0.3)), 
(q(a), (0.8, 0.1))}  
Now the program let be evaluated in bipolar manner 
and let I=(IL,IG), then in variant “b”  
αbody1 = min(0.6, 0.7) = 0.6,  
α’body2 = min(1-0.3, 1-0.25) = 0.7 
fb1(IL, α1, β1) =max(0, α1+β1-1)=0.8+0.6-1 = 0.4,  
fb2(IG, α’2, β’2)=1-min(α’2,1-β2)=1–min(0.7,0.85) = 
0.3, allowing for the other levels of q(a), its resulting 
levels are (max(0.4, 0.7), 1-max(1-0.3, 1-0.1)) =  
(0.7, 0.1), so the fixed point is: {(p(a), (0.6, 0.25)), 
(r(a), (0.7, 0.3)), (q(a), (0.7, 0.1))}. 

Example 2. Consider the next – recursive – program: 

(p(a, b), (0.6, 0.2)). 

(p(a, c), (0.7, 0.3)). 

(p(b, d), (0.5, 0.3)). 

(p(d, e), (0.8, 0.1)). 

q(x, y) ← p(x,y); I1; (0.75, 0.2). 

q(x, y) ← p(x,z), q(z, y); I2; (0.7,0.2). 

Let I1=I2=
⎩
⎨
⎧

γγ
γ≥αγ≤α
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Then f1(IFG2,α,β)=min(α1,β1), f2(IFG2,α,β)=max(α2,β2). 
So the fixed point is: {(p(a,b), (0.6, 0.2)), (p(a,c), 
(0.7, 0.3)), (p(b,d), (0.5, 0.3)), (p(d,e), (0.8, 0.1)), 
(q(a,b), (0.6, 0.2)), (q(a,c), (0.7, 0.3)), (q(b,d), (0.5, 
0.3)), (q(d,e), (0.75, 0.2), (q(a,d), (0.5,0.3)), (q(b,e), 
(0.5, 0.3)), (q(a,e), (0.5, 0.3))} 

Now let the program be evaluated in bipolar manner 
according to variant “b” and let I1= (IL,IK), I2=(IG,IG) 
that is  

f(IG, α, β) = min(α, β), f(IL, α, β) = max(0, α + β -1), 

 
⎩
⎨
⎧

>βαβ
≤βα

βα
1   +     
1  +     0

=) , ,(I f K

Then the first coordinates of computed uncertainties 
are:  

(q(a,b), (max(0, 0.6+0.75-1)=0.35, _)), (q(a,c), (0.45, 
_)), (q(b,d), (0.25, _)), (q(d,e), (0.55, _); q(a,d): as 
min(0.6,0.25)+0.7≤1 so (q(a,d), (0,_)), (q(b,e), (0.7, 
_)), (q(a,e), (0.7, _)). 

 
The second coordinates are computed after the 
appropriate transformations α’2=1- α2. So  

(q(a,b), (_,1-min(1-0.2.1-0.2)=0.2)), (q(a,c), ( _,0.3)), 
(q(b,d), (_,0.3)), (q(d,e), ( _,0.2), (q(a,d), (_,0.3)), 
(q(b,e), (_,0.3)), (q(a,e), (_,0.3)). 

 
So the fixed point is: {(p(a,b), (0.6, 0.2)), (p(a,c), 
(0.7, 0.3)), (p(b,d), (0.5, 0.3)), (p(d,e), (0.8, 0.1)), 
(q(a,b), (0.35, 0.2)), (q(a,c), (0.45, 0.3)), (q(b,d), 
(0.25, 0.3)), (q(d,e), (0.55, 0.2); (q(a,d), (0, 0.3)), 
(q(b,e), (0.7, 0.3)), (q(a,e), (0.7, 0.3)). 

 

5     Conclusions 

In this paper we have presented several possible 
extensions of fuzzy Datalog to intuitionistic- and 
interval-valued fuzzy logic, and the concept of 
bipolar fuzzy Datalog has been introduced. Our 
propositions were proven for negation-free 
fDATALOG. The extension of stratified 
fDATALOG and the examination of other 
implication operators will be the subject of  further 
research as well.  
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Rosângela Ballini

UNICAMP
IE - DTE

Campinas, SP
Brazil, 13083-970

ballini@eco.unicamp.br

Pyramo Costa Jr.

PUC-MG
PPGEE

Belo Horizonte, MG
Brazil, 30535-610

pyramo@pucminas.br

Fernando Gomide

UNICAMP
FEEC - DCA
Campinas, SP

Brazil, 13083-970
gomide@dca.fee.unicamp.br

Abstract

This paper introduces a new approach to ad-
just a class of neurofuzzy networks based on
the idea of participatory learning. Partici-
patory learning is a mean to learn and revise
beliefs based on what is already known or be-
lieved. The performance of the approach is
verified with the Box and Jenkins gas fur-
nace modeling problem, and with a short-
term load forecasting problem using actual
data. Comparisons with alternative training
procedures suggested in the literature are in-
cluded to shown the effectiveness of partici-
patory learning to train neurofuzzy networks.

Keywords: Participatory Learning, Fuzzy
Systems, Neurofuzzy Networks.

1 Introduction

Neurofuzzy systems have been widely used in different
areas of science and engineering, including medicine,
economics, fuzzy mathematics, game theory, systems
modeling to mention a few.

As part of computational intelligence, neurofuzzy sys-
tems combine two major paradigms, neural networks
and fuzzy systems. The combination results in systems
that integrate the representation richness of fuzzy sys-
tems with the learning ability of neural networks. The
central idea behind neurofuzzy systems is the capa-
bility to tune fuzzy systems using learning procedures
and data. Suitable methodologies and learning algo-
rithms are among the most important issues when de-
signing neurofuzzy systems [1].

In the past years several methods to train neuro-
fuzzy systems, especially neurofuzzy networks, have
been proposed. In general these methods are based
on gradient descent and/or reinforcement approaches
[1, 2, 3, 4].

These techniques produce satisfactory results in many
cases but currently there is no consensus on which one
is the best since they depend heavily on the data set
characteristics [5].

In 1990 a new learning approach, namely Participatory
Learning (PL), was introduced by Yager as a model
of learning that captures many of the salient features
of human learning [6]. This approach assumes that
learning and beliefs about an environment depend on
what the system already knows about the environment
[7].

Recently, the participatory learning paradigm was
used to develop an efficient unsupervised fuzzy clus-
ter algorithm [5] and to find rule base structures in
adaptive, evolving fuzzy modeling procedures [8].

Alternative methods, such as Bayesian analysis [9],
have been developed to combine current belief with
new knowledge about the environment coming from
observations. In this work we adopt an approach based
on the assumption that probability density functions
are not easily available or computable, what precludes
the use of Bayesian approaches.

More precisely, this paper suggests the use of PL idea
to develop a new training procedure for hybrid neuro-
fuzzy networks. The procedure does not dependent on
the data set because the current knowledge about the
environment is part of the learning process itself and
influences the way in which new observations are used
for learning [5].

The paper is organized as follows. Next section re-
views the main ideas and concepts of participatory
learning. Section three presents the neurofuzzy net-
work structure. Session 4 details the training proce-
dure suggested in the paper. Session 5 summarizes
simulation results and comparison studies. Section 6
concludes the paper summarizing its contributions and
issues for further investigation.
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2 Participatory Learning

The main characteristic of participatory learning is
that an exogenous observation impact in causing learn-
ing or belief revision depends on its compatibility with
the current system belief. In particular, observations
conflicting with the current belief are discounted [6].

Let v ∈ [0, 1]n be a variable that represents the belief
of a system. The aim of the participatory learning is
to learn the value of this variable based on a sequence
of observations xk ∈ [0, 1]n that encodes the knowl-
edge about the value of the variable v. In this sense
xk is a manifestation of value of v in the k− th obser-
vation. Thus we use the vector xk as a means to learn
valuations of v. The learning process is participatory
if the usefulness of each observation xk in contributing
to the learning process depends upon its acceptance by
the current estimate of the values of v as being valid
observation [6]. Participatory learning means that, to
be relevant for the learning process, xk must be close
to vk. A mechanism for updating the current beliefs
of v is a smoothing like algorithm:

vk+1 = vk + αρk(xk − vk) (1)

where k = 1, . . . , P , and P is the number of observa-
tions; vk+1 is the new system belief; vk is the current
belief; xk is the current observation; α ∈ [0, 1] is the
learning rate; and ρk ∈ [0, 1] is the compatibility de-
gree between xk and vk. As an example, ρk can be
computed as ρk = 1− 1

n

∑n

i=1
dk

i where dk
i =

∣

∣xk
i − vk

i

∣

∣.

Notice that, if ρk = 0 (observation too far from current
belief) we get from (1) that vk+1 = vk and the system
is maximally closed to learn. On the oder hand, if
ρk = 1 we see from (1) that vk+1 = vk + α(xk − vk),
therefore the system is maximally open for learning.
However, in other for ρk to equal 1 it must be the case
that xk

i − vk
i = 0 for all i. This condition implies that

vk = xk and hence we get vk+1 = vk, which implies
that no learning occurs [10].

One concern that can be raised about the described
learning procedure is that it ignores the situation when
a stream of low ρk’s arises during a long period of time.
In this case, the system should become more open to
learning because it may be the case that the current
belief is wrong, not the new observations. In [6] Yager
proposes a mechanism that monitors the compatibil-
ity of the current beliefs with the observations. This
information is translated into an arousal index used to
influence the learning process, as shown in Figure 1.
The higher the arousal rate, the less confident is the
system with the current belief, and conflicting obser-
vations become important to update the beliefs. Le us
denote ak ∈ [0, 1] as the arousal index. The higher ak

the more aroused the system will be. The dynamics of

Learning Process

Arousal
mechanism

Observations
Beliefs

Figure 1: Participatory Learning with Arousal

the arousal index adaptation is specified as follows:

ak+1 = ak + λ((1− ρk+1)− ak) (2)

where λ ∈ [0, 1] is a constant that controls the rate
of change arousal; the closer λ is to one, the faster
the system is to sense compatibility variations. The
arousal index can be seen as the complement of the
confidence in the belief structure currently held.

Expression (1) can be rewritten to incorporate the
arousal mechanism as follows:

vk+1 = vk + αρ1−ak

k (xk − vk) (3)

As it can be noted in (3), while ρk measure how much
the system changes its credibility in its own beliefs,
the arousal index ak acts as a critic to remind when
the current belief should be modified in front of new
evidences. Moreover, apart from the term ρ1−ak

k Equa-
tion (3) can be viewed as a standard learning rule used
to training neural networks. However, in the presence
of spurious samples in training data set, a learning rule
without the term ρ1−ak

k may not converge or converge
to an incorrect value.

3 Neurofuzzy Network Model

This section introduces the complete structure of the
hybrid neurofuzzy network (RNF), which is composed
by two parts. The first part has an input and two
hidden layers and assembles a fuzzy inference system.
The second is a classic neural network whose purpose is
to aggregate the outputs of the fuzzy inference system.
Figure 2 shows a neurofuzzy network with n inputs
and m outputs. The input layer supplies the inputs
to the neurons in the next layer. The first hidden
layer consists of neurons whose activation functions
are membership functions of fuzzy sets that form the
input space partition.

For each dimension xk
i of a n-dimensional input vector

xk there are Ni fuzzy sets Aλi

i , λi = 1, . . . , Ni whose
membership functions are activation functions of cor-
responding input layer neurons. The variable k is the
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Figure 2: Hybrid Neurofuzzy Network Structure

discrete-time, that is, k = 1, 2, . . ., but it will be omit-
ted in the rest of the paper to simplify notation. Thus,
the outputs of the first hidden layer are the member-
ship degrees associated with the input values, that is,
a`i = µ

A
λi

i

(xi), i = 1, . . . , n and ` = 1, . . . , L;

where L is the number of neurons in the second hid-
den layer.

The neurons of the second hidden layer are fuzzy set-
based neurons called or neurons (Figure 3) whose in-
puts a`i are weighted by w`i where w`i corresponding
to the credibility of the input a`i. The neurons use
s-norms to process the inputs. For different instances
of s−norms see [2] and references therein.

Figure 3: Fuzzy Set or Neurons

Fuzzy set-based neurons assume membership degrees
a`i inputs and weights w`i in [0, 1]. Therefore they
perform nonlinear mappings [0, 1]n → [0, 1]. The ac-
tivation function ψor of a or neuron is, in general, a
nonlinear function, but here we assume ψor to be the
identity function ψor(u) = u.

It is easy to see that the network structure embeds a
set of if-then rules R = {Rk, k = 1, . . . , L} of the
form:

Rk : If (x1 is Aλ1

1 with credibility w`1) . . .

or (xi is Aλi

i with credibility w`i) . . .

or (xn is Aλn

i with credibility w`n)

Then, z is z`.

where

z` =
n

S
i=1

(w`i t a`i) .

Therefore, there is a close correspondence between the
structure of the first part of the neurofuzzy network
and a set of fuzzy rules or, alternatively, a fuzzy rule
base. In addition, the processing scheme induced by
the network structure agrees with the principles of
fuzzy set theory and approximate reasoning [2].

As mentioned above, the second part is a classical neu-
ral network composed by conventional neurons whose
output yj is an aggregation of the inputs z` and the
weights rj`, ` = 1, . . . , L, j = 1, . . . , m.

The neurofuzzy network processing can be summa-
rized as follows:

1. Ni is the number of fuzzy sets that composes the
partition of i−th input;

2. a`i = µ
A

λi

i

(xi) is the membership degree of xi in

the fuzzy set Aλi

i , where a`i is the i−th input of
neuron ` of the second hidden layer;

3. z` is the output of the `−th neuron of the second
hidden layer:

z` =
n

S
i=1

(w`i t a`i) (4)

4. yj is the output of j − th nonlinear neuron of the
output layer given by:

yj = f(uj) = f

(

L
∑

k=1

(vjkzk)

)

(5)

where, f : <L → [0, 1] is a nonlinear, monoton-
ically increasing function. In this paper, we use
the logistic function f(uj) = 1/(1 + exp(−uj));

5. w`i is the weight between the `−th or-neuron and
the i−th neuron of the first hidden layer;

6. rj` is the weight between the output yj of the
network and the `−th neuron of the second hidden
layer;

The neurofuzzy network architecture is very flexible
because it allows appropriate triangular norms to be
chosen and offers the possibility to extract linguistic
fuzzy rules directly from its topology.

4 Training Procedure

The training procedure suggested in this paper in-
volves three main phases. The first phase uses the
fuzzy c-means algorithm to granulate the input space.
The next phase use the gradient descent to update the
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weights related to the classic neural network (rj`’s).
The last phase use the participatory learning paradigm
summarized in section 2 to update the weights con-
nected to the or neurons (w`i’s). The essential imple-
mentation steps are detailed next.

4.1 Generation of Membership Functions

To generate the membership functions of the first hid-
den layer of the network shown in Figure 2 the c-means
clustering algorithm is used. Information about in-
put and output spaces are included in the cluster pro-
cess. The modal values of the membership functions
are the projection of the clusters centers in its respec-
tive universes. We assume Gaussian-shaped function
as membership functions in the first hidden layer neu-
rons. The dispersions of the Gaussians are adjusted to
form a cognition frame of the input space [2].

4.2 Weight Updating

The first step in the weight updating process is to esti-
mate the network output ŷ ∈ [0, 1]m for a given input
x ∈ [0, 1]n. This corresponds to the fuzzification of
the input pattern, and successive computation the out-
puts of the remaining neurons layers using Equations
(4) and (5). Next, the learning process aims to min-
imizing an error measure between the actual network
output and a desired output for each input pattern,
that is, to minimize

e =
1

2

m
∑

j=0

(yj − ŷj)
2 (6)

where ŷj is the value of the output unit j and yj is the
desired value of the output unit j.

We update the output layer weights using a gradient
descent method, that is

∆rj` = η(yj − ŷj)f
′(uj)z` (7)

where f ′(uj) = f(uj)(1−f(uj)) is the derivative of the

activation function evaluated at u, uj =
∑L

`=1
(rj`z`),

and η is the learning rate.

The next step update the weights of the logical neurons
using the participatory learning idea, as follows.

Participatory Learning Procedure

As discussed in the Section 3, the fuzzy inference sys-
tem encodes in the fuzzy set-based neurons structures
can be seen as a fuzzy relation G : A × Z → [0, 1]
where A and Z are two finite universes and G is any
subset of the Cartesian product of these two universes.
In particular, for ak ∈ A and G ⊂ A×Z we have that
it is possible to compute an element zk ∈ Z related
with ak of the form zk = ak ◦G.

If we choose as s−norm the maximum to the or neu-
rons we have that the operator ‘◦’ becomes max t

(sup t) and for a given pair (ak, zk) the relation G
can be found by solving the fuzzy-relational estima-
tion problem [2] whose solution is:

G = ak T ϕ zk (8)
where T denote the transpose and ϕ is such that

(ak
`i ϕ zk

` ) = sup(c ∈ [0, 1] | ak
`i t c ≤ zk

` ) (9)

We can see that the relational matrix G = [g`i] have
strong relation with the weight matrix W = [w`i]. In
fact, for a given pattern [xk, yk] and a matrix R = [rj`]
of output layer weight’s the better approximation of
the mapping f : xk → yk performed by the network
shown of Figure 2 occurs when W ≡ G.

To find the relation G we need the output of logical
layer neurons zk values. This can be estimated from
yk and R solving the constrained linear least-squares
problem:

min
zk

{

1

2

∣

∣Rzk − f−1(yk)
∣

∣

2

}

subject to 0 ≤ zk ≤ 1

(10)where f−1(·) is the inverse of function f in (5).

Next, we compute the fuzzy relation G using (9).

Once G is found we can update weights w`i’s based on
participatory learning paradigm as follows.

∆W k = α
(

ρk
)1−ak

(Gk −W k) (11)

where α is the learning rate; k = 1, . . . P and P is the
number of training patterns; ak is calculated according
(2), and

ρk = 1−
1

Ln

L
∑

`=1

n
∑

i=1

|gk
`i − wk

`i|. (12)

The procedure to train the neurofuzzy networks using
PL approach (NFPL) proposed in this paper can be
summarized in the pseudo code presented in Figure 4.

5 Experimental Results

To evaluate the performance of the learning algorithm
introduced in this paper, we compare our approach
with alternative models suggested in the literature.
The examples given here include nonlinear system
identification and time series prediction problems. We
adopt the maximum s−norm and the algebraic prod-
uct as the t−norm in the or neurons.

Box and Jenkins Gas Furnace

The Box and Jenkins system identification is a well-
known benchmark problem. Identification uses of 290
pairs of input/output data taken from a laboratory
furnace [11]. Each data sample consists of the methane
flow rate, the process input variable, xk, and the CO2

concentration in off gas, the process output, yk. This is
a dynamical process with one input xk and one output
yk. The aim is to predict current output y(k) using
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Figure 4: NPFL Approach

past input and output values, with the lowest error.
Different studies indicate that the best model structure
for this system is yk = f

(

yk−1, xk−4
)

.

Figure 5 depicts the model output obtained by the
NFPL approach. Comparison results with previous
fuzzy/neurofuzzy approaches that works with the
same inputs is given in Table 1. We notice that NFPL
perform as well as the one of the best model.
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Figure 5: Box and Jenkins Gas Furnace Identification

Load Forecasting

An application example that shows the effectiveness of
the participatory learning in neuroffuzy training is the
short-term load forecasting. The task load forecasting
is to accurately predict the 24 hourly loads of the next
operation day.

We use a training data set composed by hourly loads
from May of 2000 to February of 2001 of an electrical

Table 1: Gas Furnace Identification
Model N◦ Rules Mean Square Error

Pedrycz [12] 81 0.5656

Xu and Lu [13] 25 0.5727

Delgado [14] 4 0.4100

Yoshinari [15] 6 0.5460

Rutkowski [16] 9 0.4912

NFPL 9 0.4528

utility located at the Southeast region of Brazil. The
input variables of the model are Lh−1 and Lh−2, which
represent the load at times h−1 and h−2, respectively.

To show the efficiency and the data-independent na-
ture of the PL approach during training, two cases
are considered. The first case (Case 1) data was col-
lected without any measurement error. In the second
case (Case 2) we introduce uniform random noise in
selected samples of the training data. Four different
neural network models were trained using data of the
two cases, namely, a classic multilayer perceptron with
2 hidden layers with 12 and 8 neurons, respectively,
trained with backpropagation algorithm (MLP), an
adaptive neurofuzzy system [17] using the same num-
ber of fuzzy sets to granulate each input variable (AN-
FIS), and the neurofuzzy network presented in Fig-
ure 2 with 64 neurons in second hidden layer. The
RNF was trained in two different ways. The first way
uses participatory learning as detailed in Section 4
(NFPL). The second one adopts a non-participatory
version (NF-NPL) of the learning procedure proposed
in section 4, that is, we exclude the participatory with
arousal term ρ1−ak

k from Equation (11). The Mean
Absolute Error (MAE) is used to evaluate the results.

MAE =
1

P

P
∑

k=1

∣

∣ŷk − yk
∣

∣

100

yk
(%) (13)

where ŷk is the k-th predicted value, yk is k-th real
value and P is the number of values to predict. The
results obtained are summarized in Table 2. Figure 6
shows the load forecast results provided by the neural
models for September 12, 2001 in both, Case 1 (a) and
Case 2 (b).

Table 2: Load Forecast
Model MAE (%) - Case 1 MAE (%) - Case 2

MLP 7.20 12.95

ANFIS 5.74 11.47

NF-NPL 6.86 12.07

NFPL 3.98 4.42

As it can be seen in Figure 6 and Table 2, all neural
models show comparable performance in Case 1. How-
ever, in Case 2 the participatory model improves the
forecast substantially and outperforms the remaining
neural models. The participatory nature of NFPL is
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Figure 6: Short Term Load Forecasting

able to smooth the effect of noise using the compati-
bility measure.

6 Conclusions

In this paper we have introduced a new training proce-
dure for a class of hybrid neurofuzzy network based on
participatory learning paradigm. Experimental results
show that participatory learning provide an effective
alternative for supervised training of neurofuzzy net-
works that do not dependent of training data set and is
as efficient as alternative fuzzy/neurofuzzy approaches
addressed in the literature.
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Abstract 

The patterns which are presented to a Fuzzy 
ARTmap network should be preprocessed 
in such a way that the data are of 
appropriate clearance. In order to decrease 
the degree of similarity between the 
normalized binary patterns, a new method 
is proposed in which the binary patterns are 
converted to fuzzy (analogue) patterns. This 
is done by weighting and normalizing the 
values, determining the binary pattern, 
according to the number of ones which 
surround that value. By using this method, 
the noise in the input patterns is rejected 
and therefore noisy patterns are not 
considered as new training patterns. This 
increases the efficiency of the proposed 
method. 

Keywords: Paper, Instructions. 

 

1     Introdction 

Usually the binary patterns are presented to a neural 
network in the form of an ( )nm×  matrix and are 
converted to ( )1×mn  normalized vectors. In 
normalizing a binary pattern, the number of ones 
plays a key role. When two patterns have the same 
number of ones, the normalized values have equal 
weights and therefore, during the training process 
they may be placed in one group. Furthermore, when 
the number of ones in an input pattern is equal to the 
number of ones in two (or more) training patterns, 
the prediction of the network is the pattern which is 
presented to the network before the other pattern(s). 

Hence, the prediction of the network depends on the 
order of training patterns when they are presented to 
the network. Such property is not suitable for 
prediction and may lead to an incorrect prediction. In 
this paper a method is presented in which the binary 
values are converted to fuzzy values to generate a 
three dimensional pattern and finally the patterns are 
normalized. In what follows, first the structure of the 
neural network is explained and then the proposed 
method is presented. In the end the simulation results 
and the conclusions are provided. 

2     Fuzzy ARTmap Technique 

Fuzzy ARTmap is an incremental supervised 
learning algorithm which combines fuzzy logic and 
Adaptive Resonance Theory (ART) neural network 
for recognition of pattern categories and 
multidimensional maps in response to input vectors 
presented in an arbitrary order. It realizes a new 
minmax learning rule which conjointly minimizes 
predictive error and maximizes code compression, 
and therefore gives generalization. This is achieved 
by a match tracking process that increases the ART 
vigilance parameter (fuzzy degree of membership of 
the input with respect to the category templates) by 
the minimum amount needed to correct a predictive 
error (PE). The Fuzzy ARTmap neural network is 
composed of two Fuzzy ARTmap modules [3], 

i.e., aARTfuzzy and bARTfuzzy  [2]. Which are 
typified in Fig. 1 and are essentially the same as 
those described by Carpenter et al in [1]. The 
interactions mediated by the map field abF  may be 
operationally characterized as follows.  
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Figure 1: Typical Fuzzy ARTmap 
Inputs to aART  and bART  are in the complement 
code form: for aART . ),( caaAI == ; for bART . 

),( cbbBI ==  (see Fig. 1). Variables in aART or 
bART are designated by subscripts “a” and “b” 

respectively. For aART , let { }a
Ma

aa xxx 21 ...=  denote 
the 

aF1  output vector, let { }a
Na

aa yyy ...1=  denote 
aF2 , 

and let { }a
Maj

a
j

a
j

a
j wwww 221 ,...,,=  denote the jth aART  

weight vector. For bART , let { }b
Ma

bb xxx 21 ...=  
denote

bF1 output vector and let { }b
Na

bb yyy ...1=  
denote

bF2 . And let { }b
Mbk

b
k

b
k

b
k wwww 221 ,...,,=  denote 

the kth  bART weight vector. For the map field, let { }ab
Na

abab xxx ...1=  denote the 
abF output vector, and let { }ab

jNb
ab
j

ab
j www ,...,1=  denote the weight vector from the 

jth aF2 node to 
abF . Vectors 

bbaa yxyx ,,, , and 
abx are set to 0 between input presentations.  

3     Map Field Activation 

The map field abF is activated whenever one of the 
aART or bART categories is active. If node J of 

aF2 is 

chosen, then its weights 
ab
jw activate abF . If node 

K in 
bF2 is active, then node K  in abF is activated 

by 1-to-1 pathways between 
bF2 and abF . If both 

aART and bART  are active, then abF becomes active 

only if aART  predicts the same category as bART via 

the weights 
ab
jw . The abF output vector 

abx obeys the 
following:  
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From (1), 0=abx  if the prediction 
ab
Jw is 

disconfirmed by 
by . Even such a mismatch triggers 

and aART search for a better category, as follows. 

4     Match Tracking 

At the start of each input presentation, the aART  

vigilance parameter aρ equals to baseline 

vigilance aρ . The map field vigilance parameter is 
abρ  

 
b

ab
ab yxIF ρ〈

. (2) 

Then aρ is increased until it is slightly larger than 
1−

∧ AwA a
J , where A is the input to 

aF1 , in 
complement coding form, and  

 
AwAx a

a
J

a ρ〈∧=
. (3) 

Where J is the index of the active 
aF2 node. When 

this occurs, aART search leads either to activation of 

another 
aF2  node J  with  

 
AwAx a

a
J

a ρ≥∧=
. (4)  

and 

 
b

a
ab
J

ba ywyx ρ≥∧=
. (5) 

Or, if no such node exists, i.e., the input pattern to 
aF2  layer does not match any pattern; the input 

pattern is classified as a new pattern.  

5     Comparison of Two Input Patterns 

Let’s consider the numbers 2 and 3 as 5× 5 binary 
input patterns (see Fig. 2).  

   
           
           
           
           
           

 
Figure 2: Two input patterns 

 

The gray areas have a value of 1 and other areas have 
a value of 0. The sum of the values for the two 
patterns is equal to 11. In order to normalize each 
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pattern, each cell of the patterns is divided by 11; the 
result is 0.09 for all the cells. 

After the pattern for the number 2 and then the 
pattern for number 3 are presented to the network, 
the output was observed by providing the network 
with an input pattern similar to 2. Assume a case in 
which the pattern for 2 is learned by the network 
before the pattern for 3. In this case if the input 
pattern depicted in Fig. 3 is presented to the network, 
the predicted output will be 2. If the pattern for 3 is 
learned first, 3 will be the output of the network if the 
input pattern is (presented to the network) is the 
pattern in Fig. 3.  

   
     
     
     
     
     

 
Figure 3: The input Pattern 

 
Therefore, the behavior of the network in this case, 
depends completely on the order of training patterns 
and the winning pattern is not predictable. In the next 
section, the weighted function is presented and 
compared with the regular function.  

5     Weighting Equation for the Input 
Binary Pattern 

The binary pattern, including only zeros and ones, is 
converted to an analogue pattern through the 
following equation [4]:  

 

old
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× ×⎟⎟
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⎞
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1

1

1

1

1
. (6) 

The above equation is explained by using an 
example: Consider the input pattern depicted in Fig. 
2. At first, the pattern is like the pattern in Fig. 4-(a).  

   
0 2 3 1 0  0 1 1 1 0 

0 4 0 0 0  0 1 0 0 0 

0 2 4 2 0  0 1 1 1 0 

0 0 0 4 0  0 0 0 1 0 

0 1 3 2 0  0 1 1 1 0 

(b)   (a)  

 
Figure 4: (a) Crisp pattern, (b) Weighting the input 

pattern (Fuzzified) 

 

Using (6) the input pattern is converted to the pattern 
shown in Fig. 4-(b). Each of the obtained values is 
calculated by multiplying each value in the pattern 
(zero or one) by the number of ones in the 8 positions 

surrounding that value. For example for 42×a  is 
obtained by using the following equation:  
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534333

524232

5141314242

=−+++
+++

++×=

×××

×××

×××××

aaa
aaa

aaaaa oldnew

. (7) 

Similarly the obtained pattern for the number 3 is as 
follows:  

   
0 2 3 1 0 

0 4 0 0 0 

0 3 4 1 0 

0 4 0 0 0 

0 2 3 1 0 

 
Figure 5: Weighting of the pattern for the number 3 

 

Fig. 6 shows the weighted pattern for the input 
pattern depicted in Fig. 3.  

   
0 2 3 1 0 

0 4 0 0 0 

0 2 3 1 0 

0 0 0 0 0 

0 1 2 1 0 

 
Figure 6: The weighted input pattern 

 

The normalized patterns for the patterns for the 
number 2 and 3 and the input pattern shown in Fig. 3 
are depicted in Fig. 7-(a), 7-(b) and 7-(c). 

The normalized value are obtained by dividing the 
summation calculated in (6) by the summation of all 
the values in the pattern. The equation is as follows:  

 
∑∑
= =

×
× = k

i

l

j

new
ij

new
nmnorm

nm

a

aa

1 1 . (8) 

k  is the number of rows and l  is the number of 
columns of the pattern. It is noticeable that in the 
preprocessing layer and before (6) is used, the 
dimensions of the matrix by which the pattern is 
presented, should be extended to 2+k  and 2+l  and 
after the calculations the dimensions should be 
returned to their original values.  
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0 0.07 0.1 0.03 0  0 0.07 0.1 0.03 0 

0 0.14 0 0 0  0 0.14 0 0 0 

0 0.1 0.14 0.03 0  0 0.07 0.14 0.07 0 

0 0.14 0 0 0  0 0 0 0.14 0 

0 0.07 0.1 0.03 0  0 0.03 0.1 0.07 0 

(a)    (b) 
 

0 0.07 0.1 0.03 0 

0 0.14 0 0 0 

0 0.07 0.1 0.03 0 

0 0 0 0 0 

0 0.03 0.07 0.03 0 

(c) 
 

Figure 7: Weighted patterns for 2, 3 and the input 
pattern 

 

5     Simulation Results 

As mentioned in section 6, the input patterns are 
weighted by using (6). The training patterns are given 
in Table 1.  

 

Table 1: Example of title of a table 

4 3 2 1 0 

     

9 8 7 6 5 

     

 

Table 2 depicts the outputs when specific input 
patterns are fed into the network. .  

 

Table 2: Example of title of a table 

Priority of recognition 

Fourth Third Secon
d First 

Transm
it 

Increa
se 

Decrea
se Equal 

Test 
Input 

Patterns 

 

- 

 

- 

 

 

- 

   

- 

  

- 

 

 

- 

   

 

For the first pattern in Table 2, the network examines 
the patterns which are “Equal” to the input pattern. If 
the pattern is not a complete match, then the output is 
the pattern which when “Decreased” the result is the 
input pattern. If these trials fail, the network gives the 
output which when “Increased”, the result will be the 
input pattern. For the last attempt, the network 
suggests the pattern which when one of its values is 
“Transmitted” the input pattern is obtained. If by 
using these techniques no suggestions are made by 
the network, the input pattern is considered as new 
training pattern and learns that pattern in an on-line 
manner.  

   
0 1 1 1 0 

0 1 0 0 0 

0 1 0 1 0 

0 1 0 0 0 

0 1 0 0 1 

 
Figure 8: The noisy input pattern 

   
0 2 3 1 0 

0 3 0 0 0 

0 2 0 0 0 

0 2 0 0 0 

0 1 0 0 0 

 
Figure 9: The preprocessed pattern 

 

Generally, the applied techniques are as Equal-
Increase-Decrease-Transmit and therefore the 
proposed method is called “EDIT”. By using this 
technique, the random prediction behavior of the 
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network is enhanced to present a prioritized and 
organized prediction behavior. 

Another advantage of this method is compression of 
data. This is done by deletion of some of noise 
values/data in the input patterns. For example if the 
noisy pattern shown in Fig. 8 is fed into the network, 
in the preprocessing layer, the proposed method 
converts it to the pattern depicted in Fig. 9. 
As can be seen in Fig. 9, the noise in patterns is 
rejected. This property increases the speed of 
learning during the training process because the noisy 
patterns are not considered as new training patterns. 
This also leads to a faster selection of the winning 
neuron and reduces the error.  

5     Conclusions 

In training Fuzzy ARTmap neural networks, a well-
organized and prioritized prediction method is 
proposed. The prioritization takes place when the 
EDIT technique is applied. If this method is not used, 
the outputs selection is done almost randomly or at 
most according to the order of presentation of 
training patterns to the network in the learning 
process. 

Another advantage of using this method is converting 
the binary patterns to analogue (Fuzzified) patterns 
besides eliminating the noise that may exist in the 
input patterns and the noise in patterns is rejected. 
This property increases the speed of learning during 
the training process. 
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Abstract 

This paper presents a fuzzy system 
approach to the prediction of nonlinear 
time series and dynamical systems based 
on a fuzzy model that includes its 
derivative information. The underlying 
mechanism governing the time series, 
expressed as a set of IF–THEN rules, is 
discovered by a modified structure of fuzzy 
system in order to capture the temporal 
series and its temporal derivative inform-
ation. The task of predicting the future is 
carried out by a fuzzy predictor on the 
basis of the extracted rules and by the 
Taylor ODE solver method. We have 
applied the approach to the benchmark 
Mackey-Glass chaotic time series. 

Keywords: Derivative approximation, Times Series, 
Fuzzy modelling. 

 

1    Introduction 
Time series is widely observed in many aspects of 
our lives. Daily temperature, stock market and so 
forth are examples of time series. A time series is a 
continuous ( )x t  or a discrete sequence of 
measured quantities 1 2, , , nx x x  taken from human 
activity data or some physical system. Basically, 
there are three main goals in time series analysis: 
prediction, modelling and characterization [6]. The 
goal of prediction is to accurately forecast the 
short-term evolution of the system, modelling aims 
to precisely capture the features of the system’s 
long-term behaviour, and the purpose of system 
characterization is to determine some underlying 
fundamental properties of the system and the 
nature of observations. Forecasting refers to a 
process by which the future behaviour of a 
dynamical system or data series is estimated based 

on our understanding and characterization of the 
system and the laws of its nature. 

Much effort has been devoted over the past several 
decades to develop and improve the time-series 
forecasting models. This task is most complex and 
hard due to multiple reasons, such as: high 
sensibility to initial conditions in the unstable 
dynamical system [4]; difficulty on the determ-
ination of trends or on the recognition of patterns 
in presence of stochastic noise on observable 
sequence data; or just the natural uncertainty, 
vagueness and incompleteness of data. However, 
in the absence of something better, there are some 
statistical or empirical solutions to make reason-
able predictions [11]. Most of these linear 
approaches, such as the well-known Box–Jenkins 
method, have shortcomings [3][12]: all have a 
natural default in that they lack the ability to 
directly incorporate the natural linguistic inform-
ation in their modelling or in their strategies, even 
to extract relevant linguistic information from the 
data series. 

More recently, neural networks and fuzzy logic 
modelling have been applied to the problem of 
forecasting complex time series. The main 
advantage of these methodologies is that we do 
not need to specify a priori the structure of a 
model, which is clearly needed in the classical 
regression analysis [14][11]. Also, both models are 
nonlinear in nature and they can more easily 
approximate complex nonlinear systems than 
simple linear statistical models. Of course, there 
are also disadvantages to statistical regressions 
models, where we can use the information given 
by their parameters to understand the process. This 
problem can be greatly reduced if alternatively the 
relationships of the process are expressed by 
linguistic relationships, which are transparent and 
easily read by an expert, through the use of a fuzzy 
modelling. 

Fuzzy Systems (FS) have been successfully 
applied to a number of scientific and engineering 
fields in recent years, but their performance is 
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highly dependent on their structure (hierarchical or 
flat structure, number of inputs, the partition of the 
input and output spaces by membership functions, 
and their shape), their inference mechanism, their 
aggregation operations, and their fuzzification and 
defuzzification methodology. Various schemes of 
fuzzy modelling, with specific algorithms, have 
been proposed to capture some specificity of the 
problem at hand and thus contribute to the 
efficiency of the overall identification schemes 
[18], if necessary by taking advantage of numeric 
experimental data and of neurofuzzy techniques 
[8][15]. Various fuzzy predictors (FP’s) of time 
series have been introduced and have 
demonstrated their success in accurate predictions 
[2][7][16][19], whose main research effort was 
made in the creation of appropriate fuzzy rules and 
memberships through a learning process.  

However, this effort generally does not guarantee 
a model with reasonable dynamical information, 
i.e. the derivative information of the time series. 
So, we propose a new fuzzy system structure that 
is capable of approximating regular functions as 
well as their derivatives on compact domains with 
linguistic information. Here, the linguistic inform-
ation is associated to the translation process of 
fuzzy sets within the fuzzy relationships, that 
when modelled is able to describe local trends of 
the fuzzy models (temporal or positional 
derivatives). With derivative models of the 
temporal series, for the attractive regions of work, 
it is possible to make a Taylor series that can 
approximate a solution of ordinary differential 
equations or of a temporal series in distinct regions 
of the space. With this result it is possible to use 
the traditional ODE method to solve dynamical 
equations or to model temporal series. 

This paper is organized as follows. Section 2 
describes the perturbed fuzzy system. Section 3 
presents theoretical aspects of the approximation 
of a function and its derivatives by the perturbed 
fuzzy system. Section 4 presents an ODE Fuzzy 
solver method based on the perturbed fuzzy 
system. The proposed algorithm will be used to 
benchmark prediction problems of the Mackey-
Glass chaotic time series (Section 5). Finally, a 
conclusion is drawn. 

2    The Perturbed Fuzzy System 
Fuzzy systems modelling [9] provides a frame-
work for modelling complex nonlinear relations, 
using a rule-based methodology. Consider a 
system ( )y f= x ; y is the output (or consequent) 

variable and ( )1, , T n
nx x= ∈x  is the input 

vector (or antecedent) variable. Let 1 nU U= × ×U  
be the domain of the input vector n∈x  and V 
the output space.  

A linguistic model relating variables x and y can 
be written as a collection of rules that link terms 

, ii j iA U∈ , 1, ,i ij N= … , 1, ,i n= … , and jB V∈ , 

( )1, , nj j j= … , where ( ), ii j iA x  and ( )jB y  re-
present the descriptor sets associated, respectively, 
to variables xi, 1, ,i n= …  and y. In fuzzy systems 
modelling, this relationship is represented by a 
collection ℑ of fuzzy IF–THEN rules: 

11 1, ,: IF  is and ... and  is 

      THEN  is 
nj j n n j

j

R x A x A

y B
  (1) 

where ( )1, , nj j j= …  is the index of rule, which 
belongs to the index set: 

{ }1, , | 1, , ; 1, ,n i iJ j j j N i n= = = . 

The input space 1 nU U= × ×U  and the output 

space V are being partitioned in 
1

n
ii

N N
=

=∏  
fuzzy regions, in which it is possible to define N 
fuzzy rules of the form of (1). The rule base can be 
represented by the fuzzy relation defined on the 
Cartesian product A×B [18]. If each input space Uj 
(for j=1,…,n) is completely partitioned by Nj 
fuzzy sets, then there is always at least one active 
rule. Given values for the input variables = *x x , 
the value of y is calculated as a fuzzy subset G by 
a fuzzy inference process: 

1. For each rule j, find the firing level of the rule: 

( ) ( ) ( ) ( )
1 21 2 nj j j j nA A x A x A x=x  (2) 

With the linguistic connective “and” of the 
antecedent of rule (1) defined as T-norm operation, 
“ ”, jA  can be viewed as the fuzzy set 1 , i

n
i i jA=X  

with membership functions ( )jA x .  

2. The fuzzy implication of each rule :R j  

j jA B  is a fuzzy set in U V×  that is defined as 

( ) ( ) ( ),B j jR y A B y= ⊗j :A x x , where “⊗ ” is an 
operator rule of fuzzy implication. For each rule j, 
calculate the effective output value Gj, based of sup-
star composition: 

( ) ( ) ( )' sup ,j BG y A R y
∈

′⎡ ⎤= ⎣ ⎦j : A
x U

x x¯  

3. Combine (unite) the individual outputs of the 
activated rules to find the overall system output 

1

N
jj

G G
=

=∪ . 
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Generally, ( )A′ x  is considered as a singleton set. 
For the arithmetic inference process, the output of 
each rule j is given by ( ) ( ) ( )j j jG y A B y= ⋅x . In 
many situations, e.g. in series prediction and 
modelling applications, it is desirable to have a 
crisp value y* for the output of a fuzzy system, 
instead of a fuzzy value G(y). The defuzzifier 
maps the fuzzy sets in V to crisp points in V. In 
this paper, a centre-average defuzzifier [17] is 
used, and the output expression of the Fuzzy 
System can be written as 

( ) ( ) ( )
1 1

N N

j j j
j j

g A Aθ
= =

= ⋅∑ ∑x x x  (3) 

where θj is the centroid point in V for which the 
membership function ( )jB y  achieves its max-
imum value, being assumed that ( )jB y  is a 

normal fuzzy set, i.e., ( ) 1j jB θ = . 

Fuzzy identification systems are able to integrate 
information from different sources, namely from 
human experts and from experimental observation. 
However, the process of translating this 
knowledge to linguistic IF–THEN rules is made as 
a sequence of static or instantaneous pictures of 
the modelled process, and so the dynamical 
information is discarded. However, the state 
variables of a dynamical process or temporal series 
are not static: in each instant they possess an 
instantaneous value and a trend of evolution. This 
trend, which contains information of the 
derivatives, should also be modelled by the diffuse 
system. A simple way to do this is to ensure that 
each input and output fuzzy set captures the trend, 
obtaining what we call a perturbed fuzzy set. 
These perturbed fuzzy sets are traditional fuzzy 
sets, characterized by their static position and 
shape, added with potential velocity, acceleration, 
etc. In the context of this paper, we are concerned 
with a special type of perturbed fuzzy sets, due 
both to a translation process and an additive 
process. 

Definition 1: The nonlinear translation of a fuzzy 
set A of U by h U∈ , denoted hA , is the fuzzy 
subset of U defined as ( ) ( )( )hA x A x hσ= − , 

where ( )hσ  is a nonlinear homogenous trans-
lation function of the perturbation variable h, i.e., 

( )
0

lim 0
h

hσ
→

= . 

Perturbation h moves fuzzy set A from its natural 
position to another position in the neighbourhood. 
As a special and known case we have ( )h hσ = . 

Definition 2: Let ( ),h xρ  be an additive perturbed 
function resulting from the product of a translation 
function weight ( ),h xσ  by the membership 
function ( )A x :  

( ) ( ) ( ), ,h x h x A xρ σ=  

where ( ),h xσ  is a homogenous, nonlinear 
function of variable x and perturbation h, i.e., 

( )
0

lim , 0
h

h xσ
→

=  and ( ), 0h xσ = . The additive 

perturbed fuzzy set of A is ( ) ( ) ( ),hA x x h A xϕ= , 
where ( ) ( ), 1 ,x h h xϕ σ= + . 

For convenience of representation, consider that 
( ) ( ),x h h xσ σ= . Both previously defined per-

turbed fuzzy sets obey the following axiom. 

Axiom 1: Let 1 p≤ ≤ ∞  and ( )P nf L∈ R . For 
nh∈R , let ( )hA x , the perturbed function of 

Definitions 1 and 2, be continuous with respect to 
variable h. Then ( ) ( )0lim  0h hA x A x→ − = . 

Let ( ) ( ) ( )
1, , 1 , nh j h j h j nA A x A x=x ¯ ¯  be the aggreg-

ation of perturbed membership functions. For the 
product T-norm operation and perturbations of the 
additive type, we have ( ) ( ) ( ), , ,h j h j jA A ϕ=x x x h , 
where ( ) ( ) ( )

1 1, 1 1 ,, , ,
n nj h j h j n nx h x hϕ ϕ ϕ=x h  and 

( )1, , T
nh h=h  is the perturbation vector. 

The fuzzy relationships that involve fuzzy set A 
are consequently also perturbed, and that reflects 
into the fuzzy system. The result of the perturbed 
fuzzy sets is a perturbed fuzzy system that is equal 
to the static fuzzy system when the perturbation 
variables h are null. 

Definition 3: A perturbed fuzzy system, PFS, 
results from the perturbation of input and output 
fuzzy sets of fuzzy system (3). Let the input fuzzy 
sets of rules be of the additive type, i.e., 

( ) ( ) ( ), ,h j j jA x x h A xϕ= , and let the output fuzzy 
sets be of the nonlinear translation type, 

( ) ( )( ), j j jB x B x σ= −h h . The perturbed version of 
fuzzy system (3) is: 

( )
( ) ( )( )

( )

,
1

,
1

,

N

j j j
j

N

j
j

A
g

A

θ σ
=

=

⋅ +
=
∑

∑

h

h

x h
x  h

x
  (4) 

Remark: If the input fuzzy sets of the PFS (4) are 
not perturbed and the perturbation vector h is 
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obtained by difference between vector x and a 
constant vector 0x  (for example, the null vector), 

0= −h x x , then the PFS given by (4) is the well-
known TSK model. Moreover, if all input fuzzy 
sets of the PFS (4) are perturbed by the same add-
itive function, i.e., ( ) ( ), ,j ix h x hϕ ϕ= , ,i j J∀ ∈ , 
then the PFS of equation (4) is also the well-
known TSK model. 

3    The Derivative Approximation 
In this section we present the sufficient condition 
for the perturbed fuzzy systems as universal 
approximators, in order to answer the questions: 
“Given a real, continuous and differentiable 
function in v , is there a perturbed fuzzy system 
that can approximate it up to its vth derivative? 
How to perturb the membership functions and how 
many fuzzy sets (or fuzzy rules) are needed to 
ensure the desired approximation accuracy?” 

The design of the static fuzzy system ( )g x  is 
made by choosing the appropriate partition of the 
input space, the shape of the membership function 
and its position in the input space U and output 
space V. These structural learning settings are of 
great importance to approximate the zero-order 
function ( )f x . The derivative information could 
be included in the fuzzy modelling by associating 
it to the potential perturbation of its membership 
function. Without lost of generality, we will 
consider that the additive perturbed function 

( ) ( ),j jx h hϕ ϕ=  is independent of variable x. 
Furthermore, we assume that the perturbed 
functions are approximated by multivariate poly-
nomials of the multivariate variable perturbation 
h. 

Definition 4: Let the perturbed functions ( )jσ h  

and ( ),jϕ x h , presented on Definition 1 and 2, be 
multivariate polynomials of degree r and s, 
respectively, defined on compact set nU ⊂ , i.e.: 

( ) ( )
1

1

1

1

, 1
0 0

n
n

n

n

ss
ddj

s j j d d n
d d

Q a h hϕ
= =

= = ∑ ∑h h
  

(5) 

( ) ( )
1

1

1

1

, 1
0 0

n
n

n

n

rr
dd

r j j d d n
d d

P b h hθ σ
= =

= + = ∑ ∑h h
 
(6) 

where 
1

n
ii

r r
=

=∑ , 
1

n
ii

s s
=

=∑ , v=r+s, 0, ,0
j

jb θ=  

and 0, ,0 1ja = , for 1, ,j N= . 

The perturbed fuzzy system, PFS, is now a rational 
function of polynomials of variable h: 

( )
( ) ( ) ( )

( ) ( )
, ,1

,1

,
N

j s j r jj
N

s jj

A Q P
g

A Q
=

=

=
∑
∑

x h h
x h

x h
 (7) 

Two new theorems show us that fuzzy system (7) 
can: first, approximate a vth-order polynomial to 
any degree of approximation; second, extrapolate 
the last result to approximate any nonlinear 
function. 

Theorem 1: Consider the perturbed fuzzy system 
of equation (7). It can approximate any N distinct 

polynomials of order v, ( ) ( ),
1

v

v jT c
=

= ∑jx h x hα
α

α

, in 

N distinct nodes j S∈x . Also, the ith derivative of 

( ),jg x h  in respect to h can approximate the ith 

derivative of ( ),vT
jx h , for 1, ,i v= ; i.e: 

( ) ( )
( ) ( )

( )

( ) ( )
( )

( ) ( )
( )

+1
, ,

+1

,r rx T x Tg
E

∞

∂ ∂∂
= − ≤

∂ ∂ ∂

i ii
i x x

h i i i

h hx h
x h

h h h
 

and ( ) ( ) ( ) ( )lim 0E E
→

= =0 0

i i
j h jh

x x . 

Theorem 2: Suppose that Nj overlapped and 
equally distributed fuzzy sets are assigned to each 
input variable of Fuzzy System (7). Then, for any 
given real, continuous and differentiable function 
( )f x  defined in v  and approximation error 

bound 0ε > , there is a perturbed fuzzy system (7) 
with perturbed functions of Definition 4 that 
guarantees: 

i) ( ) ( )
0

lim ,
h

g x g x h
→

=  

ii) 
( )

( ) ( )( )0sup
sup lim ,

hx f
f x g x h ε

→∈
− <  

iii)
( )

( ) ( )
( )

( ) ( )
( )0sup

,
sup lim  for 1,..,

i i

i ihx f

f x g x h
i v

x h
ε

→∈

∂ ∂
− < =

∂ ∂
  

4    The Fuzzy ODE Taylor Series Method 
A continuous, autonomous, stationary, nonlinear 
dynamical system can be described by a set of 
ordinary differential equations, ODE, 

( ) ( )( )dx t dt F x t= , where ( )x t  is the vector of 
system states and F is the system vector field. 

By expanding the solution of ODE to the initial 
value problem, ( )0 0x t x= , in a Taylor series about 

0t , one obtains a local solution that is valid within 
its radius of convergence, R0. If the series is 
evaluated at 1t , where 1 0t R< , we obtain an 

246 Neuro-fuzzy, Predictions and Evolutionary Approach



 
 

 

approximation to ( )1 1x t x= , and the solution may 
then be expanded in a new series about 1t . The 
solution may of course then be extended to point 

2t , and so forth, so that by a process of “analytical 
continuation” one obtains a piecewise polynomial 
solution to the ODE problem. 

Perhaps the simplest one-step methods of order P 
are based on Taylor series expansion of the 
solution ( )x t . If ( ) ( )1px t+  is continuous on [ ],a b , 
then Taylor's formula gives  

( ) ( ) ( ) ( )1 1
1 , ,

!

p
p p

k k k k k k
hx x f t x h f t x O h
p

− +
+ = + + + +

 
(8)

 

where ( ) ( ) ( )( )
( )1

11 ,
!

p
pp

k k
hO h f x

p
ξ ξ

+
++ = , with 

1k k kt tξ +≤ ≤ , and the total derivatives of f are 
defined recursively by: 

( ) ( ) ( ) ( ) ( ) ( ) ( )1 1, , , , ,  1,2, .i i i
t yf t x f t x f t x f t x i− −= + =  

To solve the ODE problem with (8), in each 
observable sample point kx , it is necessary to 
(analytically or numerically) estimate the value of 
the dynamical system’s derivatives. With a 
perturbed fuzzy system, a multi-derivative 
modelling can be created in order to be used in 
solving the prediction problem. The result is a 
fuzzy system (based on linguistic representation 
structure) that describes the temporal series as well 
as its derivatives. 

With a set of pN v N= ×  points of the temporal 
series, with N and v as in Definition 4, where we 
now use the values of the local Taylor series terms 
(up to the kth-order continuous derivative), a multi-
variate Padé approximation is used to identify the 
coefficients of the polynomials. 

Definition 5: Consider a function ( )f x , through 
its series expansion at a certain point kx  in U,  

( ) ( )
0

k kf c
∞

=

= ∑x + h x hι
ι

ι

  (9) 

The Fuzzy Padé approximant, ( ),g x h , is that 
rational fuzzy function of degree v=r+s in the 
numerator and s in the denominator (polynomials 
Q’s, ( )s

jQ h ), whose power series expansion agrees 
with a given power series to the highest needed 
degree of f . If the rational function is of the type 
of (7), then ( ),g x h  is said to be a Fuzzy Padé 

approximation to series (9), which in those points 
satisfies the conditions: 

( ) ( ),0g f=x x   (10) 

and  

( ) ( )
( )

( ) ( )
( ) ,   0

g f
v

= =

∂ + ∂ +
= ≤ ≤

∂ ∂
0 0

i i

i i

h h

x h x h
i

h x
 (11) 

These last two equations provide 1v +  algebraic 
equations that involve ( )1v N+ ×  unknown para-
meters. This approach can be applied in a set of N 
points of space U, as much as the number of fuzzy 
rules of the PFS. The resulting equations allow us 
to solve the problem of finding the parameters. In 
this way, coefficients 

1 , , n

j
d da

 
of polynomials 

( )s
jQ h  and coefficients 

1 , , nd db  of ( )r
jP h  will be 

determined. The Padé approximant is the “best” 
approximation of a function by a rational function 
of the given order [1]. A Padé approximant often 
yields better approximation of the function than 
truncating its Taylor series and it may still work 
where the Taylor series does not converge. 

5    Numerical Example 
The PFS approach has been evaluated for a non-
linear system identification problem, the Mackey-
Glass chaotic time-series prediction problem. 

The Mackey-Glass time series has been widely 
used as a standard benchmark for prediction 
algorithms (Crowder [5], Lapedes and Farber [10], 
Moody and Darken [13], …). The time series is 
generated by integrating the delay differential 
equation, 

( ) ( )( )x t f t′ = y
 

(12) 

where ( ) ( )x t dx t dt′ = , ( ) ( ) ( )( ),
T

t x t x t τ= −y  and 

( )( ) ( ) ( )( ) ( )1  cf t a x t x t b x tτ τ= − + − −y . With 
0.2a = , 0.1b = , 10c =  and 17τ = , the time series 

is chaotic, exhibiting a cyclic but non-periodic 
behaviour. The upper order of temporal deriv-
atives of state variable ( )x t  can be recursively 
defined by: 

( ) ( ) ( ) ( ) ( )x t x t
' 'x t f x t f x tτ τ−

′′ ′ ′= ⋅ + ⋅ −  

( ) ( ) ( ) ( ) ( ) ( ) ( )2
x t x t x t
' '' 'x t f x t f x t f x tτ ττ τ− −

′′′ ′′ ′ ′′= ⋅ + ⋅ − + ⋅ −  

They will be used for validating the FPS derivative 
approximation of the series. 
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For the calculation of the 3rd derivative of ( )x t  a 
number of 3×τ past samples are necessary to save.  

The task’s goal is to use known values of the time 
series up to the point x t=  to predict the values at 
some point in the future x t h= + . The standard 
method for this type of prediction is to create a 
mapping from D points of the time series spaced h 
apart, i.e., vector ( ) ( )( ) ( )( )1 , ,dt x t n h x t= − − …y , 

to a predicted future value ( )1x t + . To allow 
comparison with earlier work [5][10][13], we used 
nd = 4 and h = 6. All other simulation settings in 
this example were purposely arranged to be as 
close as possible to those reported in [8]. The 
numerical solution of equation (12) is obtained by 
the fourth-order Runge-Kutta with time step 0.1, 
initial condition ( )0 1.2x = , and we assume 

( ) 0x t =  for 0t < . The time series thus generated 
consisted of 3000 data values, 2700 of which were 
used as training patterns and the other 300 as test 
data. The domain space is partitioned by a grid of 
triangular memberships. The total number of rules 
created, after excluding all unfired rules, was 
N=137.  

Next, the PFS was used for simultaneously 
modelling the time series ( )x t  and the derivative 
time series ( )x t′ , ( )x t′′  and ( )x t′′′ . The fuzzy 
model has consequent polynomials of order 3 and 
antecedents of order zero. With these models the 
time series ( )x t  can be predicted by Taylor ODE 
solver: 

( ) ( ) ( ) ( )
2 3

( 1)
2 6

T Tx k g g T g g′ ′′ ′′′+ = + + +y y y y  (13) 

Note that, in the predicted process the past system 
output terms ( )x k , ( )6x k − , ( )12x k − , and 

( )18x k −  were replaced by the respective model 
predictions. This free-running fuzzy model tests 
the stability of the obtained model. 

Figure 1 shows the approximation of Mackey-
Glass time series done by the ODE method (13), 
where ( ) ( ) ( ) ( )0lim ,i i

hg x G x h→= , for 0,1, 2,3i = . In 
all cases, the resulting time series (from zero to 
third order) are practically coincident with the 
correspondent analytical time series. The mean 
square errors of this time series approximation and 
its derivatives are shown in Table 1. 

6    Conclusions 
The ability of the Perturbed Fuzzy Systems, PFS, 
to approximate any sufficiently smooth function, 
reproducing its derivatives up to any order, has 
been demonstrated. The PFS proved its ability to 
simultaneously estimate functions and their 
derivatives using information contained in finite 
numerical samples extracted from the data series, 
as well as its use in solving ODE problems. 

 

 
 
Figure 1: Modelling of the Mackey-Glass time series 
and its temporal derivative series. The exact time 
series (solid line) and the fuzzy approximation by 
PFS (dashed line) are practically coincident. 
 
 
Table 1: Mean Square Error of the Approximation 

ORDER OF 
DERIVATIVE 

MACKEY-GLASS 
TIME SERIES 

0 1.095×10-3 

1 9.808×10-7 

2 4.538×10-7 

3 2.044×10-7 

 

248 Neuro-fuzzy, Predictions and Evolutionary Approach



 
 

 

Acknowledgment 
This work was supported by the Portuguese 
Fundação para a Ciência e a Tecnologia (FCT) 
under grant POSI/SRI/41975/2001. 

References 
[1] G. A. Baker, Jr. and P. Graves-Morris, Padé 

Approximants, Cambridge University Press, 
New York, NY, 1996. 

[2] D. Benachenhou, Smart trading with (FRET), in: 
G. J. Deboeck (Ed.), Trading on the Edge, 
Neural, Genetic, and Fuzzy Systems for Chaotic 
Financial Markets, Wiley, New York, NY, 
1994, pp. 215–242. 

[3] G. E. P. Box and G. M. Jenkins, Time Series 
Analysis, Forecasting, and Control, Holden-
Day, San Francisco, CA, 1970. 

[4] W. A. Brock, D. A. Hsieh, and B. LeBaron, 
Nonlinear Dynamics, Chaos and Instability, 
MIT Press, Cambridge, MA, 1991. 

[5] R. S. Crowder III, Predicting the Mackey-Glass 
time series with cascade-correlation learning, in: 
D. Touretzky, G. Hinton, and T. Sejnowski 
(Eds.), Proceedings of the 1990 Connectionist 
Models Summer School, Carnegie-Mellon 
University, Pittsburgh, PA, 1990, pp. 117–123. 

[6] James D. Hamilton, Time series analysis, 
Princeton University Press, Princeton, NJ, 1994. 

[7] J.-S. R. Jang and C.-T. Sun, Predicting chaotic 
time series with fuzzy IF–THEN rules, in: 
Proceedings of the 2nd IEEE International 
Conference on Fuzzy Systems (FUZZ-IEEE’93), 
San Francisco, CA, 1993, Vol. 2, pp. 1079–
1084. 

[8] J.-S. R. Jang, C.-T. Sun, and E. Mizutani, 
Neuro-Fuzzy and Soft Computing, Prentice-Hall, 
Englewood Cliffs, NJ, 1997. 

[9] George J. Klir and Bo Yuan, Fuzzy Sets and 
Fuzzy Logic, Theory and Applications, Prentice 
Hall PTR, Upper Saddle River, NJ, 1995. 

[10] A. S. Lapedes and R. Farber, Nonlinear signal 
processing using neural networks: prediction and 
system modelling, in: Technical Report LA-UR-
87-2662, Los Alamos National Laboratory, Los 
Alamos, NM, 1987. 

[11] G. S. Maddala, Introduction to Econometrics, 
Prentice-Hall, Englewood Cliffs, NJ, 1996. 

[12] M. Magdon-Ismail, A. Nicholson, and Y. S. 
Abu-Mostafa, Financial markets: very noisy 
information processing, in: Proceedings of the 

IEEE, Vol. 86, No. 11, Nov. 1998, pp. 2184–
2195. 

[13] J. Moody and C. J. Darken, Fast learning in 
networks of locally-tune d processing units, in: 
Neural Computation, Vol. 1, 1989, pp. 281–294. 

[14] A.-P. N. Refenes, A. N. Burgess, and Y. Bentz, 
Neural networks in financial engineering: a 
study in methodology, in: IEEE Transactions on 
Neural Networks, Vol. 8, No. 6, Nov. 1997, pp. 
1222–1267. 

[15] L. H. Tsoukalas and R. E. Uhrig, Fuzzy and 
Neural Approaches in Engineering, Wiley, New 
York, NY, 1997. 

[16] L.-X. Wang and J. M. Mendel, Generating fuzzy 
rules by learning from examples, in: IEEE 
Transactions on Systems, Man, and Cybernetics, 
Vol. 22, Nov. 1992, pp. 1414–1427. 

[17] Li-Xin Wang, A course in fuzzy systems and 
control, Prentice-Hall PTR, Upper Saddle River, 
NJ, 1997. 

[18] R. R. Yager and D. Filev, Essentials of Fuzzy 
Modeling and Control, Wiley, New York, NY, 
1994. 

[19] Z. Ye and L. Gu, A fuzzy system for trading the 
Shanghai stock market, in: G. J. Deboeck (Ed.), 
Trading on the Edge, Neural, Genetic, and 
Fuzzy Systems for Chaotic Financial Markets, 
Wiley, New York, NY, 1994, pp. 207–214. 

 

 

Time Series Prediction by Perturbed Fuzzy Model 249



250 Neuro-fuzzy, Predictions and Evolutionary Approach



Competitive Self-adaptation in Evolutionary Algorithms

Josef Tvrd́ık
University of Ostrava
josef.tvrdik@osu.cz

Ivan Křivý
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Abstract

Heuristic search for the global minimum is
studied. This paper is focused on the adapta-
tion of control parameters in differential evo-
lution (DE) and in controlled random search
(CRS). The competition of different control
parameter settings is used in order to en-
sure the self-adaptation of parameter values
within the search process. In the generalized
CRS the self-adaptation is ensured by sev-
eral competing local-search heuristics for the
generation of a new trial point. DE was ex-
perimentally compared with other adaptive
algorithms on a benchmark, self-adaptive
CRS was compared in estimation of regres-
sion parameters on NIST nonlinear regres-
sion datasets. The competitive algorithms
outperformed other algorithms both in the
reliability and in the convergence rate.

Keywords: Global optimization, Differen-
tial evolution, Controlled random search,
Self-adaptation.

1 Introduction

We deal with the heuristic search for the global opti-
mization problem defined as follows: for a given ob-
jective function

f : S → R, S ⊂ RD ,

the point x∗ is to be found such that x∗ =
arg minx∈S f(x). The point x∗ is called the global
minimum point and S is the search space. We focus
on the problems, where the objective function is con-
tinuous and the search space is closed compact set,
S =

∏D
d=1[ad, bd], ad < bd, d = 1, 2, . . . , D . This

specification of S is called box constrains.

The problem of the global optimization is hard. That
is why stochastic (heuristic) algorithms are used for its

solution, see e.g. [2, 12]. The authors of many stochas-
tic algorithms claim the efficiency and the reliability
of the searching for the global minimum. The reli-
ability means that the point with minimum function
value found in the search process is sufficiently close
to the global minimum point and the efficiency means
that the algorithm finds a point sufficiently close to
the global minimum point at reasonable time. How-
ever, when using such algorithms, we face the problem
of their control-parameters setting. The efficiency and
the reliability of many algorithms is strongly depen-
dent on the values of control parameters. A user is
supposed to be able to change the parameter values
according to the results of trial-and-error preliminary
experiments with the search process. Such attempt is
time-consuming.

Adaptive robust algorithms reliable enough at reason-
able time-consumption without the necessity of fine
tuning their input parameters have been studied in
recent years. Theoretical analysis done by Wolpert
and Macready [21] implies, that any heuristic search
algorithm cannot outperform the others for all objec-
tive functions. In spite of this fact, there is empirical
evidence, that some algorithms can outperform oth-
ers for relatively wide range of problems both in the
convergence rate and in the reliability of finding the
global minimum point. This paper presents an adap-
tive procedure of control-parameters setting in the al-
gorithm of differential evolution and self-adaptive con-
trolled random search algorithm, where its adaptation
is based on the competition of local-search heuristics.

2 Differential Evolution and
Adaptation of its Control
Parameters

The differential evolution (DE) introduced by Storn
and Price [13] is simple but powerful evolutionary algo-
rithm for global optimization over the box-constrained
search space. The algorithm of DE in pseudo-code is
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shown as Algorithm 1.

Algorithm 1. Differential evolution
1 generate P = (x1, x2, . . . , xNP); (points in S)
2 repeat
3 for i := 1 to NP do
4 compute a mutant vector u;
5 create y by the crossover of u and xi;
6 if f(y) < f(xi) then insert y into Q
7 else insert xi into Q
8 endif;
9 endfor;
10 P := Q;
11 until stopping condition;

There are several strategies how to generate the mu-
tant point u. One of the most popular variant (called
DE/rand/1/bin in the literature [3, 10, 13]) generates
the point u by adding the weighted difference of two
points

u = r1 + F (r2 − r3) , (1)

where r1 6= r2 6= r3 6= xi, r1, r2 and r3 are taken
at random from P and F > 0 is an input parameter.
Another variant, called DE/best/2/bin generates the
point u according to formula

u = xmin + F (r1 + r2 − r3 − r4) , (2)

where r1 6= r2 6= r3 6= r4 6= xmin, r1, r2, r3 and
r4 are taken randomly from P (not coinciding with
the current xi), xmin is the point of P with minimum
function value, and F > 0 is an input parameter.

In both strategies mentioned above, the elements yd,
d = 1, 2. . . . , D of trial point y are built up by the
crossover of its parents xi and u using the following
rule

yd =
{

ud if Ud ≤ CR or d = l
xid if Ud > CR and d 6= l ,

(3)

where l ∈ {1, 2, . . . , D} is a randomly chosen integer,
U1, U2, . . . , UD are independent random variables uni-
formly distributed in [0, 1), and CR ∈ [0, 1] is an in-
put parameter influencing the number of elements to
be exchanged by crossover. Rule (3) ensures that at
least one element xid of xi is replaced by ud, even if
CR = 0.

The differential evolution has become one of the most
frequently used algorithms for solving the continuous
global optimization problems in recent years [10]. But
it is also known that the efficiency of searching for
the global minimum is very sensitive to the setting
of values F and CR. The recommended values are
F = 0.8 and CR = 0.5, but even Storn and Price
in their principal paper [13] use 0.5 ≤ F ≤ 1 and
0 ≤ CR ≤ 1 depending on the results of preliminary

tuning. They also used the population size less than
recommended NP = 10 D in many test tasks.

Many papers deal with the setting of control param-
eters for differential evolution. Ali and Törn [1] sug-
gested to adapt the value of the scaling factor F within
the search process according to the equation

F =

{
max(Fmin, 1− | fmax

fmin
|) if | fmax

fmin
| < 1

max(Fmin, 1− | fmin
fmax

|) otherwise ,
(4)

where fmin, fmax are the minimum and maximum
function values in the population and Fmin is an in-
put parameter ensuring F ∈ [Fmin, 1]. According to
[1] this calculation of F reflects the demand to make
the search more diversified at early stage and more in-
tensified at latter stages, i.e. to produce rather larger
values of F for large difference fmax−fmin, and rather
smaller values of F otherwise. The rule (4) works prop-
erly only for fmin > 0. When fmax > 0 and fmin < 0,
especially if |fmax| < |fmin|, the values of F fluctuate
very rapidly in [Fmin, 1], even if the changes in fmax or
fmin are small. However, from practical point of view,
it occurs only as a short episode of the search process
in most optimization tasks.

Zaharie [22] derived the critical interval for the con-
trol parameters of DE. This interval ensures to keep
the mean of population variance non-decreasing, which
results in the following relationship

2 pF 2 − 2p

NP
+

p2

NP
> 0 , (5)

where p = max(1/D,CR) is the probability of ”differ-
ential perturbation” according to (3). The relation-
ship (5) implies that the mean of population variance
is non-decreasing, if F >

√
1/NP, but practical rea-

son of such result is very limited, because it brings no
new information when we compare this result with the
minimum value of F = 0.5 used in [13] and in other
applications of differential evolution.

Some other attempts to the adaptation of DE control
parameters have appeared, recent state of adaptive pa-
rameter control in differential evolution is summarized
by Liu and Lampinen [5].

New idea of self-adaptation of control parameters F
and CR in differential evolution was proposed by Brest
et al. [3]. The values of F and CR can be changed in
each generation with probability τ1, τ2, respectively.
Thus, the successful values are used more frequently
due to the fact, that individuals with lower function
level survive longer. New values of F are distributed
uniformly in [Fl, Fu] and new CR are also uniform
random values from [ 0, 1].

The setting of the control parameters can be made
self-adaptive through the implementation of a compe-
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tition into the algorithm. This idea, similar to the
competition of local-search heuristics in evolutionary
algorithm [14] or in controlled random search [15], was
proposed recently [17].

Let us have H settings (different values of F and CR
used in the statements on line 4 and 5 of Algorithm 1)
and choose among them at random with the proba-
bility qh, h = 1, 2, . . . , H. The probabilities can be
changed according to the success rate of the settings
in preceding steps of search process. The h-th setting
is successful, if it generates such a trial point y that
f(y) < f(xi). When nh is the current number of the
h-th setting successes, the probability qh can be eval-
uated simply as the relative frequency

qh =
nh + n0∑H

j=1(nj + n0)
, (6)

where n0 > 0 is a constant. The setting of n0 ≥ 1
prevents a dramatic change in qh by one random suc-
cessful use of the h-th parameter setting. In order to
avoid the degeneration of process the current values of
qh are reset to their starting values (qh = 1/H), if any
probability qh decreases bellow a given limit δ > 0.

It is supposed that such a competition of different set-
tings will prefer successful settings. The competition
provides an self-adaptive mechanism of setting control
parameters to appropriate values for the problem ac-
tually solved.

Four variants of such competitive differential evolu-
tion were implemented and tested on benchmark in
[19]. The benchmark consists of six functions com-
monly used, see e.g. [1, 10, 13] at four levels of dimen-
sion D of search spaces, namely D = 2, D = 5, D = 10
and D = 30:

• Ackley’s function - multimodal, separable

f(x) = −20 exp
(
−0.02

√
1
D

∑D
d=1 x2

d

)

− exp
(

1
D

∑D
d=1 cos 2πxd

)
+ 20 + exp(1)

xd ∈ [−30, 30], x∗ = (0, 0, . . . , 0), f(x∗) = 0

• First De Jong’s function (sphere model) - uni-
modal, continuous, convex

f(x) =
D∑

d=1

x2
d

xd ∈ [−5.12, 5.12], x∗ = (0, 0, . . . , 0), f(x∗) = 0

• Griewank’s function - multimodal, nonseparable

f(x) =
D∑

d=1

xd
2

4000
−

D∏

d=1

cos
(

xd√
d

)
+ 1

xd ∈ [−400, 400], x∗ = (0, 0, . . . , 0), f(x∗) = 0

• Rastrigin’s function - multimodal, separable

f(x) = 10 D +
D∑

d=1

[xd
2 − 10 cos(2πxd)]

xd ∈ [−5.12, 5.12], x∗ = (0, 0, . . . , 0), f(x∗) = 0

• Rosenbrock’s function (banana valley) - uni-
modal, nonseparable

f(x) =
D−1∑

d=1

[
100(x2

d − xd+1)2 + (1− xd)2
]

xd ∈ [−2.048, 2.048], x∗ = (1, 1, . . . , 1), f(x∗) = 0

• Schwefel’s function - multimodal, the global min-
imum distant from the next best local minima

f(x) =
D∑

d=1

xd sin(
√
| xd |)

xd ∈ [−500, 500], x∗ = (s, s, . . . , s), s = 420.9687,
f(x∗) = −418.9829 D

The most reliable results (and at the same time the
second best ones in time consumption) provided the
algorithm DEBR18 with 18 competing settings of con-
trol parameters, all the combinations of (CR = 0,
CR = 0.5, and CR = 1) and (F = 0.5, F =
0.8, and F = 1) in the both DE/rand/1/bin and
DE/best/2/bin strategy. Parameters for the compe-
tition of settings were set to n0 = 2, and δ = 1/(5 H).
Here we present the comparison of this algorithm
with standard DE and three other adaptive DE algo-
rithms published recently. The tests were preformed
for all the functions at four levels of dimension D
of search spaces like in [19]. One hundred of in-
dependent runs were carried out for each function
and level of D. The search for the global minimum
was stopped, if fmax − fmin < 1e − 07 or the num-
ber of objective function evaluations exceeds the in-
put upper limit 20000D. Population size was set to
NP = max(20, 2 D) in all the tested algorithms except
BREST2, where population size recommended in [3],
i.e. NP = 10 D was used. The input parameters for
self-adaptation in BREST1 and BREST2 algorithm
were set as follows, τ1 = τ2 = 0.1, Fl = 0.1, and
Fu = 0.9.

In the standard DE the recommended control param-
eter values F = 0.8 and CR = 0.5 were used. In
adaptive DE-Ali the control parameters were set to
CR = 0.5 and Fmin = 0.45.
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Table 1: Comparison of DE algorithms

Algorithm DEBR18 DER DE-Ali BREST1 BREST2
Function D ne RP rne RP rne RP rne RP rne RP
ackley 2 2409 100 -2 100 2 100 -19 99 -18 100
dejong1 2 1162 100 -1 100 12 100 -18 100 -19 100
griewank 2 2876 100 25 78 5 94 1 96 8 95
rastrig 2 1778 100 -2 99 -2 99 -18 100 -18 99
rosen 2 1956 100 105 100 150 100 72 100 71 100
schwefel 2 1640 100 -3 100 -21 100 -18 99 -18 98
ackley 5 6401 100 1 99 -9 100 -25 100 91 100
dejong1 5 3176 100 -3 100 14 100 -26 100 90 100
griewank 5 8686 100 14 70 9 80 -15 84 127 100
rastrig 5 4989 100 16 95 20 99 -16 98 117 100
rosen 5 6256 100 528 100 331 32 155 97 511 100
schwefel 5 4564 98 -3 98 -33 97 -25 96 91 100
ackley 10 13569 100 14 99 -38 96 -35 97 248 100
dejong1 10 6973 100 6 100 -2 100 -34 100 252 100
griewank 10 13153 99 18 78 -15 83 -37 81 260 100
rastrig 10 10711 100 104 82 78 84 -4 96 414 100
rosen 10 20524 100 429 100 -6 0 130 97 729 100
schwefel 10 9964 99 9 96 -41 90 -31 88 264 100
ackley 30 142208 100 164 100 -58 100 -49 100 179 100
dejong1 30 78664 100 141 100 -23 100 -48 100 182 100
griewank 30 103095 100 174 100 -25 100 -46 98 191 100
rastrig 30 110071 100 445 0 445 0 62 100 445 0
rosen 30 381972 100 57 0 50 0 6 98 57 0
schwefel 30 108050 100 206 100 -41 100 -35 99 246 100
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Figure 1: Comparison of DE algorithms – Boxplots of
RP and rne

The results of comparison of the algorithms are sum-
marized in Fig. 1. The values for all the test tasks are
given in Table 1 in more detail. The reliability of the
search in columns RP is the percentage of runs, where
the minimum value of objective function obtained by
the search duplicates at least four digits, when com-
pared with the right result. The time consumption

is expressed as the average number (ne) of the objec-
tive function evaluations needed to reach the stopping
condition. For easier comparison of the algorithms the
(ne) values are given only for DEBR18 algorithm, and
the relative change of ne in percents when compared
with DEBR18 is presented for the other algorithms in
the columns denoted rne in the tables. Therefore, the
negative values of rne mean smaller time consumption
with respect to DEBR18, the positive values larger
one. For example, the value rne = −50 means half
ne, the value rne = 100 means that ne is twice larger,
when compared with DEBR18. The number of the
objective function evaluations can be easily recalcu-
lated as ne = ne0 × (1 + rne/100), where ne0 is the
appropriate number of objective function evaluations
for DEBR18.

As it is apparent from Fig. 1, DEBR18 is the most
reliable algorithm among the algorithms in the test.
The second best is BREST1, both in reliability and
in convergence rate. BREST2 is highly reliable ex-
cept two tasks with D = 30, but its convergence is
much slower in comparison with DEBR18. Competi-
tive setting of control parameters proved to be efficient
adaptive scheme.
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3 Control Random Search with
Competing Heuristics

In an additive nonlinear regression model, the elements
of random vector Y are expressed as follows

Yi = g(xi, β) + εi, i = 1, 2, . . . , n , (7)

where xT
i = (x1, x2, . . . , xk) is i-th row of regressor

matrix X, β is vector of parameters, g is a given func-
tion nonlinear in parameters, and εi’s are iid random
variables with zero means. The estimation of parame-
ters by the least squares method means to find such es-
timates of β that minimize the residual sum of squares
Q(β) given by the following equation

Q(β) =
n∑

i=1

[Yi − g(xi, β)]2 . (8)

Due to the fact that the function Q(β) need not
be unimodal, the estimation of β is the global opti-
mization problem. Iterative deterministic algorithms
(e.g. Levenberg-Marquardt) used in standard statisti-
cal packages often fail when searching for the true solu-
tion of the problem. Several statistical packages were
tested [16] on NIST tasks of higher-level-difficulty [8].
For approximately one half of the tasks, the algorithms
either completely failed or resulted in a significant dis-
agreement with the true parameter values.

A stochastic algorithm based on controlled random
search (CRS) was proposed for the estimation of
nonlinear-regression parameters. The CRS algorithm
was published originally by Price [9]. The reflection
known from simplex method [7] was used for generat-
ing a new trial point. There are several modifications
of the CRS algorithm, which were successfully used
in solving the global optimization problems [1]. This
algorithm can be written in pseudo-code as follows.

Algorithm 2. Control Random Search
1 generate P (population of N points in D);
2 find xmax (point with max function value);
3 repeat
4 generate a new trial point y using a heuristic;
5 if f(y) < f(xmax) then
6 xmax := y;
7 find new xmax;
8 endif
9 until stopping condition;

The role of a heuristic mentioned at line 4 can play
any non-deterministic rule generating a new trial point
y ∈ S. There are many different heuristics that can
be used and, moreover, the heuristics can alternate
during the course of search.

Four competing heuristics were used in the imple-
mentation of the CRS algorithm for the nonlinear-
regression parameter estimation. Three of them are
based on a randomized reflection in the simplex Σ
(d + 1 points chosen from P ) proposed by [4]. A new
trial point y is generated from the simplex by the re-
lation

y = g + U (g − xH) , (9)

where xH = arg maxx∈Σ f(x) and g is the centroid of
remaining d points of the simplex. The multiplication
factor U is a random variable distributed uniformly
in [s, α − s), α > 0 and s being input parameters,
0 < s < α/2. All the d+1 points of simplex are chosen
at random from P in two heuristics: the first heuristic
uses α = 2, and s = 0.5, the second one uses α = 5,
and s = 1.5. Regarding the third heuristic, one point
of the simplex is the point of P with the minimum
objective function value and the remaining d points of
the simplex S are chosen at random from remaining
points of P . Input parameters of this heuristic are set
to α = 2 and s = 0.5. The fourth competing heuristic
is based on differential evolution, see (3) and (4) with
Fmin = 0.4 and C = 0.9. The algorithm based on the
competition of all four heuristics is denoted CRS4.

The rules for the competition of heuristics are similar
to those described in Section 2, the success is weighted
by its relative change in objective function value

wh =
fmax −max(f(y), fmin)

fmax − fmin
. (10)

Thus wh ∈ (0, 1] and the corresponding probability
qh is evaluated as

qh =
Wh + w0∑H

j=1(Wj + w0)
, (11)

where Wh is the sum of wh in previous searching steps
and w0 > 0 is an input parameter of the algorithm.

The collection of NIST datasets [8] was used as a
benchmark. This collection contains 27 nonlinear re-
gression datasets (tasks) ordered according to their
level of difficulty (lower – 8 tasks, average – 11 tasks,
and higher – 8 tasks). The corresponding nonlinear
regression models are of exponential or rational types,
the number of parameters ranging from 2 to 9. Most
of the datasets (18 of 27 tasks) result from experimen-
tal studies, the remaining ones are generated artifi-
cially. The total number of observations varies in a
wide range, from 6 to 250.

Several algorithms for the estimation of parameters
were compared. One of them is a modification of
Levenberg-Marquardt algorithm implemented in nlin-
fit procedure of Statistical Toolbox [6]. with default
values of its control parameters. The other algorithms
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Table 2: Comparison of algorithms in estimation of nonlinear-regression parameters

Algorithm nlinfit CRS4 CRS4e DER REFL1
Task Level Result RP ne RP rne RP rne RP rne
chwirut1 lower OK 100 3008 100 -35 100 574 84 47
chwirut2 lower OK 100 2987 100 -35 100 571 71 74
danwood lower OK 100 1620 100 -28 100 300 81 3
gauss1 lower OK 100 14137 100 -35 100 530 24 243
gauss2 lower OK 98 14726 98 -36 98 1039 38 280
lanczos3 lower OK 100 29810 100 2 0 705 0 444
misra1a lower OK 100 2157 100 -17 100 325 2 59
misra1b lower OK 100 1861 100 -19 100 386 9 57
enso middle OK 87 19220 86 -30 100 722 86 56
gauss3 middle OK 100 15908 99 -35 99 1912 4 532
hahn1 middle OK 93 16509 93 -26 0 1596 0 992
kirby2 middle OK 100 8508 100 -23 100 2251 34 261
lanczos1 middle L 0 28361 100 639 0 746 0 523
lanczos2 middle OK 55 28251 100 8 0 750 0 475
mgh17 middle X 100 11023 100 -18 25 1714 0 381
misra1c middle OK 100 2104 100 -11 100 435 0 62
misra1d middle OK 100 2043 100 -12 100 414 0 73
nelson middle OK 100 5904 100 -17 100 619 0 88
roszman1 middle OK 100 5301 100 -36 100 1245 91 51
bennett5 higher L 100 41335 100 -11 5 190 1 -69
boxbod higher X 100 1308 100 -37 100 206 90 -1
eckerle4 higher L 100 2629 100 -35 100 140 94 3
mgh09 higher L 100 10422 100 -15 100 1427 0 184
mgh10 higher L 100 20761 100 1 0 478 0 -50
rat42 higher OK 100 2942 100 -35 100 474 81 42
rat43 higher OK 100 4807 100 -39 100 904 87 83
thurber higher OK 100 13915 100 -30 0 1912 1 824

in the tests are population-based, differential evolu-
tion (DER) and two variants of the CRS with com-
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Figure 2: Comparison of stochastic algorithms used in
nonlinear regression – Boxplots of RP and rne

petition(CRS4 and CRS4e) and one variant without
competition consisting of one local-search heuristic,
randomized reflection with α = 2, and s = 0.5
(REFL1).

These algorithms were tested in 100 repeated runs for
each task. Search spaces S for the individual tasks
are given in [18]. The common control parameters
of all the population-based algorithms were set up as
follows:
• population size N = 10 d,
• stopping condition R2

max − R2
min < ε or ne ≥

40000 d,

where ε = 1 × 10−15 (except CRS4e, see later), R2
max

and R2
min are maximum and minimum values of the

determination index R2 in population, R2 = 1 −
Q(β̂)/

∑n
i=1(Yi − Y )2 .

The algorithm CRS4e (described in [18]) contains the
same four heuristics as CRS4 and, moreover, provides
a procedure for adapting the value ε in the stopping
condition. The value ε starts from input value ε0 and
can be decreased, if 1−R2

max < γ× ε, where γ À 1 is
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another input parameter. Values of input parameters
of CRS4e were set to ε0 = 1× 10−9 and γ = 1× 107.

The results of our experiments are summarized in Ta-
ble 2. The quantities reported in this table have simi-
lar meaning as in the Section 2, rne denoting relative
change in ne, when compared with CRS4. The over-
all comparison of all the stochastic algorithms used in
testing is shown in Fig. 2.

The algorithm CRS4 is reliable enough for most tasks
except lanczos1 and lanczos2 (caused by their ex-
tremely low values of 1 − R2). As regards the other
tasks, RP is less than 100 only in four tasks, but it al-
ways exceeds 85 %. The best results in both RP and
ne were achieved by using CRS4e, where the use of
adaptive stopping condition decreases ne by one tenth
to one third in most cases and increases RP in tasks
with small value of 1−R2.

4 Conclusions

Several self-adaptive evolutionary algorithms were de-
scribed and the experimental results were briefly pre-
sented. The results showed that the algorithms, where
the search strategy is adapted by competition (using
the different control-parameters settings or using sev-
eral local-search heuristics), outperform the other al-
gorithms in most test tasks.

Some of these self-adaptive evolutionary algorithms
are implemented in the Matlab program library [20]
available on website1. This program library is free
software. Any user of Matlab can download selected
function of the library and use and/or modify it under
the terms of the GNU General Public License. Al-
though all the algorithms included into the Matlab
program library were tested extensively and proved
to be high reliable, often with significantly lower time
consumption in the comparison with other stochastic
algorithms, there is no guarantee of their right perfor-
mance in other global optimization problems. How-
ever, the advantage of these algorithms consists in the
fact, that they can run with default values of their
control parameters for a wide range of optimization
tasks.

The presentation of this non-fuzzy topic at fuzzy-
experts forum follows two objectives. The first of them
is a challenge for fuzzy approach to the self-adaptation
in evolutionary algorithms. The second reason is to
offer a new robust optimization procedure for appli-
cation. The self-adaptive evolutionary algorithms de-
scribed in this paper can be also applied to the op-
timization of the Takagi-Sugeno fuzzy models. When
optimizing them, it is desirable (see [11]):

1http://albert.osu.cz/oukip/optimization/

• to realize partitioning the premise space of the
models, preferably from real data by using an ef-
ficient fuzzy clustering algorithm,

• to optimize the model successively by combining
an evolutionary algorithm with the fuzzy rule base
reduction and simplification,

• to check for meeting both partition and search
space constraints during the optimization process.

Acknowledgement

The research was supported by the grant 201/05/0284
of the Czech Grant Agency and by the research scheme
MSM 6198898701 of the Institute for Research and
Applications of Fuzzy Modeling.

References

[1] M. M. Ali , Törn, Population set based global
optimization algorithms: Some modifications and
numerical studies, Computers and Operations Re-
search 31 (2004) 1703 – 1725.
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[4] I. Křivý, J. Tvrd́ık, The controlled random search
algorithm in optimizing regression models, Com-
put. Statist. and Data Anal. 20 (1995) 229 – 234.

[5] J. Liu, J. Lampinen, A Fuzzy Adaptive Differ-
ential Evolution Algortithm. Soft Computing 9
(2005) 448 – 462.

[6] MATLAB, version 2006b, The MathWorks, Inc.,
2006.

[7] J. A. Nelder, R. Mead, A simplex method for
function minimization, Computer J. 7 (1964)
308 – 313.

[8] NIST, Statistical Reference Datasets: nonlinear
regression, NIST Information Technology Labora-
tory, 2001. http://www.itl.nist.gov/div898/strd/.

[9] W. L. Price, A controlled random search pro-
cedure for global optimization, Computer J. 20,
(1977) 367 – 370.

[10] K. V. Price, R. Storn, J. Lampinen, Differential
Evolution: A Practical Approach to Global Opti-
mization, Springer-Verlag, 2005.

Competitive Self-adaptation in Evolutionary Algorithms 257



[11] H. Roubos, M. Setnes, Compact Fuzzy Mod-
els and Classifiers through Model Reduction and
Evolutionary Optimization. In: Lance Chambers
(Ed.) The Practical Handbook of Genetic Algo-
rithms Applications , chapter 2. New York: Chap-
man & Hall/CRS 2000, pp. 31–59.

[12] J. C. Spall, Introduction to Stochastic Search and
Optimization, Wiley-Intersience, 2003.

[13] R. Storn, K. V. Price, Differential evolution - a
Simple and Efficient Heuristic for Global Opti-
mization over Continuous Spaces, J. Global Op-
timization 11 (1997) 341 – 359.
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Abstract

The paper illustrates a di¤erential evolution
(DE) algorithm to calculate the level-cuts
of the fuzzy extension of a multidimensional
real valued function to fuzzy numbers. The
method, in the frame of the LU parametriza-
tion, decomposes the fuzzy extension engine
into a set of "nested" min and max box-
constrained optimization problems that can
be solved by appropriate forms of the DE
algorithm, i.e. based on multi populations
which cooperate during the search phase and
specialize to �nd the global min (correspond-
ing to Lower branch) and the global max
(Upper branch), both gaining e¢ ciency from
the work done for a level-cut to the subse-
quent ones. A special version of the algo-
rithm is designed to the case of di¤erentiable
functions, for which a representation of the
fuzzy numbers is used to improve e¢ ciency
and quality of calculations. Some prelimi-
nary results indicate DE methods as promis-
ing tools: in a number of test problems, its
computational complexity grows on average
superlinearly (of degree less than 1.5) in the
number of variables of the function to be ex-
tended.

Keywords: LU-Fuzzy numbers, Fuzzy
extension principle, Di¤erential evolution
method.

1 Introduction

In general, the arithmetic operations on fuzzy numbers
can be approached either by the direct use of the mem-
bership function (by the Zadeh extension principle) or
by the equivalent use of the � � cuts representation.
By the � � cuts approach, it is possible to de�ne a
parametric representation with the advantage of ob-

taining a wide family of fuzzy numbers (see [14]). It is
well known that the fuzzy extension principle requires
to solve a set of optimization problems and di¤erent
heuristic methods have been proposed to obtain good
solutions. Well known fundamental algorithms are the
vertex method and its modi�cations (see [18] and [12]);
the transformation method (see [8]) in its general or
reduced versions (see [10] for an e¢ cient implemen-
tation); a sparse grids method (see [11]). We suggest
here two procedures based on the di¤erential evolution
(DE) method of Storn and Price (see [16], [17], [13])
and adapted to take into account both the nested prop-
erty of � � cuts and the min and max problems over
the same domains. In particular, we use simultaneous
multiple populations that collaborate each other and
specialize during the process to �nd all the required so-
lutions for a speci�ed �nite number of �� cuts. Com-
putational results are reported that indicate the DE
method as a promising tool, as it exhibits, on average
for 22 test problems having dimension from 2 to 64,
superlinear computational complexity (of degree less
than 1.5) in the number of variables.

2 Fuzzy numbers and extension
principle

We will consider fuzzy numbers and intervals, i.e.
fuzzy sets de�ned over the �eld R of real numbers
having a particular form. A general fuzzy set over
R is usually de�ned by its membership function � :
R �! T � [0; 1] and a fuzzy (sub)set u of R is uniquely
characterized by the pairs (x; �u(x)) for each x 2 R;
the value �u(x) 2 [0; 1] is the membership grade of x to
the fuzzy set u. Denote by F(R) the collection of the
fuzzy sets over R. Elements of F(R) will be denoted
by letters u; v; w and the corresponding membership
functions by �u; �v; �w:

Fundamental concepts in fuzzy theory are the support,
the level-sets (or level-cuts) and the core of a fuzzy
set (see [3] and [4]). Let �u(x) be the membership
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function of a fuzzy set u over x 2 R. The support
of u is the (crisp) subset of points of R at which the
membership grade �u(x) is positive: supp(u) = fxjx 2
R; �u(x) > 0g. For � 2]0; 1], the �-level cut of u
(or simply the � � cut) is de�ned by [u]� = fxjx 2
R; �u(x) � �g and for � = 0 by the closure of the
support [u]� = clfxjx 2 R; �u(x) > 0g. The core of u
is the set of elements of R having membership grade
one, i.e. core(u) = fxjx 2 R, �u(x) = 1g and we
say that u is normal if core(u) 6= ;. It is well-known
that the level � cuts are "nested", i.e. [u]� � [u]� for
� > �:

A particular class of fuzzy sets u 2 F(R) is when the
support is a convex and closed set and the member-
ship function is quasi-concave, i.e. supp(u) is con-
vex and �u((1 � t)x0 + tx00) � minf�u(x0); �u(x00)g
for every x0; x00 2 supp(u) and t 2 [0; 1]. Equiva-
lently, �u is quasi-concave if the level sets [u]� are
convex for all � 2 [0; 1]: Finally, if the membership
function is upper semi-continuous, then the level-cuts
are closed. A fuzzy set u is a fuzzy quantity if the
�� cuts are nonempty, compact intervals of the form
[u]� = [u�� ; u

+
� ] � R. If there exist bu�; bu+ 2 R such

that core(u) = [bu�; bu+], u is called a fuzzy interval
and if bu� = bu+ = bu it is a fuzzy number.
We denote by F the set of fuzzy quantities. The
"nested" property is the basis for the LU represen-
tation (L for lower, U for upper).

De�nition 1 An LU-fuzzy quantity (number or in-
terval) u is completely determined by any pair u =
(u�; u+) of functions u�; u+ : [0; 1] �! R, de�ning
the end-points of the ��cuts, satisfying the three con-
ditions:(i) u� : � �! u�� 2 R is a bounded monotonic
nondecreasing left-continuous function 8� 2]0; 1] and
right-continuous for � = 0;(ii) u+ : � �! u+� 2 R
is a bounded monotonic nonincreasing left-continuous
function 8� 2]0; 1] and right-continuous for � = 0;(iii)
u�1 � u+1 .

We refer to the functions u�(:) and u
+
(:) as the lower and

upper branches on u, respectively. If the two branches
u�(:) and u

+
(:) are continuous invertible functions then

�u(:) is formed by two continuous branches, the left
being the increasing inverse of u�(:) on [u

�
0 ; u

�
1 ] and,

the right, the decreasing inverse of u+(:) on [u
+
1 ; u

+
0 ].

There are many choices for u�(:) and u
+
(:). De�ne a

shape function as an increasing s : [0; 1] ! [0; 1] such
that s(0) = 0 and s(1) = 1. If we start with two
shape functions p(:) and q(:) and with four numbers
u�0 � u�1 � u+1 � u+0 de�ning the support and the
core of u then we can model u�(:) and u

+
(:) by u

�
� =

u�0 +(u
�
1 �u�0 )p(�) and u+� = u+0 +(u+1 �u+0 )q(�) for

all � 2 [0; 1].

The simplest fuzzy quantities have linear branches:
a trapezoidal fuzzy interval, denoted by u =
ha; b; c; di ; where a � b � c � d; has [u]� =
[a+ �(b� a); d� �(d� c)] ; � 2 [0; 1], obtaining a tri-
angular fuzzy number if b = c:

Consider now the extension of function f : Rn ! R
to a vector of n fuzzy numbers u = (u1; u2; :::; un) 2
(F)n, with k� th component uk 2 F given by [uk]� =
[u�k;�; u

+
k;�] for k = 1; 2; :::; n or �uk :supp(uk)�! [0; 1]

for k = 1; 2; :::; n and denote v = f(u1; u2; :::; un).

The extension principle (Zadeh in [19]) is the basic
tool for fuzzy calculus; it states that �v is given by

�v(y) =

�
supfminf�u1(x1); :::; �un(xx)gj
y = f(x1; :::; xn)g

(1)

where �v(y) = 0 if y =2 Range(f) = fy 2
Rj9(x1; :::; xn) 2 Rn s.t. y = f(x1; :::; xn)g.

For a continuous function f : Rn ! R, the �� cuts of
the fuzzy extension v are obtained by solving the fol-
lowing box-constrained global optimization problems
(� 2 [0; 1])

v�� = min ff(x1; x2; :::; xn)jxk 2 [uk]�; k = 1; 2; :::; ng
(2)

v+� = max ff(x1; x2; :::; xn)jxk 2 [uk]�; k = 1; 2; :::; ng :
(3)

If the function f(x1; x2; :::; xn) is su¢ ciently simple,
the analytical expressions for v�� and v+� can be ob-
tained, as it is the case for many unidimensional ele-
mentary functions.

For general functions, we need to solve numerically the
global optimization problems (2) and (3) above; gen-
eral methods have been proposed and a very extended
scienti�c literature is available. It is clear that, except
for simple cases, we have only the possibility of �x-
ing a �nite set of values � 2 f�0; :::; �Mg and obtain
the corresponding v�� and v

+
� pointwise; a su¢ ciently

precise calculation requires M in the range from 10 to
100 or more (depending on the application and the re-
quired precision) and the computational time may be-
come very large. To reduce these di¢ culties, various
speci�c heuristic methods have been proposed; among
others, the vertex method and its variants (see [5], [1]
and [12]), the transformation method (see [8], [9], [10]),
the interval arithmetic optimization with sparse grids
(see [11]).

All the speci�c methods try to take computational
advantage from the speci�c structure of "nested" op-
timizations (2)-(3) intrinsic in the properties of the
� � cuts. We will see that, at least in the di¤eren-
tiable case, the advantages of the LU representation
appear to be quite interesting, based on the fact that
a small number of � points is in general su¢ cient to
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obtain good approximations (this is the essential gain
in using the slopes to model fuzzy numbers), so reduc-
ing the number of constrained min (2) and max (3)
problems to be solved directly. On the other hand,
�nding computationally e¢ cient extension solvers is
still an open research �eld in fuzzy calculations.

2.1 LU-fuzzy numbers

In this section we present the basic elements of the LU
parametric representation of the shape functions pro-
posed in [7] and [14] based on monotonic Hermite-type
interpolation. A "standardized" model is given by any
di¤erentiable monotonic shape function p : [0; 1] �!
[0; 1] such that p(0) = 0 and p(1) = 1 with p(t)
increasing on [0; 1]:

Valid shape functions can be obtained by p satisfying
the four Hermite interpolation conditions p(0) = 0,
p(1) = 1 and p0(0) = �0, p

0(1) = �1 for any value of
the two nonnegative parameters �i � 0; i = 0; 1:

To explicit the parameters, we denote the interpolating
function by t �! p(t;�0; �1) for t 2 [0; 1]: We recall
here two of the basic forms illustrated in [14]:

� (2,2)-rational spline:

p(t;�0; �1) =
t2+�0t(1�t)

1+(�0+�1�2)t(1�t)
;

� mixed exponential spline:

p(t;�0; �1) =
1
a [t

2(3� 2t) + �0 � �0(1� t)a + �1ta]

where a = 1 + �0 + �1:

Note that in both forms we obtain a linear p(t) = t;
8t 2 [0; 1] if �0 = �1 = 1 and a quadratic p(t) =
t2 + �0t(1� t) if �0 + �1 = 2:

In order to produce di¤erent shapes we can either �x
the slopes �0 and �1 (if we have information on the
�rst derivatives at t = 0; t = 1) or we can estimate
them by knowing values of p(t) in additional points.

The standardized functions can be used to model
"piecewise" the lower an upper branches of a fuzzy
number on a decomposition of the interval [0; 1] into
N subintervals 0 = �0 < �1 < ::::: < �i�1 <
�i < ::: < �N = 1: It is convenient to use the
same subdivision for both the lower u�� and upper
u+� branches (we can always reduce to this situation
by the union of two di¤erent subdivisions). In each
subinterval Ii = [�i�1; �i], the values and the slopes
of the two functions are u�(�i�1) = u

�
0;i, u

+
(�i�1)

= u+0;i;

u�(�i) = u
�
1;i, u

+
(�i)

= u+1;i, u
0�
(�i�1)

= d�0;i, u
0+
(�i�1)

= d+0;i,

u0�(�i) = d�1;i, u
0+
(�i)

= d+1;i and by the transformation

t� =
���i�1
�i��i�1 ; � 2 Ii; each subinterval Ii is mapped

into the standard [0; 1] interval to determine each piece
independently.

Globally continuous or more regular C(1) fuzzy num-
bers can be obtained directly from the data (for ex-
ample, u�1;i = u�0;i+1; u

+
1;i = u+0;i+1 for continuity and

d�1;i = d�0;i+1, d
+
1;i = d+0;i+1 for di¤erentiability at

� = �i). So, we obtain a fuzzy number by

u�� = u�0;i + (u
�
1;i � u

�
0;i)p

�
i (t�) (4)

u+� = u+0;i + (u
+
1;i � u

+
0;i)p

+
i (t�) :

for � 2 [�i�1; �i] and i = 1; 2:; ; ; N .

A �rst parametrization is obtained on the trivial de-
composition of interval [0; 1], with N = 1 (without in-
ternal points) and �0 = 0; �1 = 1: In this simple case,
u can be represented by a vector of 8 components (the
slopes corresponding to u�i are denoted by �u

�
i , etc.)

u = (u�0 ; �u
�
0 ; u

+
0 ; �u

+
0 ;u

�
1 ; �u

�
1 ; u

+
1 ; �u

+
1 ) (5)

with u�0 ; �u
�
0 ; u

�
1 ; �u

�
1 for the lower branch u�� and

u+0 ; �u
+
0 ; u

+
1 ; �u

+
1 for the upper branch u+� . On a

decomposition 0 = �0 < �1 < ::: < �N = 1 we proceed
piecewise so that, for example, a di¤erentiable shape
function requires 4(N + 1) parameters

u = (�i;u
�
i ; �u

�
i ; u

+
i ; �u

+
i )i=0;1;:::;N with (6)

u�0 � u�1 � ::: � u�N � u
+
N � u

+
N�1 � ::: � u

+
0

�u�i � 0; �u+i � 0;

the branches are computed according to (4) (see [7]
and [14] for details).

3 Di¤erential Evolution algorithms
for fuzzy arithmetic

We adopt an algorithmic approach to describe the ap-
plication of di¤erential evolution methods to calculate
the fuzzy extension of multivariable function, associ-
ated to the LU representation.

Let v = f(u1; u2; :::; un) denote the fuzzy extension
of a continuous function f in n variables; it is well
known that the fuzzy extension of f to normal upper
semicontinuous fuzzy intervals (with compact support)
has the level-cutting commutative property (see [6]),
i.e. the � � cuts v� = [v�� ; v

+
� ] of v are the images

of the � � cuts of (u1; u2; :::; un) and are obtained by
solving the box-constrained optimization problems

k = 1; :::; n

8>><>>:
v�� = min

�
f(x1; :::; xn)j

xk 2 [u�k;�; u
+
k;�];

�
v+� = max

�
f(x1; :::; xn)j

xk 2 [u�k;�; u
+
k;�];

�
:

(7)

We will consider di¤erentiable functions f and, for sim-
plicity, we will illustrate the case of di¤erentiable rep-
resentations (6).
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If uk = (u�k;i; �u
�
k;i; u

+
k;i; �u

+
k;i)i=0;1;:::;N are the LU-

fuzzy representations of the n input quantities and
v = (v�i ; �v

�
i ; v

+
i ; �v

+
i )i=0;1;:::;N , the � � cuts of v are

obtained by solving (7).

For each � = �i, i = 0; 1; :::; N the minfg and
the maxfg can occur either at a point whose com-
ponents xk;i are internal to the corresponding inter-
vals [u�k;i; u

+
k;i] or are coincident with one of the ex-

tremal values; denote by bx�i = (bx�1;i; :::; bx�n;i) andbx+i = (bx+1;i; :::; bx+n;i) the points where the min and
the max take place; then v�i = f(bx�1;i; :::; bx�n;i) and
v+i = f(bx+1;i; :::; bx+n;i) and the slopes �v�i , �v+i are com-
puted (as f is di¤erentiable) by

�v�i =
nX
k=1bx�k;i=u�k;i

@f(bx�1;i; :::; bx�n;i)
@xk

�u�k;i (8)

+

nX
k=1bx�k;i=u+k;i

@f(bx�1;i; :::; bx�n;i)
@xk

�u+k;i

�v+i =
nX
k=1bx+k;i=u�k;i

@f(bx+1;i; :::; bx+n;i)
@xk

�u�k;i (9)

+
nX
k=1bx+k;i=u+k;i

@f(bx+1;i; :::; bx+n;i)
@xk

�u+k;i:

If, for some reasons, the partial derivatives of f at the
solution points are not available we can produce an
estimation of the shapes �v�i and �v

+
i .

The idea of DE to �nd min or max of
ff(x1; :::; xn)j(x1; :::; xn)2A � Rng is simple: start
with an initial "population" x(1) = (x1; :::; xn)

(1); :::;
x(p) = (x1; :::; xn)

(p)2A of p feasible points for each
generation (i.e. for each iteration) to obtain a new
set of points by recombining randomly the individuals
of the current population and by selecting the best
generated elements to continue in the next generation.
The initial population is chosen randomly and should
try to cover uniformly the entire parameter space.

Denote by x(k;g) the k�th vector of the population at
iteration (generation) g and by x(k;g)j its j�th compo-
nent (j = 1; :::; n).

At each iteration, the method generates a set of can-
didate points y(k;g) to substitute the elements x(k;g) of
the current population, if y(k;g) is better.

To generate y(k;g) two operations are applied: recom-
bination and crossover.

A typical recombination operates on a single compo-
nent j 2 f1; :::; ng and generates a new perturbed vec-

tor of the form v
(k;g)
j = x

(r;g)
j +[x

(s;g)
j �x(t;g)j ], where

r; s; t 2 f1; 2; :::; pg are chosen randomly and  2]0; 2]
is a constant (eventually chosen randomly for the cur-
rent iteration) that controls the ampli�cation of the
variation.

The potential diversity of the population is controlled
by a crossover operator, that construct the candidate
y(k;g) by crossing randomly the components of the per-
turbed vector v(k;g)j and the old vector x(k;g)j :

y
(k;g)
j =

(
v
(k;g)
j if j 2 fj1; j2; :::; jhg
x
(k;g)
j if j =2 fj1; j2; :::; jhg

with h random between 1 and n

and 0 with a crossover probability q

and j1; j2; :::; jh being random

components if h is not 0:

So, the components of each individual of the current
population are modi�ed to y(k;g)j by a given probability
q:

Typical values are  2 [0:2; 0:95], q 2 [0:7; 1:0] and
p � 5n (the higher p, the lower ).

The candidate y(k;g) is then compared to the existing
x(k;g) by evaluating the objective function at y(k;g) : if
f(y(k;g)) is better than f(x(k;g)) then y(k;g) substitutes
x(k;g) in the new generation g + 1, otherwise x(k;g) is
retained.

Many variants of the recombination schemes have been
proposed and some seem to be more e¤ective than oth-
ers (see [16] and [17], [2] for constraints handling):

Examples are:

DE/rand/1: v(k;g)j = x
(r;g)
j + [x

(s;g)
j � x(t;g)j ];

DE/best/1: v(k;g)j = x
(best;g)
j + [x

(s;g)
j � x(t;g)j ] where

x(best;g) is the current best solution;

DE/rand-best/2: v(k;g)j = x
(k;g)
j + [x

(best;g)
j � x(k;g)j +

x
(s;g)
j � x(t;g)j ];

DE/best/2: v(k;g)j = x
(best;g)
j + [x

(s1;g)
j + x

(s2;g)
j �

x
(t1;g)
j � x(t2;g)j ], s1; t1; s2; t2 2 f1; 2; :::; pg are random;

DE/rand/2: v(k;g)j = x
(r;g)
j +[x

(s1;g)
j +x

(s2;g)
j �x(t1;g)j �

x
(t2;g)
j ].

To take into account the particular nature of our prob-
lem, we modify the basic procedure and examine two
di¤erent strategies.

Let [u�k;i; u
+
k;i]; k = 1; 2; :::; n and f : Rn ! R be

given; we have to �nd v�i and v+i according to (7)
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for i = 0; 1; :::; N . The slope parameters �v�i , �v
+
i are

computed by (8)and (9).

The �rst strategy is implemented in algorithm 1.
Function ran(0; 1) generates a random uniform num-
ber in [0,1].

SPDE (Single Population DE procedure): start with
the (� = 1) � cut back to the (� = 0) � cut so that
the optimal solutions at a given level can be inserted
into the "starting" populations of lower levels; use two
distinct populations and perform the recombinations
such that, during generations, one of the populations
specializes to �nd the minimum and the other to �nd
the maximum.

Algorithm 1: (Frame of SPDE).

Choose p � 10n, gmax � 500, q and .

Select (x
(l)
1 ; :::; x

(l)
n ); x

(l)
k 2 [u�k;N ; u

+
k;N ]

8k; l = 1; :::; 2p evaluate y(l) = f(x(l)1 ; :::; x
(l)
n )

for i = N;N � 1; :::; 0
for g = 1; 2; :::; gmax
(up to gmax generations or other stopping rule)

for l = 1; 2; :::; 2p
select (randomly) r; s; t 2 f1; 2; :::; 2pg
and j� 2 f1; 2; :::; ng
for j = 1; 2; :::; n

if (j = j� or ran(0; 1) < q)

then x0j = x
(r)
j + [x

(s)
j � x(t)j ]

else x0j = x
(l)
j

ensure that u�j;i � x0j � u
+
j;i

end
evaluate y = f(x01; :::; x

0
n)

if l � p and y < y(l) then
substitute (x1; :::; xn)(l) with (x01; :::; x

0
n)

if l > p and y > y(l) then
substitute (x1; :::; xn)(l) with (x01; :::; x

0
n)

end
end
v�i = y

(l�) = min
�
y(l)jl = 1; 2; :::; p

	
(bx�1;i; :::; bx�n;i) = (x1; :::; xn)(l�)
v+i = y

(l��) = max
�
y(p+l)jl = 1; 2; :::; p

	
(bx+1;i; :::; bx+n;i) = (x1; :::; xn)(l��)
if i < N

select (x
(l)
1 ; :::; x

(l)
n ); x

(l)
k 2 [u�k;i�1; u

+
k;i�1]

8k; l = 1; :::; 2p
including (bx�1;i; :::;bx�n;i) and (bx+1;i; :::;bx+n;i)

endif
end

The second strategy is implemented in algorithm 2.

MPDE (Multi Populations DE procedure): use 2(N +
1) populations to solve simultaneously all the box-
constrained problems (7); N+1 populations specialize

for the min and the others for the max and the cur-
rent best solution for level �i is valid also for levels
�0; :::; �i�1:

Algorithm 2: (Frame of MPDE).

Choose p � 10n, gmax � 500, q and .

Select (x(l;i)1 ; :::; x
(l;i)
n ); x

(l;i)
k 2 [u�k;i; u

+
k;i]

8k; l = 1; :::; 2p; i = 0; 1; :::; N

let y(l;i) = f(x(l;i)1 ; :::; x
(l;i)
n )

let v�i = min
n
y(l;j)jj = 0; :::; i;8l

o
let v+i = max

n
y(l;j)jj = 0; :::; i;8l

o
let bx�i ; bx+i 2 Rn the points where v�i ; v+i are taken
for g = 1; 2; :::; gmax

(up to gmax generations or other stopping rule)
for i = N;N � 1; :::; 0

for l = 1; 2; :::; p
select (randomly) r; s; t 2 f1; 2; :::; pg
and k� 2 f1; 2; :::; ng
for k = 1; 2; :::; n

if (k = k� or ran(0; 1) < q) then
x0k = x

(r;i)
k + [x

(s;i)
k � x(t;i)k ]

x00k = x
(p+r;i)
k + [x

(p+s;i)
k � x(p+t;i)k ]

ensure u�k;i � x
0
k; x

00
k � u+k;i

else
x0k = x

(l;i)
k , x00k = x

(p+l;i)
k

endif
end
let y0 = f(x01; :::; x

0
n) and y00 = f(x001 ; :::; x

00
n);

if y0 < y(l;i) (population for min)
substitute (x1; :::; xn)(l;i) with (x01; :::; x

0
n)

if y00 > y(p+l;i) (population for max)
substitute (x1; :::; xn)(p+l;i) with (x001 ; :::; x

00
n)

if y0 or y00 are better
update values fv�j ; v+j ; bx�j ; bx+j jj = 0; :::; ig

endif
end

end
end

An e¢ cient constraint handling method has been ex-
amined in [2], where a tournament selection is pro-
posed, based on three criteria:

(1) any feasible solution is preferred to any infeasible
solution;

(2) among two feasible solutions, the one with better
objective value is preferred;

(3) among two infeasible solutions, the one having
smaller constraints violation is preferred.

In our case, as we have simple box-constraints, it is
easy to produce feasible starting populations, as we
have to generate random numbers x(k;0)j between the
lower u�j;i and the upper u

+
j;i values.

During the iterations, we use a variant of the method
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above, where the y(k;g) are progressively forced to be
feasible or with small infeasibilities and a penalty is
assigned to infeasible values:

(i) modify y(k;g)j to �t [u�j;i� "
g2 ; u

+
j;i+

"
g2 ]; j = 1; 2; :::; n

with small " � 10�2(u+j;i � u
�
j;i); so that the eventual

infeasibilities decrease rapidly during the generation
process;

(ii) if the candidate point y(k;g) is infeasible and has
a value f(y(k;g)) better than the current best feasible
value f(x(best;g)) then a penalty is added and the value
of y(k;g) is elevated to f(x(best;g)) + "0 (for the min
problems) or reduced to f(x(best;g))� "0 (for the max
problem), being "0 � 10�3 a small positive number.

To decide that a solution is found, we use the following
simple rule: choose a �xed tolerance tol � 10�3; 10�4
and a number bg � 20; 30 of generations; if for bg subse-
quent iterations all the values v�i and v

+
i are changed

less than tol; then the procedure stops and the found
solution is assumed to be optimal. In any case, no
more than 500 iterations are performed (but this limit
was never reached during the computations).

4 Computational results

The two algorithms SPDE and MPDE have been im-
plemented using C++ and Matlab and executed on
a set of test functions with di¤erent dimension n =
2; 4; 8; 16; 32:The �rst table contains a set of ten 2-
dimensional problems. Tests of higher dimensions (ta-
ble 2) use the following functions:

1. Rastrigin:

f(x1; :::; xn) =
nP
i=1

�
x2i � 10 cos(2�xi) + 10

�
;

xi 2 [0; 3]n;

2. Ackley:

f = 20 + e� 20 exp
"
�0:2

s
1
n

nP
i=1

x2i

#

� exp
�
1
n

nP
i=1

cos(2�xi)

�
xi 2 [�1; 3]n;

3. Modi�ed Rosenbrock:

f(x1; :::; xn) =
n�1P
i=1

�
10(xi+1 � x2i )2 + (xi � 1)2

�
xi 2 [�0:2; 0:2]n:

Table 1: 2-dim problems

#
f(x1; x2)
supp(u1)� supp(u2)

1
x2 cos (�x1)
[0; 5]� [1; 5]

2
p
(x1 � 0:1)4 + (x2 � 0:1)4

[�1; 1]� [0; 2]

3
1

0:2+(x1�2)4+(x2�2)2
[0; 5]� [1; 5]

4
1 + 1

2
x1 + sin(2x1 � �=2) + 2 cos(x2)

[�2; 2]2

5
(x
2
1�x2)

2
+0:01(1� x1)

2

[�2; 2]2

6 (1�
p
x21 + x

2
2) sin (�(x1+

1
2 ))

[�1; 1]� [�2; 2]

7
20 cos (x1+x2)� x

2
1�x22

[�4; 4]2

8
cos (2x1+sin (x2))

+ cos (x2)� 0:1(x
2
1+x

2
2)

[�4; 4]2

9
20 + e� 20e� 1

20 (x
2
1+x

2
2)

�e 14 cos(2�x1)+cos(2�x2)
[�1; 3]2

10
100(x2�x21)

2
+(x1�1)

2

[�0:2; 0:2]2

Table 2: Other n � 4 test problems

# n f(x1; :::; xn)
11 4 Rastrigin n = 4
12 4 Ackley n = 4
13 4 Mod: Rosenbrock n = 4
14 8 Rastrigin n = 8
15 8 Ackley n = 8
16 8 Mod: Rosenbrock n = 8
17 16 Rastrigin n = 16
18 16 Ackley n = 16
19 16 Mod: Rosenbrock n = 16
20 32 Rastrigin n = 32
21 32 Ackley n = 32
22 32 Mod: Rosenbrock n = 32

In the computations, the input fuzzy numbers are tri-
angular and symmetric of the form ui =



ai;

ai+bi
2 ; bi

�
with support given by the interval [ai; bi]; the applied
supports are illustrated in the tables.

If the extension algorithm is used in combinations with
the LU-fuzzy representation for di¤erentiable member-
ship functions (and di¤erentiable extended functions),
then the numberN+1 of ��cuts (and correspondingly
of min/max optimizations) can be su¢ ciently small.
Experiments in [7] and [14] motivated that N = 10 is
in general quite su¢ cient to obtain good approxima-
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tions.

Tables 3. and 4. report the number of function evalua-
tions FESPDE and FEMPDE needed to the two algo-
rithms SPDE andMPDE to reach the solution of the
nested min/max optimization problems corresponding
to the eleven ��cuts of the uniform ��decomposition
�i =

i
10 ; i = 0; 1; :::; 10 (N = 10 subintervals).

Table 3: Results for 2-dim problems
# n FESPDE FEMPDE

1 2 15400 8800
2 2 12760 6380
3 2 16280 6600
4 2 12760 6380
5 2 12320 5720
6 2 11000 5500
7 2 16720 7040
8 2 13200 8140
9 2 16280 6380
10 2 11440 6600

Table 4: Results for other test problems
# n FESPDE FEMPDE

11 4 40040 32560
12 4 27720 16280
13 4 19360 18920
14 8 72160 47520
15 8 51392 25344
16 8 20416 19712
17 16 292160 186560
18 16 255552 98560
19 16 59136 63360
20 32 1122176 560384
21 32 283008 252032
22 32 250624 243584

A di¢ cult case is the Rastrigin function; for n = 2 it
has the representation in Fig. 1.

Figure 1: 2-dim Rastrigin function

Its extension to non symmetric triangular fuzzy num-
bers ui = h0; 4; 5i ; for i = 1; 2; :::; n = 8 by MPDE
required FE = 103830 function evaluations; the ex-
tended fuzzy number is represented if �gure 2.
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Figure 2. Extension of 8-dim Rastrigin function

Figure 3. represents the logarithm of the number of
function evaluations vs the logarithm of the number n
of arguments. It appears an almost linear relationship
ln(FESPDE) = a + b ln(n) and ln(FEMPDE) = c +
d ln(n):

The estimated coe¢ cients are a = 8:615; b = 1:20 and
c = 7:869; d = 1:34: The computational complexity
of the proposed algorithms ( on average for the 22
test problems) grows less then quadratically with the
dimension n (SPDE is less e¢ cient but grows slowly
than MPDE). This is an interesting result, as all the
existing methods for the fuzzy extension of functions
are essentially exponential in n.

Extended results and complete descriptions of the al-
gorithms are discussed in [15]. The C++ source codes
are available on request to the author; also a MatLab
implementation is available. Possible further research
is related to experimentation of di¤erent constraints
handling strategies, di¤erent recombination operators,
di¤erent selections for the parameters of the DE proce-
dure (e.g. varying and situation-sensitive parameters)
or di¤erent ways of cooperation between populations.
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Figure 3. ( ln(n); ln(FE)) for 22 test problems

Differential Evolution Methods for LU-fuzzy Arithmetic 265



References

[1] H. K. Chen, W. K. Hsu, W. L. Chiang, A compar-
ison of vertex method with JHE method, Fuzzy
Sets and Systems, 95, 1998, 201-214.

[2] K. Deb, An e¢ cient constraint handling method
for genetic algorithms, Computer methods in ap-
plied mechanics and engineering, 186, 2000, 311-
338.

[3] P. Diamond, P. Klöden, Metric Spaces of Fuzzy
Sets, World Scienti�c, Singapore, 1994.

[4] P. Diamond, P. Klöden, Metric topology of fuzzy
numbers and fuzzy analysis, in [6], 2000, 583-641.

[5] W. M. Dong, H. C. Shah, Vertex method for com-
puting functions of fuzzy variables, Fuzzy Sets and
Systems, 24, 1987, 65-78.

[6] D. Dubois, H. Prade (Ed), Fundamentals of Fuzzy
Sets, Kluwer, Boston, The Handbooks of Fuzzy
Sets Series, 2000.

[7] M. L. Guerra, L. Stefanini, Approximate Fuzzy
Arithmetic Operations Using Monotonic Interpo-
lations, Fuzzy Sets and Systems, 150, 2005, 5-33.

[8] M. Hanss, The transformation method for the
simulation and analysis of systems with uncertain
parameters, Fuzzy Sets and Systems, 130, 2002,
277-289.

[9] M. Hanss, A. Klimke, On the reliability of the
in�uence measure in the transformation method
of fuzzy arithmetic, Fuzzy Sets and Systems, 143,
2004, 371-390.

[10] A. Klimke, An e¢ cient implementation of the
transformation method of fuzzy arithmetic, Ex-
tended Preprint Report, 2003/009, Institute of
Applied Analysis and Numerical Simulation, Uni-
versity of Stuttgard, Germany, 2003.

[11] A. Klimke, B. Wohlmuth, Computing expensive
multivariate functions of fuzzy numbers using
sparse grids, Fuzzy Sets and Systems, 153, 2005,
432-453.

[12] E. N. Otto, A. D. Lewis, E. K. Antonsson, Ap-
proximating � � cuts with the vertex method,
Fuzzy Sets and Systems, 55, 1993, 43-50.

[13] K. Price, An introduction to di¤erential evolu-
tion, in D. Corne, M. Dorigo, F. Glover (Ed.),
New Ideas in Optimization, McGraw Hill, 1999,
79-108.

[14] L. Stefanini, L. Sorini, M. L. Guerra, Parametric
representation of fuzzy numbers and application
to fuzzy calculus, Fuzzy Sets and Systems, 157,
2006, 2423 �2455.

[15] L. Stefanini, Di¤erential Evolution Methods for
the Fuzzy Extension of Functions, Working Pa-
per Series EMS n. 103, University of Urbino,
2006; available online at the RePEc web page,
http://ideas.repec.org/f/pst233.html.

[16] R. Storn, K. Price, Di¤erential Evolution: a sim-
ple and e¢ cient heuristic for global optimization
over continuous spaces, ICSI technical report TR-
95-012, Berkeley University, 1995. Also, Journal
of Global Optimization, 11, 1997, 341-359.

[17] R. Storn, System design by constraint adaptation
and di¤erential evolution, IEEE Transactions on
Evolutionary Computation, 3, 1999, 22-34.

[18] K. L. Wood, K. N. Otto, E. K. Antonsson, En-
gineering design calculations with fuzzy parame-
ters, Fuzzy Sets and Systems, 52, 1992, 1-20.

[19] L. A. Zadeh, Fuzzy Sets, Information and Con-
trol, 8, 1965, 338-353.

266 Neuro-fuzzy, Predictions and Evolutionary Approach



Selection of Optimal Set of Diagnostic Tests with Use of Evolutionary 
Approach in Intelligent Systems 

 
 

A.E. Yankovskaya 
Tomsk State University of 
Architecture and Building, 

Tomsk, Russia 
yank@tsuab.ru 

Y. R. Tsoy 
Tomsk Polytechnic University, 

Tomsk, Russia 
 

qai@mail.ru 
 
 
 
 

Abstract 

This paper concerns problem of selection of 
optimal subset of irredundant unconditional 
diagnostic tests by means of evolutionary 
approach. The method of correction of 
features’ weight, cost and damage 
coefficients for the test patterns recognition 
is proposed. The suggestion is made that 
evolutionary programming approach would 
be more appropriate than genetic algorithm 
because of disadvantage of crossover use 
for multi-objective problems solution. 
Future research tasks to compare different 
evolutionary algorithms for solving 
problem at hand are outlined. 

Keywords: optimal subset selection, evolutionary 
multi-objective optimization, diagnostic test, 
intelligent systems 

 

1     Introduction 
Selection of “good” irredundant unconditional 
diagnostic tests (IUDT) is of great importance for 
decision making in intelligent systems, since quality 
of obtained solutions depends significantly on 
properties of the used tests. However such a selection 
doesn’t lead necessarily to an optimal solution 
because total number of features in selected tests set 
can be too large as well as time consumption and 
cost. Also one should take into consideration damage 
(risk), caused in result of features measuring for the 
object under investigation, for example, in 
geoecological or biomedicine problems. 

This research continues our previous work on 
optimal subset of IUDTs selection. For the first time 
the optimization criteria and undoubtedly actual 
problem of optimal tests subset selection has been 
formulated in the paper [1]. In the paper [2] logical-
combinatorial algorithm for optimal IUDTs subset 
selection was presented. In the paper [3] optimization 
criteria were further elaborated and three algorithms 
providing satisfaction of those criteria were 
proposed: logical-combinatorial with sequent 
satisfaction of the prescribed criteria, algorithm of 
optimal tests set selection on the base of hierarchies 
analysis method, and genetic algorithm (GA). 

In this paper we propose correction of weights, costs 
and damages for characteristic (descriptive) features 
from the informative viewpoint. Analog of 
informative weight of features entering all IUDTs 
was used in Y.I. Zhuravlev’s researches [4]. This 
correction is necessary for more comprehensive 
estimation of each test to improve recognition 
accuracy with use of as separate IUDT so and their 
set (subset). 

For solution of the optimal IUDT subset selection 
problem we will use evolutionary algorithm (EA) 
which presents heuristic search concept similar to 
trial-and-error method. 

During last decade a number of models of GAs were 
developed, such as NSGA-II [5], PAES [6], 
SPEA2 [7], PPREA [8] to solve multi-objective 
optimization (MOO) problems. Also alternative 
approaches on a basis of particles swarm 
optimization [9] and differential evolution [10] were 
proposed. Some researches are aimed at reduction of 
the optimization criteria number (see for 
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example [11]) and this certainly appears to be 
promising for the optimization results, though search 
of competent universal method of reduction of 
criteria number is rather challenging (if possible at 
all) due to great variety of existing MOO problems. 

One of the critical conditions for the success of EA in 
MOO problem is preserving as many predominated 
(incomparable) solutions in one population as 
possible. Such solutions correspond to different 
points on the Pareto front. An idea of grouping of 
individuals according to some similarity/difference 
measure emerges in various forms to reach this, for 
example, as niching, or as specific non-dominated 
selection [5]. Considering this condition the idea of 
GAs use to solve MOO problems looks rather 
contradictory, from the authors point of view, since 
the main searching operator in GA is crossover and 
use of this operator involves risk of recombination of 
incompliant values of the optimization parameters 
due to crossing of different parent individuals, 
though the last can be situated rather close to each 
other in parameters space (according to the metrics 
selected). 

We are planning to examine this by investigation of 
MOO problem solution using evolutionary 
programming (EP) algorithm, which doesn’t adopt 
crossing of individuals. The results of EP 
optimization will be compared with those ones of 
GA. 

2     Basic Notions and Definitions 

Let's introduce a number of definitions [1, 2, 12] and 
notations used later. 

Test is a set of features distinguishing any pairs of 
objects belonging to different patterns. 

Test is called irredundant if after the removal of any 
feature the test is not a test. 

Let },...,1,,...,1:{ mjnitij ===T  be the matrix of 
IUDTs and iT  corresponds to the ith IUDT (the ith 
row of matrix T). We denote set of characteristic 
features as },...,1:{ mjz j ==z  and for each feature 
zj we define its weight wj [12], cost jw′  [2] and 
damage jw ′′  [13]. 

The case of binary matrix T is considered therefore 
weight of the ith IUDT is ∑=

j
ijji twW . Then 

average test weight along all tests in IUDT matrix 

equals to: 
n

W
W i

i∑
= . Number iη  of features in 

each test is given by ∑=
j

iji tη  and average number 

of features along all tests in T is 
n

i
i∑

=
η

η .  

3     Modification of Weight, Cost and 
Damage Values 

Here we will use terms weight, cost and damage of 
features instead of the terms weight and cost 
coefficients and coefficient of damage. 

Consider modification of weight for the jth feature zj. 
Let )( jzT  be the subset of IUDT possessing jth 

feature and )( jj zn T=  is its power. The average 

weight jW  of IUDTs in )( jzT  is given by 

j

z
i

j n

W
W ji

∑
∈= )(TT , 

where ∑
∈ )( ji zTT

 denotes sum along all tests in )( jzT . 

Average number jη  of features in IUDTs in )( jzT  
equals to: 

j

z
i

j n
ji

∑
∈

=
)(TT

η

η . 

We introduce correction factor 
j

j
j W

W
k

η
η

=  to define 

modified weight of the jth feature: 

jjj wkw =ˆ . 

Then the modified value of weight is used together 
with original weight value for recalculation of the 
tests weight. Choice between jw  and jŵ  values is 
managed according to selection probabilities as 
follows: 

)ˆ()ˆ( jj wwp µ= , )()( jj wwp µ= , 

where )(⋅µ  is membership function: 

n
n

w j
j =)ˆ(µ , 

n
n

w j
j −= 1)(µ . 

The same way is used to calculate modified values of 
cost jw′ˆ  and damage jw ′′ˆ  of features and also to make 
a probabilistic choice between original and modified 
values of weight, cost and  of features. 
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4     Setting of a Problem 

For the given tests matrix T with defined values of 
features attributes it is necessary to find such 
submatrix T0 of height n0, which corresponds to the 
set N0 of tests that would provide satisfaction of the 
following criteria (in order of significance descend): 

1. N0 should contain as many pseudo-obligatory 
features as possible. 

2. N0 should contain in total as little number features 
as possible. 

3. N0 should have maximum possible total weight. 

4. N0 should have minimum possible total cost. 

5. N0 should have minimum possible total damage. 

Statement of this problem accounting 5 optimization 
criteria was firstly introduced in the paper [13]. Since 
solving of the problem at hand is considered with use 
of evolutionary algorithm, which is known to be a 
heuristic search method, then as a consequence there 
is no guarantee that the optimal submatrix T0 (subset 
of IUDTs) will be found. In other words obtained 
solution is most likely suboptimal. 

5     Genetic encoding and objective 
function 

Candidate-solutions are encoded in binary 
chromosomes (strings) of length l, where each ith 
symbol denotes inclusion (“1”) or exclusion (“0”) of 
the ith IUDT in/from the resulting set of tests. Initial 
population of solutions is generated at random. 

We will calculate fitness of the individual with 
chromosome h by evaluation of quality of 
corresponding submatrix )(hT  as follows [13]: 

( )2
0

5

1

)( )(100 nhUevf
k

k
hkh −+= ∑

=

, 

where kv  is a weight coefficient for the kth 
optimization criterion which corresponds to its 
significance; )(ψU  gives number of units in binary 

string ψ ; )(k
he  is a penalty function for violation of 

the k th criterion: 

( ) ( )
,

m
hUe,

m
hUme d

h
c

h
)()( 0)2(0)1( TT

=
−

=  

( )
)(
)(

)(
))(()( 0)4(0)3(

T
T

T
TT

W

W
h

W

WW
h S

hSe,
S

hSSe
′

′=
−

= , 

( )
)(
)(0)5(

T
T

W

W
h S

hSe
′′

′′= , 

where )(),( ΨΨ WW SS ′  and )(ΨWS ′′  – total weight, 
cost and damage correspondingly along all tests of 

the set of IUDTs corresponding to matrix Ψ ; 






= ∧ iic UU ψΨ)(  and 





= ∨ iid UU ψΨ)(  – 

correspondingly number of units in conjunction and 
disjunction along all rows of binary matrix Ψ . 
Evolutionary search is aimed at minimization of f. 

In order to respect priorities of criteria formulated in 
Section 4 we will reduce weights of penalties with 
growth of penalty number k. Then the following 
penalties weights will be used: 401 =v , 302 =v , 

153 =v , 104 =v , 55 =v . Note that penalties weights 
depend on the specific application. 

6      Research Description 

We consider following variants of objective function 
depending on whether original or modified values of 
weights, costs and damages of features are used: 

1. ),,( wwwff ′′′=  – using only original values for 
weights, costs and damages. 

2. )ˆ,ˆ,ˆ,,,( wwwwwwff fuz ′′′′′′=  – using probabilistic 
choice between original and modified values of 
weights, costs and damages of features. 

3. )ˆ,ˆ,ˆ(ˆ wwwff ′′′=  – using only modified values for 
weights, costs and damages of features. 

We are planning to make series of experiments to 
compare results of GA and EP corresponding to 
different variants of the objective function. Note that 
the second variant fuzf  of the objective function 
presents noisy function but as it was shown in the 
paper [14] use of population of candidate-solutions 
allows to compensate appearing uncertainty of 
solution quality evaluation. 

Conclusion 

The new method of modification of weights, costs 
and damages of features is presented in this paper. 
The method of probabilistic selection between 
original and modified weights, costs and damages of 
features attributes is proposed. 

In result of critical analysis of application of GA for 
solution of MOO problems and suggested 
deficiencies involved by crossover operator, use of 
EP algorithm instead of GA is proposed. 

Future work is connected with solution of the 
formulated problem of optimal IUDTs subset 
selection using both GA and EP for different variants 
of the objective function. 

Implemented algorithms will be used in instrumental 
intelligent tool IMSLOG [15] for regularities 
revealing and decision making on the basis of test 
pattern recognition. 
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Abstract 

Parametric representation of fuzzy numbers 
(PFN) with derived methods for 
performing fuzzy arithmetic proves to have 
better accuracy and similar computational 
speed to using triangular fuzzy numbers 
(TFN). These fuzzy numbers (PFN) can be 
considered a special case of triangular 
fuzzy numbers (TFN) as they have three 
additional parameters and their methods for 
arithmetic operations are further 
specialized in regard to TFNs. In the paper 
object oriented approach and achieved 
results applied to the topic are presented. 
Generally object oriented approach 
provides higher abstraction, which makes 
the problem better apprehensible and 
further extensible in more specialized 
cases. The other benefit of this approach is 
reusability of created modules and rather 
simpler programming code formalization. 
This paper draws from rich conceptual 
means that provides object oriented 
software tools.  
In the paper virtual mechanism, 
polymorphism and information hiding are 
the main features used for object oriented 
approach in this topic. 

Keywords: object oriented approach, fuzzy 
arithmetic, parameterized fuzzy number 

 

1      Introduction 

One of the possibilities to model engineering design 
and manufacturing problems is the use of fuzzy 
numbers and fuzzy arithmetic. Direct implementation 
of extended arithmetic operators on fuzzy numbers is 
computationally complex and is similar to solving a 
nonlinear programming problem. For this reason 
either triangular fuzzy numbers (TFN) or trapezoidal 
fuzzy numbers (TrFN) are used. Unfortunately the 
TFN shape is not closed under multiplication and 
division because the result of these operators is 

polynomial membership function and triangular 
shape only approximates the actual result. To solve 
the problem a parametric representation of fuzzy 
numbers and their arithmetic operators was proposed 
and described [1,2]. Together with the proposal 
Giachetti and Young [1,2] also introduced a new 
approximation, which is consistent, computationally 
fast and accurate estimation for arithmetic operations.  

The PFN contains further three parameters and its 
arithmetic operations can be regarded as further 
extended operators of the same applied on TFNs. The 
result of fuzzy multiplication and fuzzy division 
applied on the TFNs is nonlinear operations with a 
polynomial membership function.  

Our aim is to show facilitating object oriented 
approach in design and implementation of the fuzzy 
arithmetic applied on fuzzy numbers expressed either 
in parametric or triangular form. Viewing the whole 
problem we may consider PFNs as an incremental 
extension of TFN. This view covers of course both 
attribute extension (specification) and arithmetic 
operation extension. As was showed in other 
publications e.g. [6, 7] object oriented approach can 
be used with benefit for fuzzy applications.     

2      Fuzzy numbers and arithmetic 

Basic fuzzy number arithmetic operations are defined 
in Table 1. The operators of fuzzy addition and 
subtraction are exact defined in the Table 1. However 
fuzzy multiplication and division operators defined in 
the Table 1 are only approximations to the actual 
results. In operations addition and subtraction 
standard approximation can be replaced by actual 
result, which is found by rewriting the membership 
function to define a set of closed intervals.  

Commonly used approximations for the standard 
operators for TFNs showed that incorrect results 
could be obtained.  

The discretization approaches were not a suitable 
alternative since they did not have a concise 
representation, required internal storage of many 
discrete points to reconstruct membership functions, 
and suffer from computational complexity. 
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Table 1 Arithmetic operations on TFNs and their 
definition  
 
The new approximation designed by Giachetti and 
Young is built upon six parameters which describe a 
parameterized fuzzy number. The presentation of a 
PFN is  

〉〈→ ncbaA ,,,,,
~ ρλ    (1) 

where a, b and c has the same meaning as with TFNs. 
λ and ρ parameters are the spread ratios and are 

defined  
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i
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b
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Spread ratios are included because they characterize 
the approximation error. The term n is the order of 
the polynomial expression for the membership 
function. The definition for using these six 
parameters for performing arithmetic operations by 
[1] is shown in the Table 2. 
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Table 2 Fuzzy arithmetic with parameterized fuzzy numbers

It is recognized that the main source of error between 
the actual and approximated results of fuzzy 
multiplication and division is the difference between 
the polynomial shape and the straight line 
approximation. The new approximation [1,2] is based 
on the fact that a better approximation than a straight 
line approximation is a polynomial approximation. A 
generalized polynomial which closely matches the 
actual results was proposed [1]. The generalized 
polynomial is then scaled and added to the original 
linear result.  

The scaling factor times the generalized polynomial 
is added to standard approximation to obtain a new 
approximation for each α -cut. For multiplication 
the alpha-cut expression are 

 
))(,(),()( abnnGPP LLLN −+= λτα  (3a) 

))(,(),()( bcnnGPP RRRN −+= ρτα  (3b) 

where symbol λ  is geometric mean of λ . 

And for the division 
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The scaling expressions are for the left segment, 
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And the right segment 
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The generalized polynomial expression, which 
closely tracks the shape of the polynomial for the 
actual multiplication and division has the following 
expression 
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In the derived expression there is an important aspect 
useful for object oriented approach that is that the 
new approximation introduced by Giachetti and 
Young [1,2] is composed from the standard 
approximation, expressed by 

e.g. RLRL DorDPP ,,, , which is added to a new 

part. The new part as can be seen from (3, 4) is 
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created by multiplication of scaling expression and 
generalized polynomial expression. The generalized 
polynomial expression is a function of two 
argumentsα  and n.  

All these aspects may be used in object oriented 
design of fuzzy arithmetic for fuzzy numbers. 

3      Object-oriented approach and its 
tools 

Generally, there are three main benefits of object-
oriented approach: real world apprehension, stability 
of design and reusability of both design and 
implementation.  

Real world apprehension - object oriented approach 
is widely accepted because it is close to our own 
natural perception of the real world. Object oriented 
analysis is based upon concepts such as objects and 
attributes, classes and members, wholes and parts. 
Generally it means communicating about phenomena 
and concepts of the application domain.  

Stability of design - this aspect stresses instead 
focusing on the functionality of the system, the first 
step in the system’s development should be making 
physical model of the real world with which the 
system is concerned. This model then forms the basis 
for the different functions that the system may have. 
Functions may later be changed, and new functions 
may be added without changing the underlying 
model. Object oriented tools provide a natural 
framework for modeling the application domain. 

Reusability represents not only pure software 
component reuse but, in general, it also represents 
incremental program modification (development). It 
is possible to define a new component as an 
incremental extension of an existing one and thus 
preserving the relationship between the two 
components. In this way most object oriented 
systems are based on the class/subclass mechanism 
(inheritance), which enables to create programs by 
means of incremental extension. This feature is 
frequently considered to be the main advantage of 
object oriented approach. In case the meaning of 
reusability is overrated the final application may 
suffer from the fact that the relations between 
components are mainly dictated by maximal code 
sharing, often conflicting with the modeling 
requirements. 

During our work we drew from books or articles, 
which describe design and implementation of object 
oriented approach in fuzzy sets. E.g. Schmucker [6] 
provides detailed Pascal-like code for some of the 
simpler fuzzy set operations. Lalonde and Pugh [7] 
devote a chapter to model a FuzzySet class in 
Smalltalk environment. We also applied our practical 
experience obtained from object oriented model in 
cluster analysis application [5]. In the designed class 

a general fuzzy set with discretized membership 
function is presented. For this reason the FuzzySet 
class inherits from a container like class Dictionary. 
Presented approach represents simple and intuitive 
solution. 

Three main steps in object oriented approach 
represent identification of objects, classification and 
composition. Identification of objects is naturally 
given as we want to describe fuzzy number, 
triangularFN or parameterizedFN and so on. By 
classification we mean creation of proper hierarchy 
of classes (class / subclass system) that fulfills our 
demands. Observing arithmetic operations for 
triangular FN and Parameterized FN one can see that 
the part of the operations remain the same and the 
other part is extended (Table 1, 2). This feature can 
be used for object oriented description in the sense 
that a method describing a given operation in super 
class can be further extended (specialized) in its 
subclass. In our case triangular FN is the super class 
and parameterized FN is the subclass. 

The same situation can be seen with the operations 
for new approximation that considerably improves 
standard approximation of alpha cuts. In addition the 
new approximation is created by addition of the 
standard approximation and a given polynomial 
extension. All can be seen in (3, 4). Standard 
approximation might be described in the super class 
and its extension in the subclass. There are tools in 
object oriented perspective that enable to create these 
requirements. Described approach has other 
advantages, which is implementation of the next 
classes that express other forms of fuzzy numbers 
such as trapezoidal FN class and so on. 

Composition can be applied e.g. when we would 
want to work within fuzzy number with a 
membership function, which could be represented by 
a discretized membership function. In this case a 
class describing such situation would have an 
attribute that would be declared as a container. The 
fuzzy number class and the container create 
composition. 

4      Design and implementation of fuzzy 
arithmetic 

Object oriented design of fuzzy arithmetic should 
cover arithmetic operation, which might be 
implemented in a different way depending on a 
concrete class of fuzzy number. For this reason a 
declaration of an interface including arithmetic 
operations will be the first step. The interface 
actually acts as an abstract super class for all other 
declared classes. FuzzyNumber interface describe 
arithmetic operations and type of necessary 
arguments as well as type of return objects from the 
operations.       
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Created model should cover both TFNs, PFNs 
potentially other fuzzy number expression such as 
trapezoidal fuzzy number but of course it could cover 
fuzzy numbers expressed by its discretized 
membership function. As in our paper we are 
primaryly interested in fuzzy by arithmetic all these 
operation are placed in the common interface called 
FuzzyNumber. This mechanism enables to 
implement different operations in a different ways. 
On the other hand it also facilitates to use further 
specialization principle for declared operations. It 
means that operations declared in the super class can 
be further extended in its subclasse. 

In object oriented perspective of PFN can be 
considered as an extension of the TFN in that way 
that PFN has next specific attributes and the basic 
arithmetic operation are in this sense also extended. 
For this reason ParameterizedFN class is the subclass 
of TriangularFN class. TriangularFN class is also the 
superclass for all derived classes including fuzzy 
number expressed by an explicit membership 
function. The whole structure of designed classes and 
interface can be seen in the picture 1 in the form of 
UML class diagram. 

 
 
Picture 1.: Fuzzy number arithmetic – class diagram 
    
TriangilarFN class represents object oriented 
description of triangular fuzzy number. In the class 
three attributes a, b, c, representing triangular fuzzy 
number are declared. Apart from declared attributes 
the class contains implementation of the arithmetic 
methods described in the table 1. 

ParameterizedFN class further extends TriangularFN 
superclass by declaring next data attributesλ , ρ , 

and n. Their meaning is explained shortly in the 
second part of the acticle or in [1] in a more detailed 
way. As attributes λ and ρ express so called spread 

ratios and can be derived from the attributes a, b, and 
c they are not explicitly entered by the user but they 
are calculated at object creation (instantiation). The 
term n is the attribute representing the order of the 
polynomial expression for the membership function. 
The arithmetic operations for the parameterizedFN 
are declared in the Table 2. Their implementation is 
following. The first part of the calculation is the same 
as for the triangularFN so it is used from the 
superclass. The other part differs so it is declared as 
extension in the superclass method.  

The other arithmetic operations declared in this class 
could also include scalar addition and scalar 
multiplication. Scalar addition represents addition of 
PFN and a scalar (crisp number) and in the same way 
scalar multiplication means multiplication of PFN 
and a scalar (crisp number). 

Some applications require using of alpha-cuts for 
various calculations. Just using alpha-cuts declared in 
ParameterizedFN enable to get far precise results 
than the use of standard approximation for alpha cuts. 
Calculating error is mainly seen when the 
multiplication or division arithmetic operation are 
repeatedly executed. In that case the use of 
parameterized alpha-cuts is considerable. It has its 
reason in the fact that multiplication and division 
have both polynomial membership function and the 
alpha cuts far better follow actual shape of the 
membership function. 

One of the basic aspects of object oriented approach 
is information hiding, which means that not all part 
of the class (attributes and methods) can be “visible” 
from outside of the class. This is a powerful means 
that helps check the access inside the class. The 
possibility of hiding information is used for auxiliary 
operations such as calculation of the generalized 
polynomial or polynomial part of the new 
approximation that are assessable only within the 
class, not from the outside. On the other hand basic 
arithmetic methods and left and right segment of the 
new approximation are accessible both from inside 
and outside of the given class.   

TrapezoidalFN class represents other possible classes 
derived from the description of the triangular fuzzy 
number class. We made this decision on the basis of 
the next additional parameter but we have not done 
extensive experiments with the class yet as we 
focused mainly on TriangularFN and 
ParameterizedFN classes. 

4.1      Example of using object oriented 
approach in parameterized fuzzy numbers 

At the beginning there is a need to create an object or 
instance of fuzzy number class, in our case it will be 
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ParameterizedFN class. During this phase all 
necessary parameters has to be added or entered. This 
means that parameters a, b, c and n has to be given. 
Java code for simple declaration of PFN1 <1, 4, 9, 1> 
can be: 

ParameterizedFN pfn1 =  
                          new ParameterizedFN(1, 4, 9, 1); 

Object pfn1 is a parameterized fuzzy number with 
above declared parameters. For a real arithmetic 
operation it is necessary to have at least two fuzzy 
numbers on which the operation is applied. All basic 
arithmetic operations (in object oriented jargon 
‘methods’) are created on the similar principle. Inside 
the arithmetic method a new (empty) object of the 
same class is created. First of the arithmetic operand 
is the ‘receiver’ of the message and the second 
operand is the parameter of the message, which is 
sent to the receiver. (The message then finds proper 
method). The required arithmetic operation is applied 
on the ‘receiver’ of the method and argument of the 
method. The result of the arithmetic operation is 
stored into a new object. Finally a reference of the 
new object is returned from the method and possibly 
assigned to other object.  

ParameterizedFN pfn2 = new ParameterizedFN(1, 2, 
3, 1); 
 

ParametrerizedFN pfn3 = pfn1.division(pfn2); 
 
where 

pfn1 – ‘receiver’ of the message, 

pfn2 – argument of the message, 
 second operand 

pfn3 – result of the arithmetic operation. 

 Object pfn3 is the result of arithmetic division. By 
this formalization even a complex fuzzy arithmetic 
operation can be expressed in a rather simple way. 
Let us consider an expression: 

E = (A + B) * (C / D) 
 
All upper cased letters represent e.g. parameterized 
fuzzy numbers. Formalization in Java language is: 
 
ParameterizedFN E =  
            (A.addition(B)).multiplication(C.division(D)); 
 
As it can be seen from the transcript, formalized code 
description is simple and quite comfortable. On the 
other hand it shifts the level of abstraction a bit 
higher.    

  

 
 a b c λ  ρ  n 
operand 1 25.0 40.0 55.00 1.60 0.73 1 
operand 2 4.0 10.0 16.00 2.50 0.63 1 
addition 29.0 50.0 71.0 4.0 0.45 1 
subtraction 21.0 30.0 39.0 2.56 0.29 1 
multiplication 100.0 400.0 880.0 2.0 0.67 2 
division 1.56 4.0 13.7 1.6 0.002 3 
 
Table 3: Results from the basic fuzzy arithmetic operations
 

5      Results 

Implementation of the FuzzyNumber interface and 
TriangularFN and ParameterizedFN classes was 
made in Java object oriented language. To prove the 
implementation is correct we use the similar 
examples as were used in [1, 2]. Achieved results for 
basic arithmetic operations are presented in the Table 
3. New approximation results in alpha-cuts form is 
presented in the Table 4.  
 
For the results in the table 4 there are given two 
PFNs: 
 

〉〈→ 1,130,100,70~x    

〉〈→ 1,16,10,4~y  

 
 

 
 Actual quotient New 

approximation 
Alpha Left 

segm. 
Right 
segm. 

Left 
segm. 

Right 
segm. 

1 10.0 10.0 10.0 10.0 
0.9 9.2 11.0 9.3 10.9 
0.8 8.4 12.0 8.6 12.0 
0.7 7.7 13.3 7.9 13.5 
0.6 7.1 14.7 7.3 15.3 
0.5 6.5 16.4 6.7 17.4 
0.4 6.0 18.4 6.2 19.8 
0.3 5.6 20.9 5.7 22.5 
0.2 5.1 23.8 5.2 25.5 
0.1 4.7 27.6 4.8 28.9 
0 4.4 32.5 4.4 32.5 
 
Table 4.: Comparing actual quotient with new 
approximation 
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6      Conclusion 

Object-oriented approach offers next abstract level 
that enable user (designer) better means for modeling 
specific domain. This is achieved by encapsulating 
details inside objects and by strict distinction 
between interface and implementation. Thus user 
(designer) may focus on interface rather on the 
implementation. There are many formal descriptions 
of arithmetic operations on fuzzy numbers. Some 
parts are common the other are more and more 
specific. This is just what can be modeled with 
benefits using object-oriented perspective. 

PFNs connected with polynomial approximation 
were introduced and invented by Giachetti and 
Young [1,2] as a better alternative to TFNs mainly in 
engineer’s models. The advantage of using PFNs is 
their relative easy implementation and considerably 
better results in applying operations of multiplication 
and division. In our paper we tried to show object 
oriented approach in modeling fuzzy arithmetic by 
parameterized fuzzy numbers. UML class diagram of 
the designed solution and results achieved by Java 
object oriented language implementation is 
presented. In our approach we draw from the benefits 
of object oriented paradigm mainly from using 
classification, further specialization in class/subclass 
hierarchy rather than overriding and a mechanism of 
interface. Basic object oriented methods cover 
arithmetic operations and alpha cuts calculations.   

Described approach could be also used for 
trapezoidal form of fuzzy numbers and finally also 
for fuzzy matrix and their operations. Object oriented 
approach applied in the implementation ensures clear 

arrangement and flexible solution that enables further 
possible modifications. 
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Abstract

Fuzzy arithmetic is a powerful tool in many
engineering problems such as decision mak-
ing, control theory, fuzzy systems and ap-
proximate reasoning. However, it is well
known that the practical use of standard
fuzzy arithmetic operators gives results
more imprecise than necessary or in some
cases, even incorrect. This problem is due to
the overestimation effect induced by com-
puting fuzzy arithmetic operations. In this
paper a modified implementation for fuzzy
unimodal interval arithemtics is defined
where new subtraction and division opera-
tors are proposed. These new operators are
exactly the inverse of the addition and mul-
tiplication operators. The effectiveness of
the proposed methodology is illustrated by
simulation examples.

Keywords: Fuzzy arithmetic, Inverse oper-
ators

1 Introduction

Nowadays, fuzzy numbers and fuzzy values are wide-
ly used in engineering applications because of their
suitability for representing uncertain information. In
this context, fuzzy arithmetics using fuzzy numbers
and fuzzy intervals [5][12] is a frequently encountered
problem, especially in decision making, control theo-
ry, fuzzy systems and approximate reasoning prob-
lems.

It is known that real numbers arithmetic operations are
computed using unique rules that are independent of
what is represented by the numbers involved. That is,
the result of each particular arithmetic operation on
real numbers depends only on the numbers involved
and not on the entities represented by the numbers
[19][21]. As is well known, the validity of this simple
principle is also tacitly assumed in fuzzy arithmetic
operations [4][16][17][24]. Indeed, the usual arith-

metic operations on real numbers can be extended to
the ones defined on fuzzy numbers by means of Za-
deh’s extension principle [26][27]. In this context, di-
rect implementation of this principle in fuzzy
arithmetics is computationally expensive due to the re-
quirement of solving a nonlinear programming prob-
lem [2][18]. To overcome this deficiency, many
researchers have investigated this problem by observ-
ing the fuzzy numbers as a collection of α-levels
[1][9][10][20]. In this case, fuzzy arithmetics are per-
formed using conventional interval arithmetics ac-
cording to the α-cut representation.

In this framework, it has been proved [6][7] that the
conventional interval arithmetic operations {�,�,�,
�} defined for intervals [13][14] can be directly ex-
tended to fuzzy intervals using the left and right pro-
files instead of the lower and upper limits of the
intervals. That is the approach used in this paper for
computing fuzzy arithmetic operations where unimo-
dal fuzzy intervals are considered.

It is well known that standard interval arithmetic oper-
ations give a guaranteed enclosure of the solution,
which is usually too large or more imprecise (the so-
called “dependence effect”). The origin of the problem
is the memoryless nature of interval arithmetic opera-
tions [13][14]. So, the independence property assumed
in real number arithmetics holds not true for comput-
ing interval arithmetics as well as fuzzy interval arith-
metics [21][22]. As mentioned by Zhou in [25] and
stated by Piegat in [19]: «the standard fuzzy arithmetic
does not take into account all the information avail-
able, and the obtained results are more imprecise than
necessary or in some cases, even incorrect». Indeed,
as discussed in [21], the fuzzy arithmetic operations
tackle into account only the information contained in
the operands and completely ignore the additional in-
formation that may emanate from the meaning of these
operands. It follows that fuzzy arithmetic operations
may produce some counterintuitive results. For exam-
ple, when considering a fuzzy interval A, according to
standard fuzzy arithmetics we have A�A ≠ 0 and
A�A ≠ 1. However, in engineering applications, it can
be desirable to have crisp values for A�A, and A�A,
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i.e. the crisp values 0 and 1 respectively.

Moreover, it can be stated that the X solution of the
fuzzy linear equation B�X = A is not, as we would ex-
pect, the value X = A�B, and the solution of the fuzzy
equation B�X = A is not the fuzzy interval X = A�B.
Consequently, the operations of addition and subtrac-
tion (multiplication and division) of fuzzy intervals are
not inverse operations.

In order to overcome these problems, the authors
[21][19] propose to tackle into account all constraints
which represent additional information that are im-
posed on variable values in the considered problem. If
these constraints (equality constraints, inequality con-
straints, ...) are respected, fuzzy arithmetics gives ex-
act operations. However, if they are ignored, the
obtained results are less precise than necessary. An el-
egant study of this problem has been developed in
[19][21].

In this paper another way is explored to determine ex-
act fuzzy arithmetics operations. The proposed meth-
odology is not based on additional information
constraints on the variables but on the characterization
of the volume and/or the quantity of uncertainties con-
tained in the handled variables, for which exact fuzzy
arithmetics can be obtained.

When considering unimodal fuzzy intervals the origi-
nality of this work lies in the answers given to the fol-
lowing questions:

• Is it possible to develop arithmetic operators for
fuzzy intervals so that addition and multiplication
are exactly inverse operations of subtraction and
division?

• Is it possible to determine conditions for guaran-
teeing the existence of these exact operators?

This paper is structured in the following way. In sec-
tion 2, the concepts of fuzzy intervals and fuzzy pro-
files are introduced. Section 3 is devoted to the
presentation of conventional fuzzy arithmetic opera-
tions according to the fuzzy profiles principle. In sec-
tion 4, new fuzzy arithmetic operators are proposed
with their existence conditions. Concluding remarks
are finally given in Section 5.

2 Fuzzy Intervals and Fuzzy Profiles

An interval a can be considered as a set of elements to
which a rectangular membership function µa(x) is as-
sociated (see figure 1). It can thus be viewed as a spe-
cial fuzzy number whose membership function takes
the value 1 over the interval and 0 anywhere else.
Therefore, interval analysis can be considered as a
subset of fuzzy set theory [15][23].

Figure 1: Interval Representation

The interval representation supposes that all possible
values of the interval a belong to it with the same
membership degree. When using a unimodal fuzzy in-
terval representation, a possibility distribution, repre-
sented by a membership function, is associated with
the fuzzy interval A whose support is the interval of all
possible values and whose kernel value is the one and
only best value (see figure 2).

Figure 2: Fuzzy Interval Representation

In order to extend interval arithmetics to fuzzy inter-
vals, one has to consider two dimensions. The first one
(horizontal dimension) is similar to that used in inter-
val representation, that is the real line ℜ . The second
one (vertical dimension) is related to the handling of
the membership degrees and thus restricted to the in-
terval [0, 1]. In this context, two kinds of information
are required for completely defining fuzzy intervals
and thus extending the conventional interval opera-
tions to the latter. Both pieces of information, called
support and kernel value, are defined on the horizontal
dimension, but are associated to two different levels
(level 0 and level 1) on the vertical dimension (see fig-
ure 2).

Generally, an interval valued number is defined by the
set of elements lying between its lower and upper lim-
its as a = {x | a− ≤ x ≤ a+, x ∈ℜ }. Given an interval a,
its midpoint M(a) and its radius R(a) are defined by:

M(a) = ( a− + a+ ) / 2 and R(a) = ( a+ − a− ) / 2 (1)

Let us now consider a unimodal fuzzy interval A [5]
whose membership function is denoted µA and whose
above mentioned features, i.e. support and kernel val-
ue, are respectively denoted SA = [SA−, SA+] and KA.
Obviously, since SA is an interval, we have:

SA− = M(SA) − R(SA) and SA+ = M(SA) + R(SA) (2)

a− a+

1

µa

Support

level 1
A

.
Kernel value

level 0

µA
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In order to specify the fuzzy interval shape, two addi-
tional functions are used to link the support with the
kernel value according to the vertical dimension.
These functions, called left and right profiles and de-
noted respectively A− (the increasing part) and A+ (the
decreasing part) for the fuzzy interval A, are defined
as:

(3)

where λ∈ [0, 1] represents the vertical dimension. It
can be easily stated that:

KA = A−(1) = A+(1), SA = [A−(0), A+(0)]. (4)

Finally, the fuzzy interval A can be univoquely defined
by its left and right profiles. Thus, in the same way that
the conventional interval a is denoted [a−, a+], the
fuzzy interval A will be denoted [A−, A+].

Reciprocally, the profile representation [A−(λ), A+(λ)]
defines a unimodal fuzzy interval A if and only if the
following conditions are satisfied:

(a) A−(λ) is increasing with respect to λ∈ [0, 1],
(b) A+(λ) is decreasing with respect to λ∈ [0, 1],
(c) A−(1) = A+(1) = KA,
(d) A−(0) ≤ KA ≤ A+(0). (5)

It can be noted that condition (d) is induced by proper-
ties (a),(b) and (c).

3 Conventional Fuzzy Arithmetic Ope-
rations with Fuzzy Profiles

The conventional interval arithmetic operations
{�,�,�,�} defined for intervals [13][14] can be di-
rectly extended to fuzzy intervals using the left and
right profiles instead of the lower and upper limits of
the intervals [6][7].

3.1 Profile-based definitions

Let A = [A−(λ), A+(λ)] and B = [B−(λ), B+(λ)] be two
fuzzy intervals, the classical four arithmetic operations
are given by:

(A�B)(λ) = [A−(λ) + B−(λ), A+(λ) + B+(λ)] (6)

(A�B)(λ) = [A−(λ) − B+(λ), A+(λ) − B−(λ)] (7)

(A�B)(λ) = [min Z(λ), max Z(λ)] (8)

where Z(λ) = {A−(λ).B−(λ), A−(λ).B+(λ),
A+(λ).B−(λ), A+(λ).B+(λ)}

For B such that 0 ∉ SB

(A�B)(λ) = [A−(λ), A+(λ)]�[1/B+(λ), 1/B−(λ)] (9)

3.2 Illustrative Example

For the sake of simplicity, let us consider two triangu-
lar fuzzy intervals A and B (see figure 3) given by:

A(λ) = [A−(λ), A+(λ)] = [1 + 2λ, 7 − 4λ]

B(λ) = [B−(λ), B+(λ)] = [−3 + λ, −1 − λ].

Figure 3: Fuzzy Intervals A and B.

Using the standard operations on the fuzzy profiles of
A and B, the following results are obtained:

(A�B)(λ) = [−2 + 3λ, 6 − 5λ] (10)

(A�B)(λ) = [2 + 3λ, 10 − 5λ] (11)

(A�B)(λ) = [−4λ2 + 19λ − 21, −2λ2 − 3λ −1] (12)

(A�B)(λ) = [(7−4λ) / (−1−λ), (1+2λ) / (−3 +λ)] (13)

The obtained results are illustrated in the following
figures (see figure 4 and figure 5).

Figure 4: Addition and subtraction of A and B.

A
− λ( ) Inf x µA x( ) λ x SA

−≥;≥ }{=

A
+ λ( ) Sup x µA x( ) λ x SA

+≤;≥{ }=

Α(λ) = [1+2λ, 7−4λ]

1+2λ 7−4λ

−3+λ
−1−λ

Β(λ) = [−3+λ, −1−λ]

−2+3λ 6−5λ

2+3λ 10−5λ

A�B

A�B
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Figure 5: Multiplication and division of A and B.

3.3 Remarks

While being based on standard fuzzy arithmetics,
these results are not controversial. However, as illus-
trated by the following computations:

(A�A)(λ) = [−6 + 6λ, 6 − 6λ]

(A�A)(λ) = [(1+2λ)/(7−4λ), (7−4λ)/(1+2λ)],

it is obvious that the defined operators produce coun-
terintuitive results. Indeed, as mentioned in [19][21],
A�A ≠ 0 and A�A ≠ 1, where 0 and 1 are singletons
whose fuzzy representation is based on constant pro-
files, that is ∀λ∈ [0, 1], 0−(λ) = 0+(λ) = 0 and 1−(λ) =
1+(λ) = 1. It follows that the X solution of the fuzzy lin-
ear equation A�X = D is not, as we would expect, X =
D�A. For example, by choosing D = [−2 + 3λ, 6 −
5λ], we would expect according to equation (10) that
X = D�A be equal to B, i.e. [−3+λ, −1−λ], which is un-
fortunately not the case:

X = D�A = [−2+3λ, 6−5λ]� [1+2λ, 7−4λ]

= [−9+7λ, 5−7λ] ≠ B.

The same annoyance appears when solving the fuzzy
equation A�X = E whose solution is not given by X =
E�A as expected. For example, by choosing E = [−
4λ2 + 19λ − 21, −2λ2 − 3λ −1] according to equation
(12), the computation of X = E�A leads to a result dif-
ferent from B:

X = E�A

= [−4λ2 + 19λ − 21, −2λ2 − 3λ −1]�[1+2λ, 7−4λ]

= [−4λ2+19λ−21, −2λ2−3λ−1]�[1/7−4λ,1/1+2λ]

= [−4λ2 + 19λ − 21 / 1+2λ, −2λ2 − 3λ −1/ 7−4λ]

≠ B.

To sum up, the addition and subtraction (resp. multi-

plication and division) of fuzzy intervals are not recip-
rocal operations. According to this statement, it is not
possible to solve inverse problems exactly using stan-
dard fuzzy arithmetic operators. In this context, the se-
quel of the paper is devoted to the definition of
modified fuzzy arithmetic operators that allows exact
inversion.

4 Exact Fuzzy Inverse Operators

Our objective is now to develop new subtraction and
division operators denoted respectively �

�
and �

�

which are inverse operations of the addition � and
multiplication� operators.

4.1 The modified �
�

Operator

Definition 1: Let A and B be two unimodal fuzzy in-
tervals with profile representation A(λ) = [A−(λ),
A+(λ)] and B(λ) = [B−(λ), B+(λ)].

The modified difference operator�
�
�

is defined by:

(A�
�

B)(λ) = [A−(λ) − B−(λ), A+(λ) − B+(λ)] (14)

= [Φ−(λ), Φ+(λ)] = Φ(λ)

when the result Φ actually represents a unimodal fuzzy
interval.

Otherwise,�
��

is undefined.

4.2 Properties of the operator �
�

i. Inverse operator of �

When defined, �
�

is the inverse operator of �,
that is B�(A�

�
B) = (A�

�
B)�B = A.

Proof
[B−(λ), B+(λ)]�[Φ− (λ), Φ+(λ)]

= [B−(λ), B+(λ)]�[A−(λ) −B−(λ), A+(λ)−B+(λ)]

= [A−(λ), A+(λ)] = A(λ).

ii. Commutativity

The operator �
��

is not commutative, that is
A�

�
B ≠ B�

�
A.

iii. Multiplication by a scalar

ω . (A�
�

B) = (ω . A�
�

ω . B) for any scalar ω.

iv. Neutral element

The singleton 0 defined by a constant profile equal
to 0 is a right neutral element of �

�
, that is:

A�
�

0 = A.

v. Associativity

The operator�
�
�

is associative, that is:

A�
�

B�
�

C = A�
�

(B�
�

C) = (A�
�

B)�
�

C.

vi. Inverse element

Any fuzzy interval is its own inverse under the
modified subtraction�

�
, i.e. A�

�
A = 0.

−4λ2+19λ−21

−2λ2−3λ−1

(7−4λ) / (−1−λ)

(1+2λ) / (−3+λ)

A�B

A(λ)�B(λ)
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vii. Regularity

A�
�

B = A�
�

C � B = C.

viii. Pseudo-distributivity with regard to�

(A�B)�
�

(C�D) = (A�
�

C)�(B�
�

D),

(A�
�

B)�(C�
�

D) = (A�C)�
�

(B�D).

4.3 Necessary existence condition for �
�

According to equation (14), it is clear that A�
�

B can
always be computed. However, the difference opera-
tion is only valid when the obtained result Φ(λ) is a
unimodal fuzzy interval, which means that the opera-
tor�

�
exists only if Φ(λ) satisfies the four conditions

expressed in (5). The aim of this subsection is to for-
mulate a simple necessary existence condition of �

�

that only depends on some features of the operands A
and B.

Proposition 1: The operator�
�

exists only if the fol-
lowing condition is satisfied:

| ∆K − (M(SA) − M(SB)) | ≤ R(SA) − R(SB) (15)

with : ∆K = KA − KB.

Proof
Φ(λ) is an interval fuzzy number only if conditions (5)
are verified.

According to (14), Φ−(1) = A−(1) − B−(1) and Φ+(1) =
A+(1) − B+(1). As A and B are unimodal fuzzy inter-
vals, it follows that Φ−(1) = Φ+(1) = KA − KB = ∆K. So,
condition (5)(c) always holds.

Satisfying condition (5)(d) requires that

 ⇔

A−(0) − B−(0) ≤ ∆K ≤ A+(0) − B+(0) ⇔

(M(SA) − R(SA)) − (M(SB) − R(SB)) ≤ ∆K

≤ (M(SA) + R(SA)) − (M(SB) + R(SB)) ⇔

− R(SA) + R(SB) ≤ ∆K − (M(SA) − M(SB))

≤ R(SA)−R(SB)) ⇔

| ∆K − (M(SA) − M(SB)) | ≤ R(SA) − R(SB),

which concludes the proof that condition (15) is a ne-
cessary condition for the definition of operator�

�
.
�

Remarks
• It can be stated that the proposed difference opera-

tor is an adapted version of the Hukuhara diffe-
rence definition for fuzzy intervals. Indeed, the
Hukuhara difference of two sets X ∈ C and Y ∈ C,
if it exists, is a set Z ∈ C such that X = Y + Z,
where C is the family of all nonempty convex
compact subsets [3][11].

• When triangular fuzzy numbers are considered, it
can be easily proved that condition (15) is a suffi-
cient condition for the existence of the operator
�
�

. In other words, the satisfaction of (15) gua-
rantees that Φ− (resp. Φ+) is increasing (resp.
decreasing) with respect to λ∈ [0, 1].

• If the two fuzzy intervals A and B are symmetric,
i.e. KA = M(SA) and KB = M(SB), then the exis-
tence condition (15) is reduced to the support con-
dition R(SA) − R(SB) ≥ 0.

4.4 The modified �
�
�Operator

Definition 2: Let A and B be two unimodal fuzzy in-
tervals with 0 ∉ SB, the modified division operator
�
��

is defined by:

A(λ)�
�

B(λ) = Φ(λ) = [Φ−(λ), Φ+(λ)] (16)

where:

(17)

and

(18)

when the result Φ actually represents a unimodal fuzzy
interval.

Otherwise,�
��

is undefined.

4.5 Properties of the operator �
�

i. Inverse operator of�

When defined, �
�

is the inverse operator of �,
that is B�(A�

�
B) = (A�

�
B)�B = A.

Proof

B(λ)�(A(λ)�
�

B(λ))

= B(λ)�Φ(λ)

= [(B(λ)�Φ(λ))− , (B(λ)�Φ(λ))+] (19)

By substituting the expression of Φ given by (17)
and (18) in equation (19) and according to the sign
of SB, two cases can be distinguished:

1) If SB > 0, the expression is given by:

(B�Φ)− = M(B).Φ− − R(B).Φ−. sign(Φ−)

(B�Φ)+ = M(B).Φ+ + R(B).Φ+. sign(Φ+)

otherwise expressed as:

Φ−
0( ) K Φ+

0( )≤∆≤

Φ− λ( ) Num
− λ( )

Den
− λ( )

-----------------------=

=
M A λ( )( ) R A λ( )( ) sign M SB( )( )⋅–

M B λ( )( ) R B λ( )( ) sign Num
− λ( )( )⋅–

---------------------------------------------------------------------------------------------

Φ+ λ( ) Num
+ λ( )

Den
+ λ( )

-----------------------=

=
M A λ( )( ) R A λ( )( ) sign M SB( )( )⋅+

M B λ( )( ) R B λ( )( ) sign Num
+ λ( )( )⋅+

----------------------------------------------------------------------------------------------
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(20)

and

. (21)

As sign(Num−) = sign(A−) = sign(Φ−)

sign(Num+) = sign(A+) = sign(Φ+)

equations (20) and (21) can be rewritten as:

(22)

2) If SB < 0, it can be stated that:

(B�Φ)− = M(B).Φ+ − R(B).Φ+. sign(Φ+),

(B�Φ)+ = M(B).Φ− + R(B).Φ−. sign(Φ−).

By adopting the same principle as in the previous
case, the following expression are obtained:

. (23)

�

ii. Commutativity

The operator �
�

is not commutative, that is
A�

�
B ≠ B�

�
A.

iii. Multiplication by a scalar

ω.(A�
�

B) = (ω . A�
�

ω . B) for any scalar ω.

iv. Neutral element

The singleton 1 defined by a constant profile equal
to 1 is a right neutral element of�

�
, that is A�

�
1

= A.

v. Associativity

The operator�
�
�

is associative, i.e.

A�
�

B�
�

C = A�
�

(B�
�

C) = (A�
�

B)�
�

C.

vi. Inverse element

Any fuzzy interval is its own inverse under the
modified division�

�
, i.e. A�

�
A = 1.

vii. Regularity

A�
�

B = A�
�

C � B = C.

viii. Distributivity with regard to�

(A�B)�
�

C = (A�
�

C)�(B�
�

C).

4.6 Necessary existence condition for �
�

Proposition 2: The operator �
�
�

exists only if the
following condition is satisfied:

(24)

where δK = KA / KB, δM = M(SA) / M(SB),
Rex(.) = R(.) / M(.) and S = sign(1 − |Rex(SA)|).

Proof
Φ(λ) is an interval fuzzy number only if conditions (5)
are verified.

According to (17), as R(A(1)) = R(B(1)) = 0,

Φ−(1) = M(A(1)) / M(B(1)) = KA /KB = δK

In the same way, according to (18),
Φ+(1) = M(A(1)) / M(B(1)) = KA /KB = δK

So, Φ−(1) = Φ+(1) = δK, which means that continuity
between left and right profiles is guaranteed. In other
words, condition (5)(c) always holds.

Satisfying condition (5)(d) requires that

 (25)

Two situations have to be considered according to the
sign of B that is:

1) If B is positive, according to equations (17) and
(18), the inequality (25) becomes:

(26)

where s1 = sign (M(SA) − R(SA)) and
s2 = sign (M(SA) + R(SA)).

2) If B is negative, the inequality (25) becomes:

. (27)

By regrouping inequalities (26) and (27), it follows:

. (28)

As s1s2 = sign (M(SA)2 − R(SA)2) = sign (1 − Rex(SA)2)
= sign (1 − | Rex(SA) | ) = S, it follows that condition
(5)(d) is satisfied if and only if constraint (24) holds.

�

Remark
• The inequality (24) is a necessary condition for

the existence of A�
�

B but not a sufficient one.
Whenever condition (24) holds, the existence of
A�

�
B further required that Φ− (resp. Φ+) be

B Φ⊗( )− M B( ) A
−⋅

M B( ) R B( ) sign Num
−( )⋅–

--------------------------------------------------------------------=

R B( ) A
-⋅

M B( ) R B( ) sign Num
−( )⋅–

-------------------------------------------------------------------- sign Φ−( )⋅–

B Φ⊗( )+ M B( ) A
+⋅

M B( ) R B( ) sign Num
+( )⋅+

--------------------------------------------------------------------=

+
R B( ) A

+⋅

M B( ) R B( ) sign Num
+( )⋅+

-------------------------------------------------------------------- sign Φ+( )⋅

B Φ⊗( )− M B( ) R B( ) sign Φ−( )⋅–( ) A
−⋅

M B[ ] R B[ ] sign Φ−( )⋅–( )
---------------------------------------------------------------------------- A

−
= =

B Φ⊗( )+ M B( ) R B( ) sign Φ+( )⋅+( ) A
+⋅

M B( ) R B( ) sign Φ+( )⋅+( )
----------------------------------------------------------------------------- A

+
= =

B Φ⊗( )−
A

−
=

B Φ⊗( )+
A

+
=

1 − Rex SA( )
1 − S Rex SB( )⋅
--------------------------------------------- δK

δM
--------

1 Rex SA( )+

1 Rex SB( )+
-------------------------------------≤ ≤

Φ−
0( ) δK Φ+

0( )≤≤

δM
1 − Rex SA( )

1 − s1 Rex SB( )
------------------------------------ δ≤ K δM

1 Rex SA( )+

1 s2Rex SB( )+
-----------------------------------≤

δM
1 + Rex SA( )

1 − s2Rex SB( )
------------------------------------ δ≤ K δM

1 Rex SA( )–

1 s1Rex SB( )+
-----------------------------------≤

1 − Rex SA( )
1 − s1s2 Rex SB( )
-------------------------------------------- δK

δM
--------

1 Rex SA( )+

1 Rex SB( )+
---------------------------------≤ ≤
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increasing (resp. decreasing) with respect to λ∈ [0,
1]. Actually, it is possible that condition (24) is
verified for all the level-cuts of A and B without Φ
being a fuzzy subset. In other words, the monoto-
nicity of Φ− and Φ+ not only depends on the sup-
port and kernel of A and B but also on their shape.
For example, it can be verified that condition (24)
is sufficient for triangular fuzzy intervals A and B.
On the contrary, when A is the product of two tri-
angular fuzzy intervals, condition (24) is no more
sufficient.

4.7 Illustrative Example

Case 1: Let us illustrate the behavior of the proposed
modified operators for computing with the two fuzzy
intervals A and B previously defined in section 3.2

It can be verified that the condition (15) is respected,
i.e.

∆K = KA − KB = 3 −(−2) = 5

M(SA) − M(SB) = M( [1,7] ) − M( [−3, −1]) = 6

R(SA) − R(SB) = 3 − 1 = 2

| ∆K − (M(SA)−M(SB)) | = |5 − 6| ≤ R(SA) − R(SB) = 2

In this case, the modified difference between A and B
is defined and given by:

A(λ)�
�

B(λ) = [1+2λ, 7−4λ]�
�

[−3+λ, −1−λ]

= [4 + λ, 8−3λ]

As expected, it can be verified that:

[ 4+λ, 8−3λ ]��[ −3+ λ, −1−λ ] = A(λ)

In the same way, let us evaluate A�
�

B. Firstly let us
verify that the existence condition (24) is respected.

δK = KA / KB = 3/(−2) = −6

δM = M(SA) / M(SB) = 4/(−2) = −8

By substituting these values into (24), it follows:

,

which means that (24) is verified.

Then, computing A�
�

B, we get:

[1+2λ, 7−4λ]�
�

[−3+λ, −1−λ] = [Φ−(λ), Φ+(λ)]

with:

It can be verified that�
��

is the exact inverse of� as
shown in Figure 6 where the right plot illustrates that
A�

�
[(A�

�
B)�B] = 0 (with some computation noi-

se).

Figure 6: Exact fuzzy inverse operators

Case 2: Let us now consider two other fuzzy intervals
A and B:

A(λ) = [A−(λ), A+(λ)] = [1 + 0.5λ, 5 − 3.5λ]

B(λ) = [B−(λ), B+(λ)] = [−4 + 2λ, −1 − λ].

It can be stated that condition (15) is violated. Indeed,
|3.5 − 5.5| ≥ 0.5. In this case, the difference operator is
undefined. Actually, computing A�

�
B would pro-

duce [5 − 1.5λ, 6 − 2.5λ], that is a non valid result
since it does not represent a fuzzy interval (see Figure
7(a)).

In the same way, it can be verified that the existence
condition for the division operator is not respected:

.

By computing the result that would be obtained, we
get [(5 − 3.5λ) / (−4 + 2λ), (1 + 0.5λ) / ( −1 − λ)], again
a non valid result as illustrated by Figure 7(b).

Figure 7: Non valid operations

0.5
6
8
--- 7

6
---≤ ≤

Φ− λ( ) 4 λ–( ) 3 3λ–( ) 1–( )⋅–
2–( ) 1 λ–( ) 1( )⋅–

-----------------------------------------------------------=
7 4λ–

3– λ+
-----------------=

Φ+ λ( ) 4 λ–( ) 3 3λ–( ) 1–( )⋅+
2–( ) 1 λ–( ) 1( )⋅+

-----------------------------------------------------------=
1 2λ+

1– λ–
----------------=

A�
�

B
0 5 x10-16

A�
�

[(A�
�

B)�B]

5
6
--- 10

9
------ 50

48
------≥≤

(b) Division

(a) Subtraction

A�
�

B

A�
�

B

Inverse Arithmetic Operators for Fuzzy Intervals 285



5 Conclusion

This paper presents a new methodology for the imple-
mentation of the substraction and the division opera-
tors between fuzzy intervals with their existence
conditions. The proposed operators are exact inverses
of the addition and multiplication operators. In some
cases, these new modified operators can solve the
overestimation problem well known in fuzzy arithmet-
ics.
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Abstract

This paper deals with interval-valued fuzzy sets
and I-fuzzy sets, Atanassov's intuitionistic fuzzy
sets. They are treated in a systematic way as
two, formally equivalent, natural extensions of
methods of representing incomplete knowledge
about sets. We define and investigate triangular
norm-based areas of uncertainty of interval-val-
ued fuzzy sets and I-fuzzy sets, and study some
properties of related uncertainty degrees of their
elements.
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set, Incomplete knowledge, Area of uncertainty.

1 Introduction

In recent years, there is a growing interest in and an inten-
sification of research on two generalizations of the idea of
a fuzzy set: interval-valued fuzzy sets and I-fuzzy sets.
Both of them are tools for representing incompletely
known fuzzy sets, i.e. tools for modeling a mixture of two
important phenomena: imprecision and incompleteness of
information.

Interval-valued fuzzy sets were introduced by Zadeh in
1975 ([17]). Surprisingly, they were also proposed in the
same year by Sambuc [13] and by some other researchers;
see [4] for further references. I-fuzzy sets were defined by
Atanassov in 1983 under the name "intuitionistic fuzzy
sets" ([1, 2]). Since there is a terminological conflict be-
tween his objects and "true" intuitionistic fuzzy sets, intui-
tionistic logic-based fuzzy sets by Takeuti and Titani [14],
some alternative names have been proposed, e.g. "bipolar
fuzzy sets", "IF-sets", and just "I-fuzzy sets" used in this
paper; see [4] for details about that dispute. Speaking for-
mally, interval-valued fuzzy sets and I-fuzzy sets are

equivalent concepts. The idea of I-fuzzy sets, however,
puts emphasis on positive and negative information. It
seems that just this feature of Atanassov's objects is espe-
cially attractive and stimulates their applications in deci-
sion making and other areas (see e.g. [10]).

We like to look at interval-valued fuzzy sets and I-fuzzy
sets in a systematic way as at two natural extensions of
some methods referring to a simpler issue, namely repre-
sentation of incompletely known sets. For both of these
extensions, the notion of a triangular norm-based area of
uncertainty and degree of uncertainty will be introduced
and investigated.

2 Incomplete Knowledge about Sets
and its Representation

Let us take a look at the issue of incomplete knowledge
about a setA ⊂ M. The status of some elementsx ∈ M
(membership/nonmembership or fulfilment/nonfulfilment
of a crisp property, in other words) is then practically un-
known or uncertain. This implies a division of the uni-
verseM into the following three pairwise disjoint classes:

A+ - composed of thosex's whose belonging toA is
known (sure),

A− - contains thex's that surely do not belong toA,

A? - thearea of uncertainty of A, composed of allx's with
unknown (uncertain) status.

Since each of these classes is uniquely determined by the
remaining two, incompleteness of knowledge aboutA can
be modeled by specifying any of the pairs

( A+, A?), ( A-, A?), ( A+, A-)

of sets.

If the representation (A+, A?) is chosen, it is convenient
to rewrite it in the form (A+, A+ ∪ A?). So, speaking
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more formally, incompleteness of knowledge aboutA can
be expressed by means of a pair

( B, C ) with B ⊂ C, (2.1)

where the setB contains sure elements ofA, and C
represents sure elements together with those with un-
known or uncertain status. Then

A? = B ′∩ C. (2.2)

Recollect in the context of (2.1) that each nondecreas-
ing, uncountable family of (cut) sets

( A1− t )t ∈ [0, 1)

is identical with a fuzzy setA: M → [0, 1] representing
imprecise information, whereAw = {x : A( x) ≥ w }. The
two-element families from (2.1) are isomorphic to fuzzy
sets M → {0, 1/2, 1}.

Pairs (2.1) were introduced by Gentilhomme in 1968 as
flou sets ([6]; see also [9]). Again, independently and
using different motivations, they were defined at the
same time by Klaua aspartial sets ([7]). Pawlak'srough
sets from [11, 12] are also constructions collapsing in
essence to (2.1). However, contrary to flou sets, their
sums and intersections cannot be constructed by per-
forming suitable set-theoretic operations on the compo-
nents. Recall that a rough set

(2.3)

is a pair of approximating sets in which

{ x ∈ M: [ x ]ρ⊂ A}

is the lower approximation of A, whereas

{ x ∈ M: [ x ]ρ ∩ A =/ Ø}

forms its upper approximation. The equivalence relation
ρ is treated as an indiscernibility relation of objectsx
described in terms of given attributes and their values.
The area of uncertainty (2.2),

,

is then called theboundary of A with respect toρ.

An interesting generalization of the representation from
(2.1) is the concept of atwofold fuzzy set

TA = ( SA, PA) with SA⊂ ( PA )1 (2.4)

introduced in [5].SA is a fuzzy set of more or less sure
elements ofA, whereasPA forms a fuzzy set of its more

or less possible elements. The inclusion in (2.4) implies
SA⊂ PA, and means that elements being sure to a positive
degree must be fully possible. The corresponding area of
uncertainty

SA′ ∩ PA

is interpreted as a fuzzy set ofdubious elements of A,
i.e. elements whose belonging toA is possible but not
sure.

Let us move on to the other two variants of representa-
tions of an incompletely known setA. It seems that the
form ( A-, A?), dual in a way to (A+, A?) and focusing
on negative information, is not used in the subject litera-
ture. Formally, it can be rewritten as (2.1), too, but the
semantics of the components is then different:B is a set
of impossible elements ofA, whereasC contains ele-
ments which are impossible or uncertain.

Much more interesting seems to be the third form,
namely (A+, A-). It is bipolar by putting emphasis on
positive (A+) and negative (A-) information, on positive
and negative examples of elements ofA, in other words.
This way of representing incomplete knowledge is ex-
emplified by the idea ofsub-definite sets by Narin'yani
([8]). In a more formalized notation, incomplete knowl-
edge aboutA is now represented by a pair

( B, D ) with B ⊂ D ′. (2.5)

B is a set of sure elements ofA, and D contains sure
elements ofA′. We thus have

B ⊂ A ⊂ D ′, (2.6)

i.e. B and D ′, respectively, are a lower evaluation and
an upper evaluation ofA. The set

A? = B ′∩ D ′ (2.7)

forms the area of uncertainty ofA.

3 Representing Incompletely Known
Fuzzy Sets

Trying to model fuzzy sets with incompletely known
membership grades, a reasonable and natural way of
doing is to pattern oneself upon the representations of
incompletely known sets from Section 2 with special
reference to (2.1) and (2.5). And this idea finds its ma-
terialization in the concepts of interval-valued fuzzy sets
and I-fuzzy sets (cf. also [15]). Let us look at them a bit
closer drawing special attention to related areas of un-
certainty.
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3.1 Using Interval-Valued Fuzzy Sets

As one knows, an interval-valued fuzzy set is a pair
E =( Al , Au ) of fuzzy setsAl , Au : M → [0, 1] with

Al ⊂ Au .

Al and Au, respectively, form a lower bound and an
upper bound of an incompletely known fuzzy setA, i.e.
A ( x) ∈ [ Al ( x), Au ( x)]. What we deal with is thus a di-
rect extension of (2.1) to fuzzy sets.

For a triangular normt and a strong negationν, let us
define (cf. (2.2))

UE = Al
ν ∩t Au . (3.1)

The fuzzy setUE is the area of uncertainty ofE, where-
as

UE ( x) = ν( Al ( x)) t Au ( x) (3.2)

is a degree of uncertainty concerned withx. Worth con-
sidering are properties of (3.2) for two important classes
of t-norms. To this end, however, we need some addi-
tional notation. Denote byνt the negation induced byt,
νt( a) = {c : a t c = 0}. On the other hand,tν will denote
the t-conorm which isν-dual to t, a tν b = ν(ν( a) t ν( b)).

If t is nonstrict Archimedean andν = νt, thenUE ( x) ex-
presses our uncertainty as to membership degree ofx in
an incompletely known fuzzy setA represented byE.
Notice that

UE ( x) = 0 ⇔ Al ( x) = Au ( x),
i.e. (3.3)

UE = 1Ø ⇔ E is a fuzzy set.

Interpreting (3.2) becomes a more complex task when-
ever we use a strong negationν and a t-normt having
no zero divisors, say, a strictt or t = ∧ . This timeUE ( x)
seems to be uncertainty as to membership degree ofx
in A combined with fuzziness of that degree. Indeed, we
have

UE ( x) = 0 ⇔ (Al ( x), Au ( x)) ∈ {(0, 0), (1, 1)},

i.e. (3.4)
UE = 1Ø ⇔ E is a set.

If there is no uncertainty as to membership degrees in
A, thenE collapses to a fuzzy set,E = (A, A), and

UE ( x) = ν( A( x)) t A( x). (3.5)

So, UE ( x) becomes an ordinaryt-based index of fuzzi-
ness ofx.

Theorem 3.1. Let E = ( Al , Au ). If t is a nonstrict Archi-
medean t-norm, ν = νt and h is normed generator of tν,
then

∀ x ∈ M: UE ( x) = h−1( h ( Au ( x)) − h ( Al ( x))).

In the case of nonstrict Archimedean t-norms, uncer-
tainty degreesUE ( x) are thus isomorphic to the lengths
of the intervals [Al ( x), Au ( x)]. Denote byνŁ and tŁ, re-
spectively, the Łukasiewicz negation and the Łukasie-
wicz triangular norm, respectively, whereνŁ( a) = 1− a
anda tŁ b = 0 ∨ (a + b −1). Applying t = tŁ, we getνt = νŁ
andh = id, which gives

UE ( x) = Au ( x) − Al ( x).

More generally, one has

UE ( x) = (( Au ( x)) p
− ( Al ( x)) p )1/p

when a Schweizer-Sklar t-normtS,p is used, where

a tS,p b = [0 ∨ (a p + b p
− 1)]1/p, p > 0.

Theorem 3.2. Let E = ( Al , Au ) be an interval-valued
fuzzy set. One has

∀ x ∈ M: Al ( x) tν UE ( x) = Au ( x)

if t is nonstrict Archimedean and ν = νt. For t = ∧ with
any strong negation ν, we get

∀ x ∈ M: Al ( x) tν UE ( x) ≤ Au ( x).

For t = tŁ, the equality in Theorem 3.2 collapses to the
standard

Al ( x) + UE ( x) = Au ( x).

There is no general relationship betweenAl ( x) tν UE ( x)
and Au ( x) and if a strict t is used.

3.2 Using I-Fuzzy Sets

By an I-fuzzy set one means a pair = (A+, A− ) of fuzzy
sets A+, A−: M → [0, 1] such that

A+ ⊂ ( A−)ν, (3.6)

whereν denotes a strong negation. This notion is thus a
direct extension of (2.5). By virtue of (3.6), each I-fuzzy
set is formally equivalent to an interval-valued fuzzy
set. However, some care as to that equivalence is neces-
sary if triangular norm-based operations are taken into
account. Basic relations for and operations on I-fuzzy
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sets = (A+, A− ) and = (B +, B − ) with (3.6) are then
defined as follows:

= ⇔ A+ = B + & A− = B −,

⊂ ⇔ A+ ⊂ B + & B − ⊂ A−,

∪ t, s = (A+ ∪ s B +, A− ∩t B
− ), (3.7)

∩t, s = (A+∩t B
+, A− ∪ s B − ),

′ = (A−, A+),

where t and s, resp., denote a t-norm and a t-conorm,
(F∩t G )( x) = F ( x) tG ( x), (F ∪ s G )( x) = F ( x) sG ( x).By
the way, t and s can be, respectively, replaced by an
interval-valued (non-representable) t-norm and t-conorm
from [3]. There are good reasons for takings = tν in (3.7)
(see [10, 16] for details). Indeed, just the use ofs = tν

guarantees that sums and intersections of I-fuzzy sets
coincide with s-based sums andt-based intersections of
interval-valued fuzzy sets corresponding to them, where

( Al , Au ) ∪ s ( Bl , Bu ) = ( Al ∪ s Bl , Au ∪ s Bu )
and

( Al , Au )∩t ( Bl , Bu ) = ( Al ∩t Bl , Au ∩t Bu ).

What is more, sums and intersections of I-fuzzy sets
collapsing to ordinary fuzzy sets are then (and only
then) still fuzzy sets expressed as I-fuzzy sets. Notice
that, on the other hand, the very idea of interval-valued
fuzzy sets withs-based sums andt-based intersections
does not require the restrictions = tν in this context.

Unlike interval-valued fuzzy sets, the idea of I-fuzzy
sets puts emphasis on positive (A+) and negative (A−)
information, on positive and negative examples of ele-
ments having an imprecise property. = (A+, A− ) rep-
resents incomplete knowledge about a fuzzy setA and
its complementAν which are such that (cf. (2.6))

A+ ⊂ A ⊂ ( A−)ν and, hence,A− ⊂ Aν ⊂ ( A+)ν.

So, A+ is a lower bound onA, A− forms a lower bound
on Aν,

A( x) ∈ [ A+( x), ν(A−( x))]
and

Aν( x) ∈ [ A−( x), ν(A+( x))].

In the original commonly used Atanassov's terminology
from [1, 2], A+ is understood as amembership function,
whereasA− is interpreted as anonmembership function.
So, A+( x) forms a membership degree of x, and A−( x)
is a nonmembership degree. Condition (3.6) guarantees
that

A+( x) ≤ a* or A−( x) ≤ a*

for each x with a* denoting a unique fixed point of the
negation ν. In other words, the membership and the

nonmembership degrees ofx must not be "too large" at
the same time.

Drawing inspiration from Pawlak's rough set theory, the
following two types of approximate equalities can be de-
fined on I-fuzzy sets:

=pos ⇔ A+ = B +,
( positively equal to )

=neg ⇔ A− = B −.
( negatively equal to )

Both =pos and =neg are obviously equivalence relations,
and we have

= ⇔ =pos & =neg .

Similarly, approximate inclusions

⊂ pos ⇔ A+ ⊂ B +

( positively contained in )
and

⊂ neg ⇔ B − ⊂ A−

( negatively contained in )

can be introduced as two partial order relations.

3.3 Uncertainty Areas of I-Fuzzy Sets

The uncertainty area of an I-fuzzy set = (A+, A− ) is
usually called thehesitation area of , and is defined as
([10, 16])

χ = ( A+)ν ∩t (A−)ν = ( A+ A−)ν (3.8)

with a t-norm t and a strong negationν (see (2.7)). Its
membership degree

χ ( x) = ν(A+( x) tν A−( x)) (3.9)

is interpreted as adegree of hesitation concerned with
x. Notice that

∀ x ∈ M: φ(A+( x) tν A−( x)) + φ(χ ( x)) = 1 (3.10)

with φ being an automorphism of [0, 1] generatingν,
ν( a) = φ−1(1− φ( a)).

The original Atanassov's formulation of I-fuzzy sets
from [1, 2] is a particular case of the presented general
approach when∪ ∧ , ∨ and∩∧ , ∨ are used in (3.7) as basic
operations, whereast = tŁ and ν = νŁ are employed in
(3.6) and (3.8). Indeed, (3.6), (3.9) and (3.10), respec-
tively, then collapse to (see also Theorem 3.3)
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A+( x) + A−( x) ≤ 1,

χ ( x) = 1− A+( x) − A−( x),

A+( x) + A−( x) + χ ( x) = 1

for eachx ∈ M.

Let us restrict our further discussion to Archimedean
t-norms, includingt = ∧ . First, we present a few addi-
tional examples of hesitation degrees. Fort = tS,p with
ν = νt, the basic condition (3.6) collapses to

∀ x ∈ M: ( A+( x)) p + ( A−( x)) p ≤ 1,

and we obtain

χ ( x) = [1 − ( A+( x)) p
− ( A−( x)) p]1/p.

Using the product t-norm withν = νŁ, one gets

χ ( x) = 1− A+( x) − A−( x) + A+( x) A−( x),

whereast = ∧ gives

χ ( x) = 1− A+( x) ∨ A−( x).

Similarly to (3.3), if t is nonstrict Archimedean and
ν = νt, then χ ( x) expresses our hesitation as to mem-
bership degree ofx in an incompletely known fuzzy set
A modeled by . One has

χ ( x) = 0 ⇔ A+( x) = ν(A−( x))

for eachx, which leads to

χ = 1Ø ⇔ is a fuzzy set.

As a corollary from Theorem 3.1, we have

Theorem 3.3. Let = (A+, A− ). If t is nonstrict Archi-
medean, ν = νt, and h is normed generator of tν, then

∀ x ∈ M: χ ( x) = h−1(1− h ( A+( x)) − h ( A−( x))).

Again, applying a strong negationν with a strict t-norm
t or t = ∧ , χ ( x) becomes hesitation as to membership
degree of x combined with fuzziness of that degree,
namely (cf. (3.4), (3.5))

χ ( x) = 0 ⇔ (A+( x), A−( x)) ∈ {(1, 0), (0, 1)},
i.e.

χ = 1Ø ⇔ is a set.

Further, if collapses to a fuzzy set, = (A, Aν), and
thus there is no hesitation as to membership degrees in
A, we have

χ ( x) = A( x) t ν( A( x)),

i.e. χ ( x) forms an ordinaryt-based index of fuzziness
of x.

Theorem 3.4. Let = (A+, A− ). If ν = νt with a nonstrict
Archimedean t-norm t, then

A+ χ = (A−)ν.

For t = ∧ with any strong negation ν,

A+ χ ⊂ (A−)ν.

This analogue of Theorem 3.2 refers to the identity
A+ ∪ A? = ( A−)′ for incompletely known sets. As previ-
ously, if a strict t-norm is used, there is no general rela-
tionship betweenA+ χ and (A−)ν.

Finally, we like to present an illustrative example of ap-
plications of triangular norm-based I-fuzzy sets and their
hesitation areas in GDM, group decision making. Let
P = {p1, ... ,pm} be a set of m ≥ 1 individuals, and let
S = { s1, ... ,sn} denote a set ofn ≥ 2 options (decision
alternatives). Each individualpk , k = 1, ... ,m, formulates
his/her individual preferences overS by means of a bi-
nary fuzzy relationRk in S. Rk can be presented in the
form of an n×n matrix

Rk = [ ]

in which ∈ [0, 1] is a degree to which pk prefers si
to sj ; one puts = 0. Intuitively speaking, and
cannot be "too large" at the same time and, thus, we
assume that

≤ ν( )

with a strong negationν (cf. (3.6)). The number

= ν( ) t ν( )

with i ≠ j and a t-normt expresses ahesitation of pk as
to his/her preference concerningsi and sj (cf. (3.9));
additionally, one defines = 0. This formal model is
then a starting point for constructing a family of general
algorithms of GDM, including the direct and indirect
approach. In the direct case, they generate a solution
being a fuzzy setSQ of options such that a soft majori-
ty, Q individuals, is not against them, whereQ denotes
a "most"-type relative linguistic quantifier. Using the in-
direct approach, first the individual preference matrices
R1, ... ,Rm are aggregated into a social preferencen×n
matrix R representing common preferences of the whole
group P over S. Second, on the basis ofR, one derives
a solutionWQ understood in this case as a fuzzy set of
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options being preferred by the group overQ other options
from S. The reader is referred to [10] for a detailed
presentation and discussion of this issue.

4 Concluding Remarks

In this paper, first, we have dealt with the issue of sets
with incomplete knowledge for which the status of some
elements is practically unknown or uncertain. Three math-
ematically equivalent methods of representing that
incompleteness and related uncertainty are then possible.
Further, we have considered interval-valued fuzzy sets and
I-fuzzy sets, Atanassov's intuitionistic fuzzy sets, with
triangular norms. Those objects were treated as two
formally equivalent tools for representing incomplete
knowledge about fuzzy sets which are natural extensions
of the methods of representing incompletely known sets.
We have defined and investigated triangular norm-based
uncertainty areas of interval-valued fuzzy sets and I-fuzzy
sets. In general, their properties and semantics depend on
the t-norm being used. In the case of a t-norm without
zero divisors, an interpretation involving fuzziness degrees
seems to be appropriate.
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Abstract

We define two negotiation protocols for
Group Decision Making, which main feature
is the existence of acceptation thresholds.
In order to predict which consensus are ex-
pected to arise, we study the equilibria of
these protocols in the sense of Game The-
ory. We also investigate their sensitivity to
manipulation by the actors.

Keywords: Group Decision Making, Pref-
erences, Game Theory, Equilibria, Manipu-
lation.

1 Introduction

By Group Decision Making (GDM in short) we mean
a set of decision makers (DM) that have jointly to sin-
gle out one option among several from the preferences
of each DM. These preferences are assumed to be rep-
resented by a cardinal utility function.

A first class of approaches to previous problem con-
sists in defining an automatic procedure, also called
mechanism, in which the DMs do not participate di-
rectly. The most well-known ones are derived from
voting rules, using Fuzzy Set Theory [10]. A GDM
problem is indeed similar to voting problems, except
that the preference representation is not cardinal in
these latters [1]. One can also find extensions of some
concepts of Cooperative Game Theory, such as the
Core or the bargaining set, to GDM problems [17].
Whatever the solution that is proposed, there is al-
ways the possibility that a DM complains about the
outcome of the mechanism. This leads to the second
class of approaches where the idea is to let the DMs
discuss together and reach by themselves a consensus.
The GDM community has mainly focuses on defin-
ing measures of soft consensus [11], on understand-
ing the reason why individual preferences differ and
on providing recommendations to the DMs who are

the most distant to the consensual position, of how to
change their preferences to reduce the overall disagree-
ment [16]. Another reason why the preferences of the
individuals can vary over time is the fact that each
agent is influenced by the other ones. From a theo-
retical standpoint, one can assume that such influence
is known and modeled with, for instance De Groot’s
linear model [3] or the soft consensus non linear model
[6]. Consensual dynamics consists then in predicting
what will be the result of such influences.

In the Multi-Agent and Artificial Intelligence commu-
nities, the problem of finding a consensus is seen as a
bargaining problem where the consensus results from
a negotiation protocol [14, 9, 5]. This approach has not
received much attention in the GDM community [4].
The goal of this paper is to study a type of protocol
that tackle the GDM problem.

A consensus protocol is an iterative process that for-
malizes the exchanges that are allowed among the
DMs. At each run of a protocol, one proposal is made
by one DM or a group of DMs, the other DMs vote
on the acceptation or rejection of that offer, and the
process goes on if the offer is rejected.

We consider two protocols in this paper. In these two
protocols, the main feature is the existence of an ac-
ceptance threshold such that any offer more attractive
for a DM than that threshold must be accepted by
him. This threshold decreases over time, compelling
the DMs to accept more and more offers over time.
The only difference between these two protocols is that
individual DMs are actors of the protocol in the first
one whereas coalitions of DMs are actors in the second
protocol.

It is not easy to see whether a protocol is a priori
expected to lead to fair consensual options. Non-
Cooperative Game Theory is a powerful tool to per-
form such prediction under rationality assumptions.
One indeed looks for the equilibria of the protocols. In-
terestingly, the equilibria for the first protocol lead to
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the usual maximin solution, whereas the second proto-
col leads to a weak version of the counterpart in GDM
problems of the Nucleolus known in Cooperative Game
Theory [13].

Another important issue often studied for voting rules
is the possibility for the DMs to manipulate the out-
come of the consensus by announcing preferences that
are not their true ones [7, 15, 12]. Our two protocols
are easily manipulable. The origin comes from the
cardinal nature of the preference representation. Two
possible proposals to reduce this sensitivity are made.

The rest of the paper is organized as follows. Section
2 gives some preliminaries. The first protocol is de-
scribed and analyzed in Section 3. The sensitivity of
this protocol to manipulations is discussed in Section
4. Section 5 depicts the second protocol.

2 Description of the problem

Let N be the set of DMs and A the set of options. A
is supposed to be finite. We assume that the prefer-
ences of DM i can be expressed as a utility function
ui such that the larger the better for DM i. Without
loss of generality, utilities can be assumed to belong
to the [0, 1] interval. The set of functions from A onto
[0, 1] is denoted by U(A). A consensus mechanism is
a function M : U(A)n → A.

It is not easy to predict the behavior of the DMs face
to a negotiation protocol. Subgame Perfect Equilibria
(SPE) [13] give realistic predictions under the assump-
tion that DMs behave rationally and that they have
perfect information on all preferences. The difficulty
comes from the fact that, during the protocol, a DM
cannot readily assess the consequences of his choices
since he does not know the choice of the next DMs
in the protocol. The only case where this is simple is
for the last DM to give a decision. The second last
DM can then assess the consequences of his choices,
assuming that the last DM considers his best choices.
And so on. This backward induction algorithm defines
SPEs [13].

3 Description and analysis of the first
protocol

In a negotiation protocol, a DM may stick to his initial
preferences without taking into account the arguments
of the other players. As a result, the protocol never
converges to an agreement. In the literature, it is often
assumed that options become less and less attractive
over time so that early consensus are encouraged [14].
However, assuming that the utility of DMs for an op-
tion decays with the time is not always valid or may

be complex to represent in practice. Another possibil-
ity is to force DMs to accept proposals for which their
utility is larger than a given threshold. This thresh-
old is large at the beginning of the protocol so that
players have the complete freedom to refuse, and the
threshold decreases with time, enforcing players to ac-
cept more and more potential proposals, and thus to
make more and more concession. This reduction of the
freedom of the DMs is motivated by fairness (it is not
fair that a player accepts a not so good option to him
and that another player rejects an option with a simi-
lar utility) and cooperation (make sure to converge to
an agreement) reasons.

We assume that the order in which DMs are proposers
is defined beforehand. More precisely, DM τk is the
proposer at iteration k. We introduce the following
protocol.

Protocol P1. At iteration k ∈ IN∗:

• Player τk makes an offer a ∈ A.
• All other players say Yes or No. How-

ever, a player i ∈ N \ {τk} must neces-
sarily accept if ui(a) ≥ ρi(k).

• If at least one player rejects the offer, we
go to the next iteration. Otherwise, a is
chosen and the protocol ends.

The option that is chosen is called outcome of the pro-
tocol. We introduce the following condition.

Axiom Thresholds (T). For all i ∈ N , ρi(k)
is non-increasing w.r.t. k and reaches value
0 in a finite time T � (i.e. ρi(T �) = 0).

Thanks to that axiom, after a given time (that is large
enough), any proposal is necessarily accepted by all
players, so that P1 ends after a finite time.

Lemma 1 Under (T), protocol P1 has at least one
SPE.

Let A�(k) = {a ∈ A , ∀i ∈ N ui(a) ≥ ρ(k)}. At an
iteration k, any offer in A�(k) is necessarily accepted
as the outcome. By (T)

A�(1) ⊆ A�(2) ⊆ · · · ⊆ A�(T �) = A .

Lemma 2 Assume that (T) holds. Let K be the
smallest integer such that A�(K) �= ∅. Assume fur-
thermore that all players are proposer at least once at
or after iteration K. Let K ′ be the smallest integer
larger than K such that

{τK , τK+1, . . . , τK′} = N .

Then the resulting outcome of any SPE of protocol P1
belongs to A�(K ′).
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Player τK that is proposer at iteration K is the first
player that can be sure to get an acceptable offer.
However the options of A�(K) may not be very at-
tractive to him so that he can make an unacceptable
offer and hope that a better option will be proposed
at a further iteration.

The following result shows that we can restrict ourself
to SPEs that ends at iteration K ′. The other SPEs
use unnecessary extra iterations.

Corollary 3 Under the assumptions of Lemma 2, for
any SPE of protocol P1, there exists a SPE of protocol
P1 that ends at an iteration in {1, . . . , K ′} and that
leads to the same outcome.

By Corollary 3, it is enough for restrict to iteration
in {K, . . . , K ′}, in the computation of the SPE. We
define the following algorithm.

Algorithm Algo4. Let us define Rk ⊆ A on
induction of k ∈ {1, . . . , K ′} as follows.

• Set RK′ = {a ∈ A�(K ′) ,

uτK′ (a) = max
b∈A�(K′)

uτK′ (b)
}

• For k iterating from K ′ − 1 downwards
to 1,
– For any a ∈ A and a� ∈ Rk+1, define

Fk(a, a�) =⎧⎨
⎩

a if ∀i ∈ A \ {τk} either
ui(a) ≥ ρ(k) or ui(a) ≥ ui(a�)

a� otherwise

– Set

Rk =
⋃

a�∈Rk+1

{Fk(a, a�) , a ∈ A and

uτk
(Fk(a, a�)) = max

b∈A
uτk

(Fk(b, a�))
}

The set of options resulting from that algo-
rithm is RK .

Algorithm Algo4 has a polynomial complexity. More
precisely, the maximal number of operations that Al-
gorithm Algo4 can perform is of order K ′ p2 (2n+ p).

Proposition 4 Under the assumptions of Lemma 2,
RK resulting from Algorithm Algo4 is the set of pos-
sible outcomes of the SPEs of protocol P1.

The following axiom assumes that any player is peri-
odically a proposer.

Axiom Periodical Proposers (PP).
There exists T ∈ IN such that for any
k ∈ IN∗ and any i ∈ N , there exists
j ∈ {k, k + 1, . . . , k + T } such that τj = i.

Let A� =
{

a ∈ A , min
i∈N

ui(a) = max
b∈A

min
i∈N

ui(b)
}

be the

maximin solution.

We consider now families {ρδ
i }δ of functions ρi

parametrized by a value δ ∈ (0, 1) such that

∀k ∈ IN ,
∣∣ρδ

i (k)− ρδ
i (k + 1)

∣∣ ≤ c δ (1)

For these functions, one can attain any arbitrarily
small differences between two successive thresholds.
Note that the upper bound for the maximal time of
an end to the protocol depends on δ.

We show that under previous condition, equilibria cor-
respond to the maximin solutions.

Proposition 5 Let {ρδ
i}δ be families of functions sat-

isfying (1), (PP) and (T) such that ρδ
1 = · · · = ρδ

m

and ρδ
1(0) = · · · = ρδ

m(0) = 1. Then there exists
Λ ∈ (0, 1) such that for any δ ∈ (0, Λ), the SPEs of
protocol P1 are elements of A�.

The idea of the proof is that if δ is small enough, then
all players will be proposers at least once while ρδ lies
in-between u(A \ A�) and u(A�). Before those itera-
tions, there is always at least one player that is not
forced to accept a proposal. For those iterations, the
only proposal for which all players are forced to ac-
cept are A�. After those iterations, more options can
be necessarily accepted but such options are disadvan-
tageous for at least one player. This player could have
avoided getting this bad option by just proposing any
element of A� during his turn in previous iterations.

4 Strategy proofness of Protocol P1

The Gibbard-Satterthwaite theorem [7, 15] shows that
there is no democratic voting rule that is not manipu-
lable. A voting rule is manipulable when the outcome
of the vote is better to a DM if he announces prefer-
ences that are not his true ones, compared to when he
reveals his true preferences. This definition of manip-
ulation can be extended to consensus mechanisms.

Definition 6 A consensus mechanism M is subject
to manipulation if

∃i ∈ N , ∃u′i ∈ U(A) such that
ui (M(u′i, u−i) > ui (M(u1, . . . , un))

In this definition ui represents the true utility of i, and
u′i is what DM i announces.

If a� is the best option of player i (according to his
true utility ui), and if player i announces the following
utility

ũi(a) =
{

ε if a �= a�

1 if a = a� (2)
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then for ε small enough, a� is the outcomes of all SPE
of protocol P2. As a result, protocol P2 is subject
very much to manipulation. An easy manipulation
for a DM consists thus to over-estimate his best op-
tions and under-estimate the other ones. This strategy
does not require to know the private information of the
other DMs.

This drawback may be see as acceptable in the context
of cooperation. However, even if the DMs accept to
cooperate, they may wish to adopt a strategy that will
favor their personal interest. So they may exaggerate
their preferences or change them a little bit.

4.1 Detecting exaggerations

Protocol P1 assumes that utility functions ui repre-
sent the true preferences of the DMs and that these
utility functions are commensurate among the DMs.
This implies that a score say 0.6 given by one DM has
the same meaning that the same score 0.6 for another
DM. This assumption is very hard to obtain. Multi-
Criteria Decision Analysis and Measurement Theory
provide a solution to this problem [2, 8]. The idea
is to construct utility function ui as an interval scale.
This is a numerical representation of the preferences of
the DM in which the notion of difference makes sense.
This means that the difference of satisfaction between
options a and b is ui(b)−ui(a)

ui(d)−ui(c)
times more important

than the difference of satisfaction between options c
and d. An interval scale is given up to an affine trans-
formation. The idea of the Macbeth approach is then
to identify in A two references elements and to fix en-
tirely the interval scale by fixing the utility for these
two particular elements. These two elements are cho-
sen so that they have the same meaning throughout
the DM. The first element corresponds to an option
0i ∈ A that is considered as completely unacceptable
to DM i. The second element is an option 1i ∈ A that
is considered as completely satisfactory to DM i. El-
ements 01, . . . ,0n have the same meaning, and so do
elements 11, . . . ,1n. We furthermore set ui(0i) = 0
and ui(1i) = 1 for all i ∈ N .

Previous methodology is designed to construct util-
ity functions that really represent the preferences of
the DM and to ensure commensurateness between the
DMs. Note that it is possible that each utility function
ui is constructed from multiple criteria [2, 8].

It is always possible that a DM has sheeted during the
elicitation of his utility function. This means that the
utility function he obtains is somehow in-between his
true one and the one described in (2). We want to
stress the fact that it is possible to some extend to
guess whether a DM has exaggerated his preferences.

An easy way to exaggerate his preferences is to re-

duce the support of the utility function, making it
sharper. Let us show this in a simple case. Assume
that the options are described by one attribute and
are ranked according to this attribute in the following
order a1, a2, . . . , ap. We assume furthermore that the
options are uniformly spread over the values of the at-
tribute. Then ∆lui := ui(al+1)−ui(al) is proportional
to the derivative of ui at the value of the attribute cor-
responding to al. According to previous remark, the
more DM i exaggerates his preferences, the sharper ui

in some parts, and thus the less uniform ∆lui over l.
It appears thus that a measure of uniformity of ∆lui

can assess the degree of exaggeration of DM i. Since
the Shanon entropy is classically used to measure such
uniformity, we make the following definition

Wi :=
∑

l∈{1,...,p−1}
−∆lui log(∆lui) .

Comparing the value of Wi for all DMs, one can detect
the more exaggerating ones, i.e. the ones with the
smallest values of Wi. They can be asked to revise
their utility function, in the spirit of [18, 4].

4.2 On the manipulation of protocol P1

We have seen that when commensurateness among
DMs is assumed, the protocol is very sensitive to ma-
nipulation. It is not so easy to renormalize cardinal
utility functions in order to obtain this property. In
(2), a DM can exaggerate the difference of preferences
and thus of utility between two options. One way to
get rid of this problem is to construct a utility func-
tion that is not based on difference of intensities in the
preferences but just on an ordinal information which
is the ranking of the options according to a DM.

More precisely, we consider an isomorphism τi from
A onto the integer set {1, . . . , p}. The set of all iso-
morphisms from A onto the integer set {1, . . . , p} is
denoted by I(A). τi is assumed to represent the ordi-
nal preferences of DM i over A. This representation is
valid iff the preference relation of DM i is a total order
(i.e. having no ex equo). Then a ∈ A is preferred to
b ∈ A according to DM i ∈ N if τi(a) > τi(b). Then we
define ui(a) := 1

p τi(a). Set τ = (τ1, . . . , τn) ∈ I(A)n.

Remark that τ cannot easily be determined when A
contains many elements, for instance when A is a com-
binatorial space.

Each DM has thus to define the ordering τi he wants
to be applied in the game. The overall problem can
thus be seen as a two-stage game. Firstly each DM has
to provide his ranking on the set A of options. This
corresponds to a distortion game [12]. Secondly, the
DMs enters in the protocol with fixed utility functions
defined from τ . One can assume that the solutions to
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the second game are the Maximin solutions A�(τ).

A vector τ� ∈ I(A)n is a Nash equilibrium of the first
game iff for all i ∈ N and all τi ∈ I(A),

ui(A�(τ�)) ≥ ui(A�(τi, τ
�
−i)) .

Set for S ⊆ N , τ∧S (a) := min
k∈S

τk(a), and, for i ∈ N ,

τ∧−i(a) := τ∧N\{i}(a). Let

A�(τ) :=
{

a ∈ A , τ∧N (a) = max
b∈A

τ∧N (b)
}

Lemma 7 Let τN\{i} ∈ I(A)n−1 and a ∈ A. Then
there exists τi ∈ I(A) such that A�(τ) = {a} iff

∣∣{b ∈ A \ {a} , τ∧−i(b) ≥ τ∧−i(a)
}∣∣ < τ∧−i(a)

and τ∧−i(a) > 1 (3)

Let

Ai(τ−i) := {a ∈ A , (3) is satisfied} .

Corollary 8 Let τN\{i} ∈ I(A)n−1. Set D̃k = {a ∈
A , τ∧−i(a) ≥ k}.
There exists τi ∈ I(A) such that A�(τ) is reduced to a
singleton iff there exists k ∈ {2, . . . , p} such that

|D̃k| ≤ k . (4)

Let K be the smallest integer k satisfying (4). Then
Ai(τ−i) = D̃K. Moreover, |Ai(τ−i)| ≤

⌈
p
2

⌉
, where 
r�

denotes the smallest integer larger or equal to r.

Lemma 9 A�(τ) is reduced to a singleton iff there ex-
ists a ∈ D̃K such that

∀b ∈ Da , τi(b) < min(τi(a), τ∧−i(a))
and either τi(a) ≥ τ∧−i(a) or ∀b ∈ A \ (Da ∪ {a}) ,

min(τi(b), τ∧−i(b)) < τi(a) (5)

Assume that Ai(τ−i) �= ∅. Then player i cannot act in
such a way to obtain an option not in Ai(τ−i). Con-
sider the option a�(i) of Ai(τ−i) that has the largest
value of τi. This is the best option that DM i can
get. If the conditions of Lemma 7 are not satisfied for
option a�

i , then DM i can announce another τ̃i. He
can set τ̃i(a�(i)) = max(τi(a�(i)), τ∧−i(a

�(i))). Then
(5) becomes

∀b ∈ Da�(i) , ui(b) < ui(a�(i)) .

Since |Da�(i)| < τi(a�(i)), it is always possible to define
τ̃i(b) for b ∈ Da�(i) such that previous relation holds.

We study here in the situation of all DMs except one
are giving their true preferences, and we investigate
the interest for the last player to lie on his true prefer-
ences. The major difference between the cardinal case
and the ordinal case is that a DM cannot obtain his
preferred option by choosing strategy (2). In the ordi-
nal case, he can only force to obtain one of the most
preferred options for the remaining DMs. This set is
some kind of consensus of the remaining DMs.

5 A protocol based on coalitions of
players

5.1 Protocol

In Protocol P1, each individual DM is actor of the
protocol. It is well-known that individual DMs become
stronger when they group themselves. This lead to
the case where the actors correspond to a coalition
structure, that is a partition of N . One can also think
of a generalization of that, considering all coalitions
that can form. Let us denote by W ⊆ 2N the set
of admissible coalitions. One can think of the set of
winning coalitions in the sense of a voting rule. We
are thus interested in a protocol where the actors that
give their opinion are in fact all coalitions in W .

The second protocol is similar to P1, except that the
actors are coalitions of W rather than individual DMs.
The proposers and responders are elements of W . The
sequence of proposers is supposed to be known in ad-
vance and is denoted by Π1, Π2, . . .

Protocol P2. At iteration k ∈ IN∗:

• Coalition Πk makes an offer a ∈ A (a
can already be proposed earlier).

• All other coalitions in W \{Πk} say Yes
or No. However, a coalition S must ac-
cept a if e(S, a) ≥ ρS(k).

• If at least one coalition rejects the of-
fer, we go to the next iteration. Other-
wise, the option is chosen and the pro-
tocol ends.

Lemma 10 Under (T), protocol P2 has at least one
Subgame Perfect Nash Equilibrium (SPE).

5.2 A generalization of Minimum Regret
Solution

The idea of the maximin solution is to select the op-
tion for minimize the dissatisfaction of the player that
enjoys the less the option. The maximin solution is
the option (or the set of options) a such that

min
i∈N

ui(a) = max
a′∈A

min
i∈N

ui(a′) .
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We will see in a second that the Nucleolus proposes
another definition of dissatisfaction. Instead of look-
ing at the worse score of an option over the players,
the idea of the Nucleolus is to look at the difference
between what a set of players get with an option and
what they could get at best.

The bargaining sets are based on the notion of justi-
fied objection. An objection is justified whenever there
is no counterobjection. One sees that this definition
is purely qualitative. There is indeed no notion of in-
tensity of an objection or a counterobjection. This
may explain why one cannot obtain nonemptyness in
the general case [17]. In order to avoid the conse-
quences of Arrow’s theorem, one may think of quan-
titative concepts, such as the Nucleolus. This notion
is classically based on the concept of excess. For a
classical TU game, the excess for a given coalition and
an imputation is the difference between what the game
will provide for this coalition and what the imputation
promises to give. In our case, the excess is defined by

e(S, a) = max
b∈A

∑
i∈S

ui(b)−
∑
i∈S

ui(a) .

e(S, a) is the difference between the maximal possible
total satisfaction degree to players S and what they
get with a. e(S, a) cannot be negative. This notion of
excess generalizes the notion of regret known in Social
Choice [1]. In Social Choice, N represents the soci-
ety, and

∑
i∈N ui(a) represents the total worth repre-

sented by a on the whole society. The option that is
best for society is thus the option a that maximizes∑

i∈N ui(a). The regret associated to an option a is
then defined as e(N, a). In Social Choice, the mini-
mum regret option procedure corresponds to selecting
the option that minimizes regret e(N, a).

A strictly positive excess e(S, a) may be interpreted as
a dissatisfaction of the coalition S when faced with the
proposal a. Hence, vector {e(S, a)}S⊆N measures the
dissatisfaction of the subcoalitions of N about a. In-
stead of expressing dissatisfaction as an objection that
one player can make to another one, as in the bar-
gaining set, another option is to consider the alterna-
tives a whose highest complaint maxS⊆N e(S, a) is the
smallest one. Define thus max by (e(S, b))S⊆N max

(e(S, a))S⊆N iff maxS⊆N e(S, b) ≥ maxS⊆N e(S, a).

A first idea is to select the option that minimizes the
The leads to the maximin solution on the excess :

K =
{

a ∈ A , max
S⊆N

e(S, a) = min
b∈A

max
S⊆N

e(S, b)
}

,

and

KW =
{

a ∈ A , max
S∈W

e(S, a) = min
b∈A

max
S∈W

e(S, b)
}

,

where W is a subset of 2N .

We will then show that under some assumptions, all
equilibria of this protocol are exactly the elements of
the maximin set KW on the excess. This gives a the-
oretical characterization of KW . Since the Nucleolus
NW is a refinement of KW , it also justifies this result.
We want to stress that Protocol P2 does not pretend
to be realistic in practice. It serves as a bargaining
characterization of KW .

Lemma 11 Let {ρδ
S}δ be families of functions satis-

fying (1), (PP) and (T) such that ρδ
S does not de-

pend on coalition S, and ρδ
S(0) = 1 for all coalitions

S. Then there exists ∆ ∈ (0, 1) such that for any
δ ∈ (0, ∆), the SPEs of protocol P2 are the elements
of KW .

5.3 Nucleolus

It is well-known that the max ordering is not quite
discriminative since the two payoff vector are judged
similar as soon as their maximal value is the same. It
is possible to refine this max ordering, in such a way
to be more discriminative. We say that an ordering ′
is a refinement of max if x ′ y whenever x max y,
x �′ y whenever x �max y, and there exists z, t such
that z �′ t and z ∼max t. The leximax ordering defined
below is a refinement of the max ordering.

Define the lexicographic ordering lex on vectors in IRd

(for some m ∈ IN) by : x lex y iff

∃p ∈ {1, . . . , m} , xj = yj for all j ∈ {1, . . . , p}
and xp+1 > yp+1 .

Let x, y ∈ IRd with τ, π permutations on {1, . . . , d}
such that xτ(1) ≥ · · · ≥ xτ(d) and yπ(1) ≥ · · · ≥ yπ(d).
The leximax ordering is defined by

x leximax y iff (xτ(1), . . . , xτ(d)) lex (yπ(1), . . . , yπ(d)) .

Define �N by

a N b ⇐⇒ (e(S, b))S⊆N leximax (e(S, a))S⊆N

The prenucleolus set is the option of A such that the
associated vector (e(S, a))S⊆N in IR2N

is the smallest
element in the leximax sense [13] :

N = {a ∈ A , ∀b ∈ A a N b}
Lemma 12 N �= ∅.
Example 13 Consider 4 options and 3 players.

Option a Option b Option c
Player 1 1 0.4 0.7
Player 2 0.5 0.3 0.2
Player 3 0.2 0.3 0.7
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The excess values are given in the following array.

e(·, ·) Option a Option b Option c
{1} 0 0.6 0.3
{2} 0 0.2 0.3
{3} 0.5 0.4 0
{1, 2} 0 0.8 0.6
{1, 3} 0.3 0.8 0
{2, 3} 0.2 0.3 0
{1, 2, 3} 0 0.7 0.1

One has N = {a} whereas b is the maximin solution.
The choice of option a has much less complaint from
players and groups of players than the selection of b.

Lemma 14 If a, b ∈ N then∑
i∈N

ui(a) =
∑
i∈N

ui(b) .

In the general case, the Nucleolus is not necessarily
reduced to a singleton, as shown in the following result.

Lemma 15 Let a, b ∈ A such that
∑
i∈N

ui(a) =

∑
i∈N

ui(b), and for all c ∈ A \ {a, b} and all i ∈ N ,

ui(c) < ui(a) and ui(c) < ui(b) .

Then
N = {a, b} .

However, as the following example shows, the elements
of the Nucleolus do not necessarily have the largest
value of

∑
i∈N ui(a), or equivalently the smallest value

of the overall excess
∑

S⊆N e(S, a). This comes from
the fact that the Nucleolus is derived from the max
ordering.

Example 16 Consider 4 options and 3 players.

a b c d
Player 1 1 0.5 0.5 0.6
Player 2 0 0.5 0 0.1
Player 3 0.2 0.2 0.7 0.3

The excess values are given in the following array.

e(·, ·) a b c d
{1} 0 0.5 0.5 0.4
{2} 0.5 0 0.5 0.4
{3} 0.5 0.5 0 0.4
{1, 2} 0 0 0.5 0.3
{1, 3} 0 0.5 0 0.3
{2, 3} 0.5 0 0 0.3
{1, 2, 3} 0 0 0 0.2

One has N = {d}. However,

∑
S⊆N

e(S, d) = 2.3 >
∑
S⊆N

e(S, a) =
∑
S⊆N

e(S, b)

=
∑
S⊆N

e(S, c) = 1.5

So, one sees that the overall excess on all possible coali-
tions is much worse for d than for a, b and c.

It is possible to restrict the definition of the Nucleolus
to winning coalitions. This means that one does not
care about the excess for losing coalitions.

NW = {a ∈ A , ∀b ∈ A

(e(S, b))S∈W leximax (e(S, a))S∈W
}

.

Following Example 16, the overall excess∑
S∈W e(S, a) is an interesting measure together

with the leximax ordering. To this end, the leximax
ordering has to be transformed into a utility model.
It is well-known that the leximax ordering cannot in
the general case be described by a utility model, i.e.

x leximax y ⇐⇒ Fleximax (x) ≥ Fleximax (y) .

This is possible when the scale in discrete, which is not
our case. However, we replace the leximax ordering
by that induced by such function Fleximax . This gives
a coarsening of the leximax ordering but it is still a
refinement of the max ordering.

Define thus for τ ∈ [0, 1] for x : W → IR

Gτ (x) = τ
∑

S∈W
x(S) + (1− τ) Fleximax (x) .

Function Gτ describes a tradeoff between the largest
excess and the mean excess. Then define

N �
W = {a ∈ A , ∀b ∈ A

Gτ

({e(S, b)}S∈W
) ≥ Gτ

({e(S, a)}S∈W
)}

.

Example 17 Consider 3 options and 3 players.

Option a Option b Option c
Player 1 0.5 0 0
Player 2 0.1 0.5 0.7
Player 3 0.5 0.5 0

It is easy to seen that a �N b. Assume now that op-
tion c is withdrawn. Removing c from A leads to the
reverse relation b �N a. We conclude that the pres-
ence of c influences the preference between a and b.
Hence the Nucleolus does not satisfy the Independence
to Irrelevant Alternatives axiom [1].
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6 Conclusion

We have introduced in Section 3 a negotiation pro-
tocol that is mainly characterized by an acceptance
threshold that obliges the DMs to accept an offer hav-
ing a better utility than that threshold. In order to
predict the outcome of this protocol, we have studied
its SPEs. In the case where the thresholds decreases
slowly enough, we show that the SPEs correspond to
the maximin solution. In the general case, we have
designed an algorithm that compute the outcomes of
all possible SPEs.

We notice in Section 4 that the protocol is subject to
manipulation by the DMs. Two possible proposals to
reduce this sensitivity are made. The first one consists
in the detection of a possible distortion of the initial
preferences. The second one proposes an ordinal ver-
sion of the protocol, which reduces the influence of
manipulation.

Previous protocol has been generalized in Section 5
allowing coalitions to interact. This leads to a solution
concept that generalizes the notion of minimum regret
and that seems to be new.
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Abstract

In Multiple Criteria Decision Analysis, the
preferences of the decision maker regarding
each criterion are classically modelled by a
utility function depending on one single vari-
able representing the point of view attached
to the criteria. There are situations in which
the preferences regarding an attribute de-
pend on more variables. In this case, we
propose an extended model taking into ac-
count all contributing variables. The main
asset of our approach is that it does not
requires much more data from the decision
maker than the classical model. We also pro-
pose an explanation framework.

Keywords: decision support systems, mul-
tiple criteria analysis, utility functions, con-
text.

1 Introduction

Multi-Criteria Decision Analysis (MCDA) aims at
helping a Decision Maker (DM) in selecting one op-
tion among several or in assessing several options, on
the basis of a family N = {1, . . . , n} of viewpoints
characterizing the various consequences of this selec-
tion or these assessments. An essential part of this
analysis is the construction of a multi-criteria model
deemed to represent the preferences � of the DM. For
two options a and b, a � b means that a is at least as
good as b to the DM. We consider here the transitive
decomposable model [7]

a � b ⇐⇒
H(u1(a), . . . , un(a)) ≥ H(u1(b), . . . , un(b))

where uk(a) measures the satisfaction of the DM re-
garding option a considering only viewpoint k ∈ N ,
and H is an aggregation function.

MCDA is very often applied to problems where the
options of interest A = {a1, . . . , am} are either known
in advance or constructed during the early stage of the
analysis. In this case, the multi-criteria model is usu-
ally specified only on the options of A. In particular,
utility function uk is constructed only on the elements
of A, and thus uk : A → IR.

There are many applications where an explicit repre-
sentation of the utility functions on the set of options
is not possible. Let us describe three examples. In
the first example, the number of options is either in-
finite or very large so that it is not possible to elicit
the satisfaction degree uk of the DM explicitly on all
options. In the two other examples, the multi-criteria
model must be constructed without a knowledge of
the options on which it will be applied later. The sec-
ond example corresponds to bid evaluation in public
call for tenders [1, 2]. The model must thus be speci-
fied before the competition begins, and must be made
public to the potential candidates. It defines the rules
under which the candidates will be assessed. In the
last example, the multi-criteria model is implemented
in decision support system as an embedded function
that has to provide an assessment each time a new
situation arises. One can mention automatic assess-
ment of trainees in a simulator or automatic situation
assessment in a surveillance system.

These applications are very different from previous
case since the model shall produce meaningful com-
parisons or assessments on all potential options that
can arise. All these options may cover very different
situations that have to be anticipated beforehand. The
model that is constructed must thus be generic enough
to take all these situations into consideration.

In previous examples, the consequence of potential op-
tions on each viewpoint k ∈ N must necessarily be
described by a set Xk called descriptor or attribute.
This set corresponds to a mono-dimensional variable
that is the indicator or metric that is used to repre-
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sent the viewpoint. An option a is thus described by a
value ak ∈ Xk on each attribute, and utility function
uk is now a function from Xk onto IR.

The representation of a viewpoint k ∈ N by one mono-
dimensional attribute Xk is not always satisfactory. It
happens indeed that a same value of an attribute Xk

corresponds to different situations and is interpreted
differently by the DM. Let us give an example. Con-
sider a training simulator in which trainees practice
shooting on targets with a riffle. The main viewpoint
to be considering when evaluating the quality of a shot
is the sighting shift which is the distance between the
point that the trainee has aimed with the riffle and the
center of the target. This variable corresponds to the
descriptor associated with the main viewpoint. The
smaller this value the better. However, a value of, say
10 cm is not always judged in the same manner by the
instructor. If the target is at short range and is not
moving, 10 cm is judged bad, whereas if the target is
at long range and is moving, this same figure is judged
very good. This means that in order to assess attribute
sighting shift, one needs to know the distance of the
target as well as its speed. These two variables charac-
terize the context under which the attribute must be
analyzed.

More generally, an attribute Xk must sometimes be
analyzed with other variables called hereafter contex-
tual variables described the sets Y 1

k , . . ., Y pk

k . Let
Pk = {1, . . . , pk} be the contextual variables for view-
point k. We want to stress that the contextual vari-
ables do not measure the consequence on another view-
point. The utility function uk are thus defined as
uk : Xk × Y 1

k × · · · × Y pk

k → IR.

From now on, we consider the case where set Xk is
continuous. We propose in this paper a method to
construct a utility function uk : Xk×Y 1

k ×· · ·×Y pk

k →
IR, requiring a number of data provided by the DM
which is not much more than what is done for usual
mono-dimensional utility functions.

The rest of the paper is organized as follows. Section
2 describes the Macbeth approach that aims in spec-
ifying mono-dimensional utility functions. Section 3
shows some naive ways to tackle the multidimensional
aspect of utility functions and gives their drawbacks.
The model of representation of the multi-dimensional
utility functions is explained in Section 4. We explain
the data that must be provided by the DM to specify
the model. The interpolation method that enables the
DM to compute the utility value once the model has
been specified is given in Section 5. The model that is
proposed in this paper is a little bit more complex than
the mono-dimensional one for a user. It becomes thus

necessary to help the DM in understanding the result
of the evaluation by proposing an automatic genera-
tion of an explanation in a Decision Support System.
This is precisely the goal of Section 6.

2 Construction of mono-dimensional
utility function

Let us describe in this section the usual case where the
preferences of the DM over viewpoint k depends only
on attribute Xk. We denote by �k the preference rela-
tion of the DM over Xk. Under the Birkhoff-Milgram
theorem, if �k is a weak order and Xk/ ∼k contains
a countable order-dense subset, then �k can be repre-
sented by a function uk : Xk → IR, that is [7]

x �k x′ ⇐⇒ uk(x) ≥ uk(x′) . (1)

Function uk satisfying (1) corresponds to an ordinal
scale. In order to obtain a cardinal scale, one needs to
possess a quaternary relation ��

k over Xk × Xk. For
x, x′, t, t′ ∈ Xk, xx′ ��

k t t′ means that the intensity of
preference between x and x′ is at least as good as that
between t and t′. Under some reasonable conditions
on ��

k, we have the following equivalence [7]

xx′ ��
k tt′ ⇐⇒ uk(x)−uk(x′) ≥ uk(t)−uk(t′) . (2)

AHP [9] and Macbeth [3] can be used to construct
utility functions. We only describe Macbeth since it is
well-founded from a measurement standpoint, and en-
sures both (1) and (2). Assume that Xk is an interval
of IR. Utility function uk is assumed to be piecewise
linear. It is thus enough to determine uk on a finite
set of elements {x1, . . . , xq} ⊂ Xk, with x1 ≤ · · · ≤ xq.
uk is indeed affine between two points xi and xi+1:

uk(x) = I(x; x1, uk(x1), . . . , xq, uk(xq))

where

I(x; x1, u1, . . . , xq, uq)

=

⎧⎨
⎩

u1 if x ≤ x1

ui + (ui+1 − ui) x−xi

xi+1−xi if xi ≤ x < xi+1

uq if x ≥ xq

There remains to explain how uk(x1), . . . , uk(xq) are
determined in the Macbeth approach. The construc-
tion of ��

k on the q selected elements x1, . . . , xq re-
quires the comparison of q(q−1)/2 quantities (namely
all differences uk(xj)− uk(xl) where xj 
k xl), which
demands roughly q4/8 operations. In order to re-
duce the complexity, the idea is ask the DM to as-
sess directly the q(q − 1)/2 differences of satisfaction
uk(xj)− uk(xl) between two values xj and xl, for any
j �= l such that xj 
k xl. Since the DM cannot assess
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such quantities with precise numbers, the Macbeth
approach proposes an ordinal assessment scales com-
posed of only 6 elements: {very small, small, mean,
large, very large, extreme}=: E . The information
asked in practice is thus quite similar to ��

k. The ad-
vantage of asking uk(xj)−uk(xl) is that it leads to a re-
dundant information that will enable to compute accu-
rate but non-unique values of uk(xj) for j ∈ {1, . . . , q}.
The second advantage is that it is easier for a human
being to give some relative information regarding a
difference (for instance uk(xj) − uk(xl)) than to give
some absolute information (for instance uk(aj)).

Previous method defines an interval scale. Such scale
is unique up to an affine transformation. uk can be
uniquely determined by fixing its value at two refer-
ence points of Xk. We assume that there exists on
Xk an element denoted by 0k that is considered as
completely unacceptable by the DM, and an element
denoted by 1k that is considered perfectly satisfactory
by the DM. In order to specify entirely utility func-
tion uk, the utilities of reference elements 0k and 1k

are fixed to values 0 and 1 respectively.

uk(0k) = 0 , uk(1k) = 0 . (3)

3 Naive ways to construct
multi-dimensional utility functions

The first naive method to construct multi-dimensional
utility function uk : Xk×Y 1

k ×· · ·×Y pk

k → IR consists
in applying exactly the approach described in Section
2. Utility function uk can indeed be seen as a func-
tion on the Cartesian product Xk × Y 1

k × · · · × Y pk

k .
Assume that each set Xk, Y 1

k , . . . , Y pk

k can be char-
acterized by q elements. Hence one needs to deter-
mine uk on qpk+1 elements to determine uk every-
where. Applying Macbeth, this means that the DM
must provide qpk+1(qpk+1−1)

2 ≈ 1
2q2(pk+1). The general-

ization of mono-dimensional approaches to the multi-
dimensional case would lead to a number of questions
that is far too big for the DM. So this method is not
possible in practice.

An alternative solution would be to synthesize all vari-
ables into one unique. In previous example, let us
denote by x the sighting shift, by y1 the distance to
target and by y2 the speed of the target. This amounts
to defining a new variable such as

z = x− 1
10

y1 − 1
3

y2

and construct a one-dimensional utility function on z.
This is what B. Roy have called arithmo-morphism [8].
The construction of z is very empiric and arbitrary [8].

We propose in this paper a method to construct a util-
ity function uk : Xk ×Y 1

k × · · · ×Y pk

k → IR that is not
doing arithmo-morphism, with a number of data pro-
vided by the DM which is not much more than what
is done for usual mono-dimensional utility functions.

4 Representation of the
multi-dimensional utility function

Point of view k ∈ N is described by a main variable x
called metric which values belong to the set Xk. The
interpretation of each value of that metric depends on
a context depicted by a set y1, . . . , ypk

of contextual
variables taking values in the sets Y 1

k , . . . , Y pk

k respec-
tively.

We denote by �k the preference relation of the DM
over Xk×Y 1

k ×· · ·×Y pk

k . Set y = (y1, . . . , ypk
) ∈ Yk :=

Y 1
k × · · · × Y pk

k . In the following, for S ⊆ Pk, we will
denote (yS , y′−S) the compound vector z with zj = yj

for j ∈ S and zj = y′j for j ∈ Pk \ S. For y ∈ Yk fixed,
define the preference relation �k,y over Xk, which is
just the restriction of �k on the set Xk × {y}.
Preference relation �k,y is a mono-dimensional order
relation that can be constructed as described in Sec-
tion 2. By (1), (2) and (3), we obtain

x �k,y x′ ⇐⇒ Uk,y(x) ≥ Uk,y(x′) . (4)

x x′ ��
k,y t t′ ⇐⇒

Uk,y(x)− Uk,y(x′) ≥ Uk,y(t)− Uk,y(t′) . (5)

∃0k,y ,1k,y ∈ Xk , Uk,y(0k,y) = 0 , Uk,y(1k,y) = 0 .
(6)

Recall that 0k,y and 1k,y correspond to two reference
points.

The preferences of the DM on viewpoint k is mainly
influenced by attribute Xk. The contextual variables
just strengthen or weaken this link. They cause the
judgment of the DM being more or less tolerant. One
feels that the preferences as described by �k,y can
be derived from �k,y′ . More precisely, we look for
an homomorphism from (Xk,�k,y) and (Xk,�k,y′).
Under some order-dense conditions between (Xk,�k,y

) and (Xk,�k,y′), which states that (Xk,�k,y) and
(Xk,�k,y′) are of the same dimension, there exists an
homorphism φy,y′ : Xk → Xk such that

∀x, x′ ∈ Xk , x �k,y x′ ⇐⇒ φy,y′(x) �k,y′ φy,y′(x′) .
(7)

φy,y′(x) is the value of Xk at context y′ that is equiv-
alent to value x at context y.

∀y, y′ ∈ Yk , (x, y) ∼k (φy,y′(x), y′) , (8)
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Function φy,y′ shall be surjective so that
Range(φy,y′) = Xk. Function φy,y′ shall be strictly
increasing so that �k,y and �k,y′ represent the same
ordinal preferences up to shrinking and dilations of
the Xk scale.

Since φy,y′ is an homomorphism, it shall preserve the
reference elements :

∀x ∈ Xk φy,y′(0k,y′) = 0k,y , φy,y′(1k,y′) = 1k,y .
(9)

Lemma 1 Under (4), (5), (6), (8) and (9), one has
for all x ∈ Xk and y, y′ ∈ Yk

Uk,y(x) = Uk,y′(φy,y′(x)) .

Previous lemma shows that the utility function for one
context y′ can be deduced from the utility function for
another context y.

We now assume that φy,y′ is continuous and strictly
increasing, and that Xk is an interval (Xk is convex in
IR).

Lemma 2 For all x ∈ Xk where L(x) = {x′ ∈
Xk , Uk,y(x′) = Uk,y(x)} is finite, then

φy,y′(x) = φy′,y
−1(x) .

For the other values of x, Uk,y is constant and if
φy,y′(x) = φy′,y

−1(x), one would have exactly the same
utility value.

One can assume that for all x ∈ Xk

φy,y′(x) = φy′,y
−1(x) . (10)

Previous lemma shows that it is not necessary to con-
struct the interval scale Uk,y for all y ∈ Yk. If trans-
formation φ is known, one needs only to construct
the interval scale for only one y ∈ Yk. This partic-
ular element y� of Yk is called the reference context.
This reference context corresponds to a usual situation
where the DM can easily construct the interval scale
Uk,y� . We construct the utility function Uk,y� using
what is described in Section 2 since it corresponds to a
mono-dimensional utility function. One needs to iden-
tify in Xk several elements {x1, . . . , xq} ⊂ Xk, with
x1 ≤ · · · ≤ xq. From, what is described in Section
2, the value of Uk,y� is determined at those elements.
Then we obtain

Uk,y�(x) = I(x; x1, Uk,y�(x1), . . . , xq, Uk,y�(xq))

If transformation φy,y� is known, then one obtains Uk,y

for any y ∈ Yk from the following relation

Uk,y(x) = Uk,y�(φy,y�(x)) . (11)

From (10) and Lemma 1, one obtains the following
result.

Lemma 3 We have

Uk,y(x) =

I(x; φy�,y(x1), Uk,y�(x1), . . . , φy�,y(xq), Uk,y�(xq))
(12)

It proves that one needs only to specify function y �→
φy�,y(xi) for all i ∈ {1, . . . , q}, which is the aim of
Section 5.

�

�
1

x1 �
φy�,y(x1)

x2 x3 �
φy�,y(x2)

φy�,y(x3)

����
�
�
�
�
�
�
�
��

Utility uk

Xk

�
�

�
��

Uk,y�

�
�

�
��

Uk,y

Figure 1: Fuzzy levels N−m, . . . , N0, . . . , Nm.

5 Interpolation

5.1 Approach

From Lemma 3, there remains to define y �→ φy�,y(xi)
for all i ∈ {1, . . . , q}. Let us fix one i ∈ {1, . . . , q} and
one y ∈ Yk.

Function y �→ φy�,y(xi) can be assumed to be piecewise
linear. More precisely, one can assume that φy�,y(xi)
is known at some values y(1), . . . , y(r) ∈ Yk of y, and
φy�,y(xi), for any y is computed by interpolation.

One can simply suppose that the points y(1), . . . , y(r)
define a regular rectangular mesh in Yk. The main ad-
vantage of this representation is that the interpolation
in a rectangular mesh is simple to compute and intu-
itive for the DM. However, even if there are only a few
elements on each contextual variable, this yields a huge
number of points in the mesh. This leads to a huge
number of information that the DM has to provide.
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The idea is thus to consider any set y(1), . . . , y(r) of
points in Yk. We suppose that the DM has given the
values of y(1), . . . , y(r) as well as the associated values
φy�,y(1)(xi) =: xi(1), . . ., φy�,y(r)(xi) =: xi(r). Hence
the DM has to provide the following array.

Selected values on Xk Contextual variables Yk

xi(1) y1(1) · · · ypk
(1)

xi(2) y1(2) · · · ypk
(2)

· · · · · · · · · · · ·
xi(r) y1(r) · · · ypk

(r)

Computing φy�,y(xi) for any y from previous array is
an interpolation problem. Our concern is about the
choice of the interpolation. If one chooses to use a
multi-dimensional interpolation on Yk, the result be-
comes very hard to predict, and thus the DM will not
master the consequences of the data he provides.

We define thus an interpolation that is constructed
iteratively so that the DM has a better grasp on the
result. This interpolation is based on an ordering of
the contextual variables from the most important ones
to the less important. Let τ be a permutation on Pk.

Selected values on Xk Contextual variables Yk

xi(1) yτ(1)(1) · · · yτ(pk)(1)
xi(2) yτ(1)(2) · · · yτ(pk)(2)
· · · · · · · · · · · ·

xi(r) yτ(1)(r) · · · yτ(pk)(r)

For t ∈ {1, . . . , pk}, we define the Lexicographic order-
ing �t

lexico by

y �t
lexico y′ ⇔ ∃s ≤ t such that

∀l ∈ {1, . . . , s} yτ(l) = y′τ(l) and yτ(s) < y′τ(s)

for any y, y′ ∈ Yk. Let us denote by ≺t
lexico be the

asymmetric part of �t
lexico, and by ∼t

lexico the symmet-
ric part of �t

lexico. One assumes that y(1), . . . , y(r) are
ordered according to the lexicographic ordering

y(1) ≺pk

lexico y(2) ≺pk

lexico · · · ≺pk

lexico y(r) .

The interpolation is performed one variable at a time,
starting with variable τ(pk), then τ(pk − 1), . . ., up to
τ(1). Let us describe the process for variable τ(pk).
We begin by grouping the elements y(1), . . . , y(r) into
clusters in which all elements have the same value on
variables yτ(1), . . . , yτ(pk−1) within each cluster. More
precisely, let us define h0 = 1, h1, . . . , hm such that

y(1) ∼pk−1
lexico y(2) ∼pk−1

lexico · · · ∼pk−1
lexico y(h1 − 1)

≺pk−1
lexico y(h1) ∼pk−1

lexico · · · ∼pk−1
lexico y(h2 − 1)

≺pk−1
lexico y(h2) · · · y(hm−1 − 1)

≺pk−1
lexico y(hm−1) ∼pk−1

lexico · · · ∼pk−1
lexico y(hm − 1) .

The m clusters are thus {y(1), . . . , y(h1 − 1)},
{y(h1), . . . , y(h2 − 1)}, . . ., {y(hm−1), . . . , y(hm − 1)}.
From value yτ(pk) of the last variable in the order τ ,
we can transform each cluster into one single element
of Yk \ Y pk

k . More precisely, one can transform previ-
ous array in the following one, removing last variable
τ(pk)

values on Xk Contextual variables Yk

x̃i(1) yτ(1)(h0) · · · yτ(pk−1)(h0)
x̃i(2) yτ(1)(h1) · · · yτ(pk−1)(h1)
· · · · · · · · · · · ·

x̃i(m) yτ(1)(hm−1) · · · yτ(pk−1)(hm−1)

where for all l ∈ {1, . . . , m}
x̃i(l) = I(yτ(pk); yτ(pk)(hl−1), xi(hl−1),

yτ(pk)(hl−1 + 1), xi(hl−1 + 1), . . . ,

yτ(pk)(hl − 1), xi(hl − 1))

The same process is applied to previous array in order
to remove the last remaining variable in the order τ ,
i.e. variable τ(pk−1). And so on. When there remains
only variable τ(1)

values on Xk Contextual variables Yk

x̂i(1) ŷτ(1)(1)
x̂i(2) ŷτ(1)(2)
· · · · · ·

x̂i(w) ŷτ(1)(w)

then we obtain

φy�,y(xi) = I(yτ(1);ŷτ(1)(1), x̂i(1), ŷτ(1)(2), x̂i(2),

. . . , ŷτ(1)(w), x̂i(w))

5.2 Example

To illustrate our approach, consider once more the ex-
ample of shooting exercise on a simulator. Y1 corre-
sponds to the speed and Y2 corresponds to the dis-
tance. The reference context is defined at fixed target
at short range, i.e. y�

1 = 0 m/s and y�
2 = 10 m.

The application of MACBETH leads to the following
values of xi and Uk,y�(xi).

Values of the utilities
1 0.7 0.2 0

Selected values on Xk

10 cm 15 cm 20 cm 30 cm

One notices that the smaller the value of the attribute
the better.

Speed is more important than Distance. The DM pro-
vides the following values that specify φy�,y.
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Selected values on Xk Speed Distance
10 cm 15 cm 20 cm 30 cm 0 m/s 10 m
15 cm 20 cm 25 cm 40 cm 10 m/s 10 m
20 cm 25 cm 30 cm 45 cm 20 m/s 10 m
30 cm 35 cm 40 cm 55 cm 20 m/s 30 m
20 cm 25 cm 30 cm 45 cm 20 m/s 50 m

Note that the first line corresponds to the reference.
The contextual variables are ordered in such a way
that Speed comes first and Distance comes second by
τ .

When shooting at a static target, the judgment does
not depend on the distance. Even if aiming is more
tedious for long range than short range, the instructor
does not want to take this into account in his evalu-
ation. This applies also for medium speed. However,
in this case, the expert is a little more tolerant. One
indeed notice that the values of the selected values are
increased. Now at large speed (20 m/s), the judgment
now depends on the distance. At low and long range,
the DM is more tolerant than for medium range. The
reason is that the ”defilement” speed is large at small
range, which makes aiming difficult; and aiming at
long range is always difficult, especially when the tar-
get is moving.

Let us explain now how the utility uk is computed
for values x = 28 cm, y1 = 15 m/s and y2 = 20 m.
The removal of last contextual variable leads to the
following array.

Selected values on Xk Speed
10 cm 15 cm 20 cm 30 cm 0 m/s
15 cm 20 cm 25 cm 40 cm 10 m/s
25 cm 30 cm 35 cm 50 cm 20 m/s

As example, the last selected value for
the reduced context y1 = 20 m/s is
I(20m; 10m, 45cm; 30m, 55cm; 100m, 60cm) = 50cm.

Repeating this on the last contextual variable, we ob-
tain φy�,y

Selected values on Xk

20 cm 25 cm 30 cm 45 cm

We conclude that the utility is
I(28cm; 20cm, 1, 25cm, 0.7, 30cm, 0.2, 45cm, 0) = 0.4.

6 Explanation of the utility function
on real data

We have seen that the computation of
uk(x, y1, . . . , ypk

) =: v results from several nested
interpolations. Value v taken by criterion k is not
trivial to the DM. The DM is thus interested in an

explanation of the reason why uk equals v. It is com-
pletely useless to explain the precise value of v. Yet,
the user wants to know why v is, for instance, rather
bad, rather mean or rather good. This amounts thus
to explaining why v belongs to a fuzzy set. Suppose
thus that the [0, 1] satisfaction scale is covered by
2 m + 1 fuzzy levels N−m, . . . , N0, . . . , Nm described
by the fuzzy membership functions µN−m , . . . , µNm

(See Figure 2). Level µN−m is the worse level (e.g.
very bad), µNm is the best level (e.g. very good).
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Figure 2: Fuzzy levels N−m, . . . , N0, . . . , Nm.

We begin by determining the level corresponding to
value v. This is i = Argmaxj∈{−m,...,m}µNj (v).

6.1 Main argument

The main argument concerns the relation between x
and uk at fixed value of the context y = (y1, . . . , ypk

).
It is not possible to provide a true argumentation of
the evaluation made. The explanation we propose to
give consists in the interval of values of attribute k
around x for which the assessment would belong to
the same fuzzy level i for the same context y.

We first determine the largest interval of values (v, v)
around v such that for all t ∈ (v, v), µNi(t) =
maxj∈{−m,...,m} µNj(t). Then, we determine the
largest interval (x, x) such that

x ∈ (x, x)

and

∀x′ ∈ (x, x) , uk(x′, y1, . . . , ypk
) ∈ (v, v)

The text that is displayed to the user is thus

Between x and x, the value of
attribute k is judged Ni.

Note that values x and x used in the explanation do
not correspond to the values that were given by the
expert in the specification of the utility function.
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6.2 Argument on the secondary variables

The second part of the explanation concerns the in-
fluence of the contextual variables on the evaluation.
The idea is to compare the result v := uk(x, y) to
what would have been obtained v� = uk(x, y�) with
the reference context y�. If v is significantly larger
than v�, the judgment is more tolerant in the cur-
rent context y than what would have been obtained in
the reference context y�. If v is significantly smaller
than v�, the judgment is more intolerant in the cur-
rent context than what would have been obtained
in the reference context. We quantify the difference
v−v�, among 2m+1 fuzzy levels Q−m, . . . , Q0, . . . , Qm

that cover interval [−1, 1]. Let µQi be the member-
ship of Qi. One can set µQi(z) = µNi((z + 1)/2)
for all z ∈ [−1, 1]. We begin by determining the
level corresponding to value v − v�. This is the level
g = Argmaxj∈{−m,...,m}µQj (v − v�).

We have the following three cases:

• If g = 0, then v is not significantly different from
v�. Hence the context has not played an impor-
tant role in the evaluation.

• If g > 0, the judgment is more tolerant in the cur-
rent context than what would have been obtained
in the reference context. Like for the main argu-
ment, the idea is to give to the user the values of
the contextual variables for which the difference
v − v� would also belong to level Qg. However,
doing so means that we show to the user why the
difference belongs to Qg and not to Qg−1, and
why the difference belongs to Qg and not to Qg+1.
The second argument is not relevant to the case
g > 0. Hence we need to explain why the differ-
ence belongs to Qg and not to Qg−1, that is why
the difference belongs to Qg or Qg+1, . . ., or Qm.
More precisely, one is interested in the values y′j of
variable j for which uk(x, y−j , y−j)−v� belongs to
level Qg or Qg+1, . . ., or Qm. We first determine
the smallest values Ug such that for all t ≥ Ug,
Argmaxl∈{−m,...,m}µQl

(t) ≥ g. One looks thus for
the largest interval (yj , yj) such that yj ∈ (yj , yj)
and

∀y′j ∈ (yj , yj) , uk(x, yj , y−j)− v� ≥ Ug

• If g < 0, the judgment is more intolerant in the
current context than what would have been ob-
tained in the reference context. Like previous
case, the idea is to give to the user the values
of the contextual variables for which the differ-
ence would also belong at most to level Qg, i.e.
to levels Qg, or Qg−1, . . . , Q1. More precisely,
one is interested in the values y′j of variable j

for which uk(x, y−j , y−j) − v� belongs to level
Qg or Qg−1, . . ., or Q−m. We first determine
the smallest values Ug such that for all t ≤ Ug,
Argmaxl∈{−m,...,m}µQl

(t) ≤ g. One looks thus for
the largest interval (yj , yj) such that yj ∈ (yj , yj)
and

∀y′j ∈ (yj , yj) , uk(x, y−j , y−j)− v� ≤ Ug

All variables do not have the same influence on the
utility. Thus, it is not relevant to display to the user
the intervals (yj , yj) for all variables j. When g �= 0, it
makes sense to present to the DM the intervals (yj , yj)
only for the variables j ∈ Pk that have a significant
importance in the difference v − v�.

We wish thus to assess the contribution of each vari-
able to the difference v − v�. It is not easy to differ-
entiate the real contribution of one variable irrespec-
tively of the other ones since all variables vary. Let π
be a permutation on Pk. Variables of Pk are consid-
ered one at a time in the order given by π. We start
with the situation where the contextual variables are
set to the reference values y�. Then each time a vari-
able is considered, the value of this variable is turned
to the current value y, and the difference that is ob-
tained is defined as the contribution of this variable.
For S ⊆ Pk, set V (S) = uk(x, yS , y�

−S). The first vari-
able is π(1). Its contribution is

Cπ(π(1)) := V ({π(1)})− V (∅) .

Likewise, the contribution of the lth variable is

Cπ(π(l)) =V ({π(1), . . . , π(l − 1), π(l)})
− V ({π(1), . . . , π(l − 1)})

One has
∑
l∈Pk

Cπ(π(l)) = V (N)− V (∅) = v − v� .

Since there is no a priori reason to chose one particu-
lar permutation π, the contribution of one variable is
defined as the contribution over all possible permuta-
tions

C(j) =
1

2pk

∑
π

Cπ(j) .

One gets

C(j) =
∑

S⊆Pk

|S|!(pk − |S| − 1)!
(pk)!

(V (S ∪ {j})− V (S))

This expression of C(j) corresponds to the Shapley
value of capacity V for variable j [10]. One has

∑
j∈Pk

C(j) = V (N)− V (∅) = v − v� .
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Hence the mean contribution of a variable is (v −
v�)/pk. The variables that have a valuable contribu-
tion to the difference v − v� are thus the variables
j ∈ Pk such that C(j) ≥ (v − v�)/pk.

To sum-up, when g �= 0, we generate the following
sentence:

The judgment is Qg-more tolerant (if
g > 0)/Qg-more intolerant (if g < 0)
for a value on variable j between yj

and yj (if C(j) ≥ (v − v�)/pk).

6.3 Example

To illustrate our approach, we go back to the example
given in Section 5.2.

Consider values x = 28 cm, y1 = 15 m/s and y2 =
20 m. One has uk = 0.4 and the explanation that is
generated is:

Between 26cm and 28cm, ’sighting
shift’ is judged ’mean’ in the
context "Target Speed=15 m/s" and
"Distance=20 m". The judgment is
more tolerant for a value of ’Target
Speed’ greater than 13m/s.

Consider values x = 15cm, y1 = 15m/s and y2 = 20m.
One has uk = 1 and the explanation that is generated
is:

Under 24cm, ’sighting shift’
is judged ’very good’ in the
context "Target Speed=15 m/s" and
"Distance=20 m". The judgment is
more tolerant for a value of ’Target
Speed’ greater than 6m/s.

Consider values x = 26 cm, y1 = 6 m/s and y2 =
45 m. One has uk = 0.17 and the explanation that is
generated is:

Above 23cm, ’sighting shift’
is judged ’very bad’ in the
context "Target Speed=6 m/s" and
"Distance=45 m". The judgment does
not depend on ’Distance’.

References

[1] C. Baba e Costa, E. Corrêa, J.M. De Corte, J.C.
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Abstract 

AHP (Analytic Hierarchy Process) has been 
widely used in decision making techniques. 
However, the results from AHP often lose 
reliability because the comparison matrix 
does not always have sufficient consistency. 
In these cases, fuzzy representation for 
weighting activities using results from a 
sensitivity analysis is useful. In this paper, 
we present alternative overall weights by 
employing some assumptions. Since an idea 
of less ambiguity is employed, the results 
show how AHP has fuzziness when the 
comparison matrix is not sufficiently 
consistent. An example is  also shown in 
this paper. 

Keywords: Decision making, AHP (Analytic 
Hierarchy Process), Fuzzy sets, Sensitivity 
analysis, Weights representation. 

1  Introduction 

AHP (Analytic Hierarchy Process) was proposed 
by Saaty T.L. in 1977 [1], [2]. The method has been 
popular and widely used in the domain of decision 
making, since it can include vagaries such as humans 
feelings. In addition, it can be developed to ANP 
(Analytic Network Process) models. However, the 
comparison matrix often does not have enough 
consistency when AHP is used since, for instance, a 
problem may contain too many activities for decision 
making. In these cases, we consider that answers 
from decision-makers (i.e. components of  the 
comparison matrix) have ambiguity or fuzziness. For 
resolving this type of problem, fuzzy reciprocal 
components have been proposed as components of 
the data matrix in some research [10]. In this paper, 
we consider that weights should also have ambiguity 
or fuzziness. Therefore, it is necessary to represent 

these weights by use of fuzzy sets.  

Sensitivity analysis is applied to AHP to analyze 
the amount the components of a pairwise comparison 
matrix influences the weights and consistency of a 
matrix. This makes it possible to show the magnitude 
of the fuzziness in the weights.  

In previous research, we proposed a new 
representation for weights of activities [7][8]. For this 
study, a developed representation of weights of 
alternatives is proposed. It is represented as L-R 
fuzzy numbers by using the results from the 
sensitivity analysis. This paper encompasses 
methodology to represent weights by fuzzy sets.  In 
addition, a representation of fuzziness as a result of 
AHP is presented when a comparison matrix does not 
have enough consistency.  

2  Summary of AHP 

2.1  Process of AHP 

(Process 1) Representation of structure by a 
hierarchy. The problem under consideration can be 
represented in a hierarchical structure. The highest 
level of the hierarchy consists of a unique element 
that is the overall objective. At the lower levels, there 
are multiple activities (i.e. elements within a single 
level) with relationships among elements of the 
adjacent higher level to be considered. The activities  
are evaluated using subjective judgments of a 
decision maker. Elements that lie at the upper level 
are called parent elements while those that lie at 
lower level are called child elements. Alternative 
elements are put at the lowest level of the hierarchy 

(Process 2) Paired comparison between elements 
at each level. A pairwise comparison matrix A is 
created from a decision maker's answers. Let n be the 
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number of elements at a certain level. The upper 
triangular components of the comparison matrix aij 
(i< j = 1,…,n) are 9, 8, .. , 2, 1, 1/2, …, or 1/9. These 
denote intensities of importance from activity i to j. 
The lower triangular components aji are described 
with reciprocal numbers as follows 

aa ijji /1= ,               (1) 
in addition, for diagonal elements, let aii = 1. The 
lower triangular components and diagonal elements 
are occasionally omitted from the written equation as 
they are evident if upper triangular components are 
shown. The decision maker should make n(n-1)/2 
paired comparisons at a level with n elements. 

 (Process 3) Calculations of weight at each level. 
The weights of the elements, which represent grade 
of importance among each element, are calculated 
from the pairwise comparison matrix. The 
eigenvector that corresponds to a positive eigenvalue 
of the matrix is used in calculations throughout in this 
paper. 

(Process 4) Priority of an alternative by a 
composition of weights. The composite weight can 
be calculated from the weights of one level lower. 
With repetition, the weights of the alternative, which 
are the priorities of the alternatives with respect to the 
overall objective, are finally found. 

2.2 Consistency index 

Since components of the comparison matrix are 
obtained by comparisons between two elements, 
coherent consistency is not guaranteed.  In AHP, the 
consistency of the comparison matrix A is measured 
by the following consistency index (C.I.) 

,
1

C.I.
−
−

=
n

nAλ              (2) 

where n is the order of matrix A, and λA is its 
maximum eigenvalue. 

It should be noted that holds. And if the 
value of C.I. becomes smaller, then the degree of 
consistency becomes higher, and vice versa. The 
comparison matrix is consistent if the following 
inequality holds. 

C.I. 0≥

                          (3) 1.0C.I.≤

3  Sensitivity Analysis of AHP 

When AHP is used, the comparison matrix is often 

inconsistent or large differences among the overall 
weights of the alternatives do not appear. Thus, it is 
very important to investigate how the components of 
a pairwise comparison matrix influence the 
consistency or weights. Sensitivity analysis is used to 
analyze how results are influenced when certain 
variables change. Therefore, it is necessary to 
establish a sensitivity analysis of AHP. 

In our research, a previously proposed method [7] 
is used to evaluate the fluctuation of the consistency 
index and weights when a comparison matrix is 
perturbed. This method is useful as it does not change 
the structure of the data. 

Evaluating the consistency index and the weights 
of a perturbed comparison matrix are performed as 
follows. 

(1) Perturbations εaijdij are imparted to component 
aij of a comparison matrix, and the fluctuation 
of the consistency index and the weight are 
expressed by the power series of ε. 

(2) Fluctuations of the consistency index and the 
weights are represented by the linear 
combination of dij. 

(3) By the coefficient of dij, it can be shown that 
how the component of the comparison matrix 
gives influence on the consistency index and 
the weight. 

Since the pairwise comparison matrix A is a 
positive square matrix, the following Perron- 
Frobenius theorem [4] holds. 

Theorem 1 (Perron – Frobenius) For a positive 
square matrix A, the following holds true. 

1. Matrix A has a positive eigenvalue. If λA is the 
largest eigenvalue then λA is a simple root. The 
positive eigenvector w, corresponding to λA, 
exists. λA is called the Frobenius root of A. 

2. Any positive eigenvectors of A are the constant 
multiples of w. 

3. The absolute value of the eigenvalues of A, 
except for λA, is smaller than λA. 

4. The Frobenius root of the transposed matrix A' 
is equivalent to the Frobenius root of A. 

This theorem ensures the existence of a weight 
vector in a pairwise comparison matrix. 

From Theorem 1, the following theorem regarding 
a perturbed comparison matrix holds true [7]. 
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Theorem2 Let A = (aij), i,j = 1,…,n be a comparison 
matrix and let A(ε) = A+εDA, DA=(aijdij) be a matrix 
that has been perturbed. Moreover, let λA be the 
Frobenius root of A with w1 being the corresponding 
eigenvector. Let w2 be the eigenvector corresponding 
to the Frobenius root of A', then, the Frobenius root 
λ(ε) of A(ε) and the corresponding eigenvector w1(ε) 
can be expressed as follows 

),()( )1( εελλελ oA ++=          (4) 

),()( )1(
11 εεε owww ++=         (5) 

where 

,
1

'
2

1
'
2)1(

ww
ww DA=λ                (6) 

w(1) is an n-dimension vector that satisfies 

,)()( 1
)1()1( ww IDIA AA λλ −−=−      (7) 

where o(ε) denotes an n-dimension vector in which 
all components are o(ε). 

Proof of this theorem can be found in Ohnishi’s paper 
[7]. 

3.1  Sensitivity analysis of the consistency index 

Regarding a fluctuation of the consistency index, 
the following corollary can be obtained from 
Theorem 2. 

Corollary 1 Using an appropriate gij, we can 
represent the consistency index C.I.(ε) of the 
perturbed comparison matrix as follows 

).(C.I.)(C.I. εεε odg
n

i

n

j
ijij +∑∑+=   (8) 

(Proof) 
From the definition of the consistency index (3) and 
(4),  

)(
1

C.I.)(C.I. ελεε o
n

+
−

+=
)1(

. 

Let w1=(w1i) and w2=(w2i) from (6). λ(1) is can now be 
represented as 

,1
12

12

)1( dwaw ijj

n

i

n

j
iji∑∑′=

ww
λ  

therefore, the second part of the right side is 

expressed by a linear combination of dij. (Q.E.D) 

gij in equation (8) in Corollary 1 shows the 
influence of   comparison matrix components on 
the consistency. 

On the other hand, since the comparison matrix 
A(ε) = (aij(ε)) is reciprocal, then aji(ε) = 1/aij(ε) and 
becomes 
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Here, since aji =1/aij, 
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is obtained. The impact on the consistency can be 
easily shown by use of this property. 

3.2  Sensitivity analysis of weights 

With regards to the fluctuation in weighs, the 
following corollary can also be obtained from 
Theorem 2. 

Corollary 2 Using an appropriate hij
(k), we can 

represent the fluctuation w(1) (1)=(wk ) of the weight (i.e. 
the eigenvector corresponding to the Frobenius root) 
as follows 
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(Proof) 
The k-th row component of the right side of (7) in 
Theorem 2 is represented as 
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and is expressed by a linear combination of dij. 
Here,δ(i,k) is Kronecker's symbol 
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In contrast, since λ  is a simple root, Rank(A-λA AI) = 
n-1. Accordingly, the weight vector is normalized as  
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then the condition is as follows. 
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By using an elementary transformation to formula (7) 
in the condition above, we also can represent wk

(1) by 
linear combinations of dij. (Q.E.D) 

As seen in equation (5) in Theorem 2, the 
component that has a great influence on weight w1(ε) 
is the component which has the greatest influence on 
w(1). hij

(k) in equation (11) from Corollary 2 shows 
how the influence by the components of a 
comparison matrix  on the weights can be 
calculated.  

The influence can also be shown easily by use of 
equation (10). 

4  Representation of weights using fuzzy 
sets 

The comparison matrix often has poor consistency 
(i.e. 0.1<C.I.<0.2) because it encompasses several 
activities. In these cases,  the components of a 
comparison matrix are considered to have fuzziness 
since they result from the fuzzy judgment of humans. 
Therefore, weights should be treated as fuzzy 
numbers. 

To represent fuzziness of weight w1k, an L-R fuzzy 
number is used. 

4.1  L-R fuzzy number 

 L-R fuzzy number 

),,( LRmM βα=  
is defined as fuzzy sets whose membership function 
is as follows. 
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where L(x) and R(x) are shape function which 
satisfies 
(1) L(x) = L(-x), 
(2) L(0) = 1, 
(3) L(x) is a non increasing function 

4.2  Fuzzy weights of activities 

From the fluctuation of the consistency index, the 

multiple coefficient gijhij
(k) in Corollary 1 and 2 is 

considered as the influence on aij. 

Since gij is always positive, if the coefficient hij
(k) is 

positive, the real weight of activity k is considered to 
be larger than w1k.  Conversely, if hij

(k) is negative, 
the real weight of activity k is considered to be 
smaller. Therefore, the sign of hij

(k) represents the 
direction of the fuzzy number spread. The absolute 
value gij|hij

(k)| represents the size of the influence. 

On the other hand, if C.I. becomes bigger, then the 
judgment becomes more fuzzy. 

Consequently, multiple C.I. gij|hij
(k)| can be regarded 

as a spread of a fuzzy weight  concerned with 
a

kw
ij. 

Definition 1 (fuzzy weight) Let w1k be a crisp weight 
of activity k, and gij |hij

(k)| denote the coefficients 
found in Corollary 1 and 2. If 0.1<C.I.<0.2, then a 
fuzzy weight  is defined by kw
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4.2  Fuzzy weights of alternatives 

Using the fuzzy weights of activities defined above 
and local crisp weights of alternatives with respect to 
certain activities, we can calculate overall weights 
from the viewpoint of the overall objective by 
extension. However, the results from the operation of 
fuzzy numbers are frequently too ambiguous to 
interpret. 

Fuzzy weights of activities are normalized thus 
their sum is 1, therefore we can avoid much 
ambiguity since this condition has been considered 
[9]． 

In general, operating with constraints is difficult but 
can be accomplished if every fuzzy membership 
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Especially for every normal triangular function with 
a core ，the constraint  holds, and  the 

order of singleton coefficients is assumed. Thus, the 
upper and lower limit of 

iu  1=∑n

i iu

α  -cut sets of linear sum 
can be easily calculated. 

Let be a crisp local weight of alternative t 
with respect to activity k, and in this paper, assume 

. Then, the overall 
weight of an alternative t is also the L-R fuzzy 
number and is represented as follows.  

)( kt xf However, they do not have much reliability, 
because consistency of the matrix is not so good 
(C.I.=0.13).   )()()(0 21 nttt xfxfxf ≤≤≤≤

 Table 3 shows a result of sensitivity analysis of 
consistency. The comparison value between salary 
and stability, or the value between holiday and 
welfare has much influence. ( , , )t t t tv v l r= LR  

 Table 4 shows fuzzy weights of activities. A weight 
of stability has most fuzziness. where 
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Table 1: A comparison matrix of activities 
， 

Salary Stability Prospect Attractive Holiday Welfare
Salary 1 1/5 1/5 1/5 1/2 1/3

Stability 1 3 4 7 5
Prospect 1 3 6 5

Attractive 1 7 3
Holiday 1 1/5
Welfare 1

)~supp(inf ttt vvl −= ttt vvr −= )~supp(sup  ，

In the above equations, inf supp, sup supp are lower 
and upper limits of support sets and are calculated as 
follows.  

 

Table 2: Weights of alternatives with respect to activities. 
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Company A Company B Company C
Salary 0.158 0.766 0.076

Stability 0.042 0.180 0.778
Prospect 0.180 0.778 0.042

Attractive 0.070 0.751 0.178
Holiday 0.157 0.249 0.594
Welfare 0.121 0.115 0.764  

 Table 3: Result of sensitivity analysis of consistency 
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Salary Stability Prospect Attractive Holiday Welfare
Salary 0.0000 0.3602 0.2291 0.1414 0.0847 0.1279

Stability 0.0789 0.0000 0.3254 0.2677 0.1123 0.1817
Prospect 0.1199 0.0864 0.0000 0.3052 0.1463 0.2761

Attractive 0.1907 0.1031 0.0874 0.0000 0.2715 0.2635
Holiday 0.3394 0.2620 0.1945 0.1028 0.0000 0.0782
Welfare 0.2131 0.1536 0.0977 0.1005 0.3613 0.0000

 

 

 
Place of employment 5  Example 

 In this section, we introduce an example of an 
employment selection problem, whose structure is 
shown in Figure 1. 

Table 1 shows a comparison matrix of activities, 
and Table 2 shows weights of alternatives with 
respect to activities. 

Calculated weights of activities are as follows.  

Salary Stability Prospect Attractive Holiday Welfare

Company A Company B Company C

Figure 1: A hierarchical structure 
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[3] T. L. Saaty. Scaling the membership function. 
European J. of O.R., 25:320--329, 1986. 

Table4: fuzzy weights of activities 
Center Spread(L) Spread(R)

Salary 0.0381 0.0011 0.0012
Stability 0.4118 0.0085 0.0089
Prospect 0.2620 0.0059 0.0059

Attractive 0.1616 0.0026 0.0040
Holiday 0.0387 0.0013 0.0013
Welfare 0.0877 0.0022 0.0023

[4] M. Saito. An Introduction to Linear Algebra. 
Tokyo University Press, 1966. 

[5] Y. Tanaka. Recent advance in sensitivity 
analysis in multivariate statistical methods. J. 
Japanese Soc. Comp. Stat., 7(1):1--25, 1994.  

[6] K. Tone. The Game Feeling Decision Making. 
Nikka-giren Press, Tokyo, 1986. Finally we can find the overall alternative weights 

(Table5).  
[7] S. Ohnishi, H. Imai, and M. Kawaguchi. 

Evaluation of a stability on weights of Fuzzy 
Analytic Hierarchy Process using a sensitivity 
analysis. J. Japan Soc. for Fuzzy Theory and Sys., 
9(1):140--147, 1997.. 

Table5: fuzzy weights of alternatives 

Center Spread(L) Spread(R)
Company A 0.0983 0.0306 0.0306
Company B 0.4484 0.1476 0.1659
Company C 0.4532 0.1872 0.1723

[8] S. Ohnishi, H. Imai, T. Yamanoi. Weights 
Representation of Analytic Hierarchy Process by 
use of Sensitivity Analysis, IPMU 2000 
Proceedings, 2000. 

 . 

6. Conclusions 
[9] D. Dubois and H. Prade. Possibility Theory An 

Approach to Computerized Processing of 
Uncertainty,. Plenum Press, New York, 1988. 

We proposed a representation for the overall 
weights of alternatives by use of fuzzy sets and the 
result of a sensitivity analysis for cases in which 
consistency of the comparison matrix is poor. Our 
approach shows how to represent weights, as well as 
how the result of AHP has fuzziness, when 
inconsistency exists.  This was due to reduced 
ambiguity in the representation presented in this work 
compared to previous normal fuzzy operations. 
Moreover we show an example of the alternative 
fuzzy weights. 

[10] S. Ohnishi , D. Dubois, H. Prade, T. Yamanoi, A 
Study on the Analytic Hierarchy Process Using a 
Fuzzy Reciprocal Matrix, IPMU 2006 
Proceedings  2006. 
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Abstract

While considering processes of decision mak-
ing we often encounter the problem of incom-
plete information. In group decision mak-
ing (GDM) problems each decision maker is
supposed to provide a matrix that describes
his/her preferences over the set of given op-
tions. However, we have to take into ac-
count that an expert can not be able to de-
fine his/her preferences about all the options.
Usually the problem is solved by an addi-
tional phase of estimating missing values. In
the article we want to suggest and discuss
a totally different approach that consists in
adopting GDM algorithm so as it can deal
with incomplete preference matrices.

Keywords: group decision making, incom-
plete preference relations, Atanassov’s intu-
itionistic fuzzy sets.

1 Introduction

Group decision making (GDM) procedures are used
in processes of choosing one best option from the set
of options. A central notion of these procedures is a
preference matrix that models preferences of a decision
maker. Possible options are compared pairwise, and to
each pair a value, that represent a degree to which one
option is preferred over the other, is assigned. It is
usually assumed that such a value is given for every
pair of options, forming a complete preference relation.
However, worth considering is a case, when some of
these values are missing for some reason like the lack
of sufficient knowledge of an expert, impossibility of
comparing some options under particular criterion, ig-
noring an option by an expert or simply loss of some
information during the process. Algorithms of GDM
should thus be able to deal with incomplete knowledge.

Different approaches to that problem have been pro-
posed in the literature, most of which try to complete
somehow the incomplete preference matrices and then
to apply a GDM algorithm. However, it is not always
possible (and probably not always necessary) to fill all
the missing values. In this article we like to suggest a
different approach, namely: we leave the missing val-
ues not filled, and adopt the GDM algorithms to deal
with incomplete preference relations. We examine and
compare these two approaches, and discuss advantages
and drawbacks of both of them.

2 Main aspects of GDM problems

First let us briefly describe the main idea of the class
of GDM algorithms based on IF-sets (Atanassov’s in-
tuitionistic fuzzy sets, see [1]) with triangular norms.
In the following, we focus on preference relations used
in those algorithms.

The problem of group decision making consists in find-
ing one compromise option that best suits the prefe-
rences of the whole group of decision makers. By
P = {p1, ..., pm} we denote a set of m ≥ 1 deci-
sion makers (experts), and S = {s1, ..., sn} is a set
of n ≥ 2 options. Each expert pk constructs his/her
preference matrix Rk = [rk

ij ] with i, j = 1, 2, ..., n, and
rk
ij ∈ [0, 1], which represents his/her preferences about

options from S. Finally, Q denotes a relative linguistic
quantifier of ”most”-type (see [6]).

The process of GDM can be performed in two ways, as
proposed by Kacprzyk in [6]: directly and indirectly.

In the direct approach a solution SQ is obtained di-
rectly from preference matrices:

{R1, ..., Rm} → SQ.

SQ is then a fuzzy set of options such that a soft ma-
jority, Q experts, are not against them.

When applying the indirect approach the individual
matrices R1, ..., Rm are first aggregated into one group
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preference matrix:

{R1, ..., Rm} → R → WQ

and next the solution WQ is constructed. It is a fuzzy
set of options that are preferred to Q other options.
This solution is known also as a fuzzy Q-consensus
winner ([6]).

Depending on the used t-norm we divide the algo-
rithms into another two subclasses. The first one refers
to ttt being a nonstrict Archimedean t-norm with a
negation induced by ttt (ν = ν ttt ), and the second
one - to ttt being a strict t-norm or ttt = ∧ with the
 Lukasiewicz negation ν = ν L. This distinction is im-
portant from the point of view of GDM as it results in
different semantic interpretation of a hesitation index.
When using non-strict Archimedean t-norms hesita-
tion is interpreted in classical way, but when using
strict t-norm or ttt = ∧ hesitation index combines hes-
itation with fuzziness. For more details see [9]. In the
article we restrict ourselves to the case of a nonstrict
Archimedean t-norm and indirect approach.

2.1 Modeling preferences on the basis of
IF-set theory with triangular norms

As already mentioned, each decision maker provides
his/her preferences by means of a fuzzy preference re-
lation Rk : S×S → [0, 1] that can be represented by a
n× n preference matrix Rk. Each element rk

ij of that
martix is a degree to which an expert pk prefers an
option si over an option sj . Of course, rk

ij ∈ [0, 1];
rk
ij = 0.5 indicates indifference between si and sj .

Clearly, the greater the value of rk
ij , the higher the

preference of si over sj .

It is usually assumed that rk
ij = 1− rk

ji. However, this
restriction enables to model only imprecision (vague-
ness) of preferences, but not uncertainty (hesitation of
an expert). The theory that gives a way to incorporate
uncertainty is the Atanassov’s intuitionistic fuzzy set
theory (IF-set theory). An IF-set E is a pair of fuzzy
sets: E = (A,Ad), where A is as fuzzy set of elements
that belong to E , and Ad is dual to A and contains ele-
ments that do not belong to E . In the classical fuzzy
set theory ([13] ) Ad = A′, where A′(x) = 1 − A(x)
for each x. In IF-set theory Ad ⊂ A′, so a margin of
uncertainty is left. It is called hesitation index, and is
defined as:

χE(x) = 1−A(x)−Ad(x) (1)

for each x.

As presented in [8, 9] the theory of IF-sets can be gene-
ralized by using arbitrary strong negation ν instead
of the  Lukasiewicz negation and arbitrary t-norm ttt

instead of the  Lukasiewicz t-norm. Thus we rewrite
the main condition as Ad ⊂ Aν . The formula (1) will
take the form:

χE(x) = ν(A(x) ttt νAd(x)) = ν(A(x)) ttt ν(Ad(x)), (2)

where tttν is a t-conorm defined as atttνb = ν(ν(a)tttν(b)).

Applying this theory to the preference modeling, we
will replace the condition rk

ij = 1−rk
ji with more flexi-

ble one rk
ij ≤ 1 − rk

ji, or, in general, to rk
ij ≤ ν(rk

ji),
what gives us the possibility to model hesitation of
the decision maker in a flexible way. That hesitation
is calculated for each expert as

hk
ij = ν(rk

ij) ttt ν(rk
ji) (3)

and stored in a hesitation matrix Hk = [hk
ij ].

2.2 The algorithm of GDM

Here we present the algorithm of GDM for nonstrict
Archimedean t-norms and indirect approach. Func-
tions f, f∗, g, g∗ are cardinality patterns (see [12]).

Step 1 Aggregate individual preference matrices into
one group preference matrix R = [rij ]:

rij =
1
m

m∑
k=1

f(rk
ij).

A value rij represents a degree to which an option si

is preferred over an option sj by the whole group of
decision makers.

Step 2 Calculate a degree ri to which an option si is
preferred over all the other options:

ri =
1

n− 1

n∑
j=1
j 6=i

f∗(rij)

Step 3 Construct hesitation matrices Hk = [hk
ij ] ac-

cording to (3). Next, aggregate them into one group
hesitation matrix H = [hij ]:

hij =
1
m

m∑
k=1

g(hk
ij).

Step 4 Calculate a degree hi to which a whole group
is hesitating whether to choose an option si or some
other option:

hi =
1

n− 1

n∑
j=1
j 6=i

g∗(hij).

Step 5 Compute Q(ri) and Q(rit
◦hi) for i = 1, 2, ..., n

that is a degree to which an option si is preferred over
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Q other options by the group of experts, taking into
account also hesitation of the group.

Step 6 The final solution is:

WQ = [Q(r1), Q(r1t
◦h1)]/s1 + ...

... + [Q(rn), Q(rnt◦hn)]/sn.

3 Incompleteness in GDM problems

So far we required an expert to compare every pair of
options. This requirement however is not always pos-
sible to fulfil. The reasons could be varied: an expert
may consider some options uninteresting for him/her
for some reason, or may have only partial knowledge
about some certain aspects or about a subset of op-
tions. It is important to distinguish between this sit-
uation and the situation when two options were con-
sidered indifferent (i.e. rk

ij = rk
ji = 0.5). The case of

a missing value rather resembles the situation when
rk
ij = 0 and rk

ji = 0. However, an expert should have
a possibility to express his/her lack of knowledge, and
must not be forced to give every value of Rk if he/she
is not able to do this - such a demand could lower
information quality.

The concept that allows to express the situation, when
some values rk

ij are missing is the concept of incomplete
fuzzy preference relation Rk. It is defined as a fuzzy
set Rk : S × S → [0, 1] characterized by a partial
membership function. By a partial function we mean
a function which is not defined for some of its domain.

An undefined value of a fuzzy preference relation Rk

will be denoted by a symbol *, and will be called a
missing value. A set

MRk =
{

(si, sj) ∈ Rk : rk
ij = ∗

}
(4)

is a set of all pairs of options for which preference
values were not defined by an expert pk.

From now on, to avoid any misunderstanding, the
fuzzy preference relation with no missing values will
be called complete fuzzy preference relation.

As GDM algorithms were constructed for complete
fuzzy preference matrices, we have to introduce some
new methods to deal with incomplete fuzzy preference
matrices. There are two main possible approaches we
can apply:

• complete missing values:

– with some neutral value, like 0.5, or a mean
value;

– according to some external information, e.g.
taken from preference relation of another ex-
pert(s), or by interacting with an expert;

– according to some additional conditions -
usually transitivity condition;

• do not complete missing values and adopt the al-
gorithm of GDM so as it can operate on incom-
plete preference matrices.

The first approach is wildly discussed in the literature
(see e.g. [2, 3, 4, 5]). We would like to point out some
problems connected with it:

• Estimating missing values according to some addi-
tional property, e.g. transitivity property, is pos-
sible only under certain conditions. Moreover, as
experimental studies show (see [11]), in real-life
situation preference relations are inconsistent and
violate transitivity condition. In such cases esti-
mated values may not reflect the real intention of
the expert.

• Interactive procedures that cooperate with an ex-
pert during the process of completing missing val-
ues, are often very hard to execute.

• When using some external knowledge, e.g. from
another experts, we do not take into account the
specific character of a particular expert.

• Filling missing values with a mean, random or
neutral value is very simple but too rigid.

• All of these techniques introduce some additional
information that was not provided in the original
preference matrix, thus can disturb its meaning.

Completing missing values is particularly difficult if a
degree of incompleteness of a preference matrix is high.
In such a case it is very hard to complete all missing
values in a reasonable way.

Therefore, we like to propose a second approach that
do not change preference matrices but an algorithm
itself. We belief that such an approach can form a
good alternative for estimating in some cases of GDM
problems. The advantages of this approach are, among
others:

• We do not have to process any additional calcu-
lation to estimate missing values.

• We do not disrupt the original preference rela-
tions, and we are not loosing the information
which lack of information also is (as we have men-
tioned, inserting some values in place of empty
values can distort the intention of an expert, as we
add some extra information that an expert didn’t
actually provide).
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• We are able to complete the process of solving
GDM problem even if we have no possibility to
estimate all of the missing values.

Such an approach generates of course some new prob-
lems, such as:

• The solution of the algorithm could be in some
cases incomplete - it would happen if we had not
enough information about some option.

• We are not using any additional knowledge that
could have been helpful.

The group of algorithms of GDM for incomplete fuzzy
preference relations was developed and one of the al-
gorithm, for nonstrict Archimedean t-norms and for
indirect approach, is presented in the next subsection.

3.1 An algorithm of GDM for incomplete
preference matrices

As we defined in (4), MRk is a set of pairs of options
for which an expert pk did not define his/her prefer-
ence. At the beginning all values rk

ij that are missing,
but for which rk

ji is given and rk
ji ≥ a∗, are calculated

as ν(rk
ji) and are no longer considered as missing. a∗ is

a fixed point of a negation ν (for  Lukasiewicz negation
a∗ = 0.5).

Below we present GDM algorithm for nonstrict
Archimedean t-norms and indirect approach.

Step 1

Eij =
{

(si, sj) ∈ Rk : rk
ij = ∗, k = 1, 2, ..m

}
,

rij =

 1
m−|Eij |

m∑
k=1

f(rk
ij), if eij < m

∗ otherwise.

Step 2

Ei = {(si, sj) ∈ R : rij = ∗, j = 1, 2, ...n} ,

ri =


1

n−1−|Ei|

n∑
j=1
j 6=i

f∗(rij), if ei < n− 1

∗ otherwise.

Step 3

hij =

 1
m−|Eij |

m∑
k=1

g(hk
ij), if eij < m

∗ otherwise.

Step 4

hi =


1

n−1−|Ei|

n∑
j=1
j 6=i

g∗(hij), if ei < n− 1

∗ otherwise.

Step 5 For all defined ri and hi compute Q(ri) and
Q(rit

◦hi) for i = 1, 2, ..., n. Put Q(ri) = ∗ and
Q(rit

◦hi) = ∗ otherwise.

Step 6 Finally,

WQ = [Q(r1), Q(r1t
◦h1)]/s1 + ...

... + [Q(rn), Q(rnt◦hn)]/sn.

It is easy to notice that the solution may be incom-
plete. It is also important to be aware of the fact that
the solution could possibly be obtained from incom-
plete information. It seems useful to introduce a factor
that will signify a degree of completeness for a given
option. It will be determined as a ratio of number
of missing values involving option si to all preference
values involving si. So, we define:

MRi
k = {(si, sj) ∈ MRk ∪ (sj , si) ∈ MRk, j = 1, 2, ..., n)}

and the completness factor of an option si is

CFi = 1−

m∑
k=1

MRi
k

m(2n− 2)
. (5)

Obviously, CFi ∈ [0, 1]. CFi = 0 means total incom-
pleteness (no preferences were defined for any pair of
options involving si), and CFi = 1 means total com-
pleteness (i.e. option si was compared with all the
other options).

4 An example of solving GDM
problem with incomplete preference
relations

A company X decided to introduce a new report soft-
ware. Experts from three departments, p1, p2 and p3,
were asked to compare and assess five different report-
ing tools, s1, s2, s3, s4 and s5, in order to choose and
apply the best one.

As a result, the experts provided three incomplete ma-
trices describing their preferences about given options
of the software:
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R1 =


0.5 ∗ 0 ∗ ∗
∗ 0.5 ∗ ∗ ∗

0.9 ∗ 0.5 ∗ 0.2
∗ ∗ ∗ 0.5 0.3
1 ∗ 0.7 0.7 0.5

 ,

R2 =


0.5 ∗ ∗ ∗ ∗
∗ 0.5 ∗ ∗ ∗
∗ ∗ 0.5 ∗ 0.5

0.9 ∗ ∗ 0.5 0.6
∗ ∗ 0.5 0.4 0.5

 ,

R3 =


0.5 ∗ ∗ ∗ ∗
∗ 0.5 ∗ ∗ ∗
∗ ∗ 0.5 ∗ ∗
∗ ∗ ∗ 0.5 ∗
1 ∗ ∗ 1 0.5

 .

Each expert defined the preferences according to
his/her knowledge, personal experience, and taking
into account the specific needs and tasks of their de-
partments. That is why their preferences differ to a
large extend from each other and are not complete.

We have to emphasize that incompleteness of the pre-
ference matrices cannot be treated here as an aberra-
tion or a defect that has to be fixed, but is a natural
property resulting from the fact that every expert is a
specialist only in some part of the problem and has a
very subjective point of view. Therefore, completing
missing values in this case seems to be unjustified and
improper. As matrices are incomplete to high degree
it is also difficult or even impossible to complete them
in a reasonable way.

Instead of completing missing values, we apply the ver-
sion of GDM algorithm for incomplete preference ma-
trices presented in the previous section. For simplicity,
we assume that that f = f∗ = g = g∗ = id, ttt = ttt  L,
ν = ν L, Q = id (setting these parameters to differ-
ent values is reasonable when we try to optimize the
algorithm for a specific application).

First, we make use of a property of a preference matrix
saying that rk

ij ≤ ν(rk
ji), and for all missing values rk

ij

for which rk
ji ≥ a∗ (a∗ = 0.5) we calculate rk

ij as 1−rk
ji.

Next, individual preference matrices are aggregated
into one group preference matrix that will combine
the knowledge of the experts. This matrix can be com-
plete or incomplete, but its degree of completeness will
be the same or higher then a degree of completeness
of individual matrices. This feature is a result of an
algorithm that puts together information from all the
experts and completes missing values in one preference
matrix with values from another preference matrix, if
given.

The group preference matrix is presented below:

R =


0.5 ∗ 0 0.1 0
∗ 0.5 ∗ ∗ ∗

0.9 ∗ 0.5 ∗ 0.35
0.9 ∗ ∗ 0.5 0.3
1 ∗ 0.6 0.7 0.5

 .

At the same time, we calculate individual hesitation
matrices and a group hesitation matrix, which is pre-
sented below:

H =


0.5 ∗ 0.1 0 0
∗ 0.5 ∗ ∗ ∗

0.1 ∗ 0.5 ∗ 0.05
0 ∗ ∗ 0.5 0
0 ∗ 0.05 0 0.5

 .

The last aggregation step for each option returns a de-
gree to which this option is preferred over all other
options according to the whole group of experts. Fi-
nally, we get the solution WQ:

WQ = (0.03, 0.07)/s1 + (∗)/s2 + (0.63, 0.70)/s3

+(0.60, 0.60)/s4 + (0.77, 0.78)/s5.

The option s5 was thus chosen by experts to be the
best one.

The solution is incomplete (there is no value assigned
to option s2) as none of the experts said anything
about the reporting tool s2. That might suggest that
they do not know this tool or consider it highly im-
proper and uninteresting for the company. It may be
treated as a hint that this option should no longer be
taken into consideration.

To get more information about the quality of the so-
lution, we calculate additional factor for each option,
CFi, according to (5) (in the calculation we excluded
option s2):

CF1 = 0.44,

CF3 = 0.33,

CF4 = 0.44,

CF5 = 0.77.

The option s5 was compared by experts with most
of other options, thus a value of CF5 is quite high.
Therefore, we may conclude that the choice of this
option as the best one is right and well motivated.

5 Conclusions

The article presents a new method for dealing with in-
completeness of information in GDM problems. This
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approach, unlike those that are usually discussed in
the literature, does not fill missing values. Instead, it
changes the very GDM algorithm. We pointed out
some difficulties connected with estimating missing
values and we shown an application of new version
of algorithm for incomplete preference relations. We
considered the case when the degree of incompleteness
is too high to estimate or complete missing values in a
reasonable way. In such cases the proposed modified
algorithm is a worth considering alternative tool.
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Abstract

We consider a digital fuzzy set placed in Oxy-
plane, with support which is a set of dig-
ital points (centroids) in Z

2. We consider
two kinds of convexity of a fuzzy set, namely
quasi convexity and strong convexity, and we
propose two algorithms for the construction
of both kinds of convex hull of a digital fuzzy
set.

Keywords: fuzzy set, digital fuzzy set, qua-
siconvexity, convexity, DL-convex hull, dig-
ital quasiconvex fuzzy hull, digital convex
fuzzy hull.

1 Introduction

Convexity is one of the basic properties of sets and
shapes. Convex hull H(S) of a set S is defined as
the smallest convex set containing S. Convex hull is
used as a tool in many different areas. In robotics,
for example, it is used in collision detection, while in
shape analysis, the difference between the shape and
its convex hull is used as a shape descriptor.

The problem of the computation of the convex hull
has been considered for a long time in many research
areas, such as computational geometry, image analy-
sis, and fuzzy set theory. In each of these areas, the
problem has specific properties. In computational ge-
ometry, a finite set S of points in R

n is given, so points
have arbitrary real coordinates [6]. In image analysis,
points are restricted to have integer coordinates.The
notion of the convex hull H(I) of an image I depends
on the way a convex set in Z

n is defined. Most of-
ten, T-convexity, L-convexity, and DL-convexity are
used [2]. In fuzzy set theory, the notion of convexity is
also not unique. Most often, quasiconvexity, (strong)
convexity, and α-convexity are considered. Moreover,
the universal set of a fuzzy set A can be either R

n or
Z

n. Here, we consider the problem of the computation

of the quasiconvex hull QH(A) and the (strong) con-
vex hull H(A) of a fuzzy set A, with support supp(A)
which is a digital set, and we propose algorithms for
computation of QH(A) and H(A) in 2D. Since a gray-
scale image I may be considered as a fuzzy set with
a discrete domain, our algorithms can be used to find
convex hulls of 2D gray-scale images.

2 Background Notions

A set S in Euclidean space is convex if for any two
points P and Q we have:

for any λ ∈ [0, 1], λP + (1− λ)Q ∈ S.

The convex hull H(S) of a set S is the intersection of
all convex sets that contain S:

H(S) =
⋂

i∈I

{Si|S ⊂ Si, Si is convex}.

A set S is convex iff H(S) = S.

Euclidean plane Oxy (R2) can be digitized using spe-
cific regular tessellation; each square is called a pixel.
Set D of all pixels (of R

2) is called a digital space:

D = {[i− 0.5, i + 0.5)× [j − 0.5, j + 0.5)|(i, j) ∈ Z
2}.

Set R (or region) in the digital space is the union of
a set of pixels, and we call it a digital set. The cen-
troid of a pixel is the point of intersection of the two
diagonals of the pixel. The union of the centroids of
the pixels of R, denoted by R′, may be considered as
the lattice point or simply a point representation of R.
Conversely, R may be called the region representation
of R′.

Clearly, there exists a 1-1 correspondence δ between
digital space D and set Z

2, and thus between R and
R′. We call δ digitalization.

Definition 1 Digital straight line segment P1P2 is
the set of all pixels that are intersected by Euclidean
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straight line segment p1p2, where p1, p2 are centroids
(digital points) of pixels P1, P2.

Definition 2 A digital region R represented by R′ is
called DL−convex if for any two digital points p1, p2

belonging to R′, there is a digital straight line segment
between P1 and P2 whose pixels all belong to R.

Definition 3 HDL(R), the DL−hull of R is the min-
imal DL−convex set that contains R.

An algorithm for the computation of a DL-hull is given
in [2].

Let us present some basic definitions and theorems re-
lated to fuzzy sets and their convexity, and extend
them on digital fuzzy sets. For more details, see
[3, 4, 7].

Definition 4 A fuzzy set A defined on the universal
set X is a set of ordered pairs: A = {(x, µA(x))|x ∈
X} where µA : X → [0, 1] is the membership function
of A in X.

Definition 5 The support of a fuzzy set A is the set

supp(A) = {x ∈ X |µA(x) > 0}.

Definition 6 An α-cut of a fuzzy set A, for α ∈ [0, 1],
is the set:

Aα = {x ∈ X |µA(x) ≥ α }.

Definition 7 A fuzzy set A is a subset of a fuzzy set
B, denoted A ⊆ B, iff

µA(x) ≤ µB(x),

for all x ∈ X.

Definition 8 A fuzzy set A of a set R
n, given by the

membership function µA, is called quasiconvex if

µA(λx1 + (1− λ)x2) ≥ min{µA(x1), µA(x2)}

holds for every x1, x2 ∈ supp(A), and λ ∈ [0, 1] (see
[1], [8] ).

Theorem 1 A fuzzy set A is quasiconvex if and only
if its α-cuts are empty or convex sets for each α ∈ [0, 1]
(see [5]).

Definition 9 A fuzzy subset A of a set R
n, given by

the membership function µA, is called convex if

µA(λx1 + (1− λ)x2) ≥ λµA(x1) + (1− λ)µA(x2)

holds for every x1, x2 ∈ supp(A), and λ ∈ [0, 1].

Theorem 2 A fuzzy set A is convex if and only if the
fuzzy hypograph of A, denoted by f.hyp(A), is a convex
set, where

f.hyp(A) = {(x, t)|x ∈ R
n, t ∈ (0, µA(x)]}

(see [1] ).

If A is a convex fuzzy set, then for every α ∈ [0, 1],
α-cut of A is convex (or empty), but the converse does
not hold in general.

For example, a fuzzy subset A of R, given by its mem-
bership function µA(x) = 1

1+x2 , x ∈ R is quasiconvex,
but it is not convex.

Definition 10 A (quasi) convex fuzzy hull,
(qconv(A)) conv(A) of a fuzzy set A is the smallest
(with respect to relation ⊆) (quasi) convex fuzzy set
containing A.

If A is a convex fuzzy set, then the convex fuzzy hull
of A is equal to A.

Definition 11 A digital fuzzy set is a fuzzy set which
is defined on digital space D, i.e., on its point repre-
sentation D′ = Z

2.

Definition 12 Let A ⊆ D (or A′ ⊆ Z
2), be a digital

fuzzy set. A digital quasiconvex fuzzy hull QH(A) of
A is the smallest digital fuzzy set, given by the mem-
bership function µ, such that

supp(QH(A)) = HDL(supp(A)), (1)

µ(λp1 + (1− λ)p2) ≥ min{µ(p1), µ(p2)} (2)

holds for every p1, p2 ∈ H ′
DL(supp(A)), and for all

λ ∈ [0, 1] such that λp1 + (1− λ)p2 ∈ Z
2.

Definition 13 Let A ⊆ D (or A′ ⊆ Z
2), be a digital

fuzzy set. A digital convex fuzzy hull H(A) of A is
the smallest digital fuzzy set, given by the membership
function µ, such that

supp(H(A)) = HDL(supp(A)), (3)

µ(λp1 + (1− λ)p2) ≥ λµ(p1) + (1− λ)µ(p2) (4)

holds for every p1, p2 ∈ H ′
DL(supp(A)), and for all

λ ∈ [0, 1] such that λp1 + (1− λ)p2 ∈ Z
2.

3 Algorithms

Let A be a digital fuzzy set, with membership func-
tion µA. Let us construct the DL-hull HDL(supp(A)),
using the algorithm given in [2]. Let

H ′
DL(supp(A)) = A = {(x1, y1), (x2, y2), ...(xn, yn)},
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n ≥ 2, be the digitalization of HDL(supp(A)).

For Ak(xk, yk) ∈ A, let Ãk(xk , yk, µ(Ak)), where
µ(Ak) = µA(Ak) = µk. The sets A and Ã =
{Ã1(x1, y1, µ(A1), ..., Ãn(xn, yn, µ(An)}, are the input
sets to both our algorithms.

3.1 Algorithm for the Construction of a

Digital Quasiconvex Fuzzy Hull QH(A)

Let us present the algorithm for computing a digital
quasiconvex fuzzy hull of a digital fuzzy set A. As
explained above, the input to the algorithm is the set
A.

The idea of the algorithm is to process the input points
iteratively, in the non-increasing order of their mem-
bership values, and to construct the set AFH, by forc-
ing α-cuts of AFH to be convex sets. Also, we shall
prove that by using this algorithm, the digital quasi-
convex fuzzy hull QH(A) of A can be obtained.

Algorithm 1 (for computing digital quasiconvex fuzzy
hull):

step 0: Initialize
E = ∅ (E is the set of extremal points),
AH = ∅ (AH is the set of internal - nonextremal
points).

step 1: Order set A by non increasing order of mem-
bership function µ and rename the points of A as
A1, A2, ..., An, so that µ(A1) ≥ µ(A2) ≥ ... ≥ µ(An).

step 2: Let p = p(A1, A2) be the line determined with
points A1 and A2. If µ(A1) = µ(A2), go to step 3′.
Otherwise, (if µ(A1) > µ(A2)), go to step 3′′.

step 3′: Find all points of set p ∩ A whose mem-
bership function is equal to µ(A1) = µ(A2). Find
end points E′

1 and E′′
1 of that set, remove them from

A, and store them in E . Remove from A all points
Ap ∈ A, which belong to line segment E ′

1E
′′
1 , such that

µ(Ap) < µ(E′
1), and store them in AH , with changed

membership function µ(Ap) = µ(E′
1) = µ(E′′

1 ) (see
Figure 1). Go to step 5.

step 3′′: Remove the point A1 from A and store it in E ,
with unchanged membership function. Set E ′′

1 ≡ E′
1 ≡

A1 and µ(E′′
1 ) = µ(E′

1) = µ(A1). Rename points of set
A so that A1 is the point with the largest membership
function, next point is A2, etc.

step 4: Find all points of set p ∩ A which have equal
membership function as point A1, together with points
E′

1 and E′′
1 (E′

i−1 and E′′
i−1) (together with only one

of those two points, if they are equal).

Denote with E′
2 and E′′

2 (E′
i and E′′

i ) such points from
all those points (if they exist), that any other point
Ak from p ∩ A either coincides with one of them, or
is between them. We also take that the points of p

are in the order E′
2 � E′

1 � E′′
1 � E′′

2 (E′
i � E′

i−1 �
E′′

i−1 � E′′
i ), where the relation � is one of relations:

≡ (congruence of points) or− (be between two points).

Store the points E′
2 and E′′

2 (E′
i and E′′

i ) in set E , if
they are not already in E . If one of them is already an
extreme point, assign to it the membership function
of the other point, i.e. µ(E ′

i) = µ(E′′
i ). For example,

if E′′
3 ≡ E′′

2 ∈ E , we take that µ(E ′′
3 ) = µ(E′

3) (see
Figure 1).

Remove other points Ak ∈ p ∩ A from A, and store
them in AH .

Remove from A all points Aq ∈ A, which belong to
the line segment E′

2E
′′
2 (E′

iE
′′
i ), such that µ(Aq) <

µ(E′
2) (µ(Aq) < µ(E′

i)), and store them in AH ,
with changed membership function µ(Aq) = µ(E′

2) =
µ(E′′

2 ) (µ(Aq) = µ(E′
i) = µ(E′′

i )).
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Figure 1: First steps of Algorithm 1. Points of the
current α-cut are all on a line.

step 5: Rename points of set A so that A1 is the point
with the largest membership function, next point is
A2, etc. If A1 ∈ p, go to step 4, where input is again
A1, and output is E′

i and E′′
i . This iterative cycle is

repeated as long as the previous condition is satisfied.
Otherwise, denote with K1 and K2 the two end points
from p ∩ E (E′

l i E′′
l in Figure 1). Introduce the set

K0 = {K1, K2}.

step 6: Join the point A1 with points K1 and K2 from
set K0 ⊂ E . Remove from A all points Ak that are
in the obtained triangle (together with point A1), and
store them in AH , with changed membership function
µ(Ak) = µ(A1). Store in E the point A1 with its mem-
bership function. This situation is illustrated in Figure
2.

Set K3 ≡ A1 and µ(K3) = µ(A1) and store point K3

in K0. In that way we get the set K1 = K0 ∪ {K3}.
Mark the derived triangle with M(K1).

step 7: In the next iteration (and those after if they
are needed) we take the first point (from the remain-
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1
A

2
K

1
K

k
A

Figure 2: A1 does not belong to the line p.

ing points, if they exist) from set A. Because of the
renaming of points of the set A, that point is A1.

If A = ∅, then go to step 8.

Store in E the point A1 with unchanged membership
function, and remove A1 from A. If on the derived
line segments or in the interior of the derived polygon
in current iteration there are left some of the extreme
points with the same membership function µ(A1), re-
move them from set E and store them in set AH with
unchanged membership function.

From points of set K2 = {K1, K2, K3}
(Kr−1 = {K1, K2, K3, ..., Ki−1, Ki, Ki+1, ...,

Kj−1, Kj , Kj+1, ..., Km}) and point A1 we make
another set K4 (Kr), which contains vertices of the
convex hull of set K3 ∪ {A1} (Kr−1 ∪ {A1}). In
Figure 3, K4 = {K1, K2, K3, A1}, in Figures 4 and
5, K4 = {K1, K2, A1}. In derived set K4 (Kr) we
also rename indexes and denote point A1 with K4 in
the case like in Figure 3, or with K3 in the cases as
in Figures 4 and 5 (with Ki for some index i in the
general case).

1
A

k
A

1
K

2
K

3
K

Figure 3: Triangle M(K1) is extended with point A1

into quadrangle K1K2A1K3.

Denote with M(K4) (M(Kr)) polygon determined
with points from K4 (Kr). Remove from A all
points Ak from A∩ (M(K4) \M(K3)) (A∩ (M(Kr) \
M(Kr−1))), and store them in AH , with improved
membership function, from µ(Ak) to µ(A1), if that
value is less than µ(A1) (it is possible that µ(Ak) <

µ(A1) or µ(Ak) = µ(A1)).
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K k

A

2
KK

1
KK

1
A

Figure 4: Triangle M(K1) is extended with point A1

into triangle K1K2A1.
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Figure 5: Triangle M(K1) is extended with point A1

into triangle K1K2A1.

If point A1 is colinear with some two neighboring
points from K3 (Kr−1), like in Figure 5 and the middle
point of that three points (in Figure 5, it is K3) has
membership function equal to µ(A1), remove it from
E and store it in AH .
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K

j
K
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K
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K

+1

j-1

i +1

i +2

i - 1

K
j

Figure 6: A1 does not belong to the convex polygon
M(Kr). A new convex polygon is constructed.

step 8: AFH = E
⋃
AH . The end.

Let us denote by δ−1(AFH ) the digital fuzzy set
which corresponds to a fuzzy set AFH , i.e., the dig-
ital fuzzy set whose support consists of a set of pixels
P = δ−1(p), where p ∈ supp(AFH ), with the same
membership function (µ(P ) = µ(p)).

Theorem 3 The digital fuzzy set δ−1(AFH ), derived
by the previous algorithm, is the digital quasiconvex
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fuzzy hull QH(A) of set A.

Proof. Any α-cut of the set AFH is by construction
either a point or a line segment (this is the case when
this line segment belongs to the line p = p(A1, A2)
from the algorithm), or a polygon M(Kr) with its in-
terior. In both cases, this α-cut is a convex set, and
so by Theorem 1 the set AFH is a convex set. By con-
struction, AFH is the smallest fuzzy set such that (2)
holds. supp(AFH) is equal to the support of A, which
is by construction (in the preprocessing step) the dig-
italization of the DL-hull of the support supp(A) of
the fuzzy set A. 2

3
K

4
K

1
K

2
K

Figure 7: Illustration of the Algorithm 1.

3.2 Algorithm for the Construction of a

Digital Fuzzy Convex Hull H(A)

Let us present the algorithm for computing a digital
convex fuzzy hull H(A) of a digital fuzzy set A. As
already explained, the input to the algorithm is the
set A.

Let us denote by A0 the set A embedded in R
3, i.e.,

A0 = {A1(x1, y1, 0), ..., An(xn, yn, 0)}, and let Ã =
{Ã1(x1, y1, µ1), ..., Ãn(xn, yn, µn)}, with µk = µ(Ak),
k = 1, ..., n.

The idea of the algorithm is to adapt the gift-wrapping
method for the computation of the (discrete) convex
hull H(S) of a set S of points in R

3. When we apply
the adapted algorithm on the set S = Ã ∪ A0, we
obtain its convex hull H(S), and we simultaneously
construct the fuzzy set AFH. The adaptation is based
on the fact that we do not need the bottom and the
side facets of the convex hull H(S) of S, and only the
upper part of H(S) needs to be constructed. Because
of the special geometric position of the points in S,

at each step of the gift-wrapping algorithm we need
to take into account only the subset of input points,
and also we may eliminate some points of S from any
further consideration at each step of the algorithm.

Algorithm 2 (for computing digital convex fuzzy hull):

step 1: Initialize
E = ∅ (E is the set of extremal points),
L = ∅ (L is the list of unprocessed facets, and the un-
processed edges of the facets),
AH = ∅ (AH is the set of internal - nonextremal
points).

step 2: Let Ã1 ∈ Ã be the point with maximum z

coordinate, and let Ã2 ∈ Ã be such that the angle be-
tween a vector parallel to the line p(Ã1, Ã2), and vector
~k = (0, 0, 1), is minimal. Next, let σ0 = σ0(Ã1, Ã2, Ã3)
be the plane determined by non-colinear points Ã1, Ã2,
and Ã3 from Ã, such that the angle between the nor-
mal vector to σ0, and the vector ~k is minimal. (We
rename the points, if necessary.) Note that all points
of Ã are either in the plane σ0, or below it. Let us
find all points Ãk from Ã, which belong to σ0. Let us
denote by S0 the convex polygon, which is the convex
hull of the set of such points, and by Ẽ1, Ẽ2, ..., Ẽr, the
set of vertices of S0. (This can be done by finding the
projection of such points on the Oxy plane, and using
some two dimensional convex hull algorithm.)

Let us remove the points E1, E2, ..., Er, which corre-
spond to vertices Ẽ1, Ẽ2, ..., Ẽr of S0, from A into the
set E of extremal points. Each time we remove some
points Ak from A, we remove simultaneously the cor-
responding points Ãk from the set Ã. A convex poly-
gon S0 is a facet of the convex hull H(S). We put S0

in the list L of facets of H(S), together with the list
(Ẽ1Ẽ2, Ẽ2Ẽ3, · · · , Ẽr−1Ẽr, ẼrẼ1) of edges of S0, or-
dered counter-clockwise. We remove fromA the points
Ak, which correspond to the remaining (non-extremal)
points Ãk ∈ σ0, and put them in the set AH .We find
points Al ∈ pr(S0), for which Ãl(xl, yl, µl) 6∈ σ0. We
remove the corresponding points Al from A and we
put them in AH with new membership value µ(Al) so
that (xl, yl, µ(Al)) ∈ σ0.

step 3: Let Ẽ1Ẽ2 be one edge of the polygon S0.

Let us find a vertical plane through edge Ẽ1Ẽ2, and
let πẼ1Ẽ2

be the halfspace determined by that plane,

which does not contain S0. Let Ãk, be the point
from the set Ã, such that Ãk belongs to πẼ1Ẽ2

, and
that the angle between the normal vector to the plane
σ1 = r(Ẽ1, Ẽ2, Ãk) and vector ~k = (0, 0, 1) is mini-
mal. Let us find the convex hull S1 of the set of points
of B = Ã ∩ πẼ1Ẽ2

∩ σ1. We remove the projections
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of the vertexes of S1 from A, and we put them in E .
We remove from A the points Ak, which correspond
to the remaining (non-extremal) points Ãk of S1, and
put them in the set AH .We find points Al ∈ pr(S1), for
which Ãl(xl, yl, µl) 6∈ σ1. We remove the correspond-
ing points Al from A and we put them in AH with new
membership value µ(Al) so that (xl, yl, µ(Al)) ∈ σ1.

We put the convex polygon S1 in the list L, together
with the list of its unprocessed edges ordered counter-
clockwise. We remove the edge Ẽ1Ẽ2 from L.

We repeat step 3 with each unprocessed edge of S0.

We iteratively process all facets which we retrieve from
the list L, by iteratively processing the unprocessed
edges of such facets.

The iteration process stops when A = ∅, or L = ∅.

AFH = E
⋃
AH .

The end.

Let us denote by δ−1(AFH) the digital fuzzy set
which corresponds to a fuzzy set AFH , i.e., the dig-
ital fuzzy set whose support consists of a set of pixels
P = δ−1(p), where p ∈ supp(AFH), with the same
membership function (µ(P ) = µ(p)).

Theorem 4 The digital fuzzy set δ−1(AFH), derived
by the previous algorithm, is the digital convex fuzzy
hull H(A) of set A.

Proof. By the preprocessing step of the Algorithm,

H ′
DL(supp(A)) = A = {(x1, y1), (x2, y2), ...(xn, yn)},

so the equation 3 of Definition 13 is satisfied. The
convex hull H(A0 ∪ Ã) = H(A0 ∪ ÃFH) (where
ÃFH = {(xk , yk, µk)|(xk , yk) ∈ AFH}) obtained by
our modification of the gift-wrapping method is con-
vex, so the fuzzy hypograph of AFH is convex. By
Theorem 2, fuzzy set AFH (with membership func-
tion µ determined by the algorithm) is also convex,
i.e., condition 4 of Definition 13 is satisfied. By con-
struction, δ−1(AFH ) is the smallest fuzzy set satisfying
the conditions of Definition 13.

Thus, QH(A) = δ−1(AFH). 2

4 Conclusion and Future Work

We introduced the notions of a digital quasiconvex
fuzzy hull QH(A), and of a digital convex fuzzy hull
H(A), of a given digital fuzzy set A. QH(A) and H(A)
are both defined on a set of pixels, and they both have
the same support HDL(A). QH(A) is a quasiconvex
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Figure 8: Illustration of the gift-wrapping algorithm.

set, while H(A) is a convex set. We proposed an algo-
rithm for the construction of both digital fuzzy hulls.

We intend to extend this work by considering other
notions of convexity of digital fuzzy sets, such as α-
convexity.
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Abstract

In this paper we investigate special types of
 Lukasiewicz filters. We show their connec-
tion to crisp filters. Further, we introduce the
notion of  Lukasiewicz ideal as a set-function
which is in some sense complementary to
 Lukasiewicz filters.

Keywords:  Lukasiewicz filter,  Lukasiewicz
ultrafilter,  Lukasiewicz ideal.

In series of papers [1, 2, 4, 5] so-called generalized fil-
ters were defined and studied. Generalized filters on a
set X, G : 2X → [0, 1], are in fact fuzzy filters where
the minimum t-norm TM is used to get the condition

G(A ∩B) ≥ TM (G(A),G(B)).

The authors have introduced  Lukasiewicz filters in
[8] (and further developed them in [6]) in changing
the minimum t-norm TM into the  Lukasiewicz t-norm
TL. (For details on t-norms and/or t-conorms see
[9].)  Lukasiewicz filters may be used, e.g., to construct
fuzzy preference relations, as it is shown in [7]. Partic-
ularly, if we have to compare a system of objects tak-
ing into account a set of criteria, X, the choice of some
 Lukasiewicz filter F on the set X says how important
different criteria are and says about the ointeraction
of criteria. Concerning the  Lukasiewicz t-norm, from
the point of view of fuzzy preference structures this is
the most important case (see, e.g. [3]).

This paper is devoted to studying of a relationship
between crisp filters and  Lukasiewicz filters. In the
last paragraph  Lukasiewicz ideals are defined and a
maximal  Lukasiewicz ideal is constructed.

1 Notation and basic definitions

In the whole paper we will use the following notation:

• X = {x1, x2, . . .} is a countable set

• W = {w1, w2, . . .} is a weighting sequence. In
general, we will assume just 0 ≤ wi ≤ 1 for each
i. In partcular cases discussed in the paper some
additional requirements (formula (3) below) will
be put on the weghting sequence.

• S is some left-continuous t-conorm

• ∑
j
S wij = S (wi1 , wi2 , . . .). Since S is left-conti-

nuous, this expression is well-defined.

Let us recall the basic definitions:

Definition 1 Let X 6= ∅ be a given set. Then a set-
function F : 2X → {0, 1} is said to be a filter on X if
and only if the following hold:

1. F (X) = 1, F (∅) = 0

2. F (A) ∧ F (B) ≤ F (A) ∩ (B)

3. If A ⊆ B then F (A) ≤ F (B)

Definition 2 Let X 6= ∅ be a given set. Then a set-
function U : 2X → {0, 1} is said to be an ultrafilter on
X if and only if the following hold:

1. U is a filter

2. ∀A ⊂ X U(A) ∨ U(Ac) = 1

Lemma 1 Let us denote XF the system of all filters
on X 6= ∅. Then XF is a lattice with its bottom element

F0 =

{
1 if A = X
0 if A 6= X.

Ultrafilters U : 2X → {0, 1} are maximal elements of
XF .

Example 1 Let us take a countable set X. Then we
have the following ultrafilter U : 2X → {0, 1} given
by:
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1. U(A) = 1 implies A is infinite

2. ∀A ⊂ X we have U(A) ∨ U(Ac) = 1.

Such ultrafilter is called nontrivial.

2  Lukasiewicz filters

Definition 3 Let X 6= ∅ be a given set. Then a set-
function F : 2X → [0, 1] is said to be  Lukasiewicz filter
on X if and only if the following are satisfied:

1. F(X) = 1,F(∅) = 0

2. (∀A,B ⊆ X) (A ⊆ B ⇒ F(A) ≤ F(B))

3. (∀A,B ⊆ X) (F(A ∩B) ≥ TL (F(A),F(B)))

Definition 4 Let S be some left-continuous t-conorm.
A measure ν : 2X → [0, 1] is said to be S-additive, if
and only if for every couple A,B ∈ 2X of disjoint sets
the following holds:

ν(A ∪B) = S (ν(A), ν(B)) (1)

If formula (1) holds just for couples of disjoint sets
A,B ∈ 2X such that A ∪ B 6= X, then the measure ν
will be called weakly S-additive.

Definition 5 Let S be some left-continuous t-conorm.
Denote A = {xij}j ⊆ X. (Remind that X is an at
most countable set.) Then FS : 2X → [0, 1], defined
by

F(A) =





0 ifA = ∅
1 ifA = X∑
j
S wij otherwise,

(2)

is said to be a (TL, S)-filter on X if it is a  Lukasiewicz
filter.

Formula (2) together with properties 1 and 3 from Def-
inition 3 imply

∑

j

S wij +
∑

k

S wik ≤ 1 (3)

where {xij}j and {xik}k are some disjoint subse-
quences of {xi}i.

Definition 6 Let X 6= ∅ be a given set, F : 2X →
[0, 1]. Then F is said to be an S-additive TL filter if
is a weakly S-additive measure which is a  Lukasiewicz
filter.

Example 2 Let F1 : 2X → [0, 1] be a probability
measure (i.e. σ-additive), then F1 is a (TL, SL)-filter.
And, of course, it is also an SL-additive TL-filter.

On the other hand, let us take F1 : 2X → {0, 1} and
F2 : 2X → {0, 1} two different nontrivial ultrafilters
(i.e. ultrafilters with Fi(A) = 0 for A finite). Then,
F2 : 2X → [0, 1] defined by

F2(A) = 0.5F1(A) + 0.5F2(A)

is an SL-additive TL filter, but it is not a (TL, SL)-
filter.

Theorem 1 Let S ≥ SL be a generated t-conorm with
its additive generator f : [0, 1] → [0, 1]. Then a set-
function F : 2X → [0, 1], defined by

F(A) =

{
1 if A = X∑
j
S wij ifA = {xi1 , xi2 , ...}

is a (TL, S) filter, if
∑
f(wi) ≤ 1.

Theorem 2 Let S ≤ SL. Then a sufficient condition
for F : 2X → [0, 1], defined by

F(A) =

{
1 if A = X∑
j
S wij ifA = {xi1 , xi2 , ...}

to be a (TL, S)-filter is that there exit disjoint sets A,B
such that A ∪B = X and F(A) ≤ 0.5, F(B) ≤ 0.5.

Remark 1 The condition F(A) ≤ 0.5, F(B) ≤ 0.5
is just sufficient. We may have, e.g. three-elements
set {a, b, c} with weights {0.6, 0.25, 0.2} respectively.
Then these weights generate a (TL, SP ) filter.

3 Convex combinations of crisp filters

Definition 7 z = S(ax, by) is said to be an S-convex
combination of x, y iff a, b ∈ [0, 1], and b = 1−S a.

Definition 8 z =
∞∑
i=1

S aiyi is said to be a σ-S-convex

combination of yi iff ai ∈ [0, 1] and for each j the
following is satisfied:

aj = 1−S
∑

i 6=j
S ai.

Example 3 Let us have a sequence of weights with∑
wi = 1. Further let F be a (TL, SL)-filter defined

by
F(A) =

∑

j

wij for A =
{
xij

}
j∈J .

Let Ui be ultrafilters given by

Ui(B) =

{
1 if xi ∈ B
0 if xi 6∈ B.

Then F is the σ-convex combination of {Ui}i:
F(A) =

∑
wiUi(A).
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Example 4 Let us have a Yager t-conorm S, defined
by

S = min
{

1,
(√
x+
√
y
)2

}

and a system of weights {wi}∞=0 such that
∞∑
i=1S

wi = 1
4

and w0 = 1
4 = 1−S 1

4 . Let us denote

F(A) =

{
1 if A = X∑
j
S wij if A 6= X

Ui(B) =

{
1 if xi ∈ B
0 if xi 6∈ B

F0 =

{
1 if A = X
0 if A 6= X

Then F is the σ-S-convex combination of {Ui}i and
F0:

F(A) = S

(
1
4
F0(A),

∞∑

i=1

S wiUi(A)

)
.

Theorem 3 Each (TL, S)-filter F , given by

F(A) =

{
1 if A = X∑
j
S wij ifA = {xi1 , xi2 , ...}

is a σ-S-convex combination of the least filter F0 and
a sequence of trivial ultrafilters {Ui}

Ui(A) =

{
1 if xi ∈ A
0 if xi 6∈ A.

In this case F is a weakly σ-S-additive measure.

Theorem 4 Each S-additive TL-filter F is a σ-S-
convex combination of the least filter F0 and a sequence
of ultrafilters (not necessarily trivial) {Ui}. In this
case F is a weakly S-additive measure.

Theorem 5 Let F be an arbitrary  Lukasiewicz filter.
Then there exist a system of filters {Fi}i∈I (I might be
uncountable) and a maxitive system of weights {ai}i∈I
such that F(A) = supi(aiFi(A)).

In general,  Lukasiewicz filters are not σ-S-convex com-
binations of crisp filters.  Lukasiewicz filters, which
are not σ-S-convex combinations of crisp filters, can
be constructed using transfinite construction methods
(Axiom of Choice).

Classes of  Lukasiewicz filters are sketched in the fol-
lowing Figure 1. We have four basic types of them:

• F1: (TL, S)-filters, i.e. σ-S-convex combinations
of trivial ultrafilters and F0

• F2: S-additive TL-filter i.e. σ-S-convex combina-
tions of ultrafilters and F0

• F3:  Lukasiewicz filters which are σ-S-convex com-
binations of crisp filters

• F4: All  Lukasiewicz filters.

Figure 1: Types of  Lukasiewicz filters

F1

F2

F3
F4

4  Lukasiewicz ideals

Definition 9 (Definition of proper ideal) Let Z
be a set ordered by ≤. Y ⊂ Z is a proper ideal on
(Z,≤), if:

1. ∀a ∈ Y if b ≤ a, then b ∈ Y
2. if a, b ∈ Y then if c ≤ a ∧ b, then c ∈ Y
3. Y 6= Z.

Definition 10 Let Z = 2X . Then Y ⊂ Z is a proper
ideal on (X,≤) if:

1. ∀a ∈ Y , b ⊆ a⇒ b ∈ Y
2. a, b ∈ Y , c ⊆ a ∧ b implies c ∈ Y
3. X 6= Y .

Example 5 X = {a, b, c, d}, T = {a, b, c}, Y = 2T is
a proper ideal on (X,≤).

Definition 11 Let X 6= ∅ be a given set. Then a set-
function I : 2X → [0, 1] is said to be a  Lukasiewicz
ideal on X, if:

1. I(X) = 0, I(∅) = 1

2. I(A ∪B) ≥ TL (I(A), I(B))
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3. If A ⊆ B then I(A) ≥ I(B).

Definition 12 Let X 6= ∅ be a given set. Then a set-
function I : 2X → [0, 1] is said to a  Lukasiewicz ideal
on X, if:

1. ∃x0 ∈ X : I {x0} = 1

2. ∀A 6⊆ {x0} there holds I(A) < 1.

Definition 13 Let X 6= ∅ be a given set. Then a
 Lukasiewicz filter U : 2X → [0, 1] is said to be a
 Lukasiewicz ultrafilter, if I = 1 − U is a  Lukasiewicz
ideal.

Example 6 Let X = {x1, x2, x3, x4}. Let us define
U : 2X → [0, 1] by

U(A) =





0 if A = ∅
1/3 if |A| = 1
1/2 if |A| = 2
2/3 if |A| = 3
1 if A = X.

Then U is a  Lukasiewicz ultrafilter.

Theorem 6 A  Lukasiewicz ideal I : 2X → [0, 1] is
maximal iff there exists a  Lukasiewicz ultrafilter U
such that U(A) = 1 − I(A) for each A ⊆ X. U in
that case a  Lukasiewicz ultrafilter.

5 Construction of a maximal
 Lukasiewicz ideal

Let |X| = 2n, n > 1. We are going to construct a
maximal  Lukasiewicz ideal I : 2X → [0, 1] such that
I(A) = f(|A|) where f : {0, 1, . . . , n} → [0, 1] is a
non-increasing function with f(0) = 1 and f(n) =
0. Since 1 − I is a  Lukasiexicz ultrafilter, we get the
following condition for each set A ⊆ X:

I(A) + I(Ac) = 1.

From this we get

1
2
≤ f(1) ≤ n− 1

n

and, of course, f(n− 1) = 1− f(1). Similar consider-
ation gives

TL(f(1), f(1)) ≤ f(2) ≤ f(1)

and f(n− 2) = 1− f(2).

We show yet two steps to make the idea of the con-
struction clear:

A three-elements set we get as a union of one- and
two-elements sets, hence

TL(f(1), f(2)) ≤ f(3) ≤ f(2)

and f(n− 3) = 1− f(3).

A four-elements set we get as a union of two two-
elements sets, or as a union of one- and three-elements
sets, hence

max {TL(f(1), f(3)), TL(f(2), f(2))} ≤ f(4) ≤ f(3)

and f(n− 4) = 1− f(4), and so on.

This gives a maximal ideal on the set X with |X| = n
such that for A ⊆ X, |A| = i the following is satisfied

I(A) = f(i).

• If we in all cases choose the maximal possible
value of f(·), then F(A) = 1−I(A) is a (TL, SL)-
filter, which in fact is the uniform probability dis-
tribution on X.

• If we in all cases choose the minimal possible value
of f(·), then F(A) = 1−I(A) is a (TL, SM )-filter,
i.e. it is a weakly maxitive measure.

6 Conclusion

In this paper we have shown the relationship between
 Lukasiewicz filters and crisp filters. Further, we have
introduced  Lukasiewicz ideals and we have constructed
a maximal  Lukasiewicz ideal.
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[5] Gutiérrez Garćıa, J., De Prada Vicente, M.A.,
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[6] Havranová, Z., Kalina, M: Weakly S-additive
measures. In: Proc. of IPMU 2006, Paris (2006)
pp. 630-634.
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Dept. of Mathematics

Slovak University of Technology
Radlinského 11
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Abstract

This paper is devoted to construction of fuzzy
preference relations and to showing how this
construction is connected with  Lukasiewicz
filters and TL-evaluators. We will study also
extensions of  Lukasiewicz filters on subsets of
some X 6= ∅ to TL-evaluators on the system
(lattice) of fuzzy functions f : X → [0, 1].

Keywords: Fuzzy preference relation, TL-
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In this paper we will show a possibility how fuzzy pref-
erence relations can be constructed using special kinds
of evaluators, so-called TL evaluators. Briefly, the idea
is as follows:

We have a set of products, Ξ, and are to decide which
of them suits better to our purposes. We examine a
system of parameters (index set), K. Let Xk denote
possible values of the k-th parameter. We will assume
that this set is linearly ordered. Using the linear order
we construct a fuzzy relation Pk : Xk × Xk → [0, 1]
such that Pk(αk, βk) is the degree in which the value
of the k-th parameter of α ∈ Ξ is preferred to or indif-
ferent with the value of the k-th parameter of β ∈ Ξ.

I.e., comparing our products, we get a function (fuzzy
set) defined by

α̃(k) = Pk(αk, βk),

which we have to evaluate by some evaluator ϕ. Fi-
nally, we get the fuzzy preference relation R by

R(α, β) = ϕ(α̃).

1 Construction of fuzzy preference
structures

1.1 Fuzzification of linear order

Let K be an, at most countable, index set. Further, for
each k ∈ K let (Xk,≤k) be the set of values of the k-

th parameter, linearly ordered by ≤k. Assume s ≤k t
means that the value s ∈ Xk is preferred to t ∈ Xk.
Then the fuzzy relation Pk : Xk × Xk → [0, 1] is a
fuzzification of the linear order ≤k, i.e., the following
properties are to be satisfied:

1. ∀s, t ∈ Xk s ≤k t ⇒ Pk(s, t) = 1

2. Pk is TL-transitive.

Straightforwardly we get the following:
For all s, t, u, v ∈ Xk if s ≤k t ≤k u ≤k v, then

Pk(v, s) ≤ Pk(u, t)

For more details on fuzzy orderings see, e.g., [1, 2]. In
the following example we illustrate some possibilities
how the fuzzy relation Pk might look like.

Example 1 (a) We may use the crisp order, i.e.

Pk(s, t) =

{
1, if s ≤k t
0 otherwise

(b) If Xk is equipped with a difference, then we may
have

Pk(s, t) =





1, if s ≤k t

f(s− t), otherwise

where f : [0,∞[→ [0, 1] is a convex decreasing
function with f(0) = 1, e.g.

f(s− t) = max{0, 1− (s− t)}.

(c) If Xk is equipped with a division, then we may
have

Pk(s, t) =

{
1, if s ≤k t
f

(
t
s

)
otherwise

where f : [0, 1] → [0, 1] is a convex increasing
function with f(1) = 1, e.g.

f

(
t

s

)
=

(
t

s

)2

.
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1.2 Evaluation of fuzzy sets representing the
comparison of products

We have n elements. Let us denote Ξ = {1, 2, . . . , n}.
The value of the k-th parameter for the i-th element of
Ξ will be denoted by θi(k). For each pair (i, j) ∈ Ξ2 the
function P̃(i,j) : K → [0, 1] will denote the comparison
of values of the corresponding parameters, namely

P̃(i,j)(k) = Pk (θi(k), θj(k))

I.e., P̃(i,j) represents the results of comparing the pair
of products (i, j) parameter by parameter. Finally, we
have to evaluate somehow the partial comparisons. Let
M be the system of all functions f : K → [0, 1]. Then
(M, ∧, ∨, >, ⊥) is a complete lattice with top and
bottom elements > and ⊥, equal to constants 1 and
0, respectively. Let ϕ : M → [0, 1] denote the func-
tion evaluating the comparison. D. Dubois, W. Os-
tasiewicz, H. Prade in [4] have characterized so-called
evaluators defined by:

Definition 1 A function ϕ : M → [0, 1] is called a
normalized evaluator on M iff

1. ϕ(>) = 1, ϕ(⊥) = 0,

2. for all f, g ∈M, if f ≤ g then ϕ(f) ≤ ϕ(g).

Evaluators are connected with so-called fuzzy prefer-
ence relations. These have been studied already since
years (see, e.g. [5]). The definition is as follows:

Definition 2 A fuzzy relation R : Ξ × Ξ → [0, 1] is
said to be a large fuzzy preference relation on Ξ, if it
is reflexive and TL-transitive. (For brevity reasons we
will skip the adjective large.)

Theorem 1 Let ϕ :M→ [0, 1] be a normalized eval-
uator on M. Then a fuzzy relation R : Ξ×Ξ→ [0, 1],
defined as

R(i, j) = ϕ
(
P̃(i,j)

)
for i, j ∈ Ξ (1)

is a fuzzy preference relation on Ξ if and only if the
following is satisfied for all f, g ∈M:

ϕ(f ∧ g) ≥ TL (ϕ(f), ϕ(g)) (2)

Definition 3 ([3]) A normalized evaluator ϕ :M→
[0, 1] is said to be a TL evaluator on M, if it satisfies
the formula (2).

1.3 Comparability of elements of K and
 Lukasiewicz ultrafilters

In [3] it is shown that, in fact, TL evaluators are gen-
eralizations of  Lukasiewicz filters. First, recall the def-
inition of a  Lukasiewicz filter:

Definition 4 ([7]) Let K be an at most countable
set. A set-function F : 2K → [0, 1] is said to be a
 Lukasiewcz filter iff:

1. F(∅) = 0, F (K) = 1,

2. If A ⊆ B ⊆ K, then F(A) ≤ F(B),

3. for all A, B ∈ K the following is satisfied

TL (F(A), F(B)) ≤ F(A ∩B).

Lemma 1 (a) Let ϕ be a TL evaluator on M. Then
there exists some  Lukasiewicz filter F on K such that

∀A ⊆ K ϕ(1A) = F(A) (3)

where 1A is the characteristic function of A.
(b) Let G be a  Lukasiewicz filter on K. Then there
exists some TL evaluator ψ such that

∀A ⊆ K ψ(1A) = G(A).

Definition 5 We say that a TL evaluator ϕ on M is
na extension of a  Lukasiewicz filter F on K if formula
(3) is fulfilled.

Yet, let us recall the definitions of  Lukasiewicz ideal
and  Lukasiewicz ultrafilter form [6].

Definition 6 ([6]) Let K be an at most countable
set. A set-function I : 2K → [0, 1] is said to be a
 Lukasiewcz ideal on K iff:

1. I(∅) = 1, I (K) = 0,

2. If A ⊆ B ⊆ K, then I(A) ≥ I(B),

3. for all A, B ∈ K the following is satisfied

TL (I(A), I(B)) ≤ I(A ∪B).

Definition 7 ([6]) Let U be a  Lukasiewicz filter on
K. It is said to be a  Lukasiewicz ultrafilter iff I(A) =
1− U(A) is a  Lukasiewicz ideal.

As it will be shown next,  Lukasiewicz ultrafilters are
closely connected with the comparability of elements
of K.

Definition 8 Let ϕ : M → [0, 1] be a TL evaluator
and Rϕ : Ξ × Ξ → [0, 1] be a fuzzy preference relation
defined by (1). Then Jϕ : Ξ×Ξ→ [0, 1] is said to be a
relation of incomparability with respect to Rϕ iff it is
defined by:

Jϕ(i, j) = 1− SL (Rϕ(i, j), Rϕ(j, i)) .
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Theorem 2 Let ϕ : M → [0, 1] be a TL evalua-
tor which is an extension of  Lukasiewicz ultrafilter
U : 2K → [0, 1]. Then for all couples i, j ∈ Ξ
Jϕ(i, j) = 0.

Example 2 Let us have two digital cameras, c1 and
c2, which we want to compare. We want to have a
camera with at least 3× opt. zoom and at least 3
megapixels. We have a set of parameters:

Table 1: Table of parameters.

PARAMETER c1 c2
price (Euro) 200 300
megapixels 4 5
opt. zoom 5× 8×
digit. zoom 3× 3×
digit. effects good very good

where we have the following linguistic values: {very
weak, weak, average, good, very good, excellent} and
we can assign then numerical values 0 up to 5.

Now, we may fuzzify the order for each parameter:

Table 2: Table of partial fuzzy order.

PARAMETER Pk(c1, c2) Pk(c2, c1)
price (Euro) 1 2

3
megapixels 1

2 1
opt. zoom 2

5 1
digit. zoom 1 1
digit. effects 3

4 1

To model the fuzzification of orders we have used the
quotient of parameters. For megapixels and optical
zoom we have ‘shifted the zero’ to utilise the require-
ment to have at least 3 megapixels and at least 3×
opt. zoom (i.e. we have subtracted 3 from the values
of both parameters before counting the quotient).

Now, we have to choose some  Lukasiewicz filter mod-
elling the importance of each group of parameters. We
will use a special  Lukasiewicz filter, so-called (TL, S)-
filter ([7]), where the t-conorm S will be the ordi-
nal sum {(]0, 0.1[, SM ), (]0.1, 1[, SL)} since parameters
whose weight is at most 0.1 are not very important.

I.e., the (TL, S)-filter, F : 2K → [0, 1], is as follows:

F(A) =





1, if A = K
0, if A = ∅
S(a1, . . . , ai), if A = {a1, . . . , ai}

Now, we have to extend the  Lukasiewicz filter F to
some TL evaluator. We will do this using Choquet

Table 3: Table of weights of parameters.

PARAMETER WEIGHT
price 0.3

m-pixels 0.4
opt. zoom 0.4

digit. zoom 0.1
digit. effects 0.1

integral. We have to evaluate two functions (fuzzy
sets): f1 = 1/1 + 2/0.5 + 3/0.4 + 4/1 + 5/3

4 and f2 =
1/ 2

3 + 2/1 + 3/1 + 4/1 + 5/1

c

∫
f1 dF = 0.605

c

∫
f2 dF = 0.9

This means that we prefer camera c2 to c1 at the level
0.9 and camera c1 to c2 at the level 0.61.

2 Evaluators,  Lukasiewicz filters and
 Lukasiewicz ideals

In Definition 6  Lukasiewicz ideals are defined. These
correspond to so-called SL evaluators:

Definition 9 ([3]) A normalized evaluator ϕ :M→
[0, 1] is an SL evaluator if the following is satisfied:

ϕ(a ∨ b) ≤ SL(ϕ(a), ϕ(b)).

Lemma 2 ([3]) Let ϕ : M → [0, 1] be an SL evalu-
ator. Then there exists a  Lukasiewicz ideal I : 2K →
[0, 1] such that for each A ∈ K the following holds:

ϕ(A) = 1− I(A).

Corollary 1 (to Lemmas 1, 2) Let ψ : M→ [0, 1]
be a TL and SL evaluator. Then function U : 2K →
[0, 1] defined by

U(A) = ψ(A) for A ⊆ K
is a  Lukasiewicz ultrafilter.

Due to Corollary 1 TL and SL evaluators play im-
portant role in constructing fuzzy preference relations.
We show now some possibilities how  Lukasiewicz ul-
trafilters can be extended to TL and SL evaluators.

Theorem 3 For each k ∈ K let ηk : [0, 1] → [0, 1]
be some isotone transformation such that ηk(0) = 0
and ηk(1) = 1. Further, let U : 2K → [0, 1] be a
 Lukasiewicz ultrafilter. Then ϕ : M → [0, 1] defined
by

ϕ(f) = c

∫
ηk(f(k)) dU (4)
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is TL and SL evaluator, where c
∫

means Choquet in-
tegral.

Theorem 4 For each k ∈ K let ηk : [0, 1] → [0, 1]
be some isotone transformation such that ηk(0) = 0
and ηk(1) = 1. Further, let U : 2K → [0, 1] be a
 Lukasiewicz ultrafilter. Then ϕ : M → [0, 1] defined
by

ϕ(f) = s

∫
ηk(f(k)) dU (5)

is TL and SL evaluator, where s
∫

means Sugeno in-
tegral.

The transformations ηk may be used, e.g., to make the
interval [0, 1] discrete. In fact, the fuzzified order Pk
from subsection 1.1 can be made discrete via ηk. The
biggest and the smallest possible transformations are,
respectively:

ηb(x) =

{
1, if x > 0
0, if x = 0

ηs(x) =

{
1, if x = 1
0, if x < 1

However, if we use identity as transformations ηk and
we change the Choquet or Sugeno integrals from for-
mulae (4) or (5) to some other fuzzy integral (general
fuzzy integrals were introduced in [9]), the resulting
evaluator, extending some  Lukasiewicz ultrafilter U , is
not necessarily TL and/or SL evaluator as we will see
next.

Definition 10 ([9]) A functional Iµ : M → [0, 1] is
a general fuzzy integral with respect to some measure
µ : 2K → [0, 1] iff the following is fulfilled:

1. Iµ(f) ≤ I(g) whenever f ≤ g, f, g ∈M,

2. Iµ(c̃) = c for any constant function c̃ ∈M,

3. Iµ(1A) = µ(A) where 1A is the characteristic
function of A ⊂ K.

Theorem 5 ([9]) Let µ : 2K → [0, 1] be some fuzzy
measure. Then the strongest fuzzy integral with respect
to µ is I∗µ :M→ [0, 1] defined as:

I∗µ(f) = min{sup f, µ(f > 0)} (6)

and the weakest fuzzy integral with respect to µ is I∗µ :
M→ [0, 1] defined as:

I∗µ(f) = max{inf f, µ(f = 1)} (7)

Theorem 6 Let F : 2K → [0, 1] be a  Lukasiewicz fil-
ter. Then I∗F : M → [0, 1], defined by formula (6) is
an evaluator which is not TL.

Theorem 7 Let I : 2K → [0, 1] be a  Lukasiewicz
ideal. Denote µ = 1 − I. Then I∗µ : M → [0, 1],
defined by formula (7) is an evaluator which is not
SL.

The last assertion is trivial, however, for completeness
sake we formulate the statement:

Lemma 3 Let U : 2K → [0, 1] be some  Lukasiewicz
ultrafilter. Further, let EU denote the system of all
fuzzy evaluators ϕ : M → [0, 1] extending U . Then
the system EU is convex.

3 Conclusion

In this paper we have shown how TL evaluators and SL
evaluators can be used to construct fuzzy preference
relations. Further, we have shown under which condi-
tion the incomparability relation J is zero. We have
also shown some extensions of  Lukasiewicz ultrafilters
which are TL and SL evaluators and some extensions
of  Lukasiewicz ultrafilters which are either not TL or
not SL evaluators.
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FRQVLVWV� LQ� XVLQJ� D� IX]]\� LPSOLFDWLRQ� WR� GHILQH
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LQFOXVLRQ� LQGLFDWRUV�� $� ILUVW� LGHD�� GHYHORSHG� LQ
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H[WHQW�WKH�³ORZ�LQWHQVLW\´�RQHV��,Q�WKDW�VHQVH��WKH
RSHUDWRU� GHILQHG� FDQ� EH� FDOOHG� D� TXDOLWDWLYH
DSSUR[LPDWH�LQFOXVLRQ�
+HUH��WKH�LGHD�LV�WR�WDNH�LQWR�DFFRXQW�WKH�QRWLRQ
RI� FORVHQHVV� EHWZHHQ� WKH� HOHPHQWV� RI� WKH
GRPDLQ�� VR� DV� WR� GHILQH� D� SUR[LPLW\�EDVHG
WROHUDQW� LQFOXVLRQ�� )RU� LQVWDQFH�� RQH� PD\
FRQVLGHU�WKDW�D�VHW�(�LV�LQFOXGHG�LQ�D�VHW�)�LI��IRU
HYHU\�HOHPHQW�[�RI�(��[�LV�SUHVHQW�LQ�)��FODVVLFDO
LQFOXVLRQ��RU�LI�)�FRQWDLQV�DQ�HOHPHQW�FORVH�WR�[�
7KH�UHVW�RI�WKH�SDSHU�LV�VWUXFWXUHG�DV�IROORZV��,Q
VHFWLRQ����ZH�UHFDOO�VRPH�EDVLF�QRWLRQV�UHODWHG�WR
WKH�LQFOXVLRQ�RI�IX]]\�VHWV�LQ�WKH�VHQVH�RI�=DGHK
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EDVHG� PRGLILHUV�� ,Q� VHFWLRQ� ��� WKH� SULQFLSOH� RI
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WKH� SUR[LPLW\�EDVHG� DSSURDFK� DQG� WKH� WZR
DSSUR[LPDWH� LQFOXVLRQ� LQGLFDWRUV� LQWURGXFHG� LQ
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������3UHOLPLQDULHV�DQG�%DFNJURXQG

���� %RROHDQ�,QFOXVLRQ�RI�)X]]\�6HWV
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SUR[LPLW\� UHODWLRQ� GHILQHG� RQ� WKH� XQLYHUVH
FRQVLGHUHG�� WR� WKH� HOHPHQW� F� �ZKLFK� VWURQJO\
EHORQJV�WR�%���LW�PD\�PDNH�VHQVH�WR�XSJUDGH�WKH
PHPEHUVKLS� GHJUHH� RI� E� WR� %� �ZKLFK
FRUUHVSRQGV�WR�PRGLI\LQJ�%� LQWR�D�IX]]\�VHW�%
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DQG�WKHQ�$�PD\�EH�LQFOXGHG�LQ�%
��,Q�WKDW�VHQVH�
$�⊆�%
�FDQ�EH�YLHZHG�DV�D�UHOD[DWLRQ�RI�$�⊆�%�
7KLV� LV� WKH� EDVLF� LGHD� WKDW� LV� GHYHORSHG� LQ� WKH
IROORZLQJ�♦

��������$ERXW�3UR[LPLW\�%DVHG�0RGLILHUV
/HW� XV� ILUVW� UHFDOO� WKH� IRUPDO� GHILQLWLRQ� RI� WKH
FRQFHSW�RI�D�SUR[LPLW\�UHODWLRQ�>�@�
'HILQLWLRQ� ��� $� SUR[LPLW\� UHODWLRQ� LV� D� IX]]\
UHODWLRQ�5�RQ�D�VFDODU�GRPDLQ�8��VXFK�WKDW�IRU�X�
Y�∈�8�
5�X��X�� ��� ��������UHIOH[LYLW\��
5�X��Y�� �5�Y��X� ��������V\PPHWU\��
7KH�TXDQWLW\�5�X��Y��FDQ�EH�YLHZHG�DV�D�JUDGH�RI

DSSUR[LPDWH�HTXDOLW\�RI�X�ZLWK�Y�
$Q� DEVROXWH� SUR[LPLW\� UHODWLRQ� LV� DQ
DSSUR[LPDWH� HTXDOLW\� UHODWLRQ� (� ZKLFK� FDQ� EH
PRGHOHG�E\�D�IX]]\�UHODWLRQ�RI�WKH�IRUP�>�@�

(��8�×�8�→�>����@
�����X��Y��→�(�X��Y�� �=�X�−�Y��

ZKLFK� RQO\� GHSHQGV� RQ� WKH� YDOXH� RI� WKH
GLIIHUHQFH�X�−�Y��DQG�ZKHUH�=��FDOOHG�D�WROHUDQFH
LQGLFDWRU��LV�D�IX]]\�LQWHUYDO�FHQWHUHG�LQ����VXFK
WKDW�

�L�� =�U�� �=�− U���L�H���=� �−=�
�LL�� =���� ���
�LLL�� 7KH�VXSSRUW�RI�=�LV�ERXQGHG�DQG�LV�RI�WKH
IRUP� >−Ω��Ω@�ZKHUH�Ω� LV� D� SRVLWLYH� UHDO
QXPEHU�

,Q� WHUPV� RI� WUDSH]RLGDO� PHPEHUVKLS� IXQFWLRQ
�W�P�I���� WKH� SDUDPHWHU� =� FDQ� EH� H[SUHVVHG� E\
�−]��]��δ��δ��ZLWK�Ω� �]���δ�DQG�>−]��]@�UHSUHVHQWV
WKH�FRUH�RI�=�
3URSRVLWLRQ� ��� /HW� = � � DQG� = � � EH� WZR� IX]]\
LQWHUYDOV�FHQWHUHG�LQ���RQ�VFDODU�GRPDLQ�8��7KH
IROORZLQJ�HQWDLOPHQW�KROGV�

= � �⊆�= � �⇒�(>= � @�⊆�(>= � @�
7KH� SURRI� LV� VWUDLJKWIRUZDUG�� ,Q� WKH� IROORZLQJ�
ZH� ZLOO� ZULWH� (>=@� WR� GHQRWH� WKH� DEVROXWH
SUR[LPLW\�UHODWLRQ�(�SDUDPHWHUL]HG�E\�=��6HH�>�@
IRU�RWKHU�LQWHUHVWLQJ�SURSHUWLHV�RI�(>=@�
&RQVLGHU�D� IX]]\�VHW�)� RQ� WKH� VFDODU�GRPDLQ�8
DQG�DQ�DEVROXWH�SUR[LPLW\�UHODWLRQ�(�=���ZKHUH�=
LV� D� WROHUDQFH� LQGLFDWRU�� 7KH� VHW� )� FDQ� EH
DVVRFLDWHG�ZLWK�D�QHVWHG�SDLU�RI�IX]]\�VHWV�ZKHQ
XVLQJ�(�=��DV�D�WROHUDQFH�UHODWLRQ��,QGHHG�

�L�� ZH�FDQ�EXLOG�D�IX]]\�VHW�( � �)��FORVH�WR�)�
VXFK� WKDW�)�⊆� ( � �)��� 7KLV� LV� WKH� GLODWLRQ
RSHUDWLRQ��( � �)��JDWKHUV�WKH�HOHPHQWV�RI�)
DQG� WKRVH� RXWVLGH� RI� )� ZKLFK� DUH
VRPHZKDW�FORVH� WR�DQ�HOHPHQW� LQ�)� LQ� WKH
VHQVH�RI�(>=@�

�LL�� �ZH�FDQ�EXLOG�D�IX]]\�VHW�( � �)��FORVH�WR�)�
VXFK� WKDW�( � �)��⊆� )�� 7KLV� LV� WKH� HURVLRQ
RSHUDWLRQ��( � �)��JDWKHUV�WKH�HOHPHQWV�RI�)
VXFK� WKDW� DOO� RI� WKHLU� ³QHLJKERUV´� ±� L�H�
WKRVH�ZKLFK�DUH�VRPHZKDW�FORVH�WR�WKHP�±
DUH�LQ�)�

7KHVH� IX]]\� VHWV� FDQ� EH� FRQVWUXFWHG� LQ� WKH
IROORZLQJ�ZD\�
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'LODWLRQ�RSHUDWLRQ��'LODWLQJ�WKH�IX]]\�VHW�)�E\�=
ZLOO�SURYLGH�D�IX]]\�VHW�( � �)��GHILQHG�E\�
( � �)��V�� �VXS � ∈ 	 � �)�U���(>=@�V��U�� ������������
������������� �VXS � ∈ 	 � �)�U���=�V�−�U��
ZKHUH� �LV�D�WULDQJXODU�QRUP�
7KHQ��)�⊆�( 
 �)��DQG�( 
 �)�� FDQ�EH�YLHZHG�DV�D
ZHDNHQHG�YDULDQW�RI�)�
(URVLRQ�2SHUDWLRQ��&RQVLGHULQJ�WKH�PHDQLQJ�RI
( � �)��JLYHQ�DERYH��LW�VHHPV�QDWXUDO�WR�DGRSW�WKH
IROORZLQJ�GHILQLWLRQ�
( � �)��V�� �LQI � ∈ 	 ��(>=@�V��U��→�)�U�� ������������
ZKHUH�→� GHQRWHV� D� IX]]\� LPSOLFDWLRQ�� :H� ZLOO
VHH�ODWHU��LQ�VHFWLRQ������WKDW�WKH�SUHVHUYDWLRQ�RI
DQ� LPSRUWDQW� D[LRP� RI� WKH� LQFOXVLRQ� FRQVWUDLQV
WKH�FKRLFH�RI�WKH�IX]]\�LPSOLFDWLRQ�LQ������LW�KDV
WR�EH� WKH�6�LPSOLFDWLRQ�EDVHG�RQ� WKH� WULDQJXODU
QRUP�XVHG�LQ������ZKLFK�ZLOO�EH�GHQRWHG�E\�→ �
( � � DQG� ( � � DUH� IX]]\� PRGLILHUV� VDWLVI\LQJ� WKH
IROORZLQJ�SURSRVLWLRQ�
3URSRVLWLRQ����)RU�)�LQ���8���ZH�KDYH�
( � �)��⊆�)�⊆�( � �)��
7KH�SURRI�LV�VWUDLJKWIRUZDUG�

������3UR[LPLW\�%DVHG�7ROHUDQW�,QFOXVLRQ
7KH�EDVLF�LGHD�LV�WR�LQWURGXFH�D�FHUWDLQ�WROHUDQFH
LQWR� WKH� LQFOXVLRQ� LQGLFDWRU� E\� WDNLQJ� LQWR
DFFRXQW� WKH� SUR[LPLW\� EHWZHHQ� WKH� HOHPHQWV� RI
WKH� GRPDLQ� FRQVLGHUHG�� 7KLV� FDQ� EH� GRQH� E\
UHSODFLQJ�$�⊆�%�HLWKHU�E\�
$�⊆ 


� �%�≡�( � �$��⊆�( � �%��RU�E\�
$�⊆ � � �%�≡��( � �$��⊆�%�∨�$�⊆�( � �%���RU�E\�
$�⊆ 


� �%�≡��( � �$��⊆�%�∧�$�⊆�( � �%���
5HPDUN����2QH�KDV�
$�⊆ 


� �%�⇒�$�⊆ 

 �%�⇒�$�⊆ 


� �%�
,Q� WKH� IROORZLQJ�� ZH� IRFXV� RQ� LQGLFDWRU� ⊆ 


� �
ZKLFK� DFWV� ERWK� RQ�$� DQG�%�� DQG� ZKLFK� LV� WKH
PRVW� GUDVWLF�ZD\� �DPRQJ� WKH� WKUHH� SRLQWHG� RXW
DERYH�� RI� UHOD[LQJ� WKH� LQFOXVLRQ�� :H� XVH� WKH
QRWDWLRQ�
$�⊆ 
 �%�⇔��( � �$��⊆�%�∧�$�⊆�( � �%���������������������
5HPDUN� ��� 2QH� FRXOG� DOVR� FRQVLGHU� WZR� RWKHU
UHOD[DWLRQV��QDPHO\
$�⊆ 


� �%�≡��( � �$��⊆�%�DQG

$�⊆ 

� �%�≡�$�⊆�( � �%��

EXW� LW� VHHPV� LQWXLWLYHO\� PRUH� UHDVRQDEOH�� LQ
JHQHUDO�� WR� DSSO\� D� UHOD[DWLRQ� PHFKDQLVP� WKDW
DFWV�RQ�ERWK�DUJXPHQWV�
7R� VXP� XS�� WKH� SULQFLSOH� LV� WR� VD\� WKDW� $� LV
LQFOXGHG� �ZLWK� WROHUDQFH�� LQ� %� LII� YHU\�$�� LV
LQFOXGHG� LQ� %� DQG� $� LV� LQFOXGHG� LQ� PRUH�RU�
OHVV�%��ZKHUH� WKH� OLQJXLVWLF�PRGLILHUV� YHU\� DQG
PRUH�RU�OHVV� DUH� EDVHG� RQ� WKH� QRWLRQ� RI
SUR[LPLW\�

��������7ROHUDQW�,QFOXVLRQ�RI�&ULVS�6HWV
,Q� WKH�FDVH�ZKHUH�FULVS�VHWV� DUH�GHDOW�ZLWK�� RQH
PXVW� XVH� D� %RROHDQ� SUR[LPLW\� UHODWLRQ� (>=@
EDVHG�RQ�D�UHJXODU�LQWHUYDO�=� �>±Ω��Ω@�FHQWHUHG
LQ����2QH�JHWV�
(>=@�X��Y��LV�WUXH�LI�|X�±�Y|�≤�Ω��IDOVH�RWKHUZLVH�
)RUPXODV�����DQG�����UHZULWH�
( � �)��≡�^V�∈�8�|�∃U�∈�8�VXFK�WKDW
�������������������������������U�∈�)�∧�(>=@�U��V�`���������������
( � �)��≡�^V�∈�)�|�∀U�∈�8��(>=@�U��V��⇒�U�∈�)`����
([DPSOH����/HW�XV�FRQVLGHU�WKH�VHWV
$� �^������`�DQG�%� �^����������`
GHILQHG�RQ� WKH� LQWHUYDO� >������@�RI� WKH� LQWHJHUV�
DQG�WKH�LQWHUYDO�=� �>±����@��:H�JHW�
( � �$�� �∅�DQG
( � �%�� �^����������������������������������`
DQG�ZH�KDYH��$�⊆ 
 �%�♦

��������7ROHUDQW�,QFOXVLRQ�RI�)X]]\�6HWV
+HUH��WKH�FDOFXOXV�±�LOOXVWUDWHG�E\�WKH�IROORZLQJ
H[DPSOH�±�LV�EDVHG�RQ�IRUPXODV�����DQG�����
([DPSOH����/HW�XV�FRQVLGHU�WKH�IX]]\�VHWV�
$� �^����������������������������`
%� �^��������������������`
GHILQHG�RQ� WKH� LQWHUYDO� >������@�RI� WKH� LQWHJHUV�
DQG�WKH�IX]]\�VHW�=�UHSUHVHQWHG�E\�WKH�W�P�I�����
±����������$FFRUGLQJ�WR������$�LV�QRW�LQFOXGHG�LQ
%�
8VLQJ� WKH�WULDQJXODU�QRUP�PLQLPXP�LQ������DQG
WKXV�.OHHQH�'LHQHV�LPSOLFDWLRQ�LQ������ZH�JHW�
( � �$�� �^��������������`�DQG
( � �%�� �^���������������������������������������
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������������������������������������������������������`
$�⊆ 
 �%� ��( � �$��⊆�%���∧��$�⊆�( � �%���� 
WUXH�∧�WUXH� �WUXH�♦
���� 3URSHUWLHV
/HW�XV�UHFDOO�WKH�WKUHH�D[LRPV�YDOLG�IRU�%RROHDQ
LQFOXVLRQ�
$�⊆�%�⇔�% � �⊆�$ � �������������������������������������������$��
ZKHUH�$ � ��UHVS��% � ��GHQRWHV�WKH�FRPSOHPHQW�RI�$
�UHVS��%��LQ�WKH�XQLYHUVH�8�
$��⊆��%�∩�&��⇔��$�⊆�%��∧��$�⊆�&����������������$��
$�⊆�%�⇔�6�$��⊆�6�%�������������������������������������$��
ZKHUH� WKH� VHW� 6�$�� LV� GHILQHG� DV� 6�$��[��  
$�6�[���ZLWK�D�RQH�WR�RQH�PDSSLQJ�V��;�→�;�
/HW�XV�QRZ�FKHFN�ZKHWKHU�WKHVH�D[LRPV�UHPDLQ
YDOLG�ZKHQ�WKH�UHJXODU�LQFOXVLRQ�LV�UHSODFHG�E\�D
WROHUDQW�RQH�
)LUVW�FDVH��FULVS�VHWV�
$[LRP��$����'R�ZH�KDYH��$�⊆ 
 �%�⇔�% � �⊆ 
 �$ � "
)LUVW��OHW�XV�VKRZ�WKDW�IRU�D�FULVS�VHW�;��RQH�KDV�
�( � �;�� � � �( � �; � ��
3URRI�
�( � �;�� � �V�� 
8�±�^V�∈�8�|�∃U�∈�8�V�W��U�∈�;�∧�(>=@�U��V�`
 �^V�∈�8�|�∀U�∈�8��U�∉�;�∨�¬(>=@�U��V�`
 �^V�∈�8�|�∀U�∈�8��(>=@�U��V��⇒�U�∉�;`
 �( � �; � ��•
)URP� WKLV�� LW� LV� VWUDLJKWIRUZDUG� WR� GHGXFH� WKDW
�( � �;�� � � �( � �; � ���7KHUHIRUH��ZH�KDYH�
$�⊆ 
 �%�⇔
�( � �$��⊆�%�∧�$�⊆�( � �%���⇔
% � �⊆��( � �$�� � �∧��( � �%�� � �⊆�$ � �⇔
% � �⊆( � �$ � ��∧�( � �% � ��⊆�$ � �⇔
% � �⊆ 
 �$ � �
$[LRP��$����'R�ZH�KDYH�
$��⊆ 
 ��%�∩�&��⇔��$�⊆ 
 �%��∧��$�⊆ 
 �&��"
)LUVW�� OHW�XV�QRWLFH�WKDW� IRU� WZR�FULVS�VHWV�%� DQG
&�� RQH� KDV�� ( � �%�∩� &��  � ( � �%��∩� ( � �&�� �WKH
SURRI�LV�VWUDLJKWIRUZDUG���7KHUHIRUH��ZH�KDYH�
$��⊆ 
 ��%�∩�&��⇔
( � �$��⊆��%�∩�&��∧�$�⊆�( � �%�∩�&��⇔
( � �$��⊆�%�∧�( � �$��⊆�&�∧�$�⊆�( � �%�
��������������������������������������∧�$�⊆�( � �&��⇔

�$�⊆ 
 �%��∧��$�⊆ 
 �&��
$V� WR� D[LRP�$���� LW� VWUDLJKWIRUZDUGO\� KROGV
ZKHQ�⊆�LV�UHSODFHG�E\�⊆ 
 �
6HFRQG�FDVH��IX]]\�VHWV�
$[LRP� �$���� /HW� XV� SURYH� WKDW� WKLV� D[LRP� LV
SUHVHUYHG�LI�WKH�IX]]\�LPSOLFDWLRQ�XVHG�LQ�����LV
WKH� 6�LPSOLFDWLRQ� EDVHG� RQ� WKH� WULDQJXODU� QRUP
XVHG� LQ� ����� /HW� XV� UHFDOO� WKDW� DQ� 6�LPSOLFDWLRQ
→ � LV� DVVRFLDWHG� ZLWK� D� WULDQJXODU� QRUP� � E\
WKH�IROORZLQJ�UHODWLRQ�
D�→ �E� ����±� �D����±�E������������������������������������
7KXV�ZH�KDYH�
( � �; � ��V�� �VXS � ∈ 	 � �(>=@�V��U�����±�;�U��

�� �VXS � ∈ 	 ����±�>(>=@�V��U� → �;�U��@�
�� ���±��LQI � ∈ 	 ��(>=@�V��U� → �;�U��
�� ���±�( � �;��V�
�� ��( � �;�� � �V��

)URP�WKLV��LW�LV�VWUDLJKWIRUZDUG�WR�GHGXFH�WKDW�
�( � �;�� � � �( � �; � ��
,W�IROORZV��WKDW�D[LRP��$���KROGV��WKH�SURRI�LV
WKH�VDPH�DV�LQ�WKH�FULVS�VHW�FDVH��
$[LRP��$����2QO\�D�ZHDNHQHG�IRUP�RI�LW�KROGV
ZKHQ�⊆� LV� UHSODFHG� E\�⊆ 
 � �WKH� HTXLYDOHQFH� LV
UHSODFHG� E\� DQ� LPSOLFDWLRQ��� )LUVW� OHW� XV� VKRZ
WKDW��( � �%�∩�&��≠�( � �%��∩�( � �&��LQ�JHQHUDO�
/HW�8� �^����������`��%� �^��������������`��DQG
&�  � ^�������� ������`�� /HW� =� EH� UHSUHVHQWHG� E\
WKH� W�P�I�� ���� ��� ��� ���� /HW� XV� DVVXPH� LQ� WKLV
H[DPSOH�WKDW�WKH�LQWHUVHFWLRQ�LV�LQWHUSUHWHG�E\��D
PLQLPXP�
%�∩�&� �^������`
( � �%�∩�&�� �^����������������������`
( � �%�� �^����������������������`
( � �&�� �^����������������������`
( � �%��∩�( � �&�� �^����������������������`�
1RZ��OHW�XV�VKRZ�WKDW�
( � �%�∩�&��⊆�( � �%��∩�( � �&��
3URRI�
µ����� � ∩ ��� �[�� �VXS� ∈ 	 � �(>=@�[��\���µ� ∩ � �\��

 �VXS� ∈ 	 � �(>=@�[��\��� �µ� �\���µ � �\���
≤� �VXS� ∈ 	 � �(>=@�[��\���µ� �\���
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������ ��������VXS� ∈ 	 � �(>=@�[��\���µ � �\���
≤� �µ��� �%��[���µ��� �&��[���•

7KLV�UHVXOW�HQWDLOV�WKDW�
$��⊆ 
 ��%�∩�&��⇒��$�⊆ 
 �%��∧��$�⊆ 
 �&��
7KH� SURRI� LV� WKH� VDPH� DV� LQ� WKH� FULVS� VHW� FDVH�
H[FHSW� WKDW� LQ� WKH� VHFRQG� OLQH� WKH� HTXLYDOHQFH
PXVW�EH�UHSODFHG�E\�DQ�LPSOLFDWLRQ�
5HPDUN��'XERLV�DQG�3UDGH�>��@�KDYH�VKRZQ�WKDW
6�LPSOLFDWLRQV� DQG� 5�LPSOLFDWLRQV� FRXOG� EH
PHUJHG� LQWR� D� VLQJOH� IDPLO\�� SURYLGHG� WKDW� WKH
FODVV� RI� WULDQJXODU� QRUPV� LV� HQODUJHG� WR� QRQ�
FRPPXWDWLYH�FRQMXQFWLRQ�RSHUDWRUV��2QH�KDV�
D�→�E� ����±�FQM�D����±�E�

ZKHUH�FQM�LV�D�D�WULDQJXODU�QRUP� �LI�→�LV�DQ�6�
LPSOLFDWLRQ�� DQG� FQM� LV� D� QRQ�FRPPXWDWLYH
FRQMXQFWLRQ�FQF� LI�→� LV� DQ�5�LPSOLFDWLRQ��7KLV
SURYLGHV�DQRWKHU�ZD\�RI�GHILQLQJ�( 
 �DQG�( 
 ��RQH
FRXOG�XVH�D�QRQ�FRPPXWDWLYH�FRQMXQFWLRQ�LQ����
DQG� WKH� FRUUHVSRQGLQJ� 5�LPSOLFDWLRQ� LQ� ����
ZKLFK�ZRXOG�DOVR�SUHVHUYH�D[LRP��$���

��� $SSOLFDWLRQ�WR�WKH�GLYLVLRQ�RI�UHODWLRQV

���������5HPLQGHU�$ERXW�WKH�'LYLVLRQ
7KH� UHODWLRQDO� GLYLVLRQ�� L�H��� WKH� GLYLVLRQ� RI
UHODWLRQ� U� RI� VFKHPD� 5�$�� ;�� E\� UHODWLRQ� V� RI
VFKHPD� 6�%�� �ZKHUH� $� DQG� %� DUH� FRPSDWLEOH
VXEVHWV�RI�DWWULEXWHV��LV�GHILQHG�DV�IROORZV�
GLY�U��V��$��%�� �^[�|�V�⊆�Ω��[�`����������������������������
ZKHUH�Ω�[�� �^D� |��[��D!�∈�U`��,Q�RWKHU�ZRUGV�
DQ�HOHPHQW�[�EHORQJV�WR�WKH�UHVXOW�RI�WKH�GLYLVLRQ
LI�LW�LV�DVVRFLDWHG�ZLWK�DW�OHDVW�DOO�WKH�YDOXHV�D�RI
%�DSSHDULQJ�LQ�V�
([DPSOH����&RQVLGHU�WKH�UHODWLRQV�VXSSOLHUV� �V�
DQG� FHQVXV� �F�� RI� UHVSHFWLYH� VFKHPDV� 6��VWRUH�
FKDLQ��]LSF��WXUQRYHU��DQG�&�FLW\��]LSF��SRS���7KH
TXHU\��³ILQG�WKH�FKDLQV�ZKLFK�KDYH�D�VWRUH�ZLWK�D
WXUQRYHU�JUHDWHU� WKDQ�����N¼� LQ� HYHU\� FLW\� IURP
UHODWLRQ� F� ZKRVH� SRSXODWLRQ� LV� RYHU� �������´
FDQ�EH�IRUPXODWHG�XVLQJ�D�GLYLVLRQ�
GLY�SURM�VHOHFW�V��WXUQRYHU�!�������^FKDLQ��]LSF`��
������SURM�VHOHFW�F��SRS�!������������^]LSF`��
�����^]LSF`��^]LSF`�
ZKHUH�VHOHFW�U��FRQG��LV�WKH�VHOHFWLRQ�RI�UHODWLRQ
U�ZLWK� WKH� FRQGLWLRQ� FRQG� DQG�SURM�U�� ;�� LV� WKH
SURMHFWLRQ�RI�U�RQWR�WKH�VHW�RI�DWWULEXWHV�;�

��V �VWRUH FKDLQ ]LSF WXUQRYHU
�� �� ����� ���
�� �� ����� ����
�� �� ����� ����
�� �� ����� ����
�� � ����� ����
�� � ����� ����

��F �FLW\ ]LSF SRS
3DULV ����� ���������
/\RQ ����� �������

6DLQW�%ULHXF ����� ������
0DUVHLOOH ����� �������
$QJHUV ����� �������
5HQQHV ����� �������

8VLQJ�WKH�H[WHQVLRQV�RI�V�DQG�F�DERYH��RQH�JHWV
WKH�UHVXOW�PDGH�RI�WKH�VLQJOH�YDOXH����!�♦

�����7ROHUDQW�'LYLVLRQ�RI�&ULVS�5HODWLRQV
7KH� WROHUDQW� LQFOXVLRQ� LQWURGXFHG� EHIRUH� FDQ
VHUYH� DV� D� EDVLV� WR� GHILQH� D� WROHUDQW� GLYLVLRQ
ZKHUH�WKH�QRWLRQ�RI�SUR[LPLW\�EHWZHHQ�YDOXHV�LV
WDNHQ�LQWR�DFFRXQW��)RU�LQVWDQFH��LQ�WKH�SUHYLRXV
H[DPSOH�� LW� PLJKW� EH� XVHIXO� WR� FRQVLGHU� WKDW
RIWHQ� WKH� VWRUHV� DUH� QRW� LQ� WKH� ELJ� FLWLHV
WKHPVHOYHV� EXW� LQ� WKHLU� VXEXUEV�� 7KHQ�� WKH� ]LS
FRGHV�LQ�UHODWLRQ�6XSSOLHU�PD\�EH�GLIIHUHQW�IURP
WKH� RQHV� DVVRFLDWHG� ZLWK� WKH� GLIIHUHQW� XUEDQ
FHQWHUV�� 7KHUHIRUH�� LW� LV� LQWHUHVWLQJ� WR� DOORZ� D
FHUWDLQ� WROHUDQFH� RQ� WKH� ]LS� FRGH� LQ� WKH
SURFHVVLQJ�RI�WKH�GLYLVLRQ��LW�LV�DVVXPHG�WKDW�WKH
GLIIHUHQFH� EHWZHHQ� WKH� ]LS� FRGHV� UHIOHFWV� WKH
GLVWDQFHV� EHWZHHQ� WKH� FLWLHV��� )RU� LQVWDQFH�� RQH
PD\�XVH�D�WROHUDQFH�LQGLFDWRU�VXFK�DV�=� ��±����
������������7KH�WROHUDQW�GLYLVLRQ�LV�LQWHUSUHWHG�E\
PHDQV� RI� IRUPXOD� ���� ZKHUH� WKH� UHJXODU
LQFOXVLRQ�LV�UHSODFHG�E\�D�WROHUDQW�RQH�±�ZKLFK�LV
LWVHOI�LQWHUSUHWHG�XVLQJ�IRUPXODV�����DQG�����
([DPSOH����/HW�XV�FRQVLGHU�DJDLQ�WKH�FRQWH[W�RI
H[DPSOH� �� DQG� OHW� XV� FRQVLGHU� WKH� H[WHQVLRQ� RI
UHODWLRQ�V�EHORZ��)RU�WKH�FKDLQ�����LW�FDQ�HDVLO\
EH� FKHFNHG� WKDW� WKH� VHW� $�  � ^������� ������
������������`�LV�LQFOXGHG��ZLWK�WROHUDQFH��LQ�%
 � ^������� ������� ������� �����`�� 7KXV� WKH
UHVXOW�RI�WKH�WROHUDQW�GLYLVLRQ�LV�^��`�ZKHUHDV�LW
ZRXOG� EH� HPSW\� LI� WKH� UHJXODU� GLYLVLRQ� ZHUH
XVHG�
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��V �VWRUH FKDLQ ]LSF WXUQRYHU
�� �� ����� ���
�� �� ����� ����
�� �� ����� ����
�� �� ����� ����
�� � ����� ����
�� � ����� ����

i

���������7ROHUDQW�'LYLVLRQ�RI�)X]]\�5HODWLRQV
1RZ�� RQH� FRQVLGHUV� IX]]\� UHODWLRQV�� L�H��
UHODWLRQV� REWDLQHG� E\� DSSO\LQJ� IOH[LEOH
FRQGLWLRQV� RQ� UHODWLRQV� SHUWDLQLQJ� WR� D� UHJXODU
UHODWLRQDO� GDWDEDVH�� ,Q� WKLV� FRQWH[W�� RQH� FDQ
HQYLVDJH�TXHULHV�VLPLODU�WR�WKDW�RI�H[DPSOH����IRU
LQVWDQFH�WKH�UHTXHVW��³ILQG�HYHU\�FKDLQ�[��WR�ZKDW
H[WHQW� LV� LW� WUXH� WKDW� [� KDV� D� VWRUH� ZLWK� DQ
LPSRUWDQW� WXUQRYHU� LQ� HYHU\� ODUJHO\� SRSXODWHG
FLW\� SUHVHQW� LQ� UHODWLRQ� F´�� 7KLV� TXHU\� FDQ� EH
DOJHEUDLFDOO\� H[SUHVVHG� WKDQNV� WR� D� GLYLVLRQ� RI
IX]]\�UHODWLRQV�DV�
GLY�SURM�VHOHFW�V��WXUQRYHU�LV�LPSRUWDQW��
�������������^FKDLQ��]LSF`��
������SURM�VHOHFW�F��SRS�LV�ODUJH����^]LSF`��
�����^]LSF`��^]LSF`��
$�IX]]\�UHODWLRQ�LV�GHILQHG�DV�D�IX]]\�VXEVHW�RI
WKH� &DUWHVLDQ� SURGXFW� RI� GRPDLQV�� 6R�� D� IX]]\
UHODWLRQ�U�LV�D�VHW�RI�ZHLJKWHG�WXSOHV��GHQRWHG�E\
µ�W�ZKHUH�µ� LV� WKH�PHPEHUVKLS�GHJUHH�RI�W� LQ�U�
L�H��� WKH� H[WHQW� WR� ZKLFK� W� FRPSOLHV� ZLWK� WKH
FRQFHSW�DVVRFLDWHG�ZLWK� U�� ,Q� WKH� FRQWH[W�RI� WKH
SUHYLRXV�TXHU\�� WKH�GHJUHH� WLHG�WR�HDFK�WXSOH�RI
UHODWLRQ� V
�  � VHOHFW�V�� WXUQRYHU� LV� LPSRUWDQW�
H[SUHVVHV�WKH�H[WHQW�WR�ZKLFK�LW�LV�D�VWRUH�ZLWK�DQ
LPSRUWDQW�WXUQRYHU��$�IOH[LEOH�TXHU\�LV�PDGH�RI
RSHUDWLRQV� DSSO\LQJ� WR� IX]]\� UHODWLRQV� DQG
ZKRVH� UHVXOW� LV� D� IX]]\� UHODWLRQ� DV� ZHOO�� 6XFK
RSHUDWRUV� DUH� REWDLQHG� WKURXJK� D� QDWXUDO
H[WHQVLRQ� RI� WKH� XVXDO� DOJHEUDLF� RSHUDWRUV� �VHH�
H�J���>����@��
$� VWUDLJKWIRUZDUG� �%RROHDQ�� H[WHQVLRQ� RI� WKH
GLYLVLRQ�RSHUDWRU�WR�IX]]\�UHODWLRQV�FDQ�EH�EDVHG
RQ�IRUPXOD�����ZKHUH�WKH�LQFOXVLRQ�LV�GHILQHG�E\
IRUPXOD������$V�WR�WKH�WROHUDQW�GLYLVLRQ�RI�IX]]\
UHODWLRQV�� LW� FRQVLVWV�� DV� LQ� WKH�%RROHDQ� UHODWLRQ
FDVH�� LQ� UHSODFLQJ� WKH� LQFOXVLRQ� SUHVHQW� LQ
IRUPXOD�����E\�D�WROHUDQW�RQH��7KHQ��WKH�FDOFXOXV
RI�WKH�WROHUDQW�LQFOXVLRQ�LV�EDVHG�RQ�IRUPXODV����
DQG�����

�������5HODWHG�ZRUNV
$V� PHQWLRQHG� LQ� WKH� LQWURGXFWLRQ�� WZR� RWKHU
DSSURDFKHV� KDYH� EHHQ� SUHYLRXVO\� SURSRVHG� LQ
RUGHU� WR� UHOD[� WKH� LQFOXVLRQ� E\� WROHUDWLQJ
H[FHSWLRQV�
7KH� RSHUDWRU� LQWURGXFHG� LQ� >�@�� FDOOHG
TXDQWLWDWLYH� DSSUR[LPDWH� LQFOXVLRQ�� DLPV� DW
DXWKRUL]LQJ��LQ�WKH�HYDOXDWLRQ�RI�(�⊆�)��D�FHUWDLQ
SURSRUWLRQ�RI�H[FHSWLRQV�� L�H��� RI� HOHPHQWV� IURP
(� ZKLFK� DUH� QRW� LQ�)� �LQ� WKH� VHQVH� RI� D� IX]]\
LPSOLFDWLRQ� ZKLFK� FDQ� EH� 5HVFKHU�*DLQHV¶RQH
ZKHQ� FULVS� VHWV� DUH� GHDOW� ZLWK��� 2EYLRXVO\�� WKH
SULQFLSOH� RI� WKDW� DSSURDFK� LV� WRWDOO\� GLIIHUHQW
IURP� WKH� RQH� GHVFULEHG� KHUH� VLQFH� WROHUDQFH� LQ
WKH�SUR[LPLW\�EDVHG�LQFOXVLRQ�ZH�SURSRVH�LV�QRW
D�PDWWHU�RI�D�QXPEHU�RI�H[FHSWLRQV�
$V� WR� WKH� RSHUDWRU� LQWURGXFHG� LQ� >�@�� LW� DLPV� DW
UHOD[LQJ� WKH� IDPLO\� RI� JUDGHG� LQFOXVLRQ
LQGLFDWRUV� EDVHG� RQ� 5�LPSOLFDWLRQV� VR� DV� WR
DXWKRUL]H� ³ORZ� LQWHQVLW\´� H[FHSWLRQV�� /HW� XV
UHFDOO�WKDW�5�LPSOLFDWLRQV�FDQ�EH�H[SUHVVHG�
S�→ ��� � �T� ���LI�S�≤�T��I�S��T��RWKHUZLVH
ZKHUH� I�S�� T�� H[SUHVVHV� D�GHJUHH�RI� VDWLVIDFWLRQ
RI� WKH� LPSOLFDWLRQ� ZKHQ� WKH� DQWHFHGHQW� S
H[FHHGV� WKH� FRQFOXVLRQ� T�� 7KH� LPSOLFDWLRQV� RI
*|GHO� �S� → ��� � T�  � �� LI� S� ≤� T�� T� RWKHUZLVH��
*RJXHQ� �S�→ ��� �T�  � �� LI�S�≤�T�� T�S� RWKHUZLVH�
DQG�/XNDVLHZLF]��S�→ �� �T� ���LI�S�≤�T����±�S���T
RWKHUZLVH�� DUH� WKH� WKUHH� PRVW� XVHG� 5�
LPSOLFDWLRQV�� 7KH� SULQFLSOH� RI� WKH� VR�FDOOHG
TXDOLWDWLYH�DSSUR[LPDWH�LQFOXVLRQ�LV�WR�LQWURGXFH
D�WROHUDQFH�RQ�WKH�LPSOLFDWLRQ�YDOXHV�� WKDW�WDNHV
LQWR� DFFRXQW� WKH� JDS� EHWZHQ� WKH� PHPEHUVKLS
GHJUHHV� WR�(� DQG� WR�)� UHVSHFWLYHO\�� IRU� D� JLYHQ
HOHPHQW�[��0RUH�SUHFLVHO\�� LW� LV� FRQVLGHUHG� WKDW
WKH�VLWXDWLRQ�ZKHUH�µ� �[��H[FHHGV�µ! �[�� LV�PRUH
RU�OHVV�DFFHSWDEOH�DV�ORQJ�DV�WKH�GLIIHUHQFH�µ� �[�
±�µ! �[��LV�LQ�D�JLYHQ�LQWHUYDO�
7KH�SUR[LPLW\�EDVHG�WROHUDQW�LQFOXVLRQ�SURSRVHG
KHUH� FDQ� EH� FDOOHG� TXDOLWDWLYH� WRR�� EXW� LQ� D
GLIIHUHQW�ZD\�WKDQ�WKDW�RXWOLQHG�DERYH��,Q�>�@��DQ
H[FHSWLRQ� [� LV� LJQRUHG� GHSHQGLQJ� RQ� WKH
PHPEHUVKLS� GHJUHHV� DWWDFKHG� WR� [� LQ� (� DQG� )
UHVSHFWLYHO\� ZKHUHDV� LQ� WKH� SUR[LPLW\�EDVHG
DSSURDFK� LW� ZLOO� EH� LJQRUHG� GHSHQGLQJ� RQ� WKH
YDOXHV� SUHVHQW� LQ� WKH� VHWV� �DQG�RQ� WKH� WROHUDQFH
LQGLFDWRU�=���$�FRQVHTXHQFH�RI�WKLV�GLIIHUHQFH�LV
WKDW� WKH�SUR[LPLW\�EDVHG�DSSURDFK�FDQ� DSSO\� WR
FULVS� VHWV� ZKLOH� WKH� TXDOLWDWLYH� DSSUR[LPDWH
LQFOXVLRQ� GHVFULEHG� LQ� >�@� FDQQRW��2Q� WKH� RWKHU
KDQG�� WKH� SUR[LPLW\�EDVHG� DSSURDFK� LQ� LWV� IRUP
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GHVFULEHG� KHUH� LPSRVHV� WKDW� WKH� GRPDLQ� EH
QXPHULF��1HYHUWKHOHVV��LQ�FDVH�RI�D�QRQ�QXPHULF
GRPDLQ� 8�� WKH� DSSURDFK� FDQ� VWLOO� EH� DSSOLHG
SURYLGLQJ� WKDW� D� GLVWDQFH� G� EH� GHILQHG� RYHU� 8
7KHQ�� (�X�� Y�� FDQ� EH� GHILQHG� DV� =�G�X�� Y��
LQVWHDG�RI�=�X�±�Y��
$V� WR� SUR[LPLW\�EDVHG� PRGLILHUV�� WKH� PRVW
VLPLODU� ZRUN� WR� RXU� SURSRVDO� LV� WKH� UHFHQW� RQH
GRQH�E\�'H�&RFN�DQG�.HUUH�LQ�>�@��,Q�WKDW�ZRUN�
WKH� DXWKRUV� LQWURGXFH� WKH� WZR� IROORZLQJ� IX]]\
PRGLILHUV�

5♣�$��\�� �VXS� " ∈ # �I�5�[��\���$�[���
5∇�$��\�� �LQI� " ∈ # ���5�[��\���$�[���

ZKHUH�$�LV�D�IX]]\�VHW�RQ�WKH�XQLYHUVH�;��I�LV�D
FRQMXQFWRU����DQ�LPSOLFDWRU�DQG�5�[��\��D�IX]]\
UHODWLRQ�� ,W�KDV�EHHQ�VKRZQ� WKDW�ZHDNHQLQJ�DQG
LQWHQVLI\LQJ�OLQJXLVWLF�KHGJHV�FDQ�EH�PRGHOHG�E\
VXFK� IX]]\� PRGLILHUV�� 7R� GR� VR�� WKH� DXWKRUV
PDNH�XVH�RI�D�SDUWLFXODU�VXLWDEOH�IX]]\�UHODWLRQ�
,W� LV� H[SUHVVHG� E\� D� SVHXGR�PHWULF� EDVHG
UHVHPEODQFH� UHODWLRQ� WKDW� LV� UHIOH[LYH� DQG
V\PPHWULF�
7R� SURYLGH� VRPH� FRPSDULVRQ� EHWZHHQ� RXU
DSSURDFK�DQG�WKH�RQH�SURSRVHG�E\�'H�&RFN�DQG
.HUUH��OHW�XV�ILUVW�HPSKDVL]H�WKDW�WKH�PRWLYDWLRQV
RI�WKHVH�WZR�DSSURDFKHV�DUH�TXLWH�GLIIHUHQW��2XU
VWDUWLQJ� SRLQW� ZDV� PDLQO\� JXLGHG� E\� WKH
TXHVWLRQ�� KRZ� FDQ� DQ� XSSHU� DQG� D� ORZHU
DSSUR[LPDWLRQ� RI� D� IX]]\� VHW� )� EH� HVWDEOLVKHG
XVLQJ� D� SDUDPHWHUL]HG� SUR[LPLW\� UHODWLRQ"� ,W� LV
WKDW�TXHVWLRQ�WKDW�WULJJHUHG�WKH�JHQHUDOL]DWLRQ�RI
WKH� XVH� RI� D� SUR[LPLW\� UHODWLRQ� WR�PRGHO� IX]]\
PRGLILHUV�� 0RUHRYHU�� ZH� FDQ� FODLP� WKDW� RXU
DSSURDFK�DYRLGV� WKH�EXUGHQ�RI� WKH� FRPSXWDWLRQ
FRPSOH[LW\� VLQFH� WKH� FDOFXOXV� LV� UHGXFHG� WR
VLPSOH� IX]]\� DULWKPHWLF� RSHUDWLRQV�� /HW� XV� DOVR
PHQWLRQ� WKDW� WKH� SUR[LPLW\� UHODWLRQ�EDVHG
DSSURDFK�WR�IX]]\�PRGLILHUV�VHHPV�PRUH�IOH[LEOH
IURP�D�XVHU�SRLQW�RI�YLHZ��)RU�LQVWDQFH��LW�DOORZV
IRU� SUHVHUYLQJ� HLWKHU� WKH� FRUH� RU� WKH� VXSSRUW� LI
QHHGHG��ZKHQ�PRGLI\LQJ�D�IX]]\�VHW�
�������&RQFOXVLRQ
9DULRXV� H[WHQVLRQV� RI� VHW� LQFOXVLRQ� KDYH� EHHQ
SURSRVHG�LQ�WKH�IUDPHZRUN�RI�IX]]\�VHWV��,Q�WKLV
SDSHU�� WKH� QRYHOW\� LV� WR� FRQVLGHU� DQ� SUR[LPLW\�
EDVHG� LQFOXVLRQ� LQGLFDWRU�� LQ� RUGHU� WR� WDNH� LQWR
DFFRXQW� WKH� FORVHQHVV� EHWZHHQ� WKH� HOHPHQWV� RI
WKH� GRPDLQ�� 6XFK� DQ� RSHUDWRU�� EDVHG� RQ� D
WROHUDQFH� LQGLFDWRU� GHILQHG� RYHU� WKH� GRPDLQ
FRQVLGHUHG�� KDV� EHHQ� GHILQHG� DQG� LWV� SUDFWLFDO
XWLOLW\� KDV� EHHQ� LOOXVWUDWHG� E\� WKH� UHODWLRQDO
GLYLVLRQ� RI� IX]]\� UHODWLRQV�� /HW� XV� QRWLFH� WKDW�

EH\RQG� WKH� GDWDEDVH� GRPDLQ�� WKH� GLYLVLRQ
RSHUDWLRQ� SOD\V� D� FHQWUDO� UROH� LQ� LQIRUPDWLRQ
UHWULHYDO��DQG�LQ�ZHE�VHDUFK�HQJLQHV��ZKHUH� WKH
LVVXH�LV�WR�UHWULHYH�WKH�GRFXPHQWV�WKDW�³LQFOXGH´
DOO�WKH�FRQFHSWV�FRUUHVSRQGLQJ�WR�D�JLYHQ�VHW�RI
NH\ZRUGV�� 7KH� WROHUDQW� GLYLVLRQ� ZH� SURSRVH
FRXOG�WKXV�HQDEOH�WR�UHOD[�LQ�DQ�H[SOLFLW�ZD\�WKH
UHTXLUHPHQW� DERXW� WKH� NH\ZRUGV� WKDW� PXVW
DSSHDU� LQ� D� GRFXPHQW� WR� PDNH� LW� PRUH� RU� OHVV
DFFHSWDEOH�� SURYLGLQJ� WKDW� D� VHPDQWLF� GLVWDQFH
KDV�EHHQ�GHILQHG�RYHU�WKH�WHUPV�WKDW�PD\�DSSHDU
LQ�WKH�TXHULHV�DQG�WKH�GRFXPHQWV�
7KH�WROHUDQW�LQFOXVLRQ�FRQVLGHUHG�LQ�WKLV�SDSHU�LV
%RROHDQ�YDOXHG�� DQG�RQH� RI� WKH� SHUVSHFWLYHV� RI
WKLV� ZRUN� LV� WR� H[WHQG� LW� LQ� RUGHU� WR� GHILQH� D
JUDGHG� WROHUDQW� LQFOXVLRQ�RI�IX]]\�VHWV��7KHQ�� LW
ZRXOG�EH�RI�LQWHUHVW�WR�FKHFN�ZKHWKHU�WKH�JUDGHG
LQFOXVLRQ� REWDLQHG� VDWLVILHV� WKH� D[LRPV� SRLQWHG
RXW� LQ� >�@�� ,W� ZRXOG� DOVR� EH� ZRUWK� VWXG\LQJ
ZKHWKHU� WKH� TXRWLHQW� SURSHUW\� RI� WKH� GLYLVLRQ
RSHUDWRU� LV� SUHVHUYHG� ZKHQ� RQH� PRYHV� WR� D
WROHUDQW� GLYLVLRQ� VXFK� DV� WKDW� LQWURGXFHG� LQ
VHFWLRQ���

5HIHUHQFHV
>�@� :��%DQGOHU��/��.RKRXW��)X]]\�SRZHU�VHWV�DQG

IX]]\�LPSOLFDWLRQ�RSHUDWRUV��)X]]\�6HWV�DQG
6\VWHPV����������������

>�@� 3��%RVF��%��%XFNOHV��)��3HWU\��2��3LYHUW��)X]]\
'DWDEDVHV��LQ��)X]]\�6HWV�LQ�$SSUR[LPDWH
5HDVRQLQJ�DQG�,QIRUPDWLRQ�6\VWHPV��-��%H]GHN�
'��'XERLV�DQG�+��3UDGH��(GV����7KH�+DQGERRN
RI�)X]]\�6HWV�6HULHV��.OXZHU�$FDGHPLF
3XEOLVKHUV��������SS����������

>�@� 3��%RVF��2��3LYHUW��$ERXW�DSSUR[LPDWH�LQFOXVLRQ
DQG�LWV�D[LRPDWL]DWLRQ��)X]]\�6HWV�DQG�6\VWHPV
���������������������

>�@� 3��%RVF��2��3LYHUW��2Q�D�TXDOLWDWLYH�DSSUR[LPDWH
LQFOXVLRQ�±�$SSOLFDWLRQ�WR�WKH�GLYLVLRQ�RI�IX]]\
UHODWLRQV��3URF��RI�WKH�,QW��:RUNVKRS�RQ�)OH[LEOH
'DWDEDVH�DQG�,QIRUPDWLRQ�6\VWHP�7HFKQRORJ\
�)OH['%,67¶�����LQ�FRQMXQFWLRQ�ZLWK�'(;$¶���
&UDFRZ��3RODQG��6HSWHPEHU������������������

>�@� 3��%RVF��'��'XERLV��2��3LYHUW��+��3UDGH��)OH[LEOH
TXHULHV�LQ�UHODWLRQDO�GDWDEDVHV�±�WKH�H[DPSOH�RI
WKH�GLYLVLRQ�RSHUDWRU��7KHRUHWLFDO�&RPSXWHU
6FLHQFH��������������������

>�@� 3��%RVF��$��+DGMDOL��2��3LYHUW��0RGHOOLQJ�IX]]\
PRGLILHUV�E\�PHDQV�RI�D�SUR[LPLW\�UHODWLRQ�
3URF��RI�WKH��� $ % �,QWHUQDWLRQDO�&RQIHUHQFH�RI�WKH
1RUWK�$PHULFDQ�)X]]\�,QIRUPDWLRQ�3URFHVVLQJ
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6RFLHW\��1$),36¶�����0RQWUpDO��&DQDGD��-XQH
����������

>�@� &��&RUQHOLV��&��9DQ�GHU�'RQFN��(��.HUUH��6LQKD�
'RXJKHUW\�DSSURDFK�WR�WKH�IX]]LILFDWLRQ�RI�VHW
LQFOXVLRQ�UHYLVLWHG��)X]]\�6HWV�DQG�6\VWHPV����
���������������

>�@� 0��'H�&RFN��(��.HUUH��)X]]\�PRGLILHUV�EDVHG�RQ
IX]]\�UHODWLRQV��,QIRUPDWLRQ�6FLHQFHV�����
���������������

>�@� '��'XERLV��$��+DGM$OL��+��3UDGH��)X]]\
TXDOLWDWLYH�UHDVRQLQJ�ZLWK�ZRUGV��LQ��&RPSXWLQJ

ZLWK�:RUGV��3�3��:DQJ��(G����9RO�����-RKQ
:LOH\�	�6RQ��������SS����������

>��@�'��'XERLV�DQG�+��3UDGH��$�WKHRUHP�RQ
LPSOLFDWLRQ�IXQFWLRQV�GHILQHG�IURP�WULDQJXODU
QRUPV��6WRFKDVWLFD��YRO�����SS����������������
$OVR�LQ��5HDGLQJV�LQ�)X]]\�6HWV�IRU�,QWHOOLJHQW
6\VWHPV��'XERLV�'���3UDGH�+���<DJHU�5�5��HGV���
0RUJDQ�	�.DXIPDQQ��������SS����������

>��@�/�$��=DGHK��)X]]\�6HWV��,QIRUPDWLRQ�DQG�&RQWURO
�����������������
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Abstract

Two ways to approximate a proximity rela-
tion R (i.e. a reflexive and symmetric fuzzy
relation) by a T -transitive one where T is a
continuous archimedean t-norm are given.

The first one aggregates the transitive closure
R of R with a (maximal) T -transitive relation
B contained in R.

The second one modifies the values of R or
B to better fit them with the ones of R.

Keywords: Proximity, Transitive Clo-
sure, Opening, T -indistinguishability Opera-
tor, Aggregation Operator, Quasi Arithmetic
Mean, Representation Theorem.

1 Introduction

A proximity matrix or relation on a finite universe X
is a reflexive and symmetric fuzzy relation R on X. In
many applications transitivity of R with respect to a t-
norm T is required. In these cases, R must be replaced
by a new relation E also satisfying transitivity, such
relations called T -indistinguishability operators. Of
course, it is desirable that E is as close as possible to
R. This paper presents a couple of ways to find close
transitive relations to R in a reasonable way - i.e.: easy
and rapid to generate- when the t-norm is continuous
archimedean.

There are of course several ways to calculate the close-
ness of two fuzzy relations, many of them related to
some metric. In this paper we propose a way related
to the natural indistinguishability operator ET associ-
ated to T , so that the degree of closeness or similar-
ity between two fuzzy relations R and S is calculated
aggregating the similarity of their respective entries
using the quasi-arithmetic mean generated by an ad-
ditive generator of T .

Also the euclidean metric will be used as an alternative
method to compare fuzzy relations.

Trying to find the closest E to R is very expensive.
Indeed, if n is the cardinality of the universe X, the
transitivity of T -indistinguishability operators can be
modeled by 3

(
n
3

)
inequalities and they lay in the region

of the
(
n
2

)
-dimensional space defined by them. The cal-

culation of E becomes then a non-linear programming
problem. Therefore, simpler methods to find a close
E to R are desirable.

There are several algorithms to find the transitive clo-
sure R of a proximity relation R and it is well known
that R ≥ R. There are also algorithms to find maximal
T -indistinguishability operators B among the set of
T -indistinguishability operators smaller or equal than
R and also the Representation Theorem gives a T -
indistinguishability operator R smaller or equal than
R. It appears reasonable to aggregate R and B or R
to obtain a new T -indistinguishability operator closer
to R than R, B or R. This idea will be developed in
Section 3.

If E is a T -indistinguishability operator, then the pow-
ers E(p) p > 0 are T -indistinguishability operators as
well. This allows us to increase or decrease the values
of E, since E(p) ≤ E(q) for p ≥ q. So, we can de-
crease the values of the transitive closure or increase
the ones of an operators smaller than R to find better
approximations of it. Section 4 is devoted to this idea.

2 Preliminaries

This Section contains some results on t-norms and in-
distinguishability operators that will be needed later
on in the paper. Besides well known definitions and
theorems, the power Tn of a t-norm is generalized to
irrational exponents in Definition 2.2. and given ex-
plicitly for continuous archimedean t-norms in Propo-
sition 2.3.

Though many results remain valid for arbitrary t-
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norms and especially for left continuous ones, for the
sake of simplicity we will assume continuity for the
t-norms throughout the paper.

Since a t-norm T is associative, we can extend it to an
n-ary operation in the standard way:

T (x) = x

T (x1, x2, ...xn) = T (x1, T (x2, ..xn)).

In particular, T (
n times︷ ︸︸ ︷
x, x, ...x) will be denoted by x

(n)
T or

simply by x(n) if the t-norm is clear.

If T is continuous, the n-th root x
( 1

n )

T of x wrt T is
defined by

x
( 1

n )

T = sup{z ∈ [0, 1] | z
(n)
T ≤ x}

and for m,n ∈ N , x
( m

n )

T =
(
x

( 1
n )

T

)(m)

T
.

Lemma 2.1. [8] If k, m, n ∈ N, k, n 6= 0 then

x
( km

kn )

T = x
( m

n )

T .

Assuming continuity for the t-norm T , the powers
x

( m
n )

T can be extended to irrational exponents in a
straightforward way.

Definition 2.2. If r ∈ R+ is a positive real number,
let {an}n∈N be a sequence of rational numbers with
limn→∞an = r. For any x ∈ [0, 1], the power x

(r)
T is

x
(r)
T = limn→∞x

(an)
T .

Continuity assures the existence of last limit and in-
dependence of the sequence {an}n∈N .

Proposition 2.3. Let T be an archimedean t-norm
with additive generator t, x ∈ [0, 1] and r ∈ R+. Then

x
(r)
T = t[−1](rt(x)).

Proof. Due to continuity of t we need to prove it only
for rational r.

If r is a natural number m, then trivially x
(m)
T =

t[−1](mt(x)).

If r = 1
n with n ∈ N , then x

( 1
n )

T = z with z
(n)
T = x or

t[−1](nt(z)) = x and x
( 1

n )

T = t[−1]
(

t(x)
n

)
.

For a rational number m
n ,

x
( m

n )

T =
(
x

( 1
n )

T

)(m)

T
= t[−1]

(
mt
(
x

( 1
n )

T

))
=

t[−1]

(
mt

(
t[−1]

(
t(x)
n

)))
= t[−1]

(m

n
t(x)

)
.

Definition 2.4. The residuation
→
T of a t-norm T is

defined by

→
T (x|y) = sup{α ∈ [0, 1] | T (x, α) ≤ y).

Definition 2.5. The natural T -indistinguishability
ET associated to a given t-norm T is the fuzzy relation
on [0,1] defined by

ET (x, y) = T (
→
T (x|y),

→
T (y|x)).

ET is indeed a special kind of T -indistinguishability
operator (Definition 2.6) [2] and in a logical context
where T plays the role of the conjunction, ET is inter-
preted as the bi-implication associated to T [5].

Definition 2.6. Given a t-norm T , a T -
indistinguishability operator E on a set X is a
fuzzy relation E : X × X → [0, 1] satisfying for all
x, y, z ∈ X

1. E(x, x) = 1 (Reflexivity)

2. E(x, y) = E(y, x) (Symmetry)

3. T (E(x, y), E(y, z)) ≤ E(x, z) (T -transitivity).

Example 2.7.

1. If T is the Lukasiewicz t-norm, then ET (x, y) =
1− |x− y| for all x, y ∈ [0, 1].

2. If T is the Product t-norm, then ET (x, y) =
Min(x

y , y
x ) for all x, y ∈ [0, 1] where z

0 = 1.

3. If T is the Minimum t-norm, then ET (x, y) ={
Min(x, y) if x 6= y

1 otherwise.

Theorem 2.8. Representation Theorem [11]. Let R
be a fuzzy relation on a set X and T a continuous
t-norm. R is a T -indistinguishability operator if and
only if there exists a family (hi)i∈I of fuzzy subsets of
X such that for all x, y ∈ X

R(x, y) = infi∈IET (hi(x), hi(y)).

(hi)i∈I is called a generating family of R.

In particular, given a proximity matrix or relation R on
X (i.e. a reflexive and symmetric fuzzy relation), we
can build the T -indistinguishability operator R gen-
erated by the set of the columns of R (i.e. the fuzzy
subsets R(x, ·), x ∈ X).
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Proposition 2.9. R ≤ R.
Definition 2.10. Let R be a proximity matrix or re-
lation (i.e. a reflexive and symmetric fuzzy relation)
on X and T a continuous t-norm. The T -transitive
closure R of R is the smallest T -indistinguishability
operator on X satisfying R ≤ R.
Definition 2.11. Let R and S be two fuzzy relations
on X and T a continuous t-norm. The Sup-T product
of R and S is the fuzzy relation R◦S on X defined for
all x, y ∈ X by

(R ◦ S)(x, y) = supz∈XT (R(x, z), S(z, y)).

Since the Sup-T product is associative or continuous
t-norms, we can define for n ∈ N the nth power Rn

T of
a fuzzy relation R:

Rn
T =

n times︷ ︸︸ ︷
R ◦ ... ◦R .

Definition 2.12. Let R be a fuzzy relation on a set
X and T a continuous t-norm. The transitive closure
of R with respect to T is the fuzzy relation

RT = supn∈NRn
T .

Proposition 2.13. Let R be a proximity relation on
a finite set X of cardinality n. Then

RT = sups∈{1,...,n−1}R
s
T .

3 Aggregating the transitive closure
and a T -indistinguishability smaller
than R

Given a proximity relation R on X, it is necessary in
many cases to replace it by a T -indistinguishability
operator E, since T -transitivity is required. In these
cases, we want to find E close to R, where the closeness
or similarity between fuzzy relations can be defined in
many different ways.

Let X be a finite set of cardinality n. Ordering its
elements linearly, we can view the fuzzy subsets of X
as vectors: X = {x1, ..., xn} and a fuzzy set h is the
vector (h(x1), ..., h(xn)). A proximity relation R on X
can be represented by a matrix (also called R) deter-
mined by the

(
n
2

)
entries rij 1 ≤ i < j ≤ n of R above

the diagonal.
Proposition 3.1. Let E = (eij)i,j=1,...,n be a proxim-
ity matrix on a set X of cardinality n and T a con-
tinuous archimedean t-norm with additive generator t.
E is a T -indistinguishability operator if and only if for
all i, j, k 1 ≤ i < j < k ≤ n

t(eij) + t(ejk) ≥ t(eik)
t(eij) + t(eik) ≥ t(ejk)
t(eik) + t(ejk) ≥ t(eij)

Example 3.2. If T is the Lukasiewicz t-norm, then
we can take t(x) = 1− x and last inequalities become

eij + ejk − eik ≤ 1
eij + eik − ejk ≤ 1
eik + ejk − eij ≤ 1

Example 3.3. If T is the Product t-norm, then we
can take t(x) = −log(x) and last inequalities become

eij · ejk ≤ eik

eij · eik ≤ ejk

eik · ejk ≤ eij

Given a proximity matrix R, we must then search for
(one of) the closest matrices E satisfying the last 3

(
n
3

)
inequalities which is a non-linear programming prob-
lem.

Instead of this, we propose alternative methods to ob-
tain not the best but reasonably good approximations
of proximity relations by T -indistinguishability opera-
tors.

Definition 3.4. [1], [8] Given a continuous monotonic
map t : [0, 1] → [−∞,∞] and p, q positive integers with
p + q = 1, the weighted quasi-arithmetic mean mp,q

t

generated by t and weights p and q is defined for all
x, y ∈ [0, 1] by

mp,q
t (x, y) = t−1 (p · t(x) + q · t(y)) .

mt is continuous if and only if Ran t 6= [−∞,∞].

Proposition 3.5. Fixed the weights p and q, the
map assigning to every continuous Archimedean t-
norm T with generator t the weighted mean mp,q

t gen-
erated by t is a bijection between the set of continuous
Archimedean t-norms and the set of continuous quasi-
arithmetic means with these weights.

Proposition 3.6. Let T be a continuous archimedean
t-norm with additive generator t, p ∈ [0, 1] and
E,F two T -indistinguishability operator on X. The
weighted quasi-arithmetic mean mp,1−p

t with weights p
and 1− p of E and F is a T -indistinguishability oper-
ator.

Thanks to this last proposition, given a proximity ma-
trix R we can calculate its transitive closure R and
a smaller T -indistinguishability operator than R, for
example R and find the weights p, 1− p to obtain the
closest average of R and R to R.

The similarity between two fuzzy relations on X will
be calculated in the following way.

Definition 3.7. Let T be a continuous archimedean
t-norm with additive generator t and R,S two fuzzy
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relations on a finite set X of cardinality n. The degree
DS(R,S) of similarity or closeness between R and S
is defined by

DS(R,S) = t−1

(∑
1≤i,j≤n |t(rij)− t(sij)|

n

)
.

Proposition 3.8. DS is a T -indistinguishability op-
erator on the set of fuzzy relations on X.

Corollary 3.9. Let R = (rij) be a proximity ma-
trix on a finite set X of cardinality n, T a contin-
uous archimedean t-norm with additive generator t,
R = (ri,j) its transitive closure, R = (rij) the T -
indistinguishability operator obtained from R with the
Representation Theorem, p ∈ [0, 1] and mp,1−p

t (R,R)
the T -indistinguishability operator quasi-arithmetic
mean of R and R with weights p and 1− p. Then

DS(R,mp,1−p
t (E,F )) =

t−1

(∑
1≤i,j≤n

∣∣p · t(rij) + (1− p) · t(rij)− t(rij)
∣∣

n

)
.

We are looking for the value (or values) of p that max-
imize the last equality. Since t−1 is a decreasing map,
this is equivalent to minimize∑

1≤i,j≤n

∣∣p · t(rij) + (1− p) · t(rij)− t(rij)
∣∣

and, since R is reflexive and symmetric, is equivalent
to minimize

f(p) =
∑

1≤i<j≤n

∣∣p · t(rij) + (1− p) · t(rij)− t(rij)
∣∣

Proposition 3.10. Let f1, ..., fn : [0, 1] → R be n
concave functions. Then

∑n
1 fi is a concave function.

Proof. By definition, given two points x1, x2 of [0, 1],
the segments joining their images by fi i = 1, .., n are
above fi.

∑n
1 fi will then be bellow the sum of all the

segments.

Corollary 3.11. f(p) is a concave function.

Proof. Each summand∣∣p · t(rij) + (1− p) · t(rij)− t(rij)
∣∣ of f is a con-

cave function.

Proposition 3.12. The set of minima of f(p) consists
of a single point or of a closed interval.

Proof. f is a concave function and its graphic is a
polygonal line.

Proposition 3.13. The computation of mt(R,R)
with maximum DS(R,mt(R,R)) can be done taking
O(n3) time complexity.

Proof:

The computation of R and R can be done in O(n3)
complexity time [9].

The addition (aggregation of distances) takes O(n2)
time complexity.

The minimization of f(p) takes at most O(n2) time
complexity.

So the most complex part of this process is the compu-
tation of R and R, which still takes O(n3) complexity
time.

Example 3.14. Let X be a set of cardinality 7 and R
the proximity relation given by

R =



1 1 0.3 0.3 0.1 0.3 0.4
1 1 0.6 0.4 0.5 0.4 0.2

0.3 0.6 1 0.1 0.3 0.2 0.5
0.3 0.4 0.1 1 1 1 1
0.1 0.5 0.3 1 1 1 1
0.3 0.4 0.2 1 1 1 1
0.4 0.2 0.5 1 1 1 1


.

Then, for T the Lukasiewicz t-norm,

R =



1 1 0.6 0.4 0.5 0.4 0.4
1 1 0.6 0.5 0.5 0.5 0.5

0.6 0.6 1 0.5 0.5 0.5 0.5
0.4 0.5 0.5 1 1 1 1
0.5 0.5 0.5 1 1 1 1
0.4 0.5 0.5 1 1 1 1
0.4 0.5 0.5 1 1 1 1


and

R =



1 0.6 0.3 0.1 0.1 0.1 0.1
0.6 1 0.3 0.2 0.1 0.2 0.2
0.3 0.3 1 0.1 0.1 0.1 0.1
0.1 0.2 0.1 1 0.8 0.9 0.6
0.1 0.1 0.1 0.8 1 0.8 0.7
0.1 0.2 0.1 0.9 0.8 1 0.7
0.1 0.2 0.1 0.6 0.7 0.7 1


.

f(p) = |0.4p|+|0.3p− 0.3|+|0.3p− 0.1|+|0.4p− 0.4|+

|0.3p− 0.1|+|0.3p|+|0.3p|+|0.3p− 0.1|+|0.4p|+|0.3p− 0.1|+

|0.3p− 0.3|+|0.4p− 0.4|+|0.4p− 0.2|+|0.4p− 0.3|+|0.4p|+

|0.2p|+ |0.1p|+ |0.4p|+ |0.2p|+ |0.3p|+ |0.3p|

which attains its minimum for p = 1
3 .

A good T -transitive approximation of R (for T the
Lukasiewicz t-norm) is then
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1 0.733 0.4 0.2 0.233 0.2 0.2
0.733 1 0.4 0.3 0.233 0.3 0.3
0.4 0.4 1 0.233 0.233 0.233 0.233
0.2 0.3 0.233 1 0.867 0.933 0.733

0.233 0.233 0.233 0.867 1 0.867 0.8
0.2 0.3 0.233 0.933 0.867 1 0.8
0.2 0.3 0.233 0.733 0.8 0.8 1


.

Example 3.15. Let X be a set of cardinality 7 and R
the proximity relation given by

R =



1 0.5 0.7 0.7 0.5 0.7 0.8
0.5 1 1 0.8 0.9 0.8 0.6
0.7 1 1 0.5 0.7 0.6 0.9
0.7 0.8 0.5 1 0.5 0.5 0.5
0.5 0.9 0.7 0.5 1 0.5 0.5
0.7 0.8 0.6 0.5 0.5 1 0.5
0.8 0.6 0.9 0.5 0.5 0.5 1


.

Then, for T the Product t-norm,

R =



1 0.7 0.72 0.7 0.5 0.7 0.8
0.7 1 1 0.8 0.9 0.8 0.9
0.72 1 1 0.8 0.9 0.8 0.9
0.7 0.8 0.8 1 0.72 0.64 0.56
0.5 0.9 0.9 0.72 1 0.72 0.63
0.7 0.8 0.8 0.64 0.72 1 0.56
0.8 0.9 0.9 0.56 0.63 0.56 1


and

R =

1 0.5 0.5 0.625 0.5 0.625 0.714
0.5 1 0.625 0.5 0.625 0.555 0.555
0.5 0.625 1 0.5 0.555 0.555 0.6

0.625 0.5 0.5 1 0.5 0.5 0.5
0.5 0.625 0.555 0.5 1 0.5 0.5

0.625 0.555 0.555 0.5 0.5 1 0.5
0.714 0.555 0.6 0.5 0.5 0.5 1


.

f(p) attains its minimum for p = 0.521.

A good T -transitive approximation of R (for T the
Product t-norm) is then



1 0.587 0.595 0.660 0.5 0.660 0.754
0.587 1 0.783 0.626 0.744 0.662 0.700
0.595 0.783 1 0.626 0.700 0.662 0.729
0.660 0.626 0.626 1 0.595 0.563 0.528
0.5 0.744 0.700 0.595 1 0.595 0.559

0.660 0.662 0.662 0.563 0.595 1 0.528
0.754 0.700 0.729 0.528 0.559 0.528 1


.

The degree of closeness between two fuzzy relations
can also be calculated using the euclidean distance.

Definition 3.16. Let R = (rij) and S = (sij) be two
fuzzy relations on a finite set X of cardinality n. The
euclidean distance D between R and S is

D(R,S) =

 ∑
1≤i,j≤n

(rij − sij)
2

 1
2

Corollary 3.17. Let R = (rij) be a proximity ma-
trix on a finite set X of cardinality n, T a contin-
uous archimedean t-norm with additive generator t,
R = (ri,j) its transitive closure, R = (rij) the T -
indistinguishability operator obtained from R with the
Representation Theorem, p ∈ [0, 1] and mt(R,R) the
T -indistinguishability operator quasi-arithmetic mean
of R and R with weights p and 1− p. Then

D(R,mt(E,F )) =

 ∑
1≤i,j≤n

(
t−1

(
p · t (rij) + (1− p) · t

(
rij

))
− t(rij)

)2 1
2

.

Proposition 3.18. Let T be the Lukasiewicz t-norm
and R a proximity on a set X of cardinality n. The
closest mt(R,R) to R is attained for

p =

∑
1≤i<j≤n

(
rij − rij

) (
rij − rij

)∑
1≤i<j≤n

(
rij − rij

)2
Proof. Due to symmetry and reflexivity, it is enough
to minimize

f(p) =
∑

1≤i<j≤n

(
p
(
rij − rij

)
+ rij − rij

)2
.

f ′(p) = 2
∑

1≤i<j≤n

(
p
(
rij − rij

)
+ rij − rij

) (
rij − rij

)
= 0

and

p =

∑
1≤i<j≤n

(
rij − rij

) (
rij − rij

)∑
1≤i<j≤n

(
rij − rij

)2 .

Example 3.19. Let X be a set of cardinality 4 and R
the proximity relation on X given by

R =


1 0.8 0.2 0.4

0.8 1 0.7 0.1
0.2 0.7 1 0.6
0.4 0.1 0.6 1

 .

If T is the Lukasiewicz t-norm, the closest T -
indistinguishability operator of the type mt(R,R) (with
respect to the euclidean distance) is attained for p =
0.6388889.
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A good T -approximation of R is then
1 0.6917 0.3917 0.3639

0.6917 1 0.5917 0.2278
0.3917 0.5917 1 0.5278
0.3639 0.2278 0.5278 1


4 Applying a homotecy to a

T -indistinguishability operator

In this Section, the fact that the power of
a T -indistinguishability operator is again a T -
indistinguishability operator will be exploited to mod-
ify the entries of R or R to find a better approximation
of R.

Proposition 4.1. Let T be a continuous t-norm, E a
T -indistinguishability operator on X and p > 0. Then
E(p) is a T -indistinguishability operator.

Example 4.2.

• If T is a continuous archimedean t-norm
with additive generator t and E a T -
indistinguishability operator, then t[−1] (p · t(E))
is a T -indistinguishability operator.

• If T is the Lukasiewicz t-norm and E a T -
indistinguishability operator, then Max(0, 1− p+
p · E) is a T -indistinguishability operator.

• If T is the Product t-norm and E a T -
indistinguishability operator, then Ep is a T -
indistinguishability operator.

Let R = (rij) be a proximity matrix on a set
X of cardinality X, p > 0 and E = (eij) a T -
indistinguishability operator on X with T a continuous
archimedean t-norm with additive generator t. Then

DS(R,E(p)) = t−1

(∑
1≤i,j≤n |t(rij)− p · t(eij))|

n

)
.

To maximize the previous expression is equivalent to
minimize ∑

1≤i,j≤n

|t(rij)− p · t(eij))| .

Since R is reflexive and symmetric, this is equivalent
to minimize

g(p) =
∑

1≤i<j≤n

|t(rij)− p · t(eij))| .

Again g is a sum of concave functions in [0, 1] and
therefore has a minimum or a close interval of minima.

Example 4.3. Let us consider the same matrix

R =


1 0.8 0.2 0.4

0.8 1 0.7 0.1
0.2 0.7 1 0.6
0.4 0.1 0.6 1

 .

Then, for T the Lukasiewicz t-norm,

R =


1 0.5 0.2 0.3

0.5 1 0.4 0.1
0.2 0.4 1 0.4
0.3 0.1 0.4 1

 .

g(p) = |0.5 · p− 0.2|+ |0.8 · p− 0.8|+ |0.7 · p− 0.6|+

|0.6 · p− 0.3|+ |0.9 · p− 0.9|+ |0.6 · p− 0.4|

which attains its minimum for p = 0.857.

A good approximation of R is then

R(0.857) =


1 0.5715 0.3144 0.4001

0.5715 1 0.4858 0.2287
0.3144 0.4858 1 0.4858
0.4001 0.2287 0.4858 1

 .

If we consider the euclidean distance between R and
the power E(p) of a T -indistinguishability operator
E = (eij), then

Proposition 4.4.

D(R,E(p) =

 ∑
1≤i,j≤n

(
t−1 (p · t (eij))− rij

)2 1
2

.

Example 4.5. Continuing the last example,
D(R,R

(p)
) is maximum for p = 1.208633 and

D(R,R(p)) is maximum for p = 0.821306.

Good approximations of R are therefore

R
(1.208633)

=


1 0.7583 0.3957 0.2748

0.7583 1 0.6374 0.1540
0.3957 0.6374 1 0.5165
0.2748 0.1540 0.5165 1

 .

and

R(0.821306) =


1 0.8357 0.5893 0.5072

0.8357 1 0.7536 0.4251
0.5893 0.7536 1 0.6715
0.5072 0.4251 0.6715 1

 .

5 Concluding Remarks

In this paper we have presented two ways to find good
approximations of a proximity relation by T -transitive
ones (T archimedean) in a reasonable computational
way.
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The obtained approximation R′ is in general not com-
parable with R in the sense that neither R′ ≥ R nor
R ≥ R′ must hold.

The simple examples show that in general these ap-
proximations are better than the transitive closure or
openings of the proximity R.

The methods of the paper cannot be applied to the
Minimum t-norm. Other ways to obtain similar results
for this t-norm are therefore needed and the authors
will work on it in forthcoming papers.
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Abstract

We study graded properties (α–properties) of
fuzzy relations, which are parameterized ver-
sions of fuzzy relation properties defined by
L.A. Zadeh. Namely, we take into account
fuzzy relations which are: α–reflexive, α–
irreflexive, α–symmetric, α–antisymmetric,
α–asymmetric, α–connected, α–transitive,
where α ∈ [0, 1]. We also pay our attention to
the composed versions of these basic proper-
ties, e.g. an α–equivalence, α–orders. Using
functions of n variables we consider aggrega-
tion fuzzy relation of given fuzzy relations.
We give conditions for functions to preserve
graded properties of fuzzy relations.

Keywords: aggregation function, fuzzy re-
lation properties.

1 Introduction

Aggregations of fuzzy relations are important in group
choice theory and multiple–criteria decision making
so it is interesting to know which functions preserve
properties of fuzzy relations during aggregation pro-
cess. There are many works devoted to this topic (e.g.
[5, 8, 9]). We consider graded properties of fuzzy re-
lations during aggregations of finite families of these
relations. These graded properties of fuzzy relations
are parameterized versions of the well-known proper-
ties of fuzzy relations and they are generalizations of
these properties. In order to receive more general re-
sults, we concentrate on a fixed property of fuzzy re-
lations and give conditions on operations in [0, 1] (not
only aggregation functions) to preserve this property
in aggregation process. Next, we put examples of ag-
gregation functions which fulfil the respective condi-
tions. Presented results are the continuation of the
ones obtained in [3, 4].

First, in Section 2 we recall definitions which will be
used in the sequel. Next, we discuss the graded prop-
erties of fuzzy relations (Section 3), and we examine
properties such as: reflexivity and irreflexivity, asym-
metry and connectedness, symmetry and transitivity
(Section 4), composed properties (Section 5).

2 Preliminaries

Now we recall some definitions which will be used in
our considerations.

Definition 1 ([10]). A fuzzy relation in X 6= ∅ is an
arbitrary function R : X ×X → [0, 1]. The family of
all fuzzy relations in X is denoted by FR(X).

Definition 2 (cf. [1]). Let n > 2. Operation
F : [0, 1]n → [0, 1] is called an aggregation function
if it is increasing in each variable and fulfils boundary
conditions F (0, ..., 0) = 0, F (1, ..., 1) = 1.

With the use of n–argument functions F we aggregate
given fuzzy relations R1, ..., Rn.

Definition 3 (cf. [5], p. 107). Let F : [0, 1]n →
[0, 1], R1, ..., Rn ∈ FR(X). An aggregation fuzzy rela-
tion RF ∈ FR(X) is described by the formula

RF (x, y) = F (R1(x, y), ..., Rn(x, y)), x, y ∈ X. (1)

A function F preserves a property of fuzzy relations
if for every R1, ..., Rn ∈ FR(X) having this property,
RF also has this property.

Example 1. Projections Pk(t1, . . . , tn) = tk,
t1, ..., tn ∈ [0, 1], k ∈ {1, ..., n} are aggregation func-
tions and they preserve each property of fuzzy rela-
tions because for F = Pk we get RF = Rk.

In our further considerations we will need the following

Definition 4 ([6], p. 4). Triangular norm T :
[0, 1]2 → [0, 1] (triangular conorm S : [0, 1]2 → [0, 1])
is an arbitrary associative, commutative, increasing
in both variables operation having a neutral element
e = 1 (e = 0).
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Examples of triangular norms (t-norms) and triangu-
lar conorms (t-conorms) and results concerning these
binary operations, which are examples of aggregation
functions, are given in [6]. In our considerations we
will need some more notions and properties.

Definition 5 (cf. [9], Definition 2.5). Let m, n ∈
N. Operation F : [0, 1]m → [0, 1] dominates operation
G : [0, 1]n → [0, 1] ( F À G), if for arbitrary matrix
[aik] = A ∈ [0, 1]m×n we have

F (G(a11, ..., a1n), ..., G(am1, ..., amn)) > (2)

G(F (a11, ..., am1), ..., F (a1n, ..., amn)).

Theorem 1 (cf. [9], Proposition 5.1). Increasing
in each variable function F : [0, 1]n → [0, 1] dominates
minimum if and only if for any t1, ..., tn ∈ [0, 1]

F (t1, ..., tn) = min(f1(t1), ..., fn(tn)), (3)

where functions fk : [0, 1] → [0, 1] are increasing, for
k = 1, ..., n.

Example 2. Here are examples of functions which
fulfil the condition (3):
if fk(t) = t, k = 1, ..., n then F = min,
if for some k ∈ {1, ..., n}, fk(t) = t, fi(t) = 1 for i 6= k
then F = Pk, (cf. Example 1),
if fk(t) = max(1 − vk, t), vk ∈ [0, 1], k = 1, ..., n,
max

16k6n
vk = 1 then F is the weighted minimum

F (t1, ..., tn) = min
16k6n

max(1− vk, tk), (4)

where t = (t1, ..., tn) ∈ [0, 1]n.

Lemma 1 (cf. [2], Lemma 1.1).

∀
a,b∈[0,1]

∀
α∈[0,1]

(a 6 α ⇒ b 6 α) ⇔ b 6 a, (5)

∀
a,b∈[0,1]

∀
α∈[0,1]

(a > α ⇒ b > α) ⇔ a 6 b. (6)

Remark 1. If card X = n, X = {x1, ..., xn}, then
R ∈ FR(X) may be presented by a matrix: R = [rik],
where rik = R(xi, xk), i, k = 1, ..., n.

3 Graded properties of fuzzy relations

We will consider the following parameterized versions
of fuzzy relations properties.

Definition 6 (cf. [2], p. 75). Let α ∈ [0, 1]. Rela-
tion R ∈ FR(X) is:
• α–reflexive, if

∀
x∈X

R(x, x) > α, (7)

• α–irreflexive, if

∀
x∈X

R(x, x) 6 1− α, (8)

• α–symmetric, if

∀
x,y∈X

R(x, y) > 1− α ⇒ R(y, x) > R(x, y), (9)

• α–asymmetric, if

∀
x,y∈X

min(R(x, y), R(y, x)) 6 1− α, (10)

• α–antisymmetric, if

∀
x,y,x 6=y∈X

min(R(x, y), R(y, x)) 6 1− α, (11)

• totally α–connected, if

∀
x,y∈X

max(R(x, y), R(y, x)) > α, (12)

• α–connected, if

∀
x,y,x 6=y∈X

max(R(x, y), R(y, x)) > α, (13)

• α–transitive, if

∀
x,y,z∈X

min(R(x, y), R(y, z)) > 1− α ⇒ (14)

R(x, z) > min(R(x, y), R(y, z)).

Example 3. Let card X = 2. Relation R ∈ FR(X),
where

R =
[

0.3 0.5
0.7 0.4

]

is α–reflexive for α ∈ [0, 0.3], α–irreflexive for α ∈
[0, 0.6], α–symmetric for α ∈ [0, 0.3), α–asymmetric
and α–antisymmetric for α ∈ [0, 0.5], totally α–
connected for α ∈ [0, 0.3] and α–connected for α ∈
[0, 0.7].

It is worth mentioning that in [7] a special case of
α–transitivity is considered. Namely, this is the 0.5–
transitivity according to condition (14). However, the
problem of preservation of this property during aggre-
gation process is not discussed.

Example 4. Let R ≡ c, where c ∈ [0, 1]. Relation
R ∈ FR(X) is α–transitive for arbitrary α ∈ [0, 1].

Remark 2. Conditions (7) - (14) for α = 1 become
properties of fuzzy relations introduced by Zadeh [11].

More results describing α–properties (7) - (8), (10)
- (13) one can find in [3], where connections between
the properties of fuzzy relations and its cuts properties
are discussed. Here, we give such considerations only
for α–symmetry and α–transitivity, which were not
discussed in [3]. We recall the following

Definition 7 (cf. [10]). Let R ∈ FR(X), α ∈ [0, 1].
An α–cut of a relation R is a set of the form

Rα = {(x, y) : R(x, y) > α} ⊂ X ×X. (15)
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Theorem 2. Let β ∈ [0, 1]. If relation R ∈ FR(X)
is β–symmetric (β–transitive), then it is α–symmetric
(α–transitive) for any α ∈ [0, β].

Proof. Let x, y ∈ X,α, β ∈ [0, 1] and α 6 β. If relation
R ∈ FR(X) is β-symmetric and R(x, y) > 1−α, then
R(x, y) > 1 − α > 1 − β and by β–symmetry of R
we get R(y, x) > R(x, y). As a result relation R is
α–symmetric for arbitrary α ∈ [0, β]. The proof for
α–transitivity is analogous.

There are the following connections between the prop-
erties of fuzzy relations and the properties of its cuts.

Theorem 3. Let α ∈ [0, 1]. If relation R ∈ FR(X) is
α–symmetric, then R1−α is symmetric.

Proof. Let α ∈ [0, 1], R ∈ FR(X), x, y ∈ X. If R is
α–symmetric, then by (9) and (15)

(x, y) ∈ R1−α ⇒ R(x, y) > 1− α ⇒

R(y, x) > R(x, y) ⇒ R(y, x) > 1−α ⇒ (y, x) ∈ R1−α.

Thus the cut R1−α is symmetric.

The converse theorem to Theorem 3 does not hold.

Example 5. Let card X = 2, α ∈ [0, 1], R ∈ FR(X)
be the one from Example 3. The cuts Rβ are symmet-
ric for β ∈ [0, 0.5]∪ (0.7, 1], so the cuts R1−α have this
property for α > 0.5 and α < 0.3. The fuzzy relation
R is α–symmetric for α ∈ [0, 0.3), so for α = 0.5, the
cut R0.5 is symmetric, but R is not 0.5–symmetric.

Now we will consider the property of an α–transitivity.

Theorem 4. Let α ∈ [0, 1]. If relation R ∈ FR(X) is
α–transitive, then R1−α is transitive.

Proof. Let α ∈ [0, 1], R ∈ FR(X), x, y, z ∈ X. If R is
α–transitive, then by (15) and (14) we get

((x, y), (y, z) ∈ R1−α) ⇒

(R(x, y) > 1− α,R(y, z) > 1− α) ⇒

min(R(x, y), R(y, z)) > 1− α ⇒

R(x, z) > min(R(x, y), R(y, z)) ⇒

R(x, z) > 1− α ⇒ (x, z) ∈ R1−α,

so relation R1−α is transitive.

The converse theorem to Theorem 4 does not hold.

Example 6. Let R ∈ FR(X), card X = 3,

R =




0.7 0 0
0.8 0.9 0
0.6 0.9 0.8


 .

The cuts Rβ are transitive for β ∈ [0, 0.6] ∪ (0.8, 1],
so the cuts R1−α have this property for α ∈ [0, 0.2) ∪
[0.4, 1]. We see that 0.8 = min(r32, r21) > 1 − α, for
α ∈ [0.4, 1] and min(r32, r21) = 0.8 > 0.6 = r31, so
relation R is not α–transitive for α ∈ [0.4, 1].

4 Preservation of graded properties

Results concerning preservation of an α–reflexivity, an
α–irreflexivity, an α–asymmetry, an α–antisymmetry
and both types of an α–connectedness are given in [4].
Now symmetry and transitivity will be discussed. Pre-
sented conditions will be stated, in general, for opera-
tions F in [0, 1] and next adequate examples of aggre-
gation functions will be indicated. Let us notice that
condition (9) may be written in a more convenient way.

Lemma 2. Let α ∈ [0, 1]. Relation R ∈ FR(X) is
α–symmetric iff

∀
x,y∈X

R(x, y) > 1− α ⇒ R(y, x) = R(x, y). (16)

Proof. Let α ∈ [0, 1], x, y ∈ X. If R fulfils (16) and
R(x, y) > 1−α, then by (16) we get R(y, x) = R(x, y),
which implies (9).

If relation R fulfils (9) and R(x, y) > 1 − α, then
R(y, x) > R(x, y), and as a result R(y, x) > 1 − α.
Applying once again (9) to the pair (y, x) we see that
R(x, y) > R(y, x). Thus R(y, x) = R(x, y) and rela-
tion R fulfils (16).

Lemma 3. Let α ∈ [0, 1], t = (t1, ..., tn) ∈ [0, 1]n.
F : [0, 1]n → [0, 1] fulfils

F |[0,1]n\[1−α,1]n < 1− α (17)

if and only if

∀
t∈[0,1]n

F (t1, ..., tn) > 1−α ⇒ min
16k6n

tk > 1−α. (18)

Proof. Let α ∈ [0, 1]. We see that the condition (18)
is equivalent to the following one

∀
t∈[0,1]n

( ∃
16k6n

tk < 1− α) ⇒ F (t1, ..., tn) < 1− α.

The above condition is equivalent to (17) which fin-
ishes the proof.

Theorem 5. Let α ∈ [0, 1]. If F : [0, 1]n → [0, 1] ful-
fils (17), then it preserves an α–symmetry of relations
R1, ..., Rn ∈ FR(X).
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Proof. Let α ∈ [0, 1], x, y ∈ X and relations
R1, ..., Rn ∈ FR(X) be α–symmetric. If F fulfils (17)
then using notations

tk = Rk(x, y), k = 1, 2, ..., n,

and Lemma 3 we get

RF (x, y) > 1− α ⇒ F (t) > 1− α ⇒ min
16k6n

tk > 1− α

⇒ ∀
16k6n

tk > 1− α ⇒ ∀
16k6n

Rk(x, y) > 1− α.

By α–symmetry of relations R1, ..., Rn and Lemma 2
we obtain Rk(x, y) = Rk(y, x), k = 1, ..., n. Thus
RF (x, y) = RF (y, x) and by Lemma 2 relation RF

is α–symmetric.

Theorem 6. If F : [0, 1]n → [0, 1] fulfils condition
F 6 min, then it preserves an α–symmetry of fuzzy
relations for arbitrary α ∈ [0, 1].

Proof. By Lemma 3 a function F fulfils (17) for arbi-
trary α ∈ [0, 1] iff

∀
α∈[0,1]

∀
t∈[0,1]n

F (t1, ..., tn) > 1−α ⇒ min
16k6n

tk > 1−α.

So by (6) this is equivalent to the fact that F 6 min.
By Theorem 5 a function F preserves an α–symmetry
of fuzzy relations for any α ∈ [0, 1].

For our further considerations we need the following
statement

Lemma 4. If F : [0, 1]n → [0, 1] is increasing in each
variable and has a neutral element e = 1, i.e.

∀
t∈[0,1]

∀
16k6n

F (1, . . . , 1, t, 1, . . . , 1) = t, (19)

where t is in the k-th position, then F 6 min.

Proof. Let t1, ..., tn ∈ [0, 1]. By assumption on F we
get for any k = 1, ..., n

F (t1, ..., tk−1, tk, tk+1, ..., tn) 6 F (1, ..., 1, tk, 1, ..., 1) = tk.

As a result

F (t1, ..., tn) 6 min
16k6n

tk,

so F 6 min.

Corollary 1. Let n = 2. Every t-norm preserves an
α–symmetry of fuzzy relations for arbitrary α ∈ [0, 1].

Now we pay our attention to an α–transitivity.

Theorem 7. Let α ∈ [0, 1]. If increasing in each vari-
able F : [0, 1]n → [0, 1] fulfils (17) and F À min, i.e.
for any (s1, ..., sn), (t1, ..., tn) ∈ [0, 1]n

F (min(s1, t1), ..., min(sn, tn)) > (20)

min(F (s1, . . . , sn), F (t1, . . . , tn)),

then it preserves an α–transitivity of fuzzy relations.

Proof. Let α ∈ [0, 1], x, y, z ∈ X. If relations
R1, ..., Rn ∈ FR(X) are α–transitive and F fulfils (17)
then using notations

sk = Rk(x, y), tk = Rk(y, z), k = 1, ..., n, (21)

applying Lemma 3 and by the properties of the mini-
mum we have

min(RF (x, y), RF (y, z)) > 1− α ⇒

min(F (s1, ..., sn), F (t1, ..., tn)) > 1− α ⇒
(F (s1, ..., sn) > 1− α, F (t1, ..., tn) > 1− α) ⇒

( min
16k6n

sk > 1− α, min
16k6n

tk > 1− α) ⇒

∀
16k6n

min(sk, tk) > 1− α ⇒

∀
16k6n

min(Rk(x, y), Rk(y, z)) > 1− α.

So by α–transitivity of relations Rk we see that
Rk(x, z) > min(Rk(x, y), Rk(y, z)), k = 1, ..., n. Thus
by (20), monotonicity of F and by notations (21) we
have

min(RF (x, y), RF (y, z)) =

min(F (R1(x, y), ..., Rn(x, y)), F (R1(y, z), ..., Rn(y, z)))

= min(F (s1, ..., sn), F (t1, ..., tn)) 6
F (min(s1, t1), ..., min(sn, tn)) =

F (min(R1(x, y), R1(y, z)), ..., min(Rn(x, y), Rn(y, z)))

6 F (R1(x, z), ..., Rn(x, z)) = RF (x, z)

which proves an α–transitivity of RF .

Using Lemma 3, similarly like for α–symmetry we re-
ceive

Theorem 8. If increasing in each variable function
F : [0, 1]n → [0, 1] fulfils (20) and F 6 min, then it
preserves an α–transitivity of fuzzy relations for any
α ∈ [0, 1].

Looking for functions which fulfil (20) (cf. Theorem 1,
Example 2) and F 6 min (cf. Lemma 4) we see that
the minimum, which is an example of an aggregation
function, fulfils these conditions.

Corollary 2. The minimum preserves an α–
transitivity of fuzzy relations for any α ∈ [0, 1].
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5 Preservation of composed graded
properties

Now we will consider composed α–properties. These
are such properties which are conjunctions of proper-
ties discussed in the previous sections.

Definition 8 (cf. [2], p. 77). Let α ∈ [0, 1]. Rela-
tion R ∈ FR(X) is:
• an α–tolerance, if it is α–reflexive and α–symmetric,
• an α–tournament, if it is α–asymmetric and α–
connected,
• an α–equivalence, if it is α–reflexive, α–symmetric
and α–transitive,
• a quasi–α–order, if it is α–reflexive and α–transitive,
• a partial α–order, if it is α–reflexive, α–
antisymmetric and α–transitive,
• a linear quasi–α–order, if it is an α–connected quasi–
α–order,
• a strict α–order, if it is α–irreflexive and α–
transitive,
• a linear strict α–order, if it is α–asymmetric, α–
transitive and α–connected,
• a linear α–order, if it is an α–connected partial α–
order.

Example 7. Let card X = 2. Relation R ∈ FR(X),
where

R =
[

0.5 0.6
0.2 0.5

]

is 0.5–asymmetric (0.5–antisymmetric) and to-
tally 0.5–connected (0.5–connected), so it is 0.5–
tournament.

Applying some results of [4] we will present functions
F : [0, 1]n → [0, 1] preserving composed properties of
fuzzy relations. We will concentrate on the results
concerning preservation of composed graded proper-
ties of fuzzy relations for any α ∈ [0, 1]. Although
in [4] are given characterizations, the next theorems
are, in main cases, only sufficient conditions, because
statements for an α–symmetry and an α–transitivity
are only sufficient conditions. Moreover, it will turn
out that, in many cases, the described function is an
n–argument minimum in [0, 1].

Theorem 9. If F = min, then it preserves an α–
tolerance for any α ∈ [0, 1].

Proof. By [4] (Theorem 2) F preserves an α–reflexivity
for any α ∈ [0, 1] if and only if F > min. By Theorem
6, if F 6 min, then it preserves an α–symmetry for
any α ∈ [0, 1]. Taking into account the definition of
an α–tolerance we see that F = min preserves an α–
tolerance for any α ∈ [0, 1].

Theorem 10. Let card X > 2. F : [0, 1]n → [0, 1]
preserves an α–tournament for any α ∈ [0, 1] if and

only if it fulfils

∀
s,t∈[0,1]n

min(F (s), F (t)) 6 max
16k6n

min(sk, tk), (22)

∀
s,t∈[0,1]n

max(F (s), F (t)) > min
16k6n

max(sk, tk). (23)

Proof. As a direct consequence of [4] (Theorems 6, 8)
and definition of an α–tournament we see that F pre-
serves this property for any α ∈ [0, 1] iff it fulfils (22)
(preservation of an α–asymmetry for any α ∈ [0, 1])
and (23) (preservation of an α–connectedness for any
α ∈ [0, 1]).

Theorem 11. If F = min, then it preserves an α–
equivalence (a quasi–α–order, a partial α–order) for
any α ∈ [0, 1].

Proof. An α–equivalence is an α–transitive relation of
an α–tolerance, so by Theorem 9 and Corollary 2 we
see that F = min preserves an α–equivalence for any
α ∈ [0, 1].

By [4] (Theorem 2), F preserves an α–reflexivity for
any α ∈ [0, 1] if and only if F > min. By Theorem 8,
Corollary 2 and by the definition of a quasi α–order
we see that F = min preserves this property for any
α ∈ [0, 1].

A partial α–order is an α–antisymmteric relation of
a quasi–α–order, so by the above results and by the
fact that F = min fulfils (22), which by [4] (Theorem
6) means that it preserves an α–antisymmetry for any
α ∈ [0, 1], we see that F = min preserves a partial
α–order for any α ∈ [0, 1].

Theorem 12. If an increasing in each variable func-
tion F : [0, 1]n → [0, 1] fulfils conditions F 6 min and
F À min, then it preserves a strict α–order for any
α ∈ [0, 1].

Proof. By [4] (Theorem 2) a function F preserves an
α–irreflexivity for any α ∈ [0, 1] if and only if F 6 max,
so taking into account Theorem 8 and definition of a
strict α–order we get the required statement.

Example 8. F = min preserves a strict α–order for
any α ∈ [0, 1], because the minimum is increasing and
F À min (cf. Theorem 1).

In virtue of Theorems 11, 12 and by definitions of
a linear quasi–α–order, a linear α–order and a linear
strict α–order and by the fact that F preserves an α–
connectedness (a total α–connectedness) if and only if
it fulfils (23) (cf. [4], Theorem 8) we see that F = min
does not preserve these linear orders because the min-
imum does not fulfil (23) (see Example 9).
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Example 9. Let n = 2. If F = min, then condition
(23) is of the form

max(min(s1, s2),min(t1, t2)) >

min(max(s1, t1), max(s2, t2)).

where s1, s2, t1, t2 ∈ [0, 1]. Let us take s1 = 0, s2 = 0.5,
t1 = 0.5, t2 = 0. We see that for these numbers the
converse inequality is fulfilled, because

0 = max(min(0, 0.5),min(0.5, 0)) <

min(max(0, 0.5),max(0.5, 0)) = 0.5.

Thus minimum does not fulfil condition (23).
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Abstract

Probability intervals are imprecise proba-
bility assignments over elementary events.
They constitute a very convenient tool to
model uncertain information : two common
cases are confidence intervals on parameters
of multinomial distributions built from sam-
ple data and expert opinions provided in
terms of such intervals. In this paper, we
study how probability intervals can be trans-
formed into other uncertainty models such
as possibility distributions, Ferson’s p-boxes,
random sets and Neumaier’s clouds.

Keywords: Probability intervals, random
sets, possibility, p-boxes, clouds.

1 Introduction

When modeling uncertainty, the theory of imprecise
probabilities [17] and the so-called lower previsions for-
mally subsume most of the existing uncertainty theo-
ries. Provided one accepts its behavioral interpreta-
tion, this theory offers a very appealing unifying and
highly expressive framework. Unfortunately, compu-
tational intractability is often the price to pay for such
generality and expressiveness. It is thus important to
study simpler models that will often be sufficient in
practice to solve a given problem tainted with uncer-
tainty. Even when a lot of information is available (but
not enough to give precise probabilities), one may want
to work with approximated models (e.g. for mathe-
matical or computational tractability considerations).

Probability intervals [1] are among these simpler mod-
els. They are easy to understand and computationally
tractable. They can be, for example, confidence inter-
vals coming from sample data or opinions given by an
expert. Nevertheless, it may happen that one wishes to
map the information given by probability intervals into
another model, because mathematical tools proper to

the latter model must be used or simply to present in-
formation in a specific way. This mapping is the object
of this paper.

In section 2, we briefly recall the various formalism
concerned by this paper. Section 3 then reviews some
existing results relating probability intervals and ran-
dom sets. The next section deals with the relations be-
tween probability intervals and p-boxes. Finally, sec-
tion 5 and 6 are respectively devoted to the transfor-
mation of probability intervals into, respectively, pos-
sibility distributions and clouds (a recent model pro-
posed by Neumaier [15]).

2 Notations and preliminaries

In the paper, we will restrict ourselves to probabil-
ity families denoted P and defined on a finite arbi-
trary space X of n elements {x1, . . . , xn}. We will now
briefly introduce the models studied in the sequel.

2.1 Lower/upper probabilities

Lower (P (A)) and upper probabilities (P (A)) on
events are respectively defined s.t. P (A) =
infP∈P P (A) and P (A) = supP∈P P (A). We have
PP,P (A) = {P |∀A ⊆ X measurable, P (A) ≤ P (A) ≤

P (A)}. Although this model is already a restriction
from more general ones (lower/upper probabilities can
be seen as projections of a family P on the subspace
of events, and in general we have P ⊆ PP,P ), it is still
fairly general and subsumes all other models studied
here.

2.2 Probability intervals

Probability intervals and their properties are exten-
sively studied in [1]. Probability intervals are defined
as lower and upper bounds of probabilities restricted
to singletons xi. They can be seen as a family of in-
tervals L = {[li, ui], i = 1, . . . , n} defining the family
PL = {P |li ≤ p(xi) ≤ ui ∀xi ∈ X}.
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In this paper, we will focus on reachable sets L which
define non-empty families PL, since other ones have
little interest. A set L will be called reachable if, for
each xi, we can find a probability distribution P ∈ PL
s.t. P (xi) = li and another one for which P (xi) = ui
(in other words, each bound can be reached by at least
one distribution in the family). Non-emptiness and
reachability respectively correspond to the two condi-
tions

∑n
i=1 li ≤ 1 ≤

∑n
i=1 ui

∑

j 6=i lj + ui ≤ 1 and
∑

j 6=i uj + li ≥ 1 ∀ i

Given intervals Li, general lower and upper probabil-
ities can be computed through the simple formulas

P (A) = max(
∑

xi∈A
li, 1−

∑

xi /∈A
ui)

P (A) = min(
∑

xi∈A
ui, 1−

∑

xi /∈A
li)

and this lower (upper) probability is an order 2 mono-
tone (alternate) Choquet capacity [2].

2.3 Random sets

Formally, a random set is a set-valued mapping from
a (here finite) probability space to a set X. It induces
lower and upper probabilities on X [5]. Here, we use
mass functions [16] to represent random sets. A mass
function m is defined by a mapping from the power
set 2X to the unit interval, s.t.

∑

E⊆X m(E) = 1 and
m(∅) = 0. A set E with positive mass is called a focal
set. Two measures, a plausibility and a belief measure
can be defined from this mass function:

Belief measure: Bel(A) =
∑

E,E⊆Am(E)

Plausibility measure: Pl(A) = 1−Bel(Ac)

The set PBel = {P |∀A ⊆ X measurable, Bel(A) ≤
P (A) ≤ Pl(A)} is the probability family induced by
the belief function.

2.4 (Generalized) P-boxes

A p-box is usually defined on the real line by a pair of
cumulative distributions [F , F ], defining the probabil-
ity family P[F,F ] = {P |F (x) ≤ F (x) ≤ F (x) ∀x ∈

<}. The notion of cumulative distribution on the
real line is based on a natural ordering of numbers.
In order to generalize this notion to arbitrary finite

sets, we need to define a weak order relation ≤R on
this space. Given ≤R, an R-downset is of the form
{xi : xi ≤R x}, and denoted (x]R. A generalized R-
cumulative distribution [7] is defined as the function
FR : X → [0, 1] s.t. FR(x) = Pr((x]R), where Pr is a
probability measure on X. We can now define a gen-
eralized p-box as a pair [FR(x), FR(x)] of generalized
cumulative distributions defining a probability family
P[F

R
(x),FR(x)] = {P |∀x, FR(x) ≤ FR(x) ≤ FR(x)}.

Generalized P-boxes can also be represented by a set
of constraints

αi ≤ P (Ai) ≤ βi i = 1, . . . , n (1)

where 0 ≤ α1 ≤ α2 ≤ . . . ≤ αn ≤ 1, 0 ≤ β1 ≤ β2 ≤
. . . ≤ βn ≤ 1 and Ai = (xi]R,∀xi ∈ X with xi ≤R xj
iff i < j (sets Ai form a sequence of nested confidence
sets ∅ ⊂ A1 ⊂ A2 ⊂ . . . ⊂ An ⊂ X). When X = <
and Ai = (−∞, xi], we find back the usual definition
of p-boxes.

2.5 Possibility distributions

A possibility distribution π is a mapping from X to the
unit interval (hence a fuzzy set) such that π(x) = 1 for
some x ∈ X. Several set-functions can be defined from
them [8]:

Possibility measures: Π(A) = supx∈A π(x)

Necessity measures: N(A) = 1−Π(Ac)

Guaranteed poss. measures: ∆(A) = infx∈A π(x)

Possibility degrees express the extent to which an
event is plausible, i.e., consistent with a possible state
of the world, necessity degrees express the certainty of
events and ∆-measures the extent to which all states
of the world where A occurs are plausible. They ap-
ply to so-called guaranteed possibility distributions [8]
generally denoted by δ.

A possibility degree can be viewed as an upper bound
of a probability degree [9]. Let Pπ = {P,∀A ⊆
X measurable, P (A) ≤ Π(A)} be the set of probabil-
ity measures encoded by π. A necessity measure is a
special case of belief function when the focal sets are
nested.

2.6 Clouds

Formally, a cloud is described by an Interval-Valued
Fuzzy Set (IVF) s.t. (0, 1) ⊆ ∪x∈XF (x) ⊆ [0, 1], where
F (x) is an interval [δ(x), π(x)]. A cloud is called thin
when the two membership functions coincide (δ = π).
It is called fuzzy when the lower membership function
δ is 0 everywhere. Let αi be a sequence of α-cuts
s.t. 1 = α0 > α1 > α2 > . . . > αn > αn+1 = 0
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with Ai the strong α-cut of π and Bj the α-cut of δ
(Ai = {xi, π(xi) > αi} and Bi = {xi, δ(xi) ≥ αi}).
Then, a random variable x is in a cloud if it satisfies
the constraints

P (Bi) ≤ 1− αi ≤ P (Ai) i = 1, . . . , n. (2)

with Bi ⊆ Ai. The probability family induced by a
cloud [δ(x), π(x)] will be noted P[δ,π].

Moreover, the following property linking clouds and
possibility distributions has been shown by Dubois and
Prade [11]:

Proposition 1. A probability family P[δ,π] described
by the cloud (δ, π) is equivalent to the family Pπ∩P1−δ

described by the two possibility distributions π and 1−
δ.

3 Probability intervals and random
sets

Most of the results presented in this section can be
found in [1, 6], where more details can be found. There
are two main approaches to build a belief function Bel

from a set Le of probability intervals.

The first one, explored in [13] by Lemmer and Kyburg,
considers probability intervals as a partial specification
of a belief function and consists to find a belief function
Bel1 that extends the intervals s.t.

Bel1(xi) = li and Pl1(xi) = ui ∀i (3)

As shown in [13], finding such a belief function is pos-
sible iff the tree following conditions hold

∑n
i=1 li ≤ 1 ≤

∑n
i=1 ui

∑

j 6=i lj + ui ≤ 1 and
∑

j 6=i uj + li ≥ 1 ∀ i

∑n
i=1 li +

∑n
i=1 ui ≥ 2

where the two first conditions correspond to non-
emptiness and reachability (which are always satisfied
by supposition). Lemmer and Kyburg also provide a
means to build one of the belief function satisfying
constraints (3). Let us note that with this method,
we have Bel1(A) ≥ P (A), which imply PBel1 ⊂ PLe

.
Thus, The belief function Bel1 is an inner approxima-
tion of the family PLe

.

The second approach, extensively explored by De-
noeux [6], considers probability intervals Le as some
"most committed" information and try to find a
conservative belief function Bel2 s.t. Bel2(A) ≤
PLe

(A) ∀A. Since there exist a lot of such belief func-
tions, Denoeux also proposes to find the belief function

Bel2 that maximizes a given specifity criterion, in or-
der to keep as much information as possible (in [6], this
criterion is the sum of belief degrees over events). Ob-
viously, with this approach, we have PLe

⊂ PBel2 , and
Bel2 is this time an outer approximation of the family
PLe

. Methods given in [6] insure that Bel2(xi) = li,
but it can be checked from the examples in [6] that
Pl2(xi) > ui, even if the three conditions required by
the first approach hold.

4 Probability intervals and
(Generalized) P-boxes

Given a set L of probability intervals and a mean-
ingful ordering relation ≤R between elements xi, one
can easily build a generalized p-box [F , F ]L from L.
Given the consecutive sets Ai = (xi]R,∀xi ∈ X and
the ordering s.t. xi ≤R xj iff i < j, lower and upper
generalized cumulative distributions corresponding to
L are, respectively

FR(xi) = P (Ai) = max(
∑

xi∈Ai
lj , 1−

∑

xi /∈Ai
uj)

FR(xi) = P (Ai) = min(
∑

xi∈Ai
ui, 1−

∑

xi /∈Ai
li)

(4)

Now, if we consider that this p-box is all the infor-
mation we have, one can easily find back probability
intervals L′ from this information s.t.

P ′(xi) = l′i = max(0, P (Ai)− P (Ai−1))

P
′
(xi) = u′i = P (Ai)− P (Ai−1)

and we have the following proposition

Proposition 2. Given an initial set L of probability
intervals over a space X, and given the transforma-
tions

Set L
−−−−→
p− box [FR(x), FR(x)]

−−−−−−→
Interval Set L′

we have that PL ⊆ PL′ .

Proof. Looking at equations given above, we can easily
express [l′i, u

′
i] in term of values li, ui of the original set

L, this gives us

l′i = max(0,
∑

xi∈Ai

li −
∑

xi∈Ai−1

ui,

∑

xi∈Ai

li +
∑

xi 6∈Ai−1

li − 1,

1−
∑

xi 6∈Ai

ui −
∑

xi∈Ai−1

ui,

∑

xi 6∈Ai−1

li −
∑

xi 6∈Ai

ui)
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= max(0, li +
∑

xi∈Ai−1

(li − ui),

li + (
∑

X

li − 1),

1−
∑

X\xi

ui

li +
∑

xi 6∈Ai

(li − ui))

and, given that ui ≥ li and that the set L is reach-
able and non-empty, we have that l′i ≤ li. The same
procedure can be followed for the bounds u′i, and we
have PL ⊆ PL′ . We also have l′i = li;u

′
i = ui ∀i only

in degenerate cases of precise information or complete
ignorance.

Not surprisingly, this proposition shows that trans-
forming probability intervals into p-boxes implies a
loss of information. Let us note that the same argu-
ment holds when one wants to transform a generalized
p-box [F , F ] into probability intervals, and then get

back a generalized p-box [F ′, F
′
] from these intervals

using equations (4) (i.e. we have P[F,F ] ⊂ P[F ′,F
′

]).

Example 1. Let us take the same four probability in-
tervals as in the example given in [14], summarized in
the following tabular

x1 x2 x3 x4

li 0.10 0.34 0.25 0
ui 0.28 0.56 0.46 0.08

if we consider the order R s.t. xi ≤R xj iff i ≤ j, this
gives us the following generalized p-box

F F

A1 = {x1} 0.10 0.28
A2 = {x1, x2} 0.46 0.75

A3 = {x1, x2, x3} 0.92 1
A4 = X 1 1

and if we want to get back probability intervals from
this sole generalized p-box, we obtain

x1 x2 x3 x4

l′i 0.10 0.18 0.17 0
u′i 0.28 0.65 0.54 0.08

which is clearly less informative than the first proba-
bility intervals.

5 Probability intervals and possibility
distributions

The problem of transforming a probability distribution
into a quantitative possibility distribution has been

adressed by many authors (see [10] for an extended
discussion about the links between probabilities and
quantitative possibility theory). In this paper, we will
follow the same line as Masson and Denoeux in [14],
where authors study the problem of transforming in-
terval probabilities into a possibility distribution.

Concerning the transformation of a precise probability
into a possibility distribution, a first consistency prin-
ciple was informally stated by Zadeh [18] as: what is
probable should be possible. It was later translated by
Dubois and Prade [12] as the mathematical constraint

P (A) ≤ Π(A) ∀A ⊆ X

and the possibility measure Π is said to dominate
the probability measure P . The transformation of a
probability into a possibility then consists of choos-
ing a possibility measure amongst those dominating
P . Dubois and prade [12] then proposed to add the
following constraint

p(xi) ≤ p(xj)↔ π(xi) ≤ π(xj)

and to choose the least specific possibility distribution
(π′ is more specific than π if π′ ≤ π ∀x) respecting
these two constraints. They showed that the solution
exists and is unique. Let us consider the order on
probability masses s.t.

p(x1) ≤ p(x2) ≤ . . . ≤ p(xj) ≤ . . . ≤ p(xn)

Dubois and Prade’s transformation can then be for-
mulated as

π(xi) =

i
∑

j=1

p(xj)

When working with a set L = {[li, ui], i = 1, . . . , n} of
probability intervals, the order induced on probability
masses is no longer complete, and the partial order is
reduced to

p(xi) ≤ p(xj)↔ ui ≤ lj

and two probabilities p(xi), p(xj) are incomparable if
intervals [li, ui], [lj , uj ] intersect in some way. Let us
noteM this partial order and C the set of its linear ex-
tensions (a linear extension Cl ∈ C is a complete order
that is compatible with the partial order M). Given
this partial order, Masson and Denoeux [14] propose
the following procedure to transform the set of proba-
bility intervals into a possibility distribution:

1. For each order Cl ∈ C and each element xi, solve

π(xi)
Cl = max

p(x1),...,p(xn)

∑

σ−1

l
(j)≤σ−1

l
(i)

p(xj) (5)
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under the constraints






∑

k=1,...,n p(xk) = 1

lk ≤ pk ≤ uk
p(xσl(1)) ≤ p(xσl(2)) ≤ . . . ≤ p(xσl(n))

where σl is the permutation of p(xk) associated
with the linear extension Cl

2. Take the distribution dominating all distributions
π(xi)

Cl s.t.

π(xi) = max
Cl∈C

π(xi)
Cl ∀i (6)

this procedure insures that the resulting possibility
distribution π will dominate every probability distri-
bution contained in PL. We thus have PL ⊂ Pπ. Let
us note that this transformation can produce an im-
portant loss of information.

Example 2. Taking back probability intervals of ex-
ample 1, we have here three possible linear extensions
Cl ∈ C

C1 = (L4, L1, L3, L2)

C2 = (L4, L1, L2, L3)

C3 = (L4, L3, L1, L2)

using the above method on these three orders gives the
following distribution (see [14] for more details)

x1 x2 x3 x4

π 0.64 1 1 0.08

Let us note that, if this transformation produces the
most specific possibility distribution dominating a pre-
cise probability distribution (i.e. ui = li ∀i and
∑

ui = 1), this is no longer the case when the probabil-
ity distribution is imprecisely known through intervals
(ui 6= li). To see this, let us first recall that an up-
per generalized R-cumulative distribution FR can be
seen as a possibility distribution dominating a prob-
ability measure, since it is a maxitive measure (i.e.
we have maxx∈A FR(x) ≥ Pr(A),∀A ⊆ X). Any R-
cumulative distribution dominating a family PL in-
duced by probability intervals is thus also a possibility
measure dominating this family. Now, in our example,
let us consider the following order <R between the four
elements: x4 <R x1 <R x3 <R x2. From this order,
we can build the following R-cumulative distribution:

x1 x2 x3 x4

FR = πR 0.36 1 0.66 0.08

which still dominates PL and is more specific than the
distribution built by the method given in [14]. This
shows that Masson and Denoeux’s method tends to
give conservative bounds, and thus can result in an

important loss of information, which seems hard to
justify. This important loss is due to the fact that Mas-
son and Denoeux do not consider any specific ordering
relation R between the elements of X, an assumption
that is made in the counter-example given above.

6 Probability intervals and clouds

Let L be a set of probability intervals and PL the asso-
ciated family. In this section, we introduce a method,
inspired from [14], which transforms intervals L into a
cloud [δ, π]L.

From property 1, we know that families described
by clouds are equivalent to the intersection of two
families described by possibility distributions. An-
other property of clouds is that a discrete thin cloud,
up to the right transformation, can represent a pre-
cise probability distribution. Let π1(xi) = ai s.t.
a0 = 0 < a1 < . . . < an = 1. Consider then
π2(xi) = 1 − ai−1 = 1 − δ(xi). Now let us consider
the cloud [δ = 1 − π2, π = π1]. It has been proved
by Dubois and Prade [11] that the probability family
P[δ,π] induced by this cloud contains a unique proba-
bility measure P s.t. p(xi) = ai − ai−1 ∀i = 1, . . . , n.

Given this property, two requirements that should, in
our opinion, follow any transformation of probability
intervals into clouds are the following:

• If intervals L describe a precise probability distri-
bution, then the transformation should result in
the corresponding thin cloud.

• The family P[δ,π]L should be an outer approxima-
tion of PL (i.e. PL ⊂ P[δ,π]L)

Let us consider the distribution π built with the
method described in section 5 as the upper distribu-
tion of the cloud. By reversing the inequality under
the summand in equation (5), we can build another
distribution πδ in the following way:

1. For each order Cl ∈ C and each element xi, solve

πCl

δ (xi) = max
p(x1),...,p(xn)

∑

σ−1

l
(i)≤σ−1

l
(j)

p(xj)

= 1− min
p(x1),...,p(xn)

∑

σ−1

l
(j)<σ−1

l
(i)

p(xj)

= 1− δCl(xi)

with the same constraints as in section 5

2. Take the distribution dominating all distributions
πCl

δ (xi)

πδ(xi) = 1− δ(xi) = max
Cl∈C

πCl

δ (xi) ∀i (7)
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And [δ, π] is actually a cloud (δ < π, since δ(xi) is
a minimum computed over less intervals L(xi) than
π(xi), which is moreover a maximum). It can be eas-
ily checked that if L is reduced to a precise probability
distribution, then the above method results in the thin
cloud corresponding to this distribution. We also have
that PL ⊂ Pπδ and PL ⊂ Pπ by construction, thus we
have PL ⊂ P[δ,π]L = Pπδ ∩ Pπ, and our two require-
ments are satisfied.

Example 3. Again, we consider the probability in-
tervals given in example 1. From the three orders Ci

given above, we can obtain the following πδ

Ci πδ(x1) πδ(x2) πδ(x3) πδ(x4)
1 1 0.16 0.63 1
2 1 0.9 0.46 1
3 0.75 0.5 1 1
max 1 0.9 1 1

and, finally, the following cloud

x1 x2 x3 x4

π 0.64 1 1 0.08
δ 0 0.1 0 0

which, in this case, is only a little more informative
than the upper distribution taken alone (indeed, the
sole added constraint is that p(x2) ≤ 0.9).

As in the previous section, this method can be criti-
cized upon the ground that an important amount of
information is lost. Instead, one could take, for ex-
ample, the cloud associated to the generalized p-box
induced by the order x4 <R x1 <R x3 <R x2 (since
generalized p-boxes are a particular case of clouds).
This would give the following distributions:

x1 x2 x3 x4

FR = πR 0.36 1 0.66 0.08
FR 0.1 1 0.44 0
δR 0 0.44 0.1 0

Where δR is FR after a simple shift of values (the
necessity of this transformation, already emphasized
in [11], arises from the fact that sets Ai are strong α-
cuts, while Bi are simple α-cuts). The cloud [δR, πR]
is obviously more specific than the first cloud while we
still have PL ⊂ P[δR,πR].

7 Conclusions

Probability intervals are very convenient to model un-
certainty, and can be encountered in various situations.
In this paper, we study how they can be transformed
into other popular models of imprecise probabilities.
Except for one, every method recalled or proposed here

give outer approximation of the family PL. This corre-
sponds to a cautious view, since there is no additional
information present in the model resulting from the
transformation (but some information can be lost in
the transformation process).

If probability intervals are reduced to precise probabil-
ity distributions, every proposed transformation result
in the model corresponding to this precise probability,
except for possibility distributions, which are the only
model studied here that can’t be seen as a generaliza-
tion of classical probabilities.

Interestingly enough, most (some subclasses of clouds
are not) of the studied representations in this paper are
special cases of random sets, allowing one to use all the
rich mathematical background of this theory as well
as many computational simplifications (e.g. easiness
to compute Choquet Integral).

Each of the models presented here has its own practical
interest in term of expressiveness or tractability. The
natural continuation of the work initiated in this paper
is to extend the study made by De Campos et al. [1]
to every model studied here. What becomes of ran-
dom sets, possibility distributions, generalized p-boxes
and clouds after fusion, marginalization, conditioning
or propagation? Is it still the same kind of represen-
tation after having applied these mathematical tools,
and under which assumptions? To which extends are
these representations informative? Can they easily be
elicited or integrated? If many results already exist
for random sets and possibility distributions, few have
been derived for generalized p-boxes or clouds, due to
the fact that these two latter representations have only
been recently proposed.

In term of behavioral interpretation of imprecise prob-
abilities [17], conditions of non-emptiness and reacha-
bility respectively correspond to avoiding sure loss and
to coherence of lower previsions. It is also interesting
to note that, if we see probability intervals as a con-
straint satisfaction problem (CSP) [4], non-emptiness
and reachability correspond to the notions of existence
of a solution and of bounds consistency. Another inter-
esting work should be to formalize links between CSP
and imprecise probabilities, with the aim to study to
which extent technics used in CSP can be used to solve
practical problems commonly encountered when deal-
ing with imprecise probabilities. To our knowledge,
this work largely remains to be done, although CSP
technics are already used to solve practical problems
related to (imprecise) probabilistic reasoning, most of
them being related to (credal) bayesian networks (see,
for example [3]).
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Abstract

Lattice-valued entropy functions defined by a
lattice-valued possibilistic distribution π on a
space Ω are defined as the expected value (in
the sense of Sugeno integral) of the comple-
ment of the value π(ω) with ω ranging over Ω.
The analysis is done in parallel for two alter-
native interpretations of the notion of com-
plement in the complete lattice in question.
Supposing that this complete lattice is com-
pletely distributive in the defined sense, the
entropy values defined by independent prod-
ucts of finite sequences of lattice-valued pos-
sibilistic distributions are proved to be de-
fined by the supremum value of the entropies
defined by particular distributions.

Keywords: lattice-valued possibilistic dis-
tribution, possibilistically independent prod-
uct of distributions, possibilistic entropy
functions.

1 Introduction and Motivation

Since the earliest investigations in the field of possi-
bilistic (possibility) theory and measures as conceived
by L. A. Zadeh in 1978 [5], possibilistic measures have
been considered as a qualitatively different alternative
tool for uncertainty quantification and processing, if
compared with those offered by additive measures and
probability theory, but the notions introduced and re-
sults achieved by the classical probabilistic approach
have been continually used as an inspiration for a fur-
ther development of possibilistic theory and measures
(for our purposes, first of all [1] is worth being explic-
itly mentioned).

Within the framework of standard (Shannon) infor-
mation theory, based on Kolmogorov axiomatic prob-
ability theory, the notion of entropy plays the funda-
mental role, as it enables to quantify the amount of

uncertainty (in the sense of randomness) contained or
hidden in a probability distribution over a nonempty
space of random events, in other sense, the (expected)
amount of information obtained when realizing a ran-
dom sample from this distribution. A great number of
important and interesting results dealing with infor-
mation encoding and transmission and with statistical
decision making under uncertainty have been achieved
when applying the notion of information. So, it seems
quite reasonable to seek for an alternative modifica-
tion of the notion of entropy applicable to possibilistic
measures. For real-valued possibilistic measures some
rather elementary ideas and results can be found in [4],
the case of non-numerical and, in particular, lattice-
valued possibilistic measures will be, very briefly, dis-
cussed below. Let us sketch, very shortly, the prob-
abilistic version of the notion of entropy function (cf.
[3] or any elementary textbook or monograph on in-
formation theory).

Restricting ourselves to the most simple case, let
Ω = {ω1, ω2, . . . , ωn} be a finite space and let P :
Ω → [0, 1] be a probability distribution on Ω, hence,∑n

i=1 P (ωi) = 1. (Shannon) entropy I(P ) of P is de-
fined by

I(P ) =
n∑

i=1

(lg(1/P (ωi))P (ωi) = −
n∑

i=1

(lg P (ωi))P (ωi)

(1.1)

setting 0 lg 0 = 0 and applying, as a rule, the loga-
rithm to the base 2, so that I(P ) is the expected value
of the random variable 1/P (·). Within the framework
of possibilistic measures the normalized Sugeno inte-
gral will play the role of expected value, so that an
alternative entropy function I∗(P ), defined by

I∗(P ) =
n∑

i=1

(1− P (ωi))P (ωi) = 1−
n∑

i=1

(P (ωi))2,

(1.2)
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will serve as an inspiration. Both I(P ) and I∗(P ) take
their maximum values (lg n for I(P ) and 1− (1/n) for
I∗(P )) iff P (ωi) = 1/n for each i ≤ n (the uniform
probability distribution on Ω), and take their mini-
mum value 0 for both I(P ) and I∗(P ) iff P (ωi0) = 1
for one i0 ≤ n (hence, P (ωi) = 0 for each i ≤ n, i 6= i0).

2 Lattice-Valued Possiblistic
Distributions

Partially ordered set (poset) is a pair T = 〈T,≤〉,
where T is a non-empty set and ≤ is a partial ordering
on T, i.e., ≤ is a reflexive, antisymmetric and transitive
binary relation on T (subset of T × T, in set-theoretic
terms). Let

∨
,∨(

∧
,∧, resp.) denote the supremum

(infimum, resp.) operation defined by ≤ in T . Poset
T is called complete lattice, if for each nonempty sub-
set A ⊂ T its supremum

∨
A(=

∨
t∈A t) and infimum∧

A(=
∧

t∈A t) are defined. The zero (unit, resp.) ele-
ment of the complete lattice T = 〈T,≤〉 is denoted by
®T (1T , resp.) and defined by ®T =

∧
T (1T =

∨
T,

resp.). By convention we set
∨ ∅ = ®T and

∧ ∅ = 1T
for the empty subset of T.

A complete lattice T = 〈T,≤〉 is called distributive, if
the relation s ∧ (t1 ∨ t2) = (s ∧ t1) ∨ (s ∧ t2) holds for
each s, t1, t2 ∈ T and T is called completely distribu-
tive, if the relation s ∧ (

∨
A) =

∨
t∈A(s ∧ t) holds

for each s ∈ T and ∅ 6= A ⊂ T. The inequality
s∧ (

∨
A) ≥ ∨

t∈A(s∧ t) obviously holds for each poset
T , but the inverse inequality need not hold in general.
E.g., the complete lattice T0 = 〈{t0, t1, t2, t3, t4},≤〉
such that t0 < ti < t4 holds for each i = 1, 2, 3, but no
ti, tj , i, j = 1, 2, 3, i 6= j, are comparable by ≤, is not
distributive. Both the most often used structures for
uncertainty degrees, i.e., the unit interval of real num-
bers equipped by their standard ordering, as well as
the space of all subsets of a nonempty set X partially
ordered by set inclusion, can be easily seen to define
completely distributive complete lattices.

Contrary to the operation 1 − x for x ∈ [0, 1] or the
set complement X − A for A ⊂ X there is no general
primary operation of complement in complete lattices.
Let us define, for our purposes, the T -complement tC

for each t ∈ T, setting

tC =
∨
{s ∈ T : s ∧ t = ®T }. (2.1)

In particular, ®C
T = 1T and 1C

T = ®T , for T =
〈[0, 1],≤〉 we obtain 0C = 1 and xC = 0 for each
0 < x ≤ 1, and for T = 〈P(X),⊂〉 T -complement
agrees with the standard set-complement operation.

Let T = 〈T,≤〉 be a complete lattice, let Ω be a
nonempty space. A mapping π which takes Ω into

T is called T -(valued) possibilistic distribution on Ω,
if

∨
ω∈Ω π(ω) = 1T holds, hence, if π is a T -valued

normalized fuzzy subset of Ω as introduced by J. A.
Goguen in [2]. The T -possibilistic measure Π induced
by π on the power-set P(Ω) is defined by Π(A) =∨

ω∈A π(ω), hence, Π(Ω) = 1T and Π(∅) = ®T by
convention for the empty subset of Ω.

3 Lattice-Valued Possibilistic Entropy
Functions

In what follows, we will need a mathematical tool for
integration of lattice-valued mappings with respect to
lattice-valued possibilistic measures.

As the first attempt, for these sakes the notion of
Sugeno integral as analyzed and applied in [1] with
the minimum operation on T taken as the particular
case of t-norm seems to be more or less adequate and
the limited scope of this contribution does not offer a
space for a more detailed discussion on this matter.
Nevertheless, a modification of notions and results to
be introduced below to the case of a general t-norm
processed by a tool of integration more powerful than
the minimum-based Sugeno integral seems to be, be-
yond any doubts, worth being pursued in more detail
when going on with the research dealing with lattice-
valued possibilistic entropy functions.

Definition 3.1 Let T = 〈T,≤〉 be a complete lattice,
let Ω be a non-empty space, let π be a T -possibilistic
distribution on Ω with Π denoting the T -possibilistic
measure on P(Ω) induced by π, let f be a mapping
which takes Ω into T. The value

∮
fdΠ =

∨

t∈T

[t ∧Π({ω ∈ Ω : f(ω) ≥ t})] (3.1)

is called the (Sugeno) integral of the mapping f over
the space Ω, with respect to the possibilistic measure
Π on P(Ω) and with infimum operation ∧ taken as the
t-norm on T.

As a matter of fact, as analyzed and proved in [1],
under our setting the value

∮
fdΠ is always defined

and the relation

∮
fdΠ =

∨

ω∈Ω

(f(ω) ∧ π(ω)) (3.2)

holds. In order to recall the role of integrals as ex-
pected values of variables charged by uncertainty we
will often write EfdΠ or Ef(·)dΠ instead of

∮
fdΠ.

When aiming to modify the definition of entropy func-
tion I∗(P ), given by (1.2), to the case of lattice-valued
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possibilistic distributions, the problem arises how to
replace the substraction operation 1 − x. In the case
of probability distribution P over finite or countable
space Ω the identity 1 − P (ω) = P∗(Ω − {ω}) =∑

ω1∈Ω,ω1 6=ω P (ω1) is obvious, but in the case of pos-
sibilistic distributions (real-valued as well as lattice-
valued ones in general) the relation 1− π(ω) = Π(Ω−
{ω}) or (π(ω))C = Π(Ω − {ω}) need not hold in gen-
eral. Aiming to take in consideration both the cases
in parallel, we arrive at the following definition.

Definition 3.2 Let T = 〈T,≤〉 be a complete lattice,
let π be a T -possibilistic distribution on a nonempty
space Ω. (1)-entropy of π is denoted as I1(π) and de-
fined by

I1(π) = E(π(ω))CdΠ =
∨

ω∈Ω

(((π(ω))C ∧ π(ω)), (3.3)

(2)-entropy of π is denoted as I2(π) and defined by

I2(π) = E((Π(Ω−{ω}))dΠ =
∨

ω∈Ω

((Π(Ω−{ω}))∧π(ω)).

(3.4)

Both the values I1(π) and I2(π) are evidently defined
for each T -possibilistic distribution π on Ω.

Theorem 3.1 Let T = 〈T,≤〉 be a distributive com-
plete lattice, let π be a T -possibilistic distribution on a
nonempty space Ω. Then the inequality I1(π) ≤ I2(π)
holds. In particular, if T is completely distributive,
then I1(π) = ®T , so that the inequality I1(π) ≤ I2(π)
follows trivially.

Proof. Let s ∈ T and Ω ∈ Ω be such that s ∧ π(ω) =
®T holds. Due to the assumed distributivity of T we
obtain that

s = s ∧ 1T = s ∧
( ∨

ω1∈Ω

π(ω1)

)
=

= s ∧




 ∨

ω1∈Ω,ω1 6=ω

π(ω1)


 ∨ π(ω)


 =

=


s ∧

∨

ω1∈Ω,ω1 6=ω

π(ω1)


 ∨ (s ∧ π(ω)) =

= s ∧

 ∨

ω1∈Ω,ω1 6=ω

π(ω1)


 , (3.5)

so that the inequalities s ≤ ∨
ω1∈Ω,ω1 6=ω π(ω1) and

(π(ω))C =
∨
{s ∈ T : s ∧ π(ω) = ®T } ≤

≤
∨

ω1∈Ω,ω1 6=ω

π(ω1) = Π(Ω− {ω})

(3.6)

are valid. Hence, the inequality

I1(π) =
∨

ω∈Ω

((π(ω))C ∧ π(ω)) ≤

≤
∨

ω∈Ω

((Π(Ω− {ω}) ∧ π(ω)) = I2(π)

(3.7)

results. If T is completely distributive, then for each
t ∈ T we have

tC ∧ t =
(∨

{s ∈ T : s ∧ t = ®T }
)
∧ t =

=
∨
{s ∧ t : s ∈ T, s ∧ t = ®T } = ®T ,

(3.8)

so that I1(π) = ®T immediately follows. The asser-
tion is proved. ¤

It is perhaps worth noting explicitly that for non-
distributive complete lattices the assertion of The-
orem 3.1 need not hold. Indeed, taking the non-
distributive complete lattice T0 = 〈{t0, t1, t2, t3, t4},
≤〉, introduced in Section 2 above, setting Ω =
{ω1, ω2, ω3} and π(ωi) = ti for i = 1, 2, π(ω3) = ®τ ,
we obtain easily that π is a T0-possibilistic distribution
on Ω, but I1(π) = 1T0 > ®T0 = I2(π) holds.

Given a complete lattice T = 〈T,≤〉, a T -possibilistic
distribution π on Ω is called orthogonal, if π(ω1) ∧
π(ω2) = ®T for each ω1, ω2, ω1 6= ω2, from Ω. As a
matter of fact, if T is completely distributive and π
is orthogonal, then I2(π) = ®T . Indeed, due to the
complete distributivity of T we obtain, for each ω ∈ Ω,
that

(Π(Ω− {ω})) ∧ π(ω) =

=


 ∨

ω1∈Ω,ω1 6=ω

π(ω1)


 ∧ π(ω) =

=
∨

ω1∈Ω,ω1 6=ω

(π(ω1) ∧ π(ω)) = ®T , (3.9)

so that
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I2(π) =
∨

ω∈Ω

((Π(Ω− {ω})) ∧ π(ω)) = ®T (3.10)

follows.

Again, both the conditions imposed on T and π (com-
plete distributivity and orthogonality) can be proved
to be necessary introducing appropriate counter-
examples.

Theorem 3.2 Let T = 〈T,≤〉 be a complete lattice,
let π be a T -possibilistic distribution on a nonempty
set Ω such that π(ω) takes the values®T or 1T for each
ω ∈ Ω, then I1(π) = ®T holds. If there is only one
ω0 ∈ Ω such that π(ω0) = 1T holds, then I2(π) = ®T ,
otherwise I2(π) = 1T .

Proof. As ®C
T = 1T and 1C

T = ®T holds for each
complete lattice T , (π(ω))C ∧ π(ω) = ®T results for
each ω ∈ Ω, hence, I1(π) = ®T immediately follows.
If π(ω0) = 1T , π(ω) = ®T for each ω ∈ Ω, ω 6= ω0,
then Π(Ω − {ω0}) =

∨
ω∈Ω,ω 6=ω0

π(ω) = ®T , so that
Π(Ω − {ω}) ∧ π(ω) = ®T for every ω ∈ Ω and the
equality I2(π) = ®T follows. Otherwise, there are at
least two ω1, ω2 ∈ Ω such that π(ω1) = π(ω2) = 1T ,
hence, for each ω ∈ Ω, either ω1 ∈ Ω − {ω} or ω2 ∈
Ω − {ω} holds, so that Π(Ω − {ω}) = 1T for every
ω ∈ Ω. Consequently,

I2(π) =
∨

ω∈Ω

((Π(Ω− {ω})) ∧ π(ω)) ≥

≥ ((Π(Ω− {ω1})) ∧ π(ω1)) ∨
∨ ((Π(Ω− {ω2})) ∧ π(ω2)) = 1T

(3.11)

follows, so that the assertion is proved. ¤

4 Entropy Values for Independent
Products of Lattice-Values
Possibilistic Distributions

A well-known and important property of Shannon en-
tropy reads that for the statistically (stochastically)
independent product of probability distributions on
discrete spaces the entropy of the resulting probability
distribution is given by the sum of the entropy values
for the particular distributions. More formally, if for
both i = 1, 2, Pi defines a probability distribution on
a nonempty discrete space Ωi, and if P12(ω1, ω2) =
P1(ω1)P2(ω2) for each 〈ω1, ω2〉 ∈ Ω1 × Ω2, then the
equality I(P12) = I(P1) + I(P2) holds (for I∗ we ob-
tain that I∗(P12) = 1−((1−I∗(P1)) (1−I∗(P2)) holds).
Let us prove a possibilistic variant of this relation.

Theorem 4.1 Let T = 〈T,≤〉 be a completely dis-
tributive complete lattice and, for both i = 1, 2, let
πi be a T -possibilistic distribution on a nonempty
set Ωi. Set π12(ω1, ω2) = π1(ω1) ∧ π2(ω2) for each
〈ω1, ω2〉 ∈ Ω1 × Ω2. Then π12 defines a T -possibilistic
distribution on Ω1 × Ω2 and, for both j = 1, 2, the
equality Ij(π12) = Ij(π1) ∨ Ij(π2) holds.

Proof. Applying the assumption of complete dis-
tributivity of T , we obtain easily that

∨

〈ω1,ω2〉
π12(ω1, ω2) =

=
∨

ω1∈Ω1

( ∨

ω2∈Ω2

(π1(ω1) ∧ π2(ω2))

)
=

=
∨

ω1∈Ω1

(( ∨

ω2∈Ω2

π2(ω2)

)
∧ π1(ω1)

)
=

=
∨

ω1∈Ω1

(1T ∧ π1(ω1)) = 1T , (4.1)

so that π12 defines a T -possibilistic distribution on
Ω1 ×Ω2. A repeated application of the same assump-
tion yields that

I2(π12) =
∨

〈ω1,ω2〉∈Ω1×Ω2

[(Π12(Ω1 × Ω2)−

−{〈ω1, ω2〉}) ∧ π12(ω1, ω2)] =

=
∨

〈ω1,ω2〉∈Ω1×Ω2

{[Π12[((Ω1 − {ω1})× Ω2) ∪

∪(Ω1 × (Ω2 − {ω2}))]] ∧ π1(ω1) ∧ π2(ω2)} =

=
∨

〈ω1,ω2〉∈Ω1×Ω2

{[Π1(Ω1 − {ω1}) ∨Π2(Ω2 − {ω2})] ∧

∧π1(ω1) ∧ π2(ω2} =

=
∨

〈ω1,ω2〉∈Ω1×Ω2

(Π1(Ω1 − {ω1}) ∧ π1(ω1) ∧ π2)) ∨

∨
∨

〈ω1,ω2〉Ω1×Ω2

(Π2(Ω2 − {ω2}) ∧ π1(ω1) ∧ π2(ω2)) =

=
∨

ω2∈Ω2

(( ∨

ω1∈Ω1

(Π1(Ω1 − {ω1}) ∧ π1(ω1)

)
∧ π2(ω2)

)
∨

∨
∨

ω1∈Ω1

(( ∨

ω2∈Ω2

(Π2(Ω2 − {ω2}) ∧ π2(ω2)

)
∧ π1(ω1)

)
=

=
∨

ω2∈Ω2

(I2(π1) ∧ π2(ω2)) ∨
∨

ω1∈Ω1

(I2(π2) ∧ π1(ω1)) =

=

(
I2(π1) ∧

( ∨

ω2∈Ω2

π2(ω2)

))
∨

(
I2(π2)∧
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∧
( ∨

ω1∈Ω1

π1(ω1)

))
=

= I2(π1) ∨ I2(π2). (4.2)

For I1(π12) the same equality holds trivially, as in this
case I1(π12) = I1(π1) = I1(π2) = ®T due to Theo-
rem 3.1. The assertion is proved. ¤

Theorem 4.1 can be easily generalized in this way: let
T ,Ωi and πi be as in Theorem 4.1, but this time for
i = 1, 2, . . . , n, set πn(ω1, ω2, . . . , ωn) =

∧n
i=1 πi(ωi)

for each 〈ω1, ω2, . . . , ωn〉 ∈ Ω1×Ω2× . . .×Ωn. Then πn

is a T -possibilistic distribution on Xn
i=1Ωi (as can be

easily proved by induction) and I2(πn) =
∨n

i=1 I2(πi)
holds (for I1 it is valid trivially). Indeed, for n = 2 it
is proved in Theorem 4.1, suppose that it is valid for
n− 1. Denoting Xn−1

i=1 Ωi by Ω∗1,Ωn by Ω∗2, π
n−1 by π∗1

and πn by π∗2 , and applying Theorem 4.1 to Ω∗1, π∗1 , Ω∗2
and π∗2 , we obtain that

I2(πn) = I2(πn−1 ∧ πn) = I2(π∗1 ∧ π∗2) =
= I2(π∗12) = I2(π∗1) ∨ I2(π∗2) =

=

(
n−1∨

i=1

I2(πi)

)
∨ I2(πn) =

n∨

i=1

I2(πi). (4.3)

Remark 4.1 As proved in [4], for real-valued possi-
bilistic distributions the same equality is valid also for
infinite sequences 〈Ω1, π1〉, 〈Ω2, π2〉, . . . of nonempty
spaces and possibilistic distributions.
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Abstract

This communication recalls some of the
Bobylev’s definitions of support function of
a fuzzy set and distance between fuzzy sets.
Their equivalence with the generalized Haus-
dorff metric and the support function defined
by of Puri and Ralescu is analyzed.

Keywords: Bobylev’s Distance, Fuzzy-
valued Mapping, Fuzzy Set, Support Func-
tion.

1 Introduction

In 1985 V. N. Bobylev published two papers in which
he defined a support function for a fuzzy set, a distance
between fuzzy sets and a differential for fuzzy-valued
mappings. Their were barely used in the posterior
literature (see [3]). In part because it was published in
not very known journals (one was originally written in
Russian) and in part because, more or less at the same
time, Puri and Ralescu definition of the generalized
Hausdorff distance was introduced, and it revealed as
very useful.

In the present communication, we analyze how the
Bobylev’s definitions matches the definition of Puri
and Ralescu. The work is organized as follows: some
notation and preliminaries are introduced in a first sec-
tion, in the second one we recall Bobylev’s definitions
of support function and distance between fuzzy sets
and in the last section we state our main results ana-
lyzing the relationship between Puri and Ralescu’s and
Bobylev’s definitions.

2 Notation and Preliminaries

In this section we gather some concepts about fuzzy
sets and fuzzy random variables we need for our study.
We start with some set classes.

Let us denote by K(IRn) the class of compact subsets
of IRn and by Kc(IRn) the convex case. We will denote
by F(IRn) denote the class of fuzzy subsets A : IRn →
[0, 1] whose α-level sets Aα belong to K(IRn) for α ∈
[0, 1] (being for α ∈ (0, 1], Aα = {x ∈ IRn : A(x) ≥
α}, and A0 = cl{x ∈ IRn : A(x) > 0}). Fc(IRn) will be
used when Aα ∈ Kc(IRn), for α ∈ [0, 1].

The class Fc(IRn) can be endowed with a semilinear
structure, by defining the addition and the product
by Zadeh’s extension principle ([11]) or, equivalently
([5], [6]), by levelwise calculation as (A + B)α = Aα +
Bα (Minkowski’s addition) and (λA)α = λAα, being
A,B ∈ Fc(IRn), λ ∈ IR.

Being dH the Hausdorff metric on K(IRn), Puri and
Ralescu define the generalized Hausdorff distance as

d∞(A,B) = sup
α∈[0,1]

dH(Aα, Bα) , (1)

for A,B ∈ F(IRn). It is well-known that (F(IRn), d∞)
is a complete non-separable metric space and that
(Fc(IRn), d∞) is a closed subspace (see [8] and [4]).

For convex fuzzy sets, Puri and Ralescu introduced the
definition of support function (see [7]), by a levelwise
extension of the usual definition from convex theory.
Hence, being A ∈ Fc(IRn) and Sn−1 the unit sphere in
IRn, the support function of A is given by

sA : [0, 1]× Sn−1 → IR ,

with
sA(α, p) = sup

x∈Aα

< p, x > ,

being < ·, · > the inner product in IRn. In the compact
convex case, the supremum is attained.

We can underline another special case of sets in
Fc(IRn), those having their α-level sets continuous
with respect to α, that is the mapping α → Aα is
continuous with respecto to the Euclidean and the dH

metrics. We will denote this class by Fcc(IRn). It is
known (see [10]) that (Fcc(IRn), d∞) is complete and
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closed and it can be isometrically embedded into the
Hilbert space of continuous real-valued functions from
[0, 1]× Sn−1 with the ‖ · ‖∞ norm, by the embedding:

j : Fcc(IRn) → C([0, 1]× Sn−1)

given by:
j(A) = sA .

Moreover, Fcc(IRn) is the greatest subclass of Fc(IRn)
that can be isometrically embedded into C([0, 1] ×
Sn−1).

On the other hand, we have to remark that when fix-
ing the α-level set, this type of isometrical embedding
generalize the case of compact convex subsets of IRn

(see [9]) which holds for every A ∈ Kc(IRn).

3 Bobylev’s definitions

Bobylev proposed a different path to reach the defini-
tion of the distance between fuzzy sets. He first defined
the support function, in a different way than Puri and
Ralescu, and, based on the support function, he later
introduced the notion of distance.

The Bobylev support function (we will use ϕ for dis-
tinguishing it from the support function by Puri and
Ralescu s) of a fuzzy set A ∈ Fc(IRn) is given by

ϕA : Bn → IR ,

with

ϕA(k) = sup
{x∈IRn:A(x)≥‖k‖}

{< k, x >} ,

where Bn is the ball in IRn centered at 0 with radius
1. In [1] it is demonstrated that ϕA is unique. Later,
Bobylev shows the properties of support function ϕA,
being the following: i) uppersemicontinuity, ii) posi-
tive homogeneity, iii) subadditiveness, iv) normality,
v) boundedness, and vi) ϕA(0) = 0.

We will denote by Φn the family of all functions ϕ :
Bn → IR satisfying above conditions i) to vi). Bobylev
proves that Φn is the set of all support functions of
fuzzy sets in Fc(IRn), which leads him to identify the
fuzzy sets with their support functions.

Denoting Ψn the set of all functions ϕ : Bn → IR
satisfying above conditions v) and vi). The set Ψn

can be endowed with a linear structure by means of
pointwise algebraic operations. Then, a norm can be
defined on Ψn by:

‖ϕ‖Ψn = sup
x∈Bn\{0}

{ |ϕ(x)|
‖x‖

}
.

It can be checked that Φn is a closed subset of Ψn and
that it is nonseparable in the sense of norm ‖ · ‖Ψn .

Therefore, by using these tools, Bobylev defines the
distance between two fuzzy subsets A,B ∈ Fc(IRn) in
the following way:

dϕ(A,B) = ‖ϕA − ϕB‖Ψn . (2)

Bobylev proves that the space (Fc(IRn), dϕ) is com-
plete and nonseparable.

Hence, we have two different approaches to the def-
inition of distance between fuzzy sets: the so-called
generalized Hausdorff distance introduced by Puri and
Ralescu (d∞) and the distance introduced by Bobylev
(dϕ). Both of them generalize the Hausdorff distance
in the case of compact convex sets. Also, both metric
spaces (Fc(IRn), d∞) and (Fc(IRn), dϕ) are complete
and nonseparable.

Obviously, the definitions of the support functions are
not equivalent in both cases, but two question imme-
diately arise: what is the relationship between the def-
initions of the support function? and are distances d∞
and dϕ equivalent?

4 Equivalences

The first step is to analyze the relationship between
both definitions of support function. The following
results gather this relationship.

Proposition 4.1 Let A ∈ Fc(IRn). Given sA its sup-
port function, in the sense of Puri and Ralescu ([7]).
If we define γ : Bn → IR by

γ(k) =




‖k‖ sA(‖k‖, k

‖k‖ ), if k 6= 0;

0, if k = 0

then γ = ϕA, being ϕA the support function in the
sense of Bobylev ([1]).

Proposition 4.2 Let A ∈ Fc(IRn). Given ϕA its sup-
port function, in the sense of Bobylev ([1]). If we de-
fine ζ : [0, 1]× Sn−1 → IR by

ζ(α, p) =





1
α

ϕA(αp), if α 6= 0;

sup
x∈A0

< x, p >, if α = 0;

then ζ = sA, being sA the support function in the sense
of Puri and Ralescu ([7]).

The second step is to analyze the equivalence between
the two distances between fuzzy sets.

Theorem 4.3 Let us consider the class Fc(IRn) and
the distances d∞ and dϕ defined, respectively, as in (1)
and (2). Then it holds for every A,B ∈ Fc(IRn) that:

d∞(A,B) = dϕ(A,B) .
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Sketch of the Proof. It makes it easier to consider
that the set {x ∈ IRn : A(x) ≥ ‖k‖} corresponds to the
level set A‖k‖ for any fixed k ∈ Bn and A ∈ Fc(IRn).
This allows us to rewrite the definition of Bobylev’s
support function ϕA.

Another important point is the treatment of the case
0 ∈ IRn (note that the distance dϕ is defined by means
of the norm ‖ ·‖Ψn that is not defined on 0). This case
can be easily avoided by using properties of the α-level
sets, and the definition of the distance d∞. In fact, in
the original definition of d∞ by Puri and Ralescu ([8]),
the supremum was calculated over (0, 1].

The rest of the proof is obtained by using the defini-
tions of the distance dϕ and the isometry j. By fixing
the α-level set, we can use the isometry in the case
of Kc(IRn) and so we can avoid the problems with the
isometry j in Fc(IRn) \ Fcc(IRn). ♦
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Abstract

The research in the field of the so called
Fuzzy Mathematics can be conditionally dev-
ided into two mainstreams: the first one em-
phasizes on the study of different fuzzy struc-
tures (topological, algebraic, analytical, etc)
on an ordinary set X, while for the second
one the starting point are L-valued sets, that
is a set equipped with some L-valued equal-
ity E : X × X → L (L being a lattice usu-
ally with an additionally algebraic structure).
The aim of this work is to discuss the prob-
lem how an L-valued equality given on a set
X can be extended to the L-valued equal-
ity on the L-powerset LX . This problem, is
important, among other for the theory of L-
fuzzy topological spaces in the sense of [14],
[15].
Keywords: L-relations, L-valued equalities,
L-valued sets.

Introduction

In our previous works [16], [17], we have introduced
the concept of an L-valued L-topological space, which
can be considered as a synthesis of the concept of an
L-topological space in the sense of Chang-Goguen [2],
[6] and the concept of a many-valued topology in the
sense of Höhle [8], see also [9]. Our next aim is to
introduce the concept of an L-valued L-fuzzy topolog-
ical space, which would be analogous synthesis of the
concept of an L-fuzzy topological space in the sense of
the second named author [14], [15], see also [?] and the
concept of a many-valued topology and to develop the
corresponding theory. However, for realizing this plan
we have an additional problem. Namely, since L-fuzzy
topology on a set X is a mapping T : LX → L (and
not a family τ ⊆ LX as in case of Chang-Goguen L-
topology), and since X is equipped with an L-valued

equality E : X ×X → L, it is natural to request some
kind of extensionality for a mapping T : LX → L.
Therefore the problem appears how to ”lift” the L-
valued equality E : X × X → L from X to to an
L-valued equality on the L-powerset LX , that is to
get an L-valued equality E : LX × LX → L.

When studying this problem we found it to be interest-
ing by itself, and just this and some related problems
are studied in this work. Besides, we found it rea-
sonable first to study the problem of extension of an
L-valued preoder type structures

R : X ×X → L

to analogous L-valued preoder type structures

R : LX × LX → L,

and then to ”simmetrize” them in order to get L-
valued equality on LX .

1 Prerequisities

Let (L,≤,∧,∨) be a complete lattice, i.e. (L,≤) is a
partially ordered set such that for every subset A ⊂ L
the join

∨
A and the meet

∧
A are defined. In par-

ticular,
∨

L =: 1 and
∧

L =: 0 are respectively the
universal upper and the universal lower bounds in L.
We assume that 1 6= 0, i.e. L has at least two elements.

Further, let ∗ : L× L −→ L be a binary operation on
L such that

1. α ∗ β = β ∗ α for all α, β ∈ L;

2. α ∗ (β ∗ γ) = (α ∗ β) ∗ γ for all α, β, γ ∈ L;

3. α ∗ 1 = α and α ∗ 0 = 0 for all α ∈ L.

4. α ∗ (
∨

j βj) =
∨

j(α ∗ βj) ∀α ∈ L,
∀{βj : j ∈ J} ⊂ L.
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In what follows the 5-tuple (L,≤,∧,∨, ∗) satisfying the
above conditions will be referred to as commutative cl-
monoid (cf. e.g. [8]).

It is well known that a further binary operation 7→:
L × L 7→ L (residuation) is defined on a commuta-
tive cl-monoid L which is connected with ∗ by Galois
correspondence, that is

α ∗ β ≤ γ 7→ α ≤ β 7→ γ for all α, β, γ ∈ L

Explicitely residuation 7→ is given by

α 7→ β =
∨
{λ ∈ L | α ∗ λ ≤ β}.

It is known that the following properties hold in a com-
mutative cl-monoid (L,≤,∧,∨) (cf e.g. [8]):

Proposition 1.1 Let α, β, γ, αi, βi be arbitrary ele-
ments from a commutative cl-monoid L. Then:

1.
(∨

i∈I αi) 7→ β
)

=
∧

i∈I(αi 7→ β);

2. α 7→
(∧

i∈I βi

)
=

∧
i∈I(α 7→ βi);

3. if α ≤ β then α 7→ β = 1;

4. α ∗ β ≤ α ∧ β;

5. (α 7→ β) ∗ (β 7→ γ) ≤ α 7→ γ;

6. (α ∗ β) 7→ (γ 7→ δ) ≥ (α 7→ γ) ∗ (β 7→ δ).

7. (α 7→ β) ∧ (β 7→ α) = 1 ⇒ α = β.

In what follows L = (L,≤,∧,∨, ∗) always de-
notes a commutative cl-monoid.

2 L-valued preodered sets,
category PROSET(L)
and some related categories

Definition 2.1 An L-valued relation (or a fuzzy re-
lation) on a set X is a map R : X × X −→ L. An
L-valued relation R is called

1. reflexive if R(x, x) = 1 for all x ∈ X;

2. transitive, if R(x, y) ∗ R(y, z) ≤ R(x, z) for all
x, y, z ∈ X;

3. symmetric, if R(x, y) = R(y, x) for all x, y ∈ X;

4. separated, if R(x, y) = R(y, x) = 1 implies that
x = y for all x, y ∈ X.

A transitive L-valued relation is called an L-valued
quasipreoder. A reflexive transitive L-valued relation
is called an L-valued preoder. A separated L-valued

preoder is called an L-valued partial order. A sym-
metric L-valued preorder is called an L-valued equal-
ity. The corresponding pair (X, R) will be refereed to
as an L-valued quasipreodered set, L-valued preodered
set, an L-valued partially ordered set, and an L-valued
set resp.

If R is an L-valued preoder on a set, then given x, y ∈
X the value R(x, y) is interpreted as the degree to
which x is larger than or equal to y. In case R is an
L-valued equality on X, the intuitive meaning of the
value R(x, y) is the degree to which x and y are equal.

Remark 2.2 L-valued relations, usually in case when
L = [0, 1] and when ∗ is a left-semicontinuous t-norm
(see e.g. [11]) were considred by many authors and
they used different terminology. In particular, a fuzzy
relation R : X ×X → [0, 1] satisfying (1), (2) and (3)
is called a fuzzy equality in [8], [9] a fuzzy equivalence
in [10], [12], or an indistinguishability operator [?]. In
[3], [4], [5] a fuzzy relation R : X ×X −→ L is called
a fuzzy equality if it satisfies. all conditions (1) – (4).

Examples 2.3 1. Let X = L. Then by setting
R(x, y) = x 7→ y we define a canonical L-
valued partial oder on X and by setting E(x, y) =
R(x, y) ∧ R(y, x) we define a canonical L-valued
separated equality on X (cf e.g. [18].)

2. Let (X, ρ) be a pseudo-quasimetric space such
that ρ(x, y) ≤ 1 for all x, y ∈ X. Then by set-
ting R(x, y) = 1 − ρ(x, y) we define an L-valued
preoder on X where L is the unit interval [0,1] en-
dowed with the Lukasiewicz conjunction ∗. More-
over, if ρ is a pseudometric, then R is an L-valued
equality, and in case ρ is a metric, the L-valued
equality R is separated. (cf e.g. [Ho3].)

3. Let A ⊆ LX be a family of L-subsets of X.
Then,by setting

R(A)(x, y) =
∧

A∈A
(A(x) 7→ A(y))

we obtain an L-valued preoder on X (see e.g. [?])

Definition 2.4 Given L-valued (quasi)preodered sets
(X, RX) and (Y, RY ) a mapping f : X → Y is called
extensional if

RX(x1, x2) ≤ RY (f(x1), f(x2)) for all x1, x2 ∈ X.

L-valued quasi-preodered sets and extensional map-
pings between them form a category which will
be denoted QPROSET(L). Its full subcategories
consisting of L-valued preodered sets and L-valued
sets will be denoted resp. by PROSET(L) and
SET(L). To denote the subcategories of these
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categories determined by separated L-valued relation
we use notations SQPROSET(L), SPROSET(L)
and SSET(L) resp. However for the category of
separated L-valued partial sets SPROSET(L) which
are separated by definition and which play a special
role in our work an alternative notation PAOSET(L)
will be also used. In the sequel our main interest here
will be in categories PROSET(L) and PAOSET(L).
Categories SET(L) and SSET(L) will be discussed
in Section 6.

Proposition 2.5 Let X be a set and R(X, L) be the
family of L-valued preoders on X. Then R(X, L) is
a complete lattice. Its bottom inf R is the discrete (or
crisp) (L-valued) preoder

Rdis(x, y) =
{

1 if x = y and
0 if x 6= y.

The top sup R of the lattice R(X, L) is the indiscrete
(L-valued) preoder

Rind(x, y) = 1 for all x, y ∈ X.

3 L-valued preoder on the L-powerset
of an L-valued preodered set

Let (X, R) be an L-valued preodered set. Our first
aim is to lift the L-valued preoder R from X to the
L-valued quasipreoder R on the L-powerset LX of X.
We do it as follows.

Given A,C ∈ LX we set

R(A,C) =
∧

x,z∈X

((
R(x, z) ∗A(x)

)
7→ C(z)

)
.

Thus we obtain an L-valued relation

R : LX × LX → L.

From 1.1(6) it follows that equivalently R(A,C) can
be defined by

R(A,C) =
∧

x,z∈X

(R(x, z) 7→
(
A(x) 7→ C(z))

)
.

Remark 3.1 The and

R : LX
E × LX

E → L

, ”defuzzified” meaning of the formulae

R(x, z) ∗A(x) 7→ C(z)
)

and R(x, z) 7→ (A(x) 7→ C(z))

can be explained as follows: If x is larger than or equal
to z and x belongs to A then z belongs to C. In
particular, taking x = z we get A(x) ≤ C(x) for every

x ∈ X. By verifying this condition for all x, z ∈ X we
conclude whether A is larger than or equal to C – this
is the ”defuzzified” meaning of the value R(A,C).

In case A,C ⊆ X

R(A,C) =
{

1 if x ∈ A and R(x, z) > 0 implies z ∈ C
0 otherwise .

In particular, in case R is a crisp preoder ≤ on X, then

R(A,C) = 1 iff x ∈ A and z ≤ x implies that z ∈ C

and R(A,C) = 0 otherwise.

Proposition 3.2 If R : X × X → L is an L-valued
quasioder on X, then

R(A,C) ≥ R(A,B) ∗ R(B,C) for all A,B, C ∈ LX ,

and hence R : LX×LX → L is an L-valued quasiorder
on LX .

Unfortunately, even if R is an L-valued preoder, the
mapping R : LX × LX → L may fail to satisfy axion
(1) that is R generally is not an L-valued preoder. To
”remedy” this ”defect” (which appears to be natural)
one has to restrict the domain of R by the family of
extensional L-subsets of X.

Here by extensionality we mean that

R(x, z) ∗A(x) ≤ A(z) for all x, z ∈ X,

see e.g. [8]. The intuitive ”defuzzified” meaning of this
condition is the requirement that z should belong to
A whenever x belongs to A and z is less than or equal
to x.

In what folows we will be usually interested in the
properties of the restriction of the L-valued relation
R : LX×LX → L to the powerset LX

E of all extensional
L-subsets of X. We use the same notation for the
restriction of R to LX

E that is

R : LX
E × LX

E → L.

Proposition 3.3 If R : X × X → L is an L-valued
preoder on X, then

R(A,A) = 1 for each A ∈ LX
E

and hence
R : LX

E × LX
E → L

is an L-valued preoder on LX
E .

Proposition 3.4 The L-valued preorder R : LX
E ×

LX
E → L is separated.

From Propositions 3.3, 3.2 and 3.4 we get
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Theorem 3.5 If R : X ×X → L is an L-valued pre-
oder on X then R : LX × LX → L is an L-valued
quasipreoder on the powerser LX and an L-valued par-
tial oder on the extensional powerset LX

E .

Examples 3.6 In all these examples

R : LX × LX → L

is an L-valued quasipreoder on LX induced by an L-
valued preoder

R : X ×X → L

unless specified. By αX we denote the constant func-
tion αX : X → L with value α ∈ L.

1. Let A ∈ LX
E . Then

R(A, 0X) =
(∨

x∈X A(x)
)
→ 0.

2. R(A, 1X) = 1 for any A ∈ LX .

3. R(1X , A) = 1 →
∧

x∈X A(x).

4. Given a ∈ X let 1a stand for the characteristic
function of the set {a}. Then

R(A, 1a) =
∨
x6=a

(A(x)) → 0.

In particular, if a 6= b, a, b ∈ X, then R(1a, 1b) =
0.

5. For every a ∈ X we define an L-set sa : X → L
by sa(x) = R(a, x).(This is the so called singleton
generated by a).

Since

sa(x)∗R(x, z) = R(a, x)∗R(x, z) ≤ R(a, z) = sa(z),

singletons are extensional. Moreover, it is easy to
notice that sa is the smallest one of all extensional
L-sets, which are larger than or equal to the L-set
1a.

Let a, b ∈ X. Then

R(sa, sb) =
∧
x,z

(R(a, x) ∗R(x, z) 7→ R(b, z)) =

∧
z∈X

(R(a, z) 7→ R(b, z)) ≤

≤ R(a, b) 7→ R(b, b) = R(a, b).

On the other hand, since

R(a, z) ≥ R(a, b) ∗R(b, z),

from Galois connection we conclude that for every
z ∈ X it holds

R(sa, sb) ≥ (R(b, z) 7→ R(a, z)) ≥ R(b, a),

and hence in case when R is symmetric,

R(sa, sb) = R(a, b).

This means that by assigning to each a ∈ X its
singleton sa ∈ LX

E we may identify (X, R) with
the L-valued partially odered subset (S,RS) of
L-valued partially ordered set (LX

E ,R) where S =
{sa : a ∈ X} and RS is the restriction of R to S.

4 Powerset functor
Φ : PROSET(L) → PAOSET(L)op

In this section we show that the construction assign-
ing to an L-valued preodered set (X, R) its exten-
sional powerset (LX

E ,R) can be considered as a con-
travariant functor Φ from the category PROSET(L)
into the category PAOSET(L) that is as a functor
Φ : PROSETL → PAOSET(L)op and discuss some
properties of this functor. We start with the following

Proposition 4.1 Let (X, RX), (Y, RY ) be L-valued
preodered sets and f : X → Y be an extensional map-
ping. Then for every C,D ∈ LY it holds

RX(f−1(C), f−1(D)) ≥ RY (C,D).

(Recall that the preimage of an L set is defined by
f−1(C) = c ◦ f) From Proposition 4.1 and Theorem
3.5 we get

Theorem 4.2 By assigning to each L-valued pre-
odered set

(X, R) ∈ Ob(PROSET(L)

its extensional powerset (LX
E ,R) and to each exten-

sional mapping

f : (X, RX) → (Y, RY )

the mapping

f← : (LY
E ,RX) → (LX

E ,RY )

we define a functor

Φ : PROSET (L) → PAOSET (L)op.

(Here f←(C) = f−1(C) for C ∈ LY , cf e.g. [13])

Theorem 4.3 Functor

Φ : PROSET(L) → PAOSET(L)op

is one-to-one on objects. The restriction Φ′ of the
functor Φ to PAOSET(L), that is the functor

Φ′ : PAOSET(L) → PAOSET(L)op

is an embedding.
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Remark 4.4 In a similar way one can consider a func-
tor

Φ̃ : PROSET(L) → QPROSET(L)op

assigning to each (X, R) the L-valued quasipreoder set
(LX ,R). The image Φ̃(PROSET(L)) is a subcate-
gory of the category QPROSET(L)op. We shall not
go into details of this construction here.

Remark 4.5 Functors Φ and Φ̃ are order reversing.

Indeed , assume that R1 and R2 are two L-valued pre-
oders on X and R1 ≤ R2. Then for any A,C ∈ LX

R1(A,C) =
∧

x,z∈X

(
R1(x, z) ∗A(x) 7→ C(z)

)
≥

≥
∧

x,z∈X

(
R2(x, z) ∗A(x) 7→ C(z)

)
= R2(A,C)

and hence R1 ≥ R2.

5 Lattices QPR(LX) and PR(LX
E )

Given a set X we denote by PR(LX
E ) the family of

all L-valued preoders R obtained from L-valued pre-
oders R on X. In other words S ∈ PR(LX

E ) if and
only if (LX

E ,S) ∈ Ob(Φ(PROSET(L)). In a simi-
lar way S ∈ QPR(LX) if and only if (LX ,S) ∈
Ob(Φ(QPROSET(L)).

From the previous results it follows, that QPR(LX)
and PR(LX

E ) are bounded lattices where the largest
element Rtop is induced by discrete (L-valued) preoder
Rdis on X and the smallest element Rbot is induced
by indiscrete L-valued preoder Rind on X. Explicitely,
the smallest element is given by:

Rbot(A,C) =
∧
x,z

(A(x) 7→ C(z)).

Note that in case A is extensional, then

Rbot(A,A) =
∧
x

(A(x) 7→ A(x) = 1,

and hence Rbot is an L-valued preoder, but generally
Rbot is only a quasi-preoder.

The largest element is given by

Rtop(A,C) =
∧
x

(A(x) 7→ C(x)),

and hence Rtop is the maximal L-valued preoder both
in QPR(LX) and PR(LX

E ).

Examples 5.1 1. Let L = [0, 1] and ∧ = ∗ in
(L,≤,∧,∨, ∗), that is (L,≤,∧,∨) is viewed as a
Heyting algebra.
Note that in this case a 7→ b =

∨
{λ ∈ L | a∧ λ ≤

b}.

(a) Let R = Rind be the indiscrete L-valued pre-
oder on X and A,C ∈ LX . Then

R(A,C) =
∨

x∈X

A(x) 7→
∧

z∈X

C(z).

Hence

R(A,B) =
{

1 if supx A(x) ≤ infx C(x) and
infx C(x) otherwise .

In particular, for A,C ⊆ X

R(x, y) =
{

1 if A = ∅ or C = X
0 otherwise .

(Note that X and ∅ are the only extensional
sets in this case.)

(b) Let R = Rdis be the discrete L-valued pre-
oder on X and A,C ∈ LX . Then

R(A,C) =
∧

x∈X

(A(x) 7→ C(x)

Hence

R(A,C) =

 1 if A(x) ≤ C(x)∀x ∈ X and
infx{C(x) | x ∈ X, A(x) ≥ C(x)
otherwise .

In particular, for A,C ⊆ X

R(x, y) =
{

1 if A ⊆ C
0 if A 6⊆ C.

2. Let L = [0, 1] and ∗ be the  Lukasiewicz con-
junction that is α ∗ β = max{α + β − 1, 0} for
α, β ∈ [0, 1] and hence (L,≤,∧,∨, ∗) is an MV -
algebra.

(a) Let R = Rind be the indiscrete L-valued pre-
oder on X and A,C ∈ LX . Then

R(A,C) =
∧

x,z∈X

(
1−A(x) + C(z)

)
Hence

R(A,C) =

 1 if supx A(x) ≤ infxC(x) and
1− supx∈X A(x) + infx∈X C(x)
otherwise .

(b) Let R = Rdis be the discrete L-valued pre-
oder on X and A,C ∈ LX . Then

R(A,C) =
∧

x,z∈X

(R(x, z) ∗A(x) 7→ C(z)) =

=
∧

x∈X

(A(x) 7→ C(x))

Hence

R(A,C) =
{

1 if A(x) ≤ C(x)∀x ∈ X and
infx{1−A(x) + C(x)} otherwise .
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3. Let L = [0, 1] and ∗ be the product on [0, 1]that
is α ∗ β = α · β for α, β ∈ [0, 1].

(a) Let R = Rind be the indiscrete L-valued pre-
oder on X and A,C ∈ LX . Then

R(A,C) =
∨

x∈X

A(x) 7→
∧

x∈X

C(x)

Hence

R(A,C) =

{
1 if supx A(x) ≤ infxC(x) andV

x∈X C(x)W
x∈X A(x) otherwise .

(b) Let R = Rdis be the discrete L-valued pre-
oder on X and A,C ∈ LX . Then

R(A,C) =
∧

x∈X

(A(x) 7→ C(x)

Hence

R(A,C) =

{
1 if A(x) ≤ C(x)∀x ∈ X andV

x∈X:A(x)≥C(x) C(x)V
x∈X:A(x)≥C(x) A(x) otherwise .

6 L-valued equality on the L-powerset
of an L-valued set

Let X be a set and E : X × X → L be an L-valued
equality on X, that is a symmetric preoder. Refering
to Section 3 by setting

R(A,C) =
∧

x,z∈X

(
E(x, z) 7→ (A(x) 7→ C(z)

)
we obtain a separated L-valued preoder on LX

E (and
an L-valued quasipreoder on LX). Further, let

E(A,C) = R(A,C) ∧R(C,A).

Then E : LX
E × LX

E 7→ L is an L-valued equality on
LX

E . Indeed, the reflexivity and symmetry of E are
obvious. The transitivity follows from the next series
of (in)equalities (see Proposition 1.1):

E(A,B) ∗ E(B,C) =

= (R(A,B) ∧R(B,A)) ∗ (R(B,C) ∧R(C,B)) ≤

≤ (R(A,B) ∗ R(B,C)) ∧ (R(C,B) ∗ R(B,A)) ≤

≤ R(A,C) ∧R(C,A) ≤

≤ R(A,C) ∧R(C,A) = E(A,C).

Hence the pair (LX
E , E) is a separated L-valued set.

Thus, assigning to an L-valued set (X, E) the pair
(LX

E , E) we obtain a functor

Ψ : SET(L) → SSET(L)op.

One can get results about L-valued equalities on the
L-powerset and the funcor Ψ analogous to the results
about L-valued preoders on the L-powersets and the
functor Φ discussed in sections 3,4 and 5.
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[9] U. Höhle, Many Valued Topology and its Appli-
cations, Kluwer Acad. Publ., 2001.

[10] P. Klawon, Castro, Similarity in fuzzy reasoning
Mathware Soft Computing 2 (1995), 197–228.

[11] E.P. Klement, R. Messiar, E. Pap, Triangular
Norms, Trends in Logic, vol. 8, Kluwer Acad.
Publ., Dordrecht, 2000.

[12] E.P. Klement, R. Messiar, E. Pap, Triangular
Norms. Position paper II: general constructions
and parametrized families Fuzzy Sets and Syst.,
145 (2003), 411 - 438.

392 Categories and Topology



[13] S.E. Rodabaugh, Powerset operator foundations
for poslat fuzzy set theories and topologies In:
Mathematics of Fuzzy Sets: Logic, Topology and
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[16] I. Uļjane, A. Šostaks, On a category of L-valued
equalities on L-sets, J. of Electrical engineering,
Vol. 55, 2004, pp. 60-64.
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Abstract

Given a concrete category (A, U) over X, the
paper presents a fuzzification scheme of al-
gebraic and topological structures over the
category X(A) of A-valued X-objects with a
fixed basis A.

Keywords: L-set, topological category, fini-
tary quasivariety, functor-structured cate-
gory.

1 Introduction

The notion of a fuzzy set introduced by Zadeh in [18]
and generalized by Goguen in [5] gave rise to fuzzifica-
tion of different mathematical structures. In particu-
lar, [3, 7, 9, 13] consider fuzzified versions of topolog-
ical spaces and groups. All aforesaid approaches are
fixed-based and use implicitly Goguen category Set(L)
of L-sets for a suitable partially ordered set L (see, e.g.,
[5, 6]). A variable-basis approach over the category of
semi-quantales SQuant (which is good enough since
the categories of fuzzified structures are topological
over their ground categories) is considered in [10, 11].

Given a concrete category (A, U) over X, we intro-
duced in [15] the category X(A) of A-valued objects
of the category X as a variable-basis generalization of
Goguen category Set(L). Our next step will be to
find a ”good” fuzzification machinery over the cate-
gory X(A). Following the historical move we start
with the fixed-basis approach and therefore consider a
subcategory X(A) (studied thoroughly in [17]) of the
category X(A) for a fixed A-object A. In this pa-
per (a somewhat short version of our manuscript [14])
we present a fuzzification machinery over the category
X(A) using the categories of generalized algebraic and
topological structures Alg(T ) and Spa(T ) (see, e.g.,
[1]). As a result the categories Aτ -Alg(T ) and AP -
Spa(T ) of A-valued algebraic and topological struc-
tures arise. Our main concern lies in studying basic

properties of these categories. In particular, we show
a sufficient condition for both of them to be topological
over their ground categories.

The necessary categorical background can be found
in [1, 2], however it is expected from the reader to
be acquainted with basic concepts of category theory.
For convenience sake the first two sections recall basic
facts about the categories X(A) and X(A).

2 The category X(A)

Let (A, U) be a concrete category over X such that
the following conditions are fulfilled:

(2CAT) The category A is a 2-category (see, e.g., [2]).

(ADJ) The functor U has a left adjoint (choose an
adjoint situation (η, ε) : F

Â
U : A −→ X).

For shortness sake we write f
τ=⇒ g instead of ”there

exists a 2-cell A

f
&&

g

88
ÂÂ ÂÂ
®¶ τ B ”.

Let F be the class of all structured arrows with domain
in X, i.e., of all triples (X,α, A) with X ∈ Ob(X),
A ∈ Ob(A) and X

α−→ UA ∈ Mor(X). We introduce
the following relation ”v” on F .

Definition 2.1. Let X
α−→−→
β

UA be elements of F . By

(ADJ) one has two A-morphisms FX
α−→−→
β

A with (·) =

εA ◦ F (·). Define α v β iff α
τ=⇒ β.

We will use the following properties of relation ”v”.

Lemma 2.2. Let X
f−→ Y

α−→−→
β

UA
Uϕ−−→ UB be X-

morphisms. If α v β, then α ◦ f v β ◦ f and Uϕ◦α v
Uϕ ◦ β.
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Proof. α ◦ f = εA ◦ F (α ◦ f) = εA ◦ Fα ◦ Ff = α ◦
Ff

τ=⇒ β ◦Ff = β ◦ f and Uϕ ◦ α = εB ◦F (Uϕ◦α) =
(εB ◦ FUϕ) ◦ Fα = (ϕ ◦ εA) ◦ Fα = ϕ ◦ α

τ=⇒ ϕ ◦ β =
Uϕ ◦ β.

Lemma 2.3. Let A
ϕ−→−→
ψ

B be A-morphisms. Then

ϕ
τ=⇒ ψ implies Uϕ v Uψ.

Proof. Use the fact that Uϕ = ϕ ◦ εA.

With the help of Definition 2.1 we introduce the cate-
gory X(A).

Definition 2.4. X(A) is the concrete category over
X × A, the objects of which (called A-valued X-

objects) are elements of F . Morphisms (X, α,A)
(f,ϕ)−−−→

(Y, β, B) are X × A-morphisms (X, A)
(f, ϕ)−−−→ (Y, B)

such that Uϕ ◦ α v β ◦ f . The underlying functor

to X × A is given by |(X, α,A)
(f, ϕ)−−−→ (Y, β, B)| =

(X,A)
(f, ϕ)−−−→ (Y, B).

We illustrate Definition 2.1 by two examples used later
on in the paper (other examples can be found in [15]).

Example 2.5. Let CSLat(
∨

) be the category of com-
plete lattices and join-preserving maps; let Set be
the category of sets and maps. One gets a construct
(CSLat(

∨
), U). Since free objects are just power-

sets and the obvious 2-cell structure is induced by the
order structure of the lattices one gets the category
Set(CSLat(

∨
)) of lattice-valued subsets of sets con-

sidered in [16]. Given two maps X
α−→−→
β

UA, it follows

that α v β iff α(x) 6 β(x) for every x ∈ X.

Example 2.6. Let SetRel be the category of sets
(as objects) and relations (as morphisms). The forget-
ful functor SetRel U−→ Set is given by U(X

ρ−→ Y ) =

P(X)
fρ−→ P(Y ) where P(X) is the power-set of X and

fρ(S) = {y ∈ Y | there exists x ∈ S such that xρy}.
Since free objects are just the same sets and the obvi-
ous 2-cell structure is induced by set-theoretic inclu-
sion of relations one gets the category Set(SetRel).

Given two maps X
α−→−→
β

UY , it follows that α v β iff

α(x) ⊆ β(x) for all x ∈ X.

For the later use we recall the necessary and sufficient
conditions for X(A) to be topological over X×A. No-
tice that the property requires the existence of initial
(resp. final) lifts. Accordingly we introduce two sets
of requirements (one for each type of lifts). The first
set consists of requirements (CLX), (MPX) and (FST)
listed below.

(CLX) For every X×A-object (X, A), (X(X,UA),v)
is a complete lattice.

(MPX) For every X-morphism Y
f−→ X and every A-

object A, the function X(X,UA)
−◦f−−−→ X(Y, UA)

is meet-preserving.

(FST) There exists a functor A
(−)∗−−−→ Xop (Xop is the

dual category of X) such that:

• A∗ = UA and B∗ = UB;
• 1UA v ϕ∗ ◦ Uϕ;
• Uϕ ◦ ϕ∗ v 1UB ;
• for every A-morphism B

ϕ−→ A and every X-

object X, X(X, UA)
ϕ∗◦−−−−−→ X(X, UB) is an

order-preserving map.

The second set of requirements is in a sense a dual-
ized version of the first one. Start with the following
definition.

Definition 2.7. A category C is a complete quasilat-
tice provided that the quotient category of C w.r.t.
the congruence ”f ∼ g iff dom(f) = dom(g) and
cod(f) = cod(g)” is a complete lattice considered as
a category. The joins of the lattice are called quasi-
joins.

Notice that each complete quasilattice is a skeletal cat-
egory, i.e., isomorphic objects are identical.

With the aforesaid definition in mind introduce the
second set of requirements which contains require-
ments (CQLA), (QJPA) and (FCR) listed below.

(CQLA) For every X ×A-object (X,A), A(FX,A) is
a complete quasilattice.

(QJPA) For every A-morphism A
ϕ−→ B and every X-

object X, the map A(FX, A)
ϕ◦−−−−→ A(FX, B) is

quasijoin-preserving.

(FCR) There exists a functor X
(−)◦−−−→ Aop such that:

• X◦ = FX and Y ◦ = FY ;
• Ff ◦ f◦ τ=⇒ 1FY ;
• 1FX

υ=⇒ f◦ ◦ Ff ;

• for every X-morphism X
f−→ Y and every

A-object A, A(FX,A)
−◦f◦−−−→ A(FY, A) is

a quasijoin-preserving map.

The following theorem is due to [15].

Theorem 2.8. Suppose (2CAT), (ADJ) hold. Equi-
valent are:

(i) X(A) is topological over X×A;
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(ii) (CLX), (MPX), (FST) hold;

(iii) (CQLA), (QJPA), (FCR) hold.

Proof. For the lack of space we recall only that part
of the proof which will be used later.
(ii) =⇒ (i): Show the existence of initial lifts. Let S =

((X, A)
(fi, ϕi)−−−−→ |(Xi, αi, Ai)|)i∈I be a | − |-structured

source. Straightforward computations show that α =∧
i∈I

(ϕ∗i ◦ αi ◦ fi) is the required structure.

(iii) =⇒ (i): Show the existence of final lifts. Let S =

(|(Xi, αi, Ai)| (fi, ϕi)−−−−→ (X, A))i∈I be a |−|-costructured
sink. Straightforward computations show that α =∨
i∈I

(ϕi ◦ αi ◦ f◦i ) is the required structure.

As an immediate consequence one gets that both cate-
gories Set(CSLat(

∨
)) and Set(SetRel) are topolog-

ical. The required functors are given in the following
examples where one should recall that given a set map
X

f−→ Y one has two maps (the notation is due to [12]):

• P(X)
f→−−→ P(Y ) : S 7→ {f(x) ∈ Y |x ∈ S};

• P(Y )
f←−−→ P(X) : S 7→ {x ∈ X | f(x) ∈ S}.

Example 2.9. In the category Set(CSLat(
∨

)) the

functor CSLat(
∨

)
(−)∗−−−→ Setop is defined by (A

ϕ−→
B)∗ = UB

ϕ∗−−→ UA with ϕ∗(b) =
∨

ϕ←(↓ b). The

functor Set
(−)◦−−−→ CSLat(

∨
)op is defined by (X

f−→
Y )◦ = P(Y )

f←−−→ P(X).

Example 2.10. In the category Set(SetRel) the

functor SetRel
(−)∗−−−→ Setop is defined by (X

ρ−→
Y )∗ = P(Y )

f∗−→ P(X) with f∗(S) = {x ∈ X | {y ∈
Y |xρy} ⊆ S}. The functor Set

(−)◦−−−→ SetRelop is

defined by (X
f−→ Y )◦ = Y

f◦−→ X with yf◦x iff
f(x) = y.

3 The category X(A)

Definition 3.1. Fix an object A of the category
A. The (nonfull) subcategory X(A) of the category
X(A) is the concrete category over X, the objects of
which (called A-valued X-objects) are X(A)-objects
(X,α, A) for shortness sake denoted by (X, α). Mor-

phisms (X,α)
f−→ (Y, β) are X-morphisms X

f−→ Y

such that (X,α, A)
(f, 1A)−−−−→ (Y, β, A) is an X(A)-

morphism. The underlying functor to X is given by
|(X, α)

f−→ (Y, β)| = X
f−→ Y .

We illustrate Definition 3.1 by the following example.

Example 3.2. Let A be a CSLat(
∨

)-object. The
subcategory Set(A) of the category Set(CSLat(

∨
))

coincides with the category of A-sets introduced by
Goguen in [5].

From now on we consider an arbitrary (but fixed) sub-
category X(A) of the category X(A). In the previous
section we gave the necessary and sufficient conditions
for the category X(A) to be topological over X × A
(Theorem 2.8). It was crucial to have the functors

A
(−)∗−−−→ Xop and X

(−)◦−−−→ Aop. The situation is much
simpler in case of the category X(A). Introduce the
following weak versions of requirements (CLX), (MPX).

(CLXA) For every X-object X, (X(X, UA),v) is a
complete lattice.

(MPXA) For every X-morphism Y
f−→ X, the map

X(X,UA)
−◦f−−−→ X(Y, UA) is meet-preserving.

Theorem 3.3. Suppose (CLXA), (MPXA) hold. Equiv-
alent are:

(i) X(A) is topological over X;

(ii) (CLXA), (MPXA) hold.

Proof. For the lack of space we recall only that part
of the proof which will be used later.
(ii) =⇒ (i): Show the existence of initial lifts. Let

S = (X
fi−→ |(Xi, αi)|)i∈I be a | − |-structured source.

Similar to Theorem 2.8 one shows that α =
∧
i∈I

(αi ◦fi)

is the desired structure.

Theorems 2.8 and 3.3 imply the following result.

Corollary 3.4. Suppose (2CAT), (ADJ) hold. Equiv-
alent are:

(i) X(A) is topological over X×A;

(ii) (FST) holds and every subcategory X(A) of the
category X(A) is topological over X.

By Corollary 3.4 every subcategory Set(A) of the cat-
egory Set(CSLat(

∨
)) or Set(SetRel) is topological.

From now on assume that the category X(A) (and
thus by Corollary 3.4 every subcategory of the form
X(A)) is topological.

4 Category Aτ -Alg(T )

This section considers a fuzzification scheme for alge-
braic structures over the category X(A). In order not
to restrict ourselves to a particular class of algebras we
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use the objects of the category Alg(T ) as a sufficient
generalization of the notion of abstract algebra. For
convenience sake we recall its definition from [1].

Definition 4.1. Let X T−→ X be a functor. Alg(T )
is the concrete category over X, the objects of which
(called T -algebras) are pairs (X,x) with X an X-
object and TX

x−→ X an X-morphism. Morphisms
(X,x)

f−→ (X ′, x′) (called T -homomorphisms) are X-

morphisms X
f−→ X ′ such that x′◦Tf = f ◦x. The un-

derlying functor to X is given by |(X, x)
f−→ (X ′, x′)| =

X
f−→ X ′.

From now on we consider an arbitrary (but fixed) cat-
egory of the form Alg(T ). The next definition intro-
duces a fuzzification scheme of Alg(T ) over the cate-
gory X(A). For the sake of generality instead of the
whole category Alg(T ) we consider its subcategory B.
Definition 4.2. Let B be a subcategory of the cate-
gory Alg(T ). For a fixed Alg(T )-object (UA, τ), the
category Aτ -B is the concrete category over B, the
objects of which (called Aτ -(T -algebras)) are triples
(X,x, α) with (X, x) a B-object and (X, α) an X(A)-

object such that τ◦Tα v α◦x. Morphisms (X, x, α)
f−→

(Y, y, β) (called Aτ -(T -homomorphisms)) are X-mor-

phisms X
f−→ X ′ with (X,x)

f−→ (Y, y) a B-morphism

and (X, α)
f−→ (Y, β) an X(A)-morphism. The under-

lying functor to B is given by |(X, x, α)
f−→ (Y, y, β)| =

(X,x)
f−→ (Y, y).

We show a sufficient condition for Aτ -B to be topo-
logical over B. Introduce the following requirement:

(OPR) The map X(X, UA)
τ◦T (−)−−−−−→ X(TX, UA) is

order-preserving for every X-object X.

Theorem 4.3. Suppose (OPR) holds. Then Aτ -B is
topological over B.

Proof. Let S = ((X,x)
fi−→ |(Xi, xi, αi)|)i∈I be a | − |-

structured source. Define α =
∧
i∈I

(αi ◦ fi). By The-

orem 3.3 it is enough to show that (X, x, α) is a
Aτ -B-object. Since τ ◦ T (αi ◦ fi) = τ ◦ Tαi ◦ Tfi v
αi ◦ xi ◦ Tfi = αi ◦ fi ◦ x for i ∈ I, it follows that
τ ◦ Tα = τ ◦ T (

∧
i∈I

(αi ◦ fi)) v
∧
i∈I

τ ◦ T (αi ◦ fi) v
∧
i∈I

(αi ◦ fi ◦ x) =
∧
i∈I

(αi ◦ fi) ◦ x = α ◦ x.

We are going to consider a particular category Aτ -B
and therefore introduce the following requirement.

(CFP) The category X has coproducts as well as fi-
nite products (denoted by ((µi)i∈I ,

∐
i∈I

Xi) and

(
∏
i∈I

Xi, (πi)i∈I) respectively).

Since X has finite products and X(A) is topological
over X, the following result holds.
Proposition 4.4. The category X(A) has finite prod-
ucts constructed as follows. Let ((Xi, αi))i∈I be a fi-
nite family of X(A)-objects and let (

∏
i∈I

Xi, (πXi)i∈I)

be a product of the family (Xi)i∈I in X. Then the
source ((

∏
i∈I

Xi, ~
i∈I

αi)
πXi−−→ (Xi, αi))i∈I with ~

i∈I
αi =

∧
i∈I

(αi ◦ πXi) is a product of the family ((Xi, αi))i∈I .

Consider an example for Definition 4.2 (cf. [4]).
Example 4.5. Suppose (CFP) holds. Let Ω = (ni)i∈I

be a family of natural numbers indexed by a set I.

For i ∈ I let X
(−)ni−−−−→ X : X

f−→ Y 7→ Xni
fni−−→ Y ni .

Let X TΩ−−→ X = X

∐
i∈I

(−)ni

−−−−−−→ X and get the category
Alg(TΩ). Take the Alg(TΩ)-object (UA, τΩ) where

TUA
τΩ−→ UA = TUA

[~
ni

1UA]

−−−−−→ UA is defined by the
commutativity of the triangle

(UA)ni

µi

²²

~
ni

1UA

##GG
GG

GG
GG

GG
G

∐
i∈I

(UA)ni

[~
ni

1UA]
// UA

for every i ∈ I. One has the category AτΩ -Alg(TΩ) of
categorical representations of universal algebras.

We want to study basic properties of Example 4.5. For
our investigation we need some new notions. Start
by extending the relation ”v” from elements of F to
arbitrary U -structured sinks.
Definition 4.6. Let S = (Xi

αi−→ UA)i∈I and T =

(Xi
βi−→ UA)i∈I be U -structured sinks. Then S v T

provided that αi v βi for i ∈ I.

With the help of Definition 4.6 introduce a modifica-
tion of the notion of epi-sink.

Definition 4.7. A sink S = (Xi
fi−→ Y )i∈I in X is said

to be av-epi-sink provided that for every two elements

Y
α−→−→
β

UA of F , α ◦ S v β ◦ S implies α v β.

We continue with the following notation (recall re-

quirement (FCR)): given a sink S = (Xi
fi−→ X)i∈I

in X let
∨

(FS ◦ S◦) =
∨
i∈I

(Ffi ◦ f◦i ).

Definition 4.8. Let X(A) be topological over X×A

and let S = (Xi
fi−→ X)i∈I be a sink in X. Say that S

is v-compatible provided that
∨

(FS ◦ S◦) = 1FX .
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Straightforward computations (omitted for the lack of
space) show the following proposition.

Proposition 4.9. Suppose (CFP) holds and let X(A)
be topological with v-compatible coproducts. If B is
a subcategory of Alg(TΩ), then the category AτΩ-B is
topological over B.

Recall from [1] that constructs that are concretely
isomorphic to implicational subconstructs of Alg(Ω)
(which is simply Alg(TΩ) with X = Set) for some
Ω are called finitary quasivarieties. In particular, the
constructs Vec, R-Mod, Ab, Grp, Mon, Sgr, Rng,
Lat of vector spaces, left R-modules, abelian groups,
groups, monoids, semigroups, rings and lattices are
finitary quasivarieties.

Corollary 4.10. Let Set(A) be topological with v-
compatible coproducts. Let A be an A-object and let
B be a finitary quasivariety. Then AτΩ-B is topological
over B.

Corollary 4.11. For the categories Set(CSLat(
∨

))
and Set(SetRel), each of the following categories
is topological: AτΩ-Vec, AτΩ-(R-Mod), AτΩ-Ab,
AτΩ-Grp, AτΩ-Mon, AτΩ-Sgr, AτΩ-Rng, AτΩ-Lat.

5 Category AP -Spa(T )

This section considers a fuzzification scheme for topo-
logical structures over the category X(A). In order not
to restrict ourselves to a particular class of structures
we use the objects of the functor-structured category
Spa(T ) as a sufficient generalization of the notion of
abstract topological structure. For convenience sake
we recall its definition from [1].

Definition 5.1. Let X T−→ Set be a functor. Spa(T )
is the concrete category over X, the objects of which
(called T -spaces) are pairs (X,α) with α ⊆ TX.

Morphisms (X,α)
f−→ (Y, β) (called T -maps) are X-

morphisms X
f−→ Y such that (T (f))→(α) ⊆ β.

The underlying functor to X is given by |(X, α)
f−→

(Y, β)| = X
f−→ Y .

From now on we consider an arbitrary (but fixed) cat-
egory of the form Spa(T ). The next definition intro-
duces a fuzzification scheme of Spa(T ) over the cate-
gory X(A). For the sake of generality instead of the
whole category Spa(T ) we consider its subcategory B.

Definition 5.2. Let B be a subcategory of the cat-
egory Spa(T ). For a fixed Spa(T )-object (UA, P ),
the category AP -B is the concrete category over B,
the objects of which (called AP -(T -spaces)) are triples
(X,S, α) where (X, S) is a B-object and (X,α) is
an X(A)-object such that (X, S) α−→ (UA,P ) is a

Spa(T )-morphism. Morphisms (X,S, α)
f−→ (Y, Q, β)

(called AP -(T -maps)) are X-morphisms X
f−→ Y with

(X,S)
f−→ (Y, Q) a B-morphism and (X,α)

f−→ (Y, β)
an X(A)-morphism. The underlying functor to B is

given by |(X,S, α)
f−→ (Y,Q, β)| = (X, S)

f−→ (Y, Q).

As in the previous section we are going to show a suffi-
cient condition for AP -B to be topological over B. In-
troduce a new requirement (recall condition (CLXA)):

(MC) For every object (X, S) of the category B, the
hom-set Spa(T )((X, S), (UA, P )) is closed under
the formation of meets.

Theorem 5.3. Suppose (MC) holds. Then AP -B is
topological over B.

Proof. Let S = ((X, S)
fi−→ |(Xi, Si, αi)|)i∈I be a | − |-

structured source. Define α =
∧
i∈I

(αi◦fi). It is enough

to show that (X, S, α) is an AP -B-object and that

follows from the fact that (X, S)
αi◦fi−−−→ (UA, P ) is a

Spa(T )-morphism for i ∈ I together with (MC).

Consider an example of the category Spa(T ).

Example 5.4. Suppose X has finite products. Let
Ω = (ni)i∈I be a family of natural numbers indexed
by a set I and let (Xi)i∈I be a family of X-objects. For

i ∈ I let X
(−)ni−−−−→ X : X

f−→ Y 7→ Xni
fni−−→ Y ni and

let X Ti−→ Set = X
(−)ni−−−−→ X

hom(Xi,−)−−−−−−−→ Set where
hom(Xi, −) is the covariant hom-functor. Let X TΩ−−→

Set = X

∐
i∈I

Ti

−−−→ Set and get the category Spa(TΩ).

We are interested in basic properties of Example 5.4.
Let PΩ ⊆ (TΩ◦U)(A) =

∐
i∈I

hom(Xi, (UA)ni) be closed

under the formation of meets in such a way that the
following condition is fulfilled:

(A) For arbitrary i ∈ I and arbitrary subfamily

(Xi
hj−→ (UA)ni)j∈J ⊆ PΩ, the X-morphism

Xi

〈 ∧
j∈J

(πUA◦hj)〉
−−−−−−−−−→ (UA)ni defined by the commu-

tativity of the triangle

Xi

〈 ∧
j∈J

(πUA◦hj)〉
²²

∧
j∈J

(πUA◦hj)

##HHHHHHHHH

(UA)ni
πUA

// UA

for every projection πUA, belongs to PΩ.

One gets the category APΩ -Spa(TΩ). The next propo-
sition shows a property of (A) (we omit straightfor-
ward computations again).
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Proposition 5.5. In case of the functor TΩ, (A) im-
plies (MC).

Consider an interesting special case of Example 5.4.

Example 5.6. Let X(A) be Set(CSLat(
∨

)) and let
Xi = {?} for i ∈ I. Then T ?

i (X) = hom({?}, Xni) ∼=
Xni . One can easily see that Spa(T ?

Ω) is concretely
isomorphic to the category Rel(Ω) with objects all
pairs (X, (ρi)i∈I) where X is a set and ρi ⊆ Xni for i ∈
I and morphisms all maps (X, (ρi)i∈I)

f−→ (Y, (σi)i∈I)
where (fni)→(ρi) ⊆ σi for i ∈ I.

Let B be a subcategory of Spa(T ?
Ω) (e.g., if Ω = (2)

consider the category Rel of sets and relations, the
category Prost of preordered sets or the category Pos
of partially ordered sets) and let (UA, (ρi)i∈I) be a
Spa(T ?

Ω)-object such that ρi is closed under the for-
mation of meets for i ∈ I, i.e., ajρibj for j ∈ J imply
(

∧
j∈J

aj)ρi(
∧

j∈J

bj). By Proposition 5.5 AP ?
Ω
-B is topo-

logical over B.

For Ω = (2) Example 5.6 gives the category Aρ-Pos
of fuzzified posets (topological over Pos). The objects
of the category are triples (X, 6, α), where (X, 6) is a
poset, (X, α) is an A-set and, moreover, x 6 y implies
α(x)ρα(y). The fuzzification differs from the concept
of fuzzy partial order (see, e.g., [8]).

At the end of the paper we briefly consider the case
of functor-costructured categories of [1], i.e., categories
of the form (Spa(T ))op for functors Xop T−→ Set con-
crete over X = (Xop)op. In a natural way the category
AP op -B arises (see Definition 5.2). One can easily re-
state Theorem 5.3 for the case of the category AP op -B.

Let Set Q−→ Set be the contravariant powerset func-
tor. By Example 22.7(2) in [1] the category Top of
topological spaces is a full subcategory of (Spa(Q))op.
This motivates our next example.

Example 5.7. Suppose X(A) is Set(CSLat(
∨

)).
Let A be a CSLat(

∨
)-object and let (UA, P↓) be a

(Spa(Q))op-object fulfilling the next condition:

(B) Every V ∈ P↓ has the following properties:

(i) ↓ V = V ;
(ii)

∧
S ∈ V implies S

⋂
V 6= ∅ for every

nonempty subset S ⊆ A.

One gets the category AP op
↓

-Top. For instance, let

P̃↓ = {A\ ↑ a | a ∈ A}. Then (UA, P̃↓) satis-
fies (B). The objects of the category AP̃ op

↓
-Top

are triples (X,O(X), α) with (X,O(X)) a topological
space, (X, α) an A-set and (α←)→(P̃↓) ⊆ O(X).

Proposition 5.8. AP op
↓

-Top is topological over Top.

Proof. Take a Top-object (X,O(X)) and consider
a family of (Spa(Q))op-morphisms ((X,O(X)) αi−→
(UA, P↓))i∈I . Define α =

∧
i∈I

αi and show that

(X,O(X)) α−→ (UA, P↓) is a (Spa(Q))op-morphism
(then use Theorem 5.3). If I = ∅, then α ≡ > :=

∨
A

and for every V ∈ P↓, α←(V ) is either X for > ∈ V
or is ∅ otherwise. Suppose I 6= ∅ and take V ∈ P↓.
Show that α←(V ) =

⋃
i∈I

α←i (V ) (the latter set is an ele-

ment of O(X)). If x ∈ α←(V ), then
∧
i∈I

αi(x) ∈ V and

therefore there exists i0 ∈ I such that αi0(x) ∈ V by
(B).(ii). Conversely, x ∈ ⋃

i∈I

α←i (V ) gives i0 ∈ I with

αi0(x) ∈ V and therefore
∧
i∈I

αi(x) ∈ V by (B).(i).

6 Conclusion

In the paper we presented a fuzzification machinery
for algebraic and topological structures. It will be the
topic of our forthcoming studies to disclose its rela-
tions to other fuzzification machineries in the litera-
ture. One can see, however, at once that the aforesaid
category AP op -Top differs from the category L-Top of
L-topological spaces for a semi-quantale L (see, e.g.,
[10]) where objects are pairs (X, τ) with X a set and
τ ⊆ LX closed under ⊗ and arbitrary

∨
. On the

other hand, the objects of the category AτΩ -Grp co-
incide with fuzzy subgroups introduced by Rosenfeld
in [13]. Thus the algebraic side of our paper is more
consistent with the literature.
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Abstract

The paper is devoted to a concept of a fuzzy
ordered set and partially ordered set category
fuzzyfication. The aim of this work is to de-
fine a fuzzy order relation on a usual set, on
an L-valued set and on an L-set. Using the
fuzzy order relation we construct fuzzy POS
category and study the connection between
this categories and SET(L).

Keywords: Fuzzy order relation, L-valued
set, POS category.

1 Introduction

Since the first introduction of the concepts of fuzzy
set theory by Lotfi A. Zadeh in the second half of 20th
century, fuzzy analogues of basic concepts of classi-
cal mathematics were investigated. In this paper, we
introduce the notion of a fuzzy order relation. In-
terests of many researchers have been directed to the
study of fuzzy relations including fuzzy order relation
[6]. However, as far as we know up to now there
has been no paper where the categorical aspects of
fuzzy order relation would be studied. This fuzzyfica-
tion generalizes the classical case, t.i., if the underly-
ing GL-monoid consists only of two elements then the
induced fuzzy order relation is equal to the classical
order relation. To realize the construction of fuzzyfi-
cated POS category we need to follow the construction
of usual POS category. We involve fuzzy ordered sets
and define order-preserving (in the fuzzy sense) map-
pings between them. These sets and mappings form
the L-POS category. Later we discuss the relation be-
tween L-POS category and SET(L) category. Finally
we mention some results concerning a fuzzy order re-
lation constructed on a fuzzy set.

2 Preliminaries

Definition 1 [5] Let (L,≤) be a complete lattice. A
GL-monoid is a complete infinitely distributive lattice
enriched with a further monotone, commutative and
associative binary operation ∗, i.e. a triple (L,≤,∨,∧)
such that:

1. α ∗ 1 = α, α ∗ 0 = 0 ∀α ∈ L

2. α ∗ (∨iβi) = ∨i(α ∗ β), ∀α ∈ L ∀{ βi : i ∈ I} ⊂ L

3. α ≤ β ⇒ ∃γ ∈ L : α = β ∗ γ

Every GL-monoid is residual, i.e., there exists a binary
operation ” 7→ ” (implication) on L satisfying the fol-
lowing condition:

α ∗ β ≤ γ ⇐⇒ α ≤ (β 7→ γ) ∀α, β, γ ∈ L.

Explicitly the implication is given by

α 7→ β =
∨
{λ ∈ L : α ∗ λ ≤ β}.

Let’s mention some properties of GL-monoids which
will be useful in the following:

(i) α 7→ (∧iβi) = ∧i(α 7→ βi)

(ii) α ∗ (∧iβi) = ∧i(α ∗ βi)

(iii) (α 7→ γ) ∗ (γ 7→ β) ≤ α 7→ β

(iv) α ≤ β ⇒ γ 7→ α ≤ γ 7→ β

Definition 2 [5] Consider an classical category C and
let ω : Ob(C) → L and µ : Mor(C) → L be L-fuzzy
subclasses of the classes of its objects and morphisms
respectively. Now, an L-fuzzy category can be defined
as a triple C = (Ob(C), ωC ,Mor(C), µC , ◦) such that
:

1. µ(f) ≤ ω(X) ∧ ω(Y ) ∀X, Y ∈ Ob(C) and
∀f ∈ Mor(X, Y );
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2. µ(g ◦ f) ≥ µ(f) ∗µ(g) , whenever the composition
f ◦ g is defined;

3. µ(eX) = ω(X), where eX : X → X is the identity
morphism.

Definition 3 [6] By a (global) L-valued set we call
a pair (X, E) where X is a set and E is an L-valued
equality, i.e., a mapping E : X ×X → L such that

1. E(x, x) = 1;

2. E(x, y) = E(y, x) ∀x, y ∈ X;

3. E(x, y) ∗ E(y, z) ≤ E(x, z) ∀x, y, z ∈ X.

A mapping f : (X, EX) → (Y, EY ) is called exten-
sional if

EX(x, x′) ≤ EY (f(x), f(x′)) ∀x, x′ ∈ X.

Global L-valued sets and extensional mappings be-
tween them form a category which will be denoted
SET(L).

3 Fuzzy order relation

Let L be a fixed GL-monoid.

Definition 4 Let X be a set. By an fuzzy order re-
lation we call a fuzzy relation P : X × X → L such
that

1. P (x, x) = 1 ∀x ∈ X - reflexivity;

2. P (x, y)∗P (y, z) ≤ P (x, z)∀x, y, z ∈ X - transitiv-
ity;

3. If P (x, y) ∧ P (y, x) > 0 then x = y - asymmetry.

A pair (X, P ) is called fuzzy ordered set.

Definition 5 Fuzzy order relation P : X ×X → L is
called fuzzy linear order if P (x, y) ∨ P (y, x) > 0
∀x, y ∈ X. The corresponding set (X, P ) is called fuzzy
linearly ordered set.

Definition 6 Let (X, E) be an L-valued set. By a
fuzzy order relation on the L-valued set (X, E) we call
a mapping P : X ×X → L such that

1. P (x, x) = 1 ∀x ∈ X;

2. P (x, y) ∗ P (y, z) ≤ P (x, z);

3. P (x, y)∧P (y, x) ≤ E(x, y), where E : X×X → L
is an L-valued equality.

A triple (X, P,E) is called an L-valued ordered set.

If L = {0, 1} then the above definition reduces to the
classical order relation definition.

4 Fuzzyfication of POS and OS
categories

Let define the category L − POS - the category of
fuzzy ordered sets:

L− POS = (Ob(L− POS), ω,Mor(L− POS), µ, ◦)

where objects is fuzzy ordered sets

Ob(L− POS) = {(X, P )}

where P is an fuzzy order relation in the set X and
morphisms - order-preserving mappings (in the fuzzy
sense)
Mor(L− POS) = {f : (X, P ) → (Y, P ′)|
P (x1, x2) ≤ P ′(f(x1), F (x2))}

Let prove that

L− POS = (Ob(L− POS), ω,Mor(L− POS), µ, ◦)

is a category.

1. First show that the composition of two morphism
is a morphism : f ∈ Mor(L− POS),
f : (X, P ) → (Y, P ′) and g ∈ Mor(L− POS),
g : (Y, P ′) → (Z,P ′′), then g ◦ f : X → Z is a
mapping and
P (x1, x2) ≤ P ′(f(x1), F (x2)) ≤
≤ P ′′(g(f(x1)), g(f(x2)).

2. Let’s poof the associativity condition:
f ∈ Mor(L− POS), f : (X, P ) → (Y, P ′) ,
g ∈ Mor(L− POS), g : (Y, P ′) → (Z,P ′′),
h ∈ Mor(L− POS), h : (Z,P ′) → (T, P ′′′) , then
h ◦ (g ◦ f) = (h ◦ g) ◦ f , since f, g, h are mappings.

3. There exist an identical morphism
idX : (X, P ) → (X, P ), idX(x) = x ∀x ∈ X.
Clear, that ∀f : (X, P ) → (Y, P ′) f ◦ idx = f and
∀g : (Z,P ′′) → (X, P ) idx ◦ g = g.

Let us mention some properties of the category
L− POS structure.

Theorem 1 A morphism f : (X, P ) → (Y, P ′) is a
monomorphism iff is injective.

Theorem 2 A morphism f : (X, P ) → (Y, P ′) is an
epimorphism iff is surjective.

Proposition 1 An ordered set (∅, P∅) is an initial
object in the category L− POS.

Proposition 2 An ordered set (∗, P∗) is an final ob-
ject in the category L− POS.
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Our next aim is to construct fuzzyfication of L−POS
category. Let define the category FL − POS - the
fuzzy analogue of POS category:

FL−POS = (Ob(FL−POS), ω,Mor(FL−POS), µ, ◦)

where objects is fuzzy ordered sets

Ob(FL− POS) = {(X, P )}

where P is an fuzzy order relation in the set X and
morphisms - order-preserving mappings (in the fuzzy
sense)
Mor(FL− POS) = {f : (X, P ) → (Y, P ′)|
P (x1, x2) ≤ P ′(f(x1), F (x2))}

µ(f) = inf
x1,x2∈X

(P ′(f(x1), F (x2)) 7→ P (x1, x2))

where f : (X, P ) → (Y, P ′).

ω((X, P )) = 1 ∀X ∈ Ob(FL− POS).

We continue by proving that L-fuzzy subclasses of the
classes of categories objects and morphisms satisfy the
necessary conditions:

1. µ(f) ≤ ω((X, P )) ∧ ω((Y, P ′))
∀(X, P ), (Y, P ′) ∈ Ob(L− POS) and
∀f ∈ Mor((X, P ), (Y, P ′)), since ω((X, P )) = 1
and ω((Y, P ′)) = 1.

2. f ∈ Mor(L− POS), f : (X, P ) → (Y, P ′) ,
g ∈ Mor(L− POS), g : (Y, P ′) → (Z,P ′′),
µ(g ◦ f) =
= inf

x1,x2
(P ′′(g(f(x1)), g(f(x2))) 7→ P (x1, x2)) ≥

≥ inf
x1,x2

((P ′′(g(f(x1)), g(f(x2))) 7→
7→ P ′(f(x1), f(x2))) ∗ (P ′(f(x1), f(x2)) 7→
7→ P (x1, x2))) ≥
≥ inf

x1,x2
(P ′′(g(f(x1)), g(f(x2))) 7→

7→ P ′(f(x1), f(x2))) ∗ inf
x1,x2

P ′(f(x1), f(x2)) 7→
7→ P (x1, x2)) ≥
≥ inf

y1,y2
(P ′′(g(y1), g(y2)) 7→ P ′(y1, y2))∗

∗ inf
x1,x2

P ′(f(x1), f(x2)) 7→ P (x1, x2)) =

= µ(f) ∗ µ(g)

The result is µ(g ◦ f) ≥ µ(f) ∗ µ(g).

In the proof we have used the GL-monoid prop-
erties and the following statement:

inf
x1,x2

(P ′′(g(f(x1)), g(f(x2))) 7→
7→ P ′(f(x1), f(x2))) ≥ inf

y1,y2
(P ′′(g(y1), g(y2)) 7→

7→ P ′(y1, y2))

This follows from

{ P ′′(g(f(x1)), g(f(x2))) 7→ P ′(f(x1), f(x2)) :
x1, x2 ∈ X} ⊆ { P ′′(g(y1), g(y2)) 7→
7→ P ′(y1, y2) : y1, y2 ∈ Y } .

3. µ(ex) = inf
x1,x2

(P (x1, x2)) 7→ P (x1, x2)) = 1

= ω(X).

The same proof works for the category

FL−POSE = (Ob(FL−POSE), ω,Mor(FL−POSE), µ, ◦)

where objects are L-valued ordered sets but morphisms
and mappings µ and ω as in category FL− POS.

In the same way we can construct the fuzzy analogue
of OS category. We just have to replace fuzzy ordered
sets with fuzzy linearly ordered sets.

5 Connection between L− POSE

category and SET (L) category

We will denote by L− POS the category

L− POSE = (Ob(L− POSE),Mor(L− POSE), ◦)

where
Ob(L− POSE) = {(X, P,E)}

and P is a fuzzy order relation on an L-valued set
(X, E).
Mor(L− POSE) = {F : (X, P,E) → (Y, P ′, E′)|
P (x1, x2) ≤ P (F (x1), F (x2))}.

Let us construct a functor F from the category L −
POSE to the category SET (L) as follows:
F ((X, P,EP )) = (X, E), with relation E : X×X → L
satisfying E(x, y) = P (x, y) ∧ P (y, x).

(X, P,EP ) F−−−−→ (X, E)

f

y yF (f)

(X ′, P ′, E′
P ′)

F−−−−→ (X ′, E′)

The mapping F (f) : (X, E) → (X ′, E′) is the same
mapping as a mapping
f : (X, P,EP ) → (X ′, P ′, E′

P )
(∀x ∈ X F (f)(x) = f(x)).

First we have to proof that E : X × X → L is an
L-valued equality:

• E(x, x) = P (x, x) ∧ P (x, x) = P (x, x) = 1;

• E(x, y) = P (x, y) ∧ P (y, x) = P (y, x) ∧ P (y, x) =
= E(x, y);

• E(x, y) ∗ E(y, x) = (P (x, y) ∧ P (y, x))∗
∗(P (y, z) ∧ P (z, y)) = (P (x, y) ∗ P (y, z))∧
∧(P (x, y) ∗ P (z, y))∧
∧(P (y, x) ∗ P (y, z)) ∧ (P (y, x) ∗ P (z, y)) ≤
≤ (P (x, y) ∗ P (y, z)) ∧ (P (z, y) ∗ P (y, x)) ≤
P (x, z) ∧ P (z, x) = E(x, z).
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We continue to obtain that F is indeed a functor:

• If f : (X, P ) → (X ′P ′) is a morphism in the cat-
egory L− POS then
Ff : (X, E) → (X ′E′) is a morphism in the cat-
egory SET (L). It is equivalent to the statement
that f is an extensional mapping
(E(x, y) ≤ E′(f(x), f(y))).

Let proof the latest:

E(x, y) = P (x, y) ∧ P (y, x) ≤
≤ P ′(f(x), f(y)) ∧ P ′(f(y), f(x)) =
= E′(f(x), f(y)). Here we used that mapping f
preserves an order.

• It is easy to check that F (f ◦ g) = F (f) ◦ F (g),
where f, g ∈ Mor(L−POS) and F (idX) = idF (X)

where X ∈ Ob(L− POS).

Now let construct a functor G from the category
SET (L) to the category L − POSE imposing the
following condition: G((X, E)) = (X, P,EP ) where
P : X × X → L is defined by P (x, y) = E(x, y) and
relation EP is equal to relation E.

(X, E) G−−−−→ (X, P,EP )

f

y yG(f)

(X ′, E′) G−−−−→ (X ′, P ′, E′
P ′)

Mapping G(f) : (X, P,EP ) → (X ′, P ′, E′
P ′) is the

same mapping as
f : (X, E) → (X ′, E′) (∀x ∈ X G(f)(x) = f(x)). Our
next step is to show that P : X ×X → L is an order
relation:

• P (x, x) = E(x, x) = 1;

• P (x, y) ∗ P (y, z) = E(x, y) ∗ E(y, z) ≤ E(x, z) =
= P (x, z);

• P (x, y) ∧ P (y, x) = E(x, y) ∧ E(y, x) = E(x, y).

We proceed to show that G is a functor:

1. We are going to show that for the morphism G(f)
satisfies following
P (x, y) ≤ P ′(G(f)(x), G(f)(y)).

Proof:

P (x, y) = E(x, y) ≤ E′(f(x), f(y)) =
= P ′(f(x), f(y)) = P ′(G(f)(x), G(f)(y)), which
follows from the extensionality of mapping f .

2. It is easily seen that G(f ◦ g) = G(f) ◦ G(g)
whenever the composition f ◦ g is defined, where
f, g ∈ Mor(SET (L)) and G(idX) = idG(X),
where X ∈ Ob(SET (L)).

Theorem 3 The situation stated above is an adjunc-
tion, where F is a right adjoint and G is a left adjoint.

• We will consider a natural transformation η :
1SET (L) → F◦G to be defined as follows: if (X, E)
is an object of the category SET (L), then
G((X, E)) = (X, P,E), where the relation P is
equal to the relation E.
F (G((X, E))) = F ((X, P,E)) = (X, E)
Thus we define η(X,E) : (X, E) → (X, E) as an
identity morphism.
Hence the diagram

(X, E)
η(X,E)−−−−→ F (G((X, E)))

f

y yF (G(f))

(X ′, E′)
η(X′,E′)−−−−−→ F (G((X ′, E′)))

reduces to the diagram

(X, E)
id(X,E)−−−−−→ (X, E)

f

y yf

(X ′, E′)
id(X′,E′)−−−−−−→ (X ′, E′)

Clearly the diagram commutes.

• Let describe a natural transformation
ξ : G ◦ F → 1L−POSE

:

If (X, P,E) is an category’s L − POSE object,
then F ((X, P,E)) = (X, E′),
where E′(x, y) = P (x, y) ∧ P (y, x) ∀x, y ∈ X.
G(F ((X, P,E))) = G((X, E′)) = (X, P ′, E′),
where P ′(x, y) = E′(x, y) ∀x, y ∈ X.
According to the above remark, we define
ξ(X,P,E) : (X, P ′, E′) → (X, P,E) as an mor-
phism, which is an identity mapping, we denote
it briefly by id′X . We continue by proving, that
P ′(x, y) ≤ P (id′X(x), id′X(y)) :
P ′(x, y) = P (x, y) ∧ P (y, x) ≤ P (x, y) =
= P (id′X(x), id′X(y))
Thus the diagram

G(F ((X, P,E)))
ξ(X,P,E)−−−−−→ (X, P,E)

G(F (f))

y yf

G(F ((X̃, P̃ , Ẽ)))
ξX̃,P̃ ,Ẽ)−−−−−→ (X̃, P̃ , Ẽ)

reduces to the diagram

(X, P ′, E′)
id′

X−−−−→ (X, P,E)

f

y yf

(X̃, P̃ ′, Ẽ′)
id′

X̃−−−−→ (X̃, P̃ , Ẽ)
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Obviously the diagram commutes.

The proof is completed by showing that

• F
η∗F−−→ F ◦G ◦ F

F∗ξ−−→ F = F
1F−−→ F and

• G
G∗η−−→ G ◦ F ◦G

ξ∗G−−→ G = G
1G−−→ G

This follows from the definition of the natural
transformations η, ξ and functors F , G.

6 Fuzzy order relation constructed on
a fuzzy set

Definition 7 Let X be a set and δ be its L-subset
(δ(x) > 0 ∀x ∈ X). By an order relation on a fuzzy
set δ we call an L-valued equality P , such that

1. δ(x) ≤ P (x, x)- reflexivity;

2. P (x, y) ∧ δ(y) ∧ P (y, z) ≤ P (x, z)- transitivity;

3. If P (x, y) ∧ P (y, x) > 0 then x = y - asymmetry.

If δ(x) = 1 ∀x ∈ X, then the above definition reduces
to the definition of an order relation on an ”usual” set.
A triple (X, δ, P ) is called fuzzy ordered L-set.

Theorem 4 Fuzzy ordered L-sets and mappings

f : (X, δ, P ) → (Y, δ′, P ′) such that
δ(x1) ∧ P (x1, x2) ∧ δ(x2) ≤
≤ δ′(f(x1)) ∧ P ′(f(x1), f(x2)) ∧ δ′(f(x2))
∀x1, x2 ∈ X form a category. This category weill be
denoted L− POSL.
To prove this theorem we first show that the composi-
tion of two morphism is a morphism.
Let f : (X, δ, P ) → (Y, δ′, P ′) and
g : (Y, δ′, P ′) → (Z, δ′′, P ′′) be mappings between cor-
responding fuzzy ordered L-sets and let

g ◦ f : (X, δ, P ) → (Z, δ′′, P ′′) be their composition.
Then δ(x1) ∧ P (x1, x2) ∧ δ(x2) ≤
≤ δ′(f(x1)) ∧ P ′(f(x1), f(x2)) ∧ δ′(f(x2)) ≤
≤ δ′′(g(f(x1))) ∧ P ′′(g(f(x1)), g(f(x2)))∧
∧δ′′(g(f(x2))). The operation of composition of map-
pings is obviously associative and the identical map-
ping

idX : (X, δ, P ) → (X, δ, P )

plays the role of the identity.

Our next step is to fuzzyfy the category L − POSL.
Let define the category FL− POSL.

FL−POS = (Ob(FL−POS), ω,Mor(FL−POS), µ, ◦)

where objects are fuzzy ordered L-sets and morphisms
-

Mor(FL− POSL) = Mor(L− POS).

µ(f) = inf
x∈X

δ(x) ∧ inf
x1,x2

(P ′(f(x1), f(x2)) ↔
↔ P (x1, x2)) ∧ inf

y∈Y
δ′(y).

ω((X, δ, P )) = inf
x∈X

δ(x) ∀X ∈ Ob(L− POSL).

Mappings µ and ω satisfy all necessary conditions.
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Abstract

The aim of this paper is to introduce monadic
L-fuzzy quantifiers of the type 〈1n, 1〉 and to
investigate some of their semantic properties
that are well-known in the generalized quan-
tifier theory. Further, some relations between
the semantic properties of generalized quan-
tifiers are also studied for monadic L-fuzzy
quantifiers. Finally, a property “to be exten-
sional w.r.t. a given L-permutation equiva-
lence” is proposed.

Keywords: Fuzzy sets, fuzzy quantifiers,
fuzzy logic.

1 Introduction

Generalized quantifiers have been studied in mathe-
matical logic since the fifties of the last century, where
the pioneering work was done by A. Mostowski [10].
Mostowski’s approach to generalized quantifiers based
on the mappings from the power sets to the set of truth
values significantly influenced further development of
a generalized quantifier theory. First considerable gen-
eralization of Mostowski’s approach was proposed by
P. Lindström [8] and the study of generalized quan-
tifiers in connection with natural language has been
set in motion by R. Montague [9]. The first system-
atic investigation of natural language quantifiers is due
to J. Barwise and R. Cooper [1]. A survey of works
on generalized quantifiers in natural language with a
substantial list of references could be found in [7, 14].

The modeling of natural language quantifiers as fuzzy
quantifiers being fuzzy numbers has first been pointed
out by L.A. Zadeh [16]. A fuzzy extension of
Mostowski’s idea was proposed by H. Thiele [15]. An
investigation of expressions as Usually ϕ, ϕ is proba-
ble, For many x, ϕ etc. from the logical point of view
was studied by P. Hájek [5]. Linguistic quantifiers in
fuzzy logic have been also studied by V. Novák [11].

Since generalized (fuzzy) quantifiers are constructs of
the second-order, it is natural to define them in the
higher-order (fuzzy) logic. Novák showed a way how
to establish some examples of fuzzy quantifiers in his
fuzzy type theory [13]. A general theory of semi-fuzzy
and fuzzy quantifiers in natural language was proposed
by I. Glöckner [3,4]. His approach is based on a gener-
alization of the Lindström’s definition of generalized
quantifiers of the type 〈1, . . . , 1〉. He proposed an
axiomatic system which ensures a correctness of ex-
tensions (quantifier fuzzification mechanisms) of semi-
fuzzy quantifiers to fuzzy quantifiers. A quantifier
fuzzification mechanism satisfying the suggested ax-
ioms is then called the determiner fuzzification scheme
(DFS) and a result of DFS is a class of plausible models
of fuzzy quantifiers. He also introduced some semantic
properties of fuzzy quantifiers that are well-known for
generalized quantifiers and showed which properties
are preserved by DFS.

The aim of this paper is to introduce monadic L-fuzzy
quantifiers of the type 〈1n, 1〉 which may be used to
describe a lot of natural language quantifiers as many,
few, about fifty, more than etc. and to investigate some
of their semantic properties. The proofs and other
examples could be found in [6].

2 Preliminaries

In this paper we suppose that the structure of truth
values is a residuated lattice, i.e. an algebra L =
〈L,∧,∨,→,⊗,⊥,>〉 with four binary operations and
two constants such that 〈L,∧,∨,⊥,>〉 is a lattice,
where ⊥ is the least element and > is the greatest ele-
ment of L, 〈L,⊗,>〉 is a commutative monoid (i.e. ⊗
is associative, commutative and the identity a⊗> = a
holds for any a ∈ L) and the adjointness property is
satisfied, i.e.

a ≤ b → c iff a⊗ b ≤ c (1)

holds for each a, b, c ∈ L (≤ denotes the corresponding
lattice ordering). The operations ⊗ and → are called
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multiplication and residuum, respectively. A residu-
ated lattice is complete, if the corresponding lattice is
complete. For the substantial information about resid-
uated lattices we refer to [2].

Example 2.1 It is easy to prove (see e.g. [2]) that
L = 〈[0, 1], min, max, T,→T , 0, 1〉, where T is a left
continuous t-norm and

a →T b =
∨
{c ∈ [0, 1] | T (a, c) ≤ b} (2)

defines the residuum, is a complete residuated lattice.

Let us define the following additional operations for
arbitrary a, b ∈ L and set {ai | i ∈ I} of elements from
L over countable (possibly empty) index set I:

a ↔ b = (a → b) ∧ (b → a) (biresiduum)
¬a = a → ⊥ (negation)⊗

i∈I

ai =
{
>, I = ∅,∧

K∈Fin(I)

⊗
i∈K ai, otherwise,

(countable multiplication)

where Fin(I) denotes the set of all finite subsets of I.
If |I| = n is a finite index set and ai = a for any i ∈ I,
then we will write an =

⊗
i∈I ai.

Let L be a residuated lattice and M be a universe
(possibly empty). An L-fuzzy set of M is a mapping
A : M → L, where L is the support of the residu-
ated lattice L. Obviously, if M = ∅, then the empty
mapping is the unique L-fuzzy set. The set of all L-
fuzzy sets of M is denoted by FL(M). An L-fuzzy set
A ∈ FL(M) is called crisp, if A(m) ∈ {⊥,>} hods for
any m ∈ M . The set of all crisp L-fuzzy sets in M is
denoted by P(M). We say that an L-fuzzy set A is less
or equal to an L-fuzzy set B and denote it by A ≤ B,
if for an arbitrary m ∈ M we have A(m) ≤ B(m).
Further, the intersection of A,B ∈ FL(M) is an L-
fuzzy set C = A∩B such that C(m) = (A∩B)(m) =
A(m) ∧ B(m) holds for any m ∈ M and the comple-
ment of A ∈ FL(M) is an L-fuzzy set C = A such that
C(m) = A(m) = ¬A(m) holds for any m ∈ M . The
complement of M is denoted ∅. Note that if M = ∅,
then FL(∅) = {∅} and thus trivially ∅ ∩ ∅ = ∅ and
∅ = ∅. Finally, let f : M → M ′ be a mapping. Then
f→(A)(m) =

∨
m′∈f−1(m) A(m′) defines an L-mapping

f→ : FL(M) → FL(M). Obviously, if f is a bijective
mapping then f→(A)(f(m)) = A(m) for all m ∈ M .
Note that if M = ∅, then ∅ : ∅ → ∅ is the unique bijec-
tive mapping between the empty sets. This mapping
determines the unique mapping ∅→ : FL(∅) → FL(∅)
which assigns ∅ to ∅, i.e. ∅→(∅) = ∅.

3 Definition and examples

Let us consider the following examples of sentences

(a) John was in love with Mary.

(b) All read the New York Times.

(c) About half employees of this firm are young.

(d) More men than women go in for sport.

In these sentences we can see that the noun phrases
John, All, About half employees of this firm, More
men than women are combined whit one place (fuzzy)
predicates was in love with Mary, read the New York
Times, are young, go in for sport.

Let M be a universe of objects as e.g. people, animals,
books, etc. One place fuzzy predicates can be inter-
preted in M as L-fuzzy sets of M and noun phrases in a
connection with one place predicates as mappings from
the set FL(M) into the support L of the residuated lat-
tice L (cf. [7,10,14]). Thus the noun phrases which are
combined with one place fuzzy predicates are seman-
tically interpreted in a given universe M as mappings
QM : FL(M) → L. They will be called L-fuzzy quan-
tifiers of the type 〈1〉. If noun phrases are formed by
determiners1 as e.g. all, about half, more than and one
or more noun phrases (according to the arity of con-
sidered determiner), then the n-place determiners may
be semantically interpreted as mappings from FL(M)n

to the set of all L-fuzzy quantifiers of the type 〈1〉 or
equivalently as mappings QM : FL(M)n+1 → L. They
will be called L-fuzzy quantifiers of the type 〈1n, 1〉.

In the following text we will be interested in such types
of L-fuzzy quantifiers that are some semantic interpre-
tation of combination of determiner and just one one
place predicate.

Definition 3.1 Let L be a residuated lattice, M be a
universe (possibly empty) and n be a natural number
(possibly zero). A mapping QM : FL(M)n+1 → L
is called the monadic L-fuzzy quantifier of the type
〈1n, 1〉 limited to M .

In natural language noun phrases (determiners) are
not fixed to one universe (model). Therefore, it is
reasonable to define L-fuzzy quantifiers over a class
of universes. Such quantifiers are called unlimited or
global (see [7, 10]).

Definition 3.2 An unlimited monadic L-fuzzy quan-
tifier of the type 〈1n, 1〉 is a functional Q assigning to
each universe M a monadic L-fuzzy quantifier QM of
the type 〈1n, 1〉 limited to M . The set of all unlimited
L-fuzzy quantifiers is denoted by QUANT.

1Note that in the linguistic theory the quantifiers create
a special subclass of language elements which are called, in
general, determiners. Some examples of determiners which
are not quantifiers are the, this, one, first.
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Definition 3.3 An unlimited finite (countable)
monadic L-fuzzy quantifier of the type 〈1n, 1〉 is
a functional Q assigning to each finite (countable)
universe M a monadic L-fuzzy quantifier QM of the
type 〈1n, 1〉 limited to M . The set of all unlimited
monadic L-fuzzy quantifiers is denoted by F-QUANT
(C-QUANT).

Example 3.1 Let L be a complete residuated lattice.
Then

(all)M (A) =
∧

m∈M

A(m),

(some)M (A) =
∨

m∈M

A(m),

(not all)M (A) = ¬
∧

m∈M

A(m),

(no)M (A) = ¬
∨

m∈M

A(m),

where M is an arbitrary set and A ∈ FL(M), define
unlimited L-fuzzy quantifiers of the type 〈1〉. First two
examples are the classical quantifiers for all and there
exists in fuzzy logic. The others are a negation of the
previous ones. Notice that (all)∅(∅) = (no)∅(∅) = >
and (some)∅(∅) = (not all)∅(∅) = ⊥.

Example 3.2 Let L be a residuated lattice. Then

(John)M (A) =
{

A(mJohn), if mJohn ∈ M ;
⊥, otherwise.

where M is an arbitrary set and A ∈ FL(M), defines
unlimited L-fuzzy quantifier of the type 〈1〉.

Example 3.3 Let L be a complete residuated lattice
determined by  Lukasiewicz t-norm and put 0

0 = 1 and∑
m∈∅ ∅(m) = 0. Then

(nearly all)M (A) =
1
|M |

∑
m∈M

A(m)

(nearly none)M (A) =
1
|M |

∑
m∈M

A(m)

where M is an arbitrary finite set and A ∈ FL(M),
define unlimited finite L-fuzzy quantifiers of the type
〈1〉. Note that these L-fuzzy quantifiers are usually
called relative fuzzy quantifiers (cf. [3, 4, 16]).

Example 3.4 Let L be a complete residuated lattice
determined by a left continuous t-norm. Then

(all)M (A,B) =
∧

m∈M

(
A(m) ∨B(m)

)
,

(some)M (A,B) =
∨

m∈M

(
A(m) ∧B(m)

)
,

where M is an arbitrary universe and A,B ∈ FL(M),
define unlimited L-fuzzy quantifiers of the type 〈1, 1〉.

Example 3.5 Let L be a complete residuated lattice.
Further, let us denote Perm(M) the set of all bijective
mappings (permutations) on M . Then

(more than)M (A,B, C) =

¬
∨

f∈Perm(M)

∧
m∈M

((A∩C)(m) → (B ∩ C)(f(m))),

(less than)M (A,B, C) =

¬
∨

f∈Perm(M)

∧
m∈M

((B∩C)(f(m)) → (A ∩ C)(m)),

where M is an arbitrary universe and A,B,C ∈
FL(M), define unlimited L-fuzzy quantifiers of the
type 〈12, 1〉.

4 Basic semantic properties

In this part we will investigate the well-known seman-
tic properties of generalized quantifiers for monadic L-
fuzzy quantifiers of the type 〈1n, 1〉. Namely, we will be
interested in the permutation invariance, isomorphism
invariance, extension, monotonicity and conservativ-
ity. For more information about these properties for
generalized quantifiers we refer to [14].

Definition 4.1 An L-fuzzy quantifier Q of the type
〈1n, 1〉 is permutation invariant, if for each universe
M and for each bijective mapping f : M → M and for
each (A1, . . . , B) ∈ FL(M)n+1 we have

QM (A1, . . . , B) = QM (f→(A1), . . . , f→(B)). (3)

The set of all permutation invariant L-fuzzy quanti-
fiers is denoted by PI

One can easily check that all mentioned examples ex-
cept L-fuzzy quantifier John belong to PI. Obviously,
the permutation invariance is a local condition. We
need not to compare universes to see if it holds. In or-
der to investigate monadic L-fuzzy quantifiers, if they
ignore elements from a global perspective, we have to
use a stronger condition than the permutation invari-
ance which is called the isomorphism invariance (see
e.g. [7, 8, 14]).

Definition 4.2 An L-fuzzy quantifier Q of the type
〈1n, 1〉 is isomorphism invariant, if for each universes
M,M ′ and for each bijective mapping f : M → M ′

and for each (A1, . . . , B) ∈ FL(M)n+1 we have

QM (A1, . . . , B) = QM ′(f→(A1), . . . , f→(B)). (4)

The set of all isomorphism invariant L-fuzzy quanti-
fiers is denoted by ISOM.

Again all mentioned examples of monadic L-fuzzy
quantifiers except John are isomorphism invariant.
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The following proposition shows that isomorphism in-
variance is really stronger condition than permutation
invariance.

Proposition 4.1 ISOM ⊆ PI.

Let us denote Aa = {m ∈ M | A(m) = a}. The
following proposition generalizes the classical result on
isomorphism invariant generalized quantifiers of the
type 〈1〉 (cf. [7, 14]).

Theorem 4.1 Let Q ∈ QUANT be of the type 〈1〉.
Then Q ∈ ISOM if and only if for each universes
M,M ′ and for each A ∈ FL(M) and for each B ∈
F(M ′) we have if |Aa| = |Ba| and |M \Aa| = |M ′\Ba|
hold for all a ∈ L, then QM (A) = QM ′(B).

The property saying that a quantifier is, in some sense,
independent on the universes is called extension (see
e.g. [3, 4, 7, 8, 14]).

Definition 4.3 An L-fuzzy quantifier Q of the type
〈1n, 1〉 satisfies extension, if for arbitrary universes
M,M ′ with M ⊆ M ′ and for each (A1, . . . , B) ∈
FL(M)n+1 we have

QM (A1, . . . , B) = QM ′(A1, . . . , B). (5)

The set of all L-fuzzy quantifiers satisfying extension
is denoted by EXT.

The quantifier all from Example 3.1 is an example of
monadic L-fuzzy quantifier which does not satisfy ex-
tension.

It is easy to see that simple determiners as all, some,
few, nearly all, at most k, etc. are usually monotonic.
On the other hand, there are determiners as about half,
at least five an at most five, approximately fifty, etc.
are not monotonic. The monotonicity of monadic L-
quantifiers in some its component is naturally defined
as follows (cf. [3, 4, 7, 14]).

Definition 4.4 Let Q be an L-fuzzy quantifier of the
type 〈1n, 1〉. We say that Q is non-decreasing in its
i-th component, where i = 1, . . . , n + 1, if for any
universe M and for each (A1, . . . , Ai, . . . , An+1) ∈
FL(M)n+1 and for each A′

i ∈ FL(M) with Ai ⊆ A′
i

we have

QM (A1, . . . , Ai, . . . , An+1) ≤
QM (A1, . . . ,A

′
i, . . . , An+1)

(6)

and Q is non-increasing in its i-th component, where
i = 1, . . . , n + 1, if for any universe M and for
each (A1, . . . , Ai, . . . , An+1) ∈ FL(M)n+1 and for each
A′

i ∈ FL(M) with A′
i ⊆ Ai we have

QM (A1, . . . , Ai, . . . , An+1) ≤
QM (A1, . . . ,A

′
i, . . . , An+1).

(7)

An L-fuzzy quantifier of the type 〈1n, 1〉 which is non-
decreasing or non-increasing in each its component is
called the non-decreasing or non-increasing L-fuzzy
quantifier, respectively.

One can easily check that all, some, John, nearly all
are non-decreasing and not all, no, nearly none are
non-increasing L-fuzzy quantifiers of the type 〈1〉, re-
spectively. Further, some as the L-fuzzy quantifier of
the type 〈1, 1〉 is non-decreasing in both its compo-
nents, however, all as the L-fuzzy quantifier of the type
〈1, 1〉 is non-increasing in its first component and non-
decreasing in its second component.

A property of determiners saying that we may limit our
consideration of objects with the predicate property
to those which also have the noun property is called
conservativity.

Definition 4.5 An L-fuzzy quantifier Q of the type
〈1n, 1〉 is conservative, if for an arbitrary universe M
and for each (A1, . . . , An) ∈ FL(M)n and for each
B,B′ ∈ FL(M) such that Ai ∩ B = Ai ∩ B′ holds for
each i = 1, . . . , n we have

QM (A1, . . . , An, B) = QM (A1, . . . , An, B′). (8)

The set of all conservative L-fuzzy quantifiers is de-
noted by CONS.

The following proposition is analogous to that for gen-
eralized quantifiers of the type 〈1, 1〉 (cf. [7, 14])

Proposition 4.2 Let Q be an L-fuzzy quantifier of
the type 〈1, 1〉. Then Q ∈ CONS if and only if for an
arbitrary universe M and for each A,B ∈ FL(M) we
have

QM (A,B) = QM (A,A ∩B). (9)

Let us consider the L-fuzzy quantifiers some and all
of the type 〈1, 1〉 from Example 3.4. One can check
that some is conservative and all is not, in general,
conservative.

In [3, 4] Glöckner defines n-ary semi-fuzzy quantifiers
as mappings Q : P(M) → [0, 1]. The following def-
inition of L-fuzzy quantifiers which are semi-fuzzy in
some of its components generalizes Glöckner’s idea of
semi-fuzzy quantifiers.

Definition 4.6 An L-fuzzy quantifier Q of the type
〈1n, 1〉 is semi-fuzzy in its i-th component, where i =
1, . . . , n + 1, if for an arbitrary universe M and for
each (A1, . . . , An, An+1) ∈ FL(M)n+1 we have

QM (A1, . . . , Ai, . . . , An, An+1) =
QM (A1, . . . , Supp(Ai), . . . , An, An+1).

(10)
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An L-fuzzy quantifier of the type 〈1n, 1〉 which is semi-
fuzzy in each its component is called L-semi-fuzzy
quantifier of the type 〈1n, 1〉.

In the generalized quantifier theory there is shown that
quantifiers of the type 〈1, 1〉 belong to CONS∩EXT if
and only if they are the relativization of quantifiers of
the type 〈1〉 (see e.g. [7,14]). An analogical equivalence
is failed, in general, for L-fuzzy quantifiers of the type
〈1, 1〉. The reason is that the monadic L-fuzzy quanti-
fiers are limited to crisp universes and not to fuzzy uni-
verses. Nevertheless, an analogical equivalence could
be proved, if we restrict ourselves on monadic L-fuzzy
quantifiers which are semi-fuzzy in its first component.

Definition 4.7 The relativization of an L-fuzzy quan-
tifier Q of the type 〈1〉 is the L-fuzzy quantifier Qrel of
the type 〈1, 1〉 given by

Qrel
M (A,B) = QSupp(A)(A ∩B)

for an arbitrary universe M and for arbitrary A,B ∈
FL(M).

Theorem 4.2 Let Q be an L-fuzzy quantifier of the
type 〈1, 1〉 which is semi-fuzzy in its first component.
Then Q ∈ CONS ∩ EXT if and only if there exists an
L-fuzzy quantifier P of the type 〈1〉 such that Q = P rel.

The following theorem presents the well known result
in the generalized quantifier theory (see e.g. [7]) for
monadic L-fuzzy quantifiers of the type 〈1, 1〉.

Theorem 4.3 Let Q be an L-fuzzy quantifier of the
type 〈1, 1〉 which is semi-fuzzy in its first component.
Then Q ∈ CONS ∩ EXT ∩ ISOM if and only if for
arbitrary universes M,M ′ and for each A,B ∈ FL(M)
and for each A′, B′ ∈ FL(M ′) we have if |(A∩B)a| =
|(A′∩B′)a| and |Supp(A)\Ba| = |Supp(A′)\B′a| hold
for any a ∈ L, then QM (A,B) = QM ′(A′, B′).

5 Extensional L-fuzzy quantifiers

We say that n-tuples of L-fuzzy sets (A1, . . . , An),
(B1, . . . , Bn) ∈ FL(M)n are permutation isomorphic,
if there exists a bijective mapping f : M → M such
that Ai(m) = Bi(f(m)) holds for any m ∈ M and
i = 1, . . . , n. It could be seen that many determiners
as all, some, no, not all, nearly all, nearly none, more
than, less than, etc. have the property to preserve a
similarity of L-fuzzy sets. It means that for two simi-
lar L-fuzzy set, say from the permutation isomorphism
point of view, the considered L-fuzzy quantifiers give
similar values. This property will be called the exten-
sionality of L-fuzzy quantifiers w.r.t. a given class of
permutation equivalences.

Let ≡M : FL(M)n × FL(M)n → L be an L-fuzzy re-
lation given by [A ≡M B] = >, if A = (A1, . . . , An),
B = (B1, . . . , Bn) are permutation isomorphic, and
[A ≡M B] = ⊥, otherwise. Obviously, ≡M is an L-
similarity relation on FL(M)n, that is, an L-fuzzy rela-
tion satisfying reflexivity, symmetry and⊗-transitivity
(see e.g. [2,12]). The class containing ≡M for each uni-
verse M will be denoted by ≡. A generalization of the
L-fuzzy relation ≡M could be done as follows.

Definition 5.1 An L-fuzzy relation ≈M : FL(M)n ×
FL(M)n → L is called the L-permutation equivalence
on FL(M)n, if

[A ≡M B] ≤ [A ≈M B] (11)
[A ≈M B] = [B ≈M A] (12)

[A ≈M B] ≤ [A ≈M B] (13)
[A ≈M B]⊗ [B ≈M C] ≤ [A ≈M C] (14)

hold for arbitrary A,B,C ∈ FL(M)n, where A =
(A1, . . . , An) and B = (B1, . . . , Bn).

The following two theorems show examples of L-
permutation equivalences that are a natural general-
ization of ≡M . Recall that Perm(M) denotes the set
of all bijective mappings (permutations) on M .

Theorem 5.1 Let L be a complete residuated lattice
and M be a countable universe. Then

[A ≈⊗M B] =
∨

f∈Perm(M)

⊗
m∈M

(
(A1(m) ↔ B1(f(m)))⊗

· · · ⊗ (An(m) ↔ Bn(f(m)))
)

defines an L-permutation equivalence ≈⊗M on FL(M)n.

Theorem 5.2 Let L be a complete residuated lattice
and M be an arbitrary universe. Then

[A ≈∧M B] =
∨

f∈Perm(M)

∧
m∈M

(
(A1(m) ↔ B1(f(m)))⊗

· · · ⊗ (An(m) ↔ Bn(f(m)))
)

defines an L-permutation equivalence ≈∧M on FL(M)n.

Now we define extensionality and weak extensionality
of L-fuzzy quantifiers of the type 〈1n, 1〉 w.r.t. a given
class of permutation equivalencies.

Definition 5.2 Let ≈ be a class of L-permutation
equivalences such that for each (finite, countable) uni-
verse M there is a unique ≈M from ≈ defined on
FL(M)n+1. A (finite, countable) L-fuzzy quantifier Q
of the type 〈1n, 1〉 is extensional w.r.t. ≈, if we have

[(A1, . . . , An, B) ≈M (A′
1, . . . , A

′
n,B′)] ≤

QM (A1, . . . , An, B) ↔ QM (A′
1, . . . , A

′
n, B′)

(15)
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for an arbitrary (finite, countable) universe M and for
each (A1, . . . , An, B), (A′

1, . . . , A
′
n, B′) ∈ FL(M)n+1.

The set of all L-fuzzy quantifiers which are extensional
w.r.t. ≈ is denoted by EXTENS(≈).

Definition 5.3 Let ≈ be a class of L-permutation
equivalences such that for each (finite, countable) uni-
verse M there is a unique ≈M from ≈ defined on
FL(M)n+1. A (finite, countable) L-fuzzy quantifier
Q of the type 〈1n, 1〉 is weak extensional w.r.t. ≈, if
for each (finite, countable) universe M and for each
(A1, . . . , An, B), (A′

1, . . . , A
′
n, B) ∈ FL(M)n+1 there

exists a natural number k such that

[(A1, . . . , An, B) ≈M (A′
1, . . . , A

′
n,B′)]k ≤

QM (A1, . . . , An, B) ↔ QM (A′
1, . . . , A

′
n, B′).

(16)

The set of all L-fuzzy quantifiers which are weak ex-
tensional w.r.t. ≈ is denoted by W-EXTENS(≈).

It is easy to prove that the following relations are true.

Proposition 5.1 EXTENS(≈) ⊆ W-EXTENS(≈) ⊆
PI.

One can check that all, some, not all, no from Exam-
ple 3.1 are extensional w.r.t. ≈∧, where≈∧ denotes the
class of all L-permutation equivalencies ≈∧M defined
in Theorem 5.2. Further, nearly all and nearly none
from Example 3.3 are extensional w.r.t. ≈⊗, where
≈⊗ denotes the class of all L-permutation equivalen-
cies ≈⊗M defined in Theorem 5.1. It is easy to show
that nearly all and nearly none need not be extensional
w.r.t. ≈⊗, if we consider a complete residuated lattice
determined by a left continuous t-norm different from
the  Lukasiewicz t-norm.

Remark 5.1 EXTENS(≡) = W-EXTENS(≡) = PI.

6 Conclusion

In this paper the monadic L-fuzzy quantifiers of the
type 〈1n, 1〉 were introduced and some of their seman-
tic properties were investigated. The definitions of
permutation invariance, isomorphism invariance, ex-
tension etc. were proposed in order to be a natural
extension of the well known properties of generalized
quantifiers and also to correspond to those that have
been suggested by Glöckner in [3]. Further, we were
interested in relations for monadic L-fuzzy quantifiers
having some semantic properties which are well known
in generalized quantifier theory and they have not been
investigated for fuzzy quantifiers. Finally, new seman-
tic property of monadic L-fuzzy quantifiers called ex-
tensionality w.r.t. a given L-permutation equivalence
was suggested. In particular, monadic L-fuzzy quan-
tifiers having this property assign similar values to

L-fuzzy sets which are close from the L-permutation
equivalence point of view.

The presented results form a basic analysis of seman-
tic properties of monadic L-fuzzy quantifiers that is
analogous to the conception presented in generalized
quantifier theory. Moreover, it could be useful for con-
structions of syntax and semantics of the first or higher
order fuzzy logic with monadic L-fuzzy quantifiers (see
e.g. [5, 12,13]).
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[4] I. Glöckner, Fuzzy quantifiers: A computational
theory, Springer-Verlag, Heidelberg, 2006.
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Abstract

We investigate interpretations ‖ψ‖D of formulas
ψ in a first order fuzzy logic in models D which
are based on Ω-sets, i.e. sets with similarity re-
lations with values in a complete MV-algebra Ω.
These interpretations are fuzzy sets in some Ω-
sets. We show that if ϕ : D1 → D2 is a strong
homomorphism between two models then there
are also strong relationships between interpreta-
tions ‖ψ‖D1 and ‖ψ‖D2 . Finally, for any model
D based on an Ω-set (A, δ) we construct another
model S(D) based on a set S(A, δ) of all ”con-
tinuous” maps from (A, δ) to (Ω,↔) and such
that a singleton map {−} is a strong homomor-
phism D → S(D).

Keywords: Sets with similarity relations, fuzzy
sets in Ω-sets, models of fuzzy logic.

1 Introduction

Let J be a first order language of fuzzy logic which consists
(as classically) of a set of predicate symbols P ∈ P , a set
of functional symbols f ∈ F and a set of classical logical
connectives {∧,∨,⇒,¬,⊗}. Moreover J contains also a
set Ω of logical constants. Then a model of a language J is

E = (A, {PE : P ∈ P}, {fE : f ∈ F}),

where

(a) A is a set,

(b) PE ⊂∼ A× · · · ×A is a fuzzy set with values in Ω,

(c) fE : A× · · · ×A→ A is a map.

For a set X of variables we set E(X) =
∏
x∈X A = AX .

This set then serves as a domains for interpretation of for-
mulas and terms with free variables contained in a set X .

∗Supported by MSM6198898701 and grant 201/07/0191 of
GAČR

Now, by well known procedure which is based on inductive
principle we can obtain that for a term t and for a formula
ψ in J with free variables in X ,

(a) an interpretation of t in a model E is a map ‖t‖E :
E(X) → A,

(b) an interpretation of ψ in a model E is a fuzzy set
‖ψ‖E ⊂∼ E(X) with values in Ω, i.e. ‖ψ‖E :
E(X) → Ω.

It is clear that an interpretation is based significantly on a
set Ω. In case that Ω = (L,∧,∨,⊗,→) is a complete resid-
uated lattice (which is the most important case for fuzzy set
theory) then this interpretation reflects naturally relations
between logical and lattice connectives. For example, if
ψ ≡ φ⇒ σ then for any a ∈ E(X) we have

‖ψ‖E(a) = ‖φ‖E(a) → ‖σ‖E(a)

and analogously

‖(∃x)ψ‖E(a) =
∨
b∈A

‖ψ[x/b]‖E(a).

In papers [10],[12] we investigated models of first order
fuzzy logic which are based on a generalization of fuzzy
sets, namely on a category SetF(Ω) of sets with similar-
ity relations. Recall that a category SetF(Ω) consists of
objects (A, δ) (called Ω-sets), where A is a set and δ is a
similarity relation, i.e. a map δ : A×A→ Ω such that

(a) δ(x, x) = 1 = 1Ω,

(b) δ(x, y) = δ(y, x),

(c) δ(x, y)⊗ δ(y, z) ≤ δ(x, z).

A morphism f : (A, δ) → (B, γ) in SetF(Ω) is a map f :
A→ B such that γ(f(x), f(y)) ≥ δ(x, y) for all x, y ∈ A.
In case that Ω is a complete Heyting algebra this category
is well known and in this case it is a topos. In a general
case it can be proved that a category SetF(Ω) is complete.
For example, if (Ai, δi) are Ω-sets for i ∈ I , their product
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in SetF(Ω) is an Ω-set (A, δ), where A =
∏
i∈I Ai and

δ(a,b) =
∧
i∈I δi(ai, bi). A special object of a category

SetF(Ω) is (Ω,↔), where α↔ β = (α→ β)∧(β → α).

In any category K with Ω-sets as objects and containing
special object (Ω,↔) a notion of fuzzy set can be also in-
troduced as follows.

Definition 1.1 Let K be a category with Ω-sets as objects.
Then a fuzzy set s in an object (A, δ) in a category K (in
symbol s ⊂∼K

(A, δ)) is a morphism

s : (A, δ) → (Ω,↔)

in K, where α↔ β = (α→ β) ∧ (β → α).

A fuzzy set s ⊂∼K
(A, δ) in a category K = SetF(Ω) is

then a map s : A→ Ω such that s(x)⊗ δ(x, y) ≤ s(y) for
all x, y ∈ A, i.e. s is an extensional map.

Now by using a category SetF(Ω) a model theory of a
language J based on sets with similarity relations can be
defined.

Definition 1.2 A model of a language J in a category
SetF(Ω) is

D = ((A, δ), {PD : P ∈ P}, {fD : f ∈ F}),

where

(a) (A, δ) is an Ω-set from a category SetF(Ω),

(b) PD ⊂∼SetF(Ω)
(A, δ)× · · · × (A, δ),

(c) fD : (A, δ) × · · · × (A, δ) → (A, δ) is a morphism
in a category SetF(Ω).

To define an interpretation of terms and formulas in a cate-
gory SetF(Ω) we use a following simple notation. Let X
be a set, then a product (A, δ)X in a category SetF(Ω) is
the object (AX , δX), where δX(a,b) =

∧
x∈X δ(ax, bx)

for all a,b ∈ AX . If |X| = n then instead of (A, δ)X =
(AX , δX) we sometimes use (A, δ)n = (An, δn).

Let t = f(t1, . . . , tn) be a term, where ti are terms and
f is a functional symbol. Let X be a set of variables
which contains all variables of t. Then by induction prin-
ciple the interpretation ‖ti‖D = ‖ti‖D,X is already de-
fined as a morphism ‖ti‖D : (D(X), δX) → (A, δ) in
a category SetF(Ω) and we can consider a product mor-
phism

∏
i ‖ti‖D : (D(X), δX) → (A, δ)n. Then we set

‖t‖XD = ‖t‖D = fD ◦
∏
i ‖ti‖D.

To define an interpretation of formulas in a category
SetF(Ω) a classical interpretation in fuzzy sets has to be
slightly modified. For example, an interpretation of a for-
mula ψ ≡ σ ⇒ τ in a model D in a category SetF(Ω)
we cannot define as ‖ψ‖D(a) = ‖σ‖D(a) → ‖τ‖D(a)

because ‖ψ‖D is not a fuzzy set in (AX , δX), in general.
Hence, the following modified definition has to be intro-
duced.

Definition 1.3 Let ψ be a formula and let X be a set of
variables containing all free variables of ψ. An interpreta-
tion ‖ψ‖XD = ‖ψ‖D is then defined as follows.

(a) Let ψ ≡ P (t1, . . . , tn). Then ‖ti‖D : (A, δ)X →
(A, δ) is already defined and we set ‖ψ‖D = PD ◦∏
i ‖ti‖D.

(b) Let ψ ≡ (t1 = t2), where ti are terms. Then for
a ∈ D(X) we set

‖ψ‖D(a) =

=
∨

x∈D(X)

δ(‖t1‖D(x), ‖t2‖D(x))⊗ δX(a,x).

(c) Let ψ ≡ σ ⇒ τ . Then we set

‖ψ‖D(a) =

=
∨

x∈D(X)

(‖σ‖D(x) → ‖τ‖D(x))⊗ δX(x,a).

(d) Let ψ ≡ ¬σ. Then we set ‖ψ‖D(a) = ‖σ‖D(a) →
0.

(e) Let Ψ be a set of formulas with free variables in a set
X . Then we set ‖

∨
Ψ‖D(a) =

∨
ψ∈Ψ ‖ψ‖D(a).

(f) Let Ψ be a set of formulas with free variables in a set
X . Then we set ‖

∧
Ψ‖D(a) =

∧
ψ∈Ψ ‖ψ‖D(a).

(g) Let ψ ≡ σ⊗ τ . Then we set ‖ψ‖D(a) = ‖σ‖D(a)⊗
‖τ‖D(a).

(h) Let ψ ≡ (∃x)σ. Then we set

‖ψ‖D(a) =
∨
b∈A

‖σ[b/x]‖D(a).

(i) Let ψ ≡ (∀x)σ. Then we set

‖ψ‖D(a) =
∧
b∈A

‖σ[b/x]‖D(a).

In [12] we proved the following theorem which shows that
the above definition is correct.

Theorem 1.1 Let ψ be a formula with free variables con-
tained in a set of variables X . Then

‖ψ‖D ⊂∼SetF(Ω)
D(X)

.
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In this paper we want to deal with homomorphisms be-
tween two models of a language J in a category SetF(Ω).
Firstly we introduce a definition of such homomorphism
and then we investigate a relation between interpretations
‖ψ‖E and ‖ψ‖G in a case there exists a homomorphism
f : E → G. Finally we investigate two examples of spe-
cial models of a language J in a category SetF(Ω). A first
model is based on Ω-sets (F (A, δ), σ), where F (A, δ) is
a set of all fuzzy sets in a category SetF(Ω) in an object
(A, δ), i.e.

F (A, δ) = {s : s ⊂∼SetF(Ω)
(A, δ)},

and the other model is based on Ω-sets (C(A, δ), σ), where
C(A, δ) is a set of all ”continuous” maps (A, δ) → (Ω,↔),
which represent a natural generalization of fuzzy sets in
(A, δ).

2 Homomorphisms of models

An interpretation of terms and formulas in a category
SetF(Ω) is based significantly on a set X of variables
containing all free variables of corresponding formulas.
The following proposition describes this relation more pre-
cisely.

Proposition 2.1 Let t be a term and let ψ be a formula in
a language J . Let Y be a set of variables containing all
free variables of t and ψ and let D be a model of J based
on Ω-set (A, δ). Let Y ⊆ X and let pXY be a canonical
projection from (A, δ)X to (A, δ)Y .

(a) The following diagram commutes

(A, δ)X
‖t‖X

D−−−−→ (A, δ)

pXY

y ∥∥∥
(A, δ)Y

‖t‖Y
D−−−−→ (A, δ)

(b) For all x ∈ (A, δ)X we have

‖ψ‖YD ◦ pXY (x) ≥ ‖ψ‖XD (x).

Proof. Since for a,b ∈ AX we have

δY (pXY (a), pXY (b)) =
∧
y∈Y

δ(ay, by) ≥

≥
∧
x∈X

δ(ax, bx) = δX(a,b),

it follows that pXY is a morphism in SetF(Ω) and the rest
follows by simple computation. Let us mention that the
statement (b) is equivalent to commutativity of the follow-
ing diagrams, where ‖ψ‖α are α-cuts of a fuzzy set ‖ψ‖

for any α ∈ Ω.

‖ψ‖Xα
⊆−−−−→ (A, δ)X

pXY

y ypXY

‖ψ‖Yα
⊆−−−−→ (A, δ)Y

.

We now introduce a slight modification of Definition 3
which will define a generalized interpretation of a formula
in a model.

Definition 2.1 Let ψ be a formula and let X be a set of
variables containing all free variables of ψ. Let D be a
model of J based on an Ω-set (A, δ) and let B ⊆ A. An in-
terpretation ‖ψ‖B = ‖ψ‖XB,D is then defined as follows.

(a) Let ψ ≡ (t1 = t2), where ti are terms. Then for
a ∈ D(X) we set

‖ψ‖B(a) =

=
∨

x∈BX

δ(‖t1‖D(x), ‖t2‖D(x))⊗ δX(a,x).

(b) Let ψ ≡ σ ⇒ τ . Then we set

‖ψ‖B(a) =

=
∨

x∈BX

(‖σ‖B(x) → ‖τ‖B(x))⊗ δX(x,a).

(c) Let ψ ≡ (∃x)σ. Then we set

‖ψ‖B(a) =
∨
b∈B

‖σ[b/x]‖B(a).

(d) For other formulas ψ we set ‖ψ‖B = ‖ψ‖XD accord-
ing to Definition 3.

Instead of ‖ψ‖A,D we write simply ‖ψ‖D(= ‖ψ‖XD ).

The proof of the following proposition is the same as in
Theorem 1.

Proposition 2.2 Let ψ be a formula with free variables
contained in a set X and let D be a model of J based on
Ω-set (A, δ). Let B ⊆ A. Then ‖ψ‖B ⊂∼SetF(Ω)

D(X).

In a following definition we introduce a notion of a model
homomorphism of models based on Ω-sets.

Definition 2.2 Let D1 = ((A, δ), {PA : P ∈ P}, {fA :
f ∈ F}), D2 = ((B, γ), {PB : P ∈ P}, {fB : f ∈ F})
be models of J based on Ω-sets. Then ϕ is a homomor-
phism from D1 to D2 if ϕ : (A, δ) → (B, γ) is a morphism
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in a category SetF(Ω) such that the following diagrams of
morphisms from SetF(Ω) commute.

(A, δ)n
fA−−−−→ (A, δ) , (A, δ)m PA−−−−→ (Ω,↔)

ϕn

y ϕ

y yϕm

∥∥∥
(B, γ)n

fB−−−−→ (B, γ) , (B, γ)m PB−−−−→ (Ω,↔)

Here ϕn is the unique morphism in a category SetF(Ω)
such that the following diagram (with projection mor-
phisms) commutes.

(A, δ)
ϕ−−−−→ (B, γ)

prn
A

x xprn
B

(A, δ)n
ϕn

−−−−→ (B, γ)n

Proposition 2.3 Let D1 = ((A, δ), {PA : P ∈ P}, {fA :
f ∈ F}), D2 = ((B, γ), {PB : P ∈ P}, {fB : f ∈ F})
be models of J based on Ω-sets and let ϕ : D1 → D2 be
a model homomorphism. Let t be a term in J with a set of
variables contained in a setX . Then the following diagram
commutes.

(A, δ)X
‖t‖D1−−−−→ (A, δ)

ϕX

y yϕ
(B, γ)X

‖t‖D2−−−−→ (B, γ).

Proof. Let t = f(t1, . . . , tn). A statement then follows
from commutativity of the following diagram

(A, δ)X
Q

i ‖ti‖D1−−−−−−→ (A, δ)n
fA−−−−→ (A, δ)

ϕX

y ϕn

y yϕ
(B, γ)X

Q
i ‖ti‖D2−−−−−−→ (B, γ)n

fB−−−−→ (B, γ).

We say that a morphism ϕ : (A, δ) → (B, γ) is strong if

(∀a, b ∈ A) γ(ϕ(a), ϕ(b)) = δ(a, b).

It is clear that if ϕ is strong then ϕX : (A, δ)X → (B, γ)X

is also a strong morphism.

Theorem 2.1 Let D1 = ((A, δ), {PA : P ∈ P}, {fA :
f ∈ F}), D2 = ((B, γ), {PB : P ∈ P}, {fB : f ∈ F})
be models of J based on Ω-sets and let ϕ : D1 → D2 be a
model homomorphism such that ϕ is strong. Then for any
formula ψ with a set of free variables contained in a set X
the following diagram commutes.

(A, δ)X
‖ψ‖D1−−−−→ (Ω,↔)

ϕX

y ∥∥∥
(B, γ)X

‖ψ‖ϕ(A),D2−−−−−−−→ (Ω,↔).

Proof. (1) Let ψ ≡ P (t1, . . . , tn). Then for a ∈ AX we
have

‖ψ‖ϕ(A),D2 ◦ ϕ
X(a) = PB ◦

∏
i

‖ti‖D2(ϕ
X(a)) =

= PA(‖t1‖D1(a), . . . , ‖tn‖D1(a)) = ‖ψ‖D1(a).

(2) Let ψ ≡ t1 = t2. Then for a ∈ AX we have

‖ψ‖ϕ(A),D2 ◦ ϕ
X(a) =

=
∨

x∈AX

γ(‖t1‖D2(ϕ
X(x)), ‖t2‖D2(ϕ

X(x)))⊗

⊗γX(ϕX(a), ϕX(x)) =

=
∨

x∈AX

δ(‖t1‖D1(x), ‖t2‖D1(x))⊗ δX(a,x) =

= ‖ψ‖D1(a).

The rest of the proof can be done similarly.

3 Models based on special Ω-sets

3.1 Models based on S(A, δ)

We start with a definition of complete sets in Ω-sets and
continuous maps. Recall firstly that a subset S ⊆ A is
called complete in an Ω-set (A, δ) if

S = S = {a ∈ A : 1 =
∨
x∈S

δ(a, x)}.

ThenX 7→ X is a closure system (see [8]). To be more pre-
cise we use sometimes a notation X

δ
instead of X . Then a

map ϕ : A→ B is called a continuous map from (A, δ) to
(B, γ) if for any X ⊆ A we have ϕ(X

δ
) ⊆ ϕ(X)

γ
.

Lemma 3.1 Let ϕ : (A, δ) → (B, γ) be a morphism in a
category SetF(Ω). Then ϕ is a continuous map.

It should be mentioned that there exist continuous maps
which are not morphisms in a category SetF(Ω).

Example 3.1

In fact, let Ω be a residuated lattice such that there exists
an element α with a property α2 > α3. Let A = {a1, a2}
and δ(x, y) = 1, iff x = y, otherwise δ(x, y) = α. Then
(A, δ) is an Ω-set. Let us define a map t : A → Ω such
that t(a1) = α, t(a2) = α3. Then t(X

δ
) ⊆ t(X)

↔
for any

X ⊆ A and t is a continuous map (A, δ) → (Ω,↔). On
the other hand we have α2 = t(a1) ⊗ δ(a1, a2) 6≤ α3 and
it follows that t is not a morphism in SetF(Ω).

For any Ω-set (A, δ) let S(A, δ) be the set of all continuous
maps (A, δ) → (Ω,↔). Moreover, for any morphism ϕ :
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(A, δ) → (B, γ) in a category SetF(Ω) we can define a
map S(ϕ) : S(A, δ) → S(B, γ) such that

(∀t ∈ S(A, δ))(∀b ∈ B) S(ϕ)(t)(b) =

=
∨
x∈A

t(x)⊗ γ(b, ϕ(x)).

This definition is correct since S(ϕ)(t) : (B, γ) → (Ω,↔)
is a morphism and, hence it is continuous. Then we obtain
the following proposition.

Proposition 3.1 S is a functor from a category SetF(Ω)
to the category of sets.

Let D = ((A, δ), {PA : P ∈ P}, {fA : f ∈ F}) be a
model of J . We will now construct a model

S(D) = ((S(A, δ), σ), {PS(A,δ) : P ∈ P},
{fS(A,δ) : f ∈ F})

which will be based on Ω-set (S(A, δ), σ), where σ(s, t) =∧
x∈A s(x) ↔ t(x) is a similarity relation.

Let f ∈ F . Then fS(A,δ) : (S(A, δ), σ)n → (S(A, δ), σ)
is defined such that

(∀s ∈ S(A, δ)n)(∀a ∈ A) fS(A,δ)(s)(a) =

=
∨

x∈An

s(x)⊗ δ(a, fA(x)),

where s(x) =
∧
i si(xi) for s = (s1, . . . , sn) ∈

(S(A, δ), σ)n and x = (x1, . . . , xn) ∈ An.

Further, for P ∈ P we define PS(A,δ) : (S(A, δ), σ)n →
(Ω,↔) such that

(∀s ∈ S(A, δ)n) PS(A,δ)(s) =
∨

x∈An

PA(x)⊗ s(x).

Theorem 3.1 Let D = ((A, δ), {PA : P ∈ P}, {fA :
f ∈ F}) be a model of J . Then S(D) =
((S(A, δ), σ), {PS(A,δ) : P ∈ P}, {fS(A,δ) : f ∈ F})
is a model of J and a singleton map {−} : A→ S(A, δ) is
a strong homomorphism D → S(D).

Proof. A singleton map {−} is defined such that
{−}(a)(b) = δ(a, b) and since σ({−}(a), {−}(b)) =∧
x∈A δ(a, x) ↔ δ(b, x) = δ(a, b) it follows that {−} :

(A, δ) → (S(A, δ), σ) is a strong morphism. We prove
firstly that f ′(s) = fS(A,δ)(s) is continuous for any s ∈

S(A, δ)n. Let X ⊆ A and let a ∈ Xδ
. Then we have

∨
x∈X

f ′(s)(x) ↔ f ′(s)(x) =∨
x∈X

((
∨

y∈An

s(y)⊗ δ(a, fA(y))) ↔

↔ (
∨

z∈An

s(z)⊗ δ(x, fA(z)))) ≥

≥
∨
x∈X

∧
y∈An

s(y)⊗ δ(a, fA(y)) ↔

↔ s(y)⊗ δ(x, fA(y)) ≥

≥
∨
x∈X

∧
y∈An

δ(a, fA(y)) ↔ δ(x, fA(y)) ≥

≥
∨
x∈X

δ(a, x) = 1.

Further, f ′ = fS(A,δ) : (S(A, δ), σ)n → (S(A, δ), σ) is
a morphism in SetF(Ω). In fact, for s, t ∈ S(A, δ)n we
have

σ(f ′(s), f ′(t)) =∧
a∈A

((
∨

x∈An

s(x)⊗ δ(a, fA(x))) ↔

↔ (
∨

y∈An

t(y)⊗ δ(a, fA(y)))) ≥

≥
∧
a∈A

∧
x∈An

s(x)⊗ δ(a, fA(x)) ↔

↔ t(x)⊗ δ(a, fA(x)) ≥ σn(s, t).

Further, the following diagram commutes.

(A, δ)n
fA−−−−→ (A, δ)

{−}n

y y{−}
(S(A, δ), σ)n

fS(A,δ)−−−−→ (S(A, δ), σ).

In fact, for a ∈ An and x ∈ A we have

{−} ◦ fA(a)(x) = δ(fA(a), x),
δ(x, fA(a)) ≤ f ′ ◦ {−}n(a)(x) =

=
∨

y∈An

δn(a,y)⊗ δ(x, fA(y)) ≤

≤
∨

y∈An

δ(fA(a), fA(y))⊗ δ(x, fA(y)) ≤ δ(fA(a), x).
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Now we prove that P ′ = PS(A,δ) is a morphism in
SetF(Ω). In fact, for s, t ∈ S(A, δ)n we have

P ′(s)⊗ σn(s, t) ≤

≤
∨

x∈An

PA(x)⊗ s(x)⊗
∧

y∈An

(s(y) ↔ t(y)) ≤

≤
∨

x∈An

PA(x)⊗ s(x)⊗ (s(x) ↔ t(x)) ≤

≤
∨

x∈An

PA(x)⊗ t(x) = P ′(t).

Finally, since PA(a) ≤ P ′ ◦ {−}n(a) =
∨

x∈An PA(x)⊗
{−}n(a)(x) ≤ PA(a), we obtain that the following dia-
gram commutes.

(A, δ)n PA−−−−→ (Ω,↔)

{−}n

y ∥∥∥
(S(A, δ), σ)n

PS(A,δ)−−−−−→ (Ω,↔)

3.2 Models based on F (A, δ)

Let D = ((A, δ), {PA : P ∈ P}, {fA : f ∈ F}) be a
model of J . In this part we will construct an analogy of
a model S(D) from the previous subsection that will be
based on a set F (A, δ) of all fuzzy sets in (A, δ), i.e. we
will consider a model

F (D) = ((F (A, δ), σ), {PF (A,δ) : P ∈ P},
{fF (A,δ) : f ∈ F})

where fF (A,δ) and PF (A,δ) are defined formally by the
same rules as PS(A,δ) and fS(A,δ) in Section 3.1.

Theorem 3.2 Let D = ((A, δ), {PA : P ∈ P}, {fA :
f ∈ F}) be a model of J . Then F (D) =
((F (A, δ), σ), {PF (A,δ) : P ∈ P}, {fF (A,δ) : f ∈ F})
is a model of J and a singleton map {−} : A → F (A, δ)
is a strong homomorphism D → F (D).

Proof. We need only to prove that f ′ = fF (A,δ) :
(F (A, δ), σ)n → (F (A, δ), σ) is a morphism in SetF(Ω)
and it can be done analogously as in Theorem 3. The rest
will also follow from the proof of Theorem 3.
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[12] Močkoř, J., Models of fuzzy logic in a category of sets
with similarity relations. to appear in International
Journal of Innnovative Computing, Information and
Control

[13] Novák,V., Perfilijeva, I., Močkoř,J., Mathematical
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Abstract 

The paper is devoted to fault diagnosis pro-
blems using fuzzy decision making. 
We investigate dynamic diagnostic systems 
which can be represented by symptom-fault 
rule bases. The main question to be ans-
wered is what faults produce observable 
symptoms in the first moments of their ap-
pearance. To solve this task we propose to 
use a set of agents for making fuzzy 
hypothesis about symptoms and to solve in-
verse fuzzy relations. 

Keywords: symptom-fault model, agent, fuzzy, 
diagnosis. 

 

1     Symptom-fault model 

We use { } FN
llfF 1== and { } SN

mmsS 1== to denote 
the finite sets of all possible faults and symp-
toms, respectively. 

There is also a multi-valued mapping 

                            : S Fψ →           (1) 

that can be presented as a binary diagnostic 
matrix like in Table 1 reflecting the influence of 
relations between elements of sets S  and F as  
numbers from { }1,0=I .  

The propagation of faults to observable symp-
toms follows in general physical cause-effect re-
lationships. 

Figure 1 shows that a fault in general influences 
events as intermediate steps which  

Table 1: Example of a binary diagnostic matrix 

FS /  1f  ... 
FNf  

1s  1 ... 0 
... 0 ... 1 

SNs  1 ... 1 
 
then influence the measurable or observable 
symptoms, both by internal physical properties. 
The fault diagnosis proceeds the reverse way. It 
has to conclude from the observed symptoms to 
the faults [1]. This implies the inversion of the 
causality. We propose to consider these interme-
diate events between faults and symptoms as a 
set of agents that are responsible for observing 
of symptoms and making hypothesis about pos-
sible faults [2].  

fault

symptomsymptomsymptom

eventevent

symptom

 

Figure 1: Fault-event-symptom diagram. 

 

Usually the diagnostic methods solve the fault 
isolation problem using direct mapping ‘symp-
tom-fault’. 
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The main mission of agents in diagnostic task is 
to perceive the symptoms on first stages of their 
arising and recognize caused faults.  

Additional advantages of using agents are: 

• spatially distributed diagnosis, 
• activities of events, 
• possibility to communicate [3]. 
 
We can formulate the diagnosis tasks according 
to the multi-agent approach [1]. The general 
goals of fault diagnosis are:  
(1) to detect as many faults as possible;  
(2) to detect the faults as soon as possible;  
(3) to avoid false alarms. 
Let the set of agents given by { } AN

iiaA 1== , 

FA NN ≤  and consider a map  

FA→ξ :     (2) 
 

fulfilling the following conditions  

( ) FA =ξ ,   
( ) ( )jiA aaNiji ξ≠ξ∈≠∀ , ,  

There may exist 
( ) ( )1 1, F i ji j i N f f− −≠ ∈ ξ = ξ   

 
It means that each agent may be responsible for 
several faults but one fault can be recognized by 
only one agent. The way in which the set F is 
divided by agents from A is a state of art of the 
subject diagnostic area. The natural manner is to 
divide faults according to subsystems of 
diagnostic objects [5]. 
 

2     Multi-agent diagnosis model 

First of all we need to give the mechanism of in-
formation of agents A about observed symptoms 
S. It may be a new mapping :S Aϑ →  or a ge-
neral information about faults in form of logical 
expression obtained from a binary diagnostic 
matrix. We consider two tasks. 
We suppose here that all agents obtain informa-
tion about faults from mapping (1) (binary dia-
gnostic matrix). 

Let SSO ⊆ be a subset of symptoms observed 
by some management application. It reduces to 
the generation of an appropriate logical expres-
sion from (1) in Conjunctive Normal Form, i.e. 

from FS
OS

→ψ : we can get    

 
( )

( )
⎟
⎠
⎞⎜

⎝
⎛ ∧∨=σ

∈= jSCj

SD

i
f

Oi

O

1
   (3) 

where ( )OSD  is a number of disjunctions in the 
formula, ( )Oi SC  is a set of indexes in the ith 
conjunction expression. 

Formula (3) gives the minimum number of dis-
junctions of faults that cause the set of observed 
symptoms. It is a necessary condition for getting 

OS . Of course, the full set  of possible combina-
tions of faults (sufficient  condition) fullσ that 
could be generated from (3) is expected to be es-
sentially larger, but this is not realistic in prac-
tice. 

Now we can formulate the task of faults 
refinement in terms of cooperation logic. 
According to [4]  cooperation logic is a logic 
that is to enable reasoning about coalitions in 
multi-agent systems, and in particular, the power 
which such coalition has. 

Coalition logic systems are based upon the no-
tion of a cooperation modality: a unary modal 
operator, indexed by a set of agents which is 
used to represent the fact that this set of agents 
can cooperate so as to make true the state of 
affairs given as an argument to the operator. 

In Coalition logic, for example, a formula 
[ ]( )1,2 p q∧  is used to express the fact that the co-

alition of agents { }2,1  can cooperate in such a 
way as to make the formula  ( )qp ∧  true. 

The key idea of using coalition logic in multi-
agent fault diagnosis is that each agent is as-
sumed to verify a set of faults assigned to this 
agent by mapping (2). The strategies (choices) 
available to an agent then correspond to the 
different possible assignments of truth of falsity 
to these propositions. On top of that, the ability 
of a coalition to bring about some state of affairs 
derived from fault variables that are under the 
overall control of the coalition. 

Within such an approach we can consider the set 
of faults as a set of propositional variables that 
has true or false values. 

We now introduce a model of coalition logic as 

1, , , , ,
ANM A F Af Af= θK   (4) 
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 where 

• { } AN
iiaA 1== is a finite, non-empty set of 

agents; 
• { } FN

llfF 1==  is a finite, non-empty set of 
faults (propositional variables); 

• 
ANAfAf ,,1 K is a partition of F among the 

members of A , with the intended interpre-
tation that iAf  is a subset of F representing 
the variables (faults) under the control of 
agent Aai ∈ ; 

• { }: ,F true falseθ →  is a propositional 
valuation function, which determines the 
initial truth value of every propositional 
variable (fault). 

 

We have also (see Section 1) 

U
AN

i
iAfF

1=

= , i.e., every fault is controlled by 

some agent, and ∅=∩ ji AfAf  for Aaa ji ∈≠ . 
That is, no fault is controlled by more than one 
agent. 

In case of fault diagnosis tasks we suppose that 
initial truth value is false for all faults from F . 

Now a coalition C  is simply a subset of A , i.e. 
AC ⊆ . Moreover, we set CF  = U

Ca
i

i

Af
∈

. 

Given a model (4) and a coalition C  in M , a 
C -valuation is a function: 

 { }falsetrueFCC ,: →θ . 

Thus C -valuation is a function that assign truth 
values to just the primitive propositions control-
led by the members of the coalition C .  In fault 
diagnosis tasks, a C -valuation is simply 
checking of fault existence for appropriate 
agents. 

Let us denote by CM ⊕θ  the model which is 
identical to M except that the values assigned 
by its valuation function to propositions control-
led by members of C are determined by Cθ . 

Given a model θ= ,,,,, 1 ANAfAfFAM K  

and a formula 
( )

( )1

O

i O

D S

ji j C S
f

= ∈

⎛ ⎞σ = ∨ ∧⎜ ⎟
⎝ ⎠

 we write 

| dM = σ to express that σ  is satisfied (or, 
equivalently, true) in M , under the ‘direct’ 
semantics. The rules defining the satisfaction 
relation d=| are as follows: 

• dM =| Τ; 
• fM d=| iff ( ) truef =θ (where Ff ∈ ); 
• ϕ¬=dM | iff ϕ≠dM | ; 
• ψ∨ϕ=dM | iff ϕ=dM |  or ψ=dM | ; 
• ϕ◊= C

dM |  iff there exists a C -

valuation Cθ such that ϕ=θ⊕ d
CM | . 

 
The diagnostic task can be formulated now as 
following: 
 
for model 1, , , , ,

ANM A F Af Af= θK  and for-

mula 
( )

( )1

O

i O

D S

ji j C S
f

= ∈

⎛ ⎞σ = ∨ ∧⎜ ⎟
⎝ ⎠

 it is necessary to 

find a minimal (in special sense) coalition of 
agents AC ⊆ for that σ◊= C

dM |  remains 
true. The goal of minimization may be 
 

σ◊= C
d

C
M |minarg    (5a) 

or 
 ( )σ◊= FC

d

F
M |minarg .   (5b) 

 
for minimum time. 
Because task (5b) is more natural in fault 
diagnosis we try to find the minimal set of faults 
that cause observed symptom set OS .  
Let us suppose that all faults are equiprobable 
and equipollent. 
Without the multi-agent approach this task is 
transformed to the task of checking the faults 

CF caused the set OS  element-by-element and 
each step to test formula (3). Let 

{ }restnegposC FFFF ,,= , where posF is set of faults 

taking place and caused symptoms OS ; negF is 
the set of faults that were checked, but they do 
not cause symptoms; restF is a set possible faults 
for symptoms OS . If checking time of one fault 
is ft  then the time in successive algorithm is  
 

( )negposfS FFcardtT ∪⋅= . 
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It is easy to see that a multi-agent algorithm 
should fulfill  
 

SMA TT ≤ . 
 
The worst case is ( )

1, ,
max

A
MA f ii N

T t card Af
=

= ⋅
K

 

and we have an { }negposi FFAf ∪=  with 

SMA TT = . The minimal time in multi-agent 
approach is fMA tT = when the number of agents 
is equal to the number of faults. Thus we have 

SMAf TTt ≤≤ . 
The main advantage of the multi-agent approach 
is parallel calculation and interaction between 
agents to make decisions. 
We consider the fault isolation task as a dyna-
mic process in which diagnostic agents commu-
nicate with each other and exchange knowledge 
to solve the diagnostic problem.  
For purpose of communication organization we 
need to set the protocol of agent’s speaking.  
Each agent makes decisions about the 
necessity of checking faults according to the 
current situation. The agent chooses such a 
fault that could make formula σ  true as soon 
as possible. 
All agents obtain a formula σ  for testing. 
At the first step (unit of time) agents inform 
each other for which faults they will minimize 
time. At the next step  they check faults 
simultaneously by prior arrangement and test 
formula σ . If consensus is not reached (result is 
false) σ  is reduced according to current values 
of checked faults and the process is repeated. 
 
We suppose all agents to check their faults 
simultaneously at one step and at the next step 
they exchange messages about the current state 
of their faults. This procedure will be repeated 
until consensus is reached.  We suppose that this 
procedure to be finite due to the reliable infor-
mation of observed symptoms and the truthful 
binary diagnosis matrix. 
The proposed algorithm is presented in Figure 2. 
 

start

Choose
fa1c,fa2c,…,faNc
for each agent

(agreement
procedure)

Check diagnosis
formula

Is coalition
reached?

stop

ye
s

Reduce diagnosis
formula according to
values of variables

 fa1c,fa2c,…,faNc

no

 
 
 
Figure 2: Algorithm of coalition reaching proce-

dure 
 
Let { }1 , ,

C CNC a a= K  be the set of agents re-

sponsible  for σ. For each agent 
Cj

a there is the 

set of corresponding faults { } FffAf
CjCjC Nj ⊂= ,,1 K . 

We use the following heuristic recurrent proce-
dure for choosing the set of testing faults from   

{ }
CC NC AfAfF K,1= . 

Let 
0

00 1 i

D

ji j C
f

= ∈

⎛ ⎞σ = ∨ ∧⎜ ⎟
⎝ ⎠

 be an initial formula (3) 

where ( )OSDD =0  is the number of disjunc-

tions in the formula;  ( )Oii SCC =0  is the set of 
indexes in the ith conjunction expression. Let 

{ }0 0
0 1 ,

C CN CF F F F= =K  be the set of possible 

faults that caused the observed symptoms distri-
buted on agents from C . Further we propose the 
procedure that performs by each agent Ag from 

{ }
CC NaaC ,,1 K=  at the kth step simultaneous-

ly. 

We call this an α -procedure. 

1. Refresh  

1

k

k
i

D

k ji j C
f

= ∈

⎛ ⎞σ = ∨ ∧⎜ ⎟
⎝ ⎠

     

  
according to the result of faults checking at the 
previous step and abbreviate by cancellation ex-
cessive variables and false conjunctions (execu-
ted one time at each step). 
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2. If ∅≠k
AgF then choose one fault Agf  from 

k
AgF  that  belongs to the conjunction in (3) 

with minimal length ( )k
iCcardmin . If 

there are several conjuctions with the same 
length we apply a random choice. Set  

k
Ag

k
Ag FF =+1 \ Agf  else stop testing process 

for the current agent. 
3. Check Agf  and set { }falsetruef Ag ,= . 
4. Set global state 1+= kk . 
5.    Goto 1  
 
The proposed algorithm is converging due to the 
reliable set of symptoms, the truthful binary dia-
gnosis matrix and the step-by-step reducing of 
the set of possible faults. 
It is possible to improve the procedure not con-
sidering all agents simultaneously, but one after 
another. In cooperation logic such a model is 
called β -coalition contrary to the α -coalition 
for the case described above [5]. The β -coa-
lition foresees the conditional coalition when the 
current decision strongly depends on the 
previous one.  
The β -procedure is as follows. 
 
1. Determine  

     
1

k

k
i

D

k ji j C
f

= ∈

⎛ ⎞σ = ∨ ∧⎜ ⎟
⎝ ⎠

      

 
     from the previous step or after modification  

at the current step. 
2. If ∅≠k

AgF then choose one fault Agf from 

the set k
AgF  that  belongs to the conjunciton 

in (3) with minimal length  ( )k
iCcardmin . 

Set  k
Ag

k
Ag FF =+1 \ Agf  else stop testing the 

process for the current agent. 
3. If ( ) 1min =k

iCcard  and ∅=+1k
AgF then 

set truef Ag =  without checking. 

      else check Agf  and set the appropriate value  

    { }falsetruef Ag ,= . 
4. Refresh  

     mod

1

k
Ag

k
i

D

k ji j C
f

= ∈

⎛ ⎞σ = ∨ ∧⎜ ⎟
⎝ ⎠

    

   
 

       according to the value { }falsetruef Ag ,=    
        and abbreviate by cancelling excessive va-

riables and false conjunctions. 
5. Send to the next agent (from { }

CC NaaC ,,1 K= ) 

the modified formula modAg
kσ . If this agent 

is last in the list then set mod
1

Ag
k k+σ = σ . 

6. After testing (4.9) by the remaining agents 
set global state 1+= kk . 

7. Goto 1  
 
Step 5 demands to set the schedule of agents for  
sending information. This schedule may be or-
ganized by 
• a list in  { }

CC NaaC ,,1 K= ; 
• randomly; 
• in inverted range of cardinality of elements 

in { }CC N
kk

k FFF K,1= . 
 
Remark. 
Progressive symptoms mean that we use fuzzy 
logic for their evaluation and calculate the pos-
sible set of faults using fuzzy inference. 
 
Conclusion 
Due to the distributional character of fault dia-
gnosis and necessity of taking into account dif-
ferent uncertainties during the diagnosis process 
the multi-agent methodology has been proposed. 
We showed that the principle of assigning the 
agent to subsystems in this case is also useful. 
Then the local knowledge base of agents and 
rules for communications can precise the possi-
ble diagnosis in addition to the ordinary binary 
or fuzzy diagnostic matrix.  

As a result of this investigation we could propo-
se engineering methods for applying multi-agent 
methods to fault diagnosis problems. 
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Abstract

We generalize the solution of a multicriterial
optimization problem which has been given
in [5]. They have used a comparison of the
criterion fuzzy preference relations and the
general fuzzy preference relation. Based on
this comparison they have constructed the or-
dering of criteria. Our modification builds on
pairwise similarity of criterion related fuzzy
preference relations. We illustrate our ap-
proach on a practical example.

Keywords: Multicriteria optimization,
Preference structures, Fuzzy preference
structures, Similarity measures, Complemen-
tarity, Redundance.

1 Introduction to preference

structures and fuzzy preference

structures

A preference structure is a basic concept of preference
modeling. In a classical preference structure (PS), a
decision-maker makes one of three decisions for each
pair (a, b) from the set A of all alternatives. His de-
cision defines a triplet P, I, J of crisp binary relations
on A:

1) a is preferred to b⇔ (a, b) ∈ P (strict preference).

2) a and b are indifferent ⇔ (a, b) ∈ I (indifference).

3) a and b are incomparable ⇔ (a, b) ∈ J (incompa-
rability).

A preference structure (PS) on a set A is a triplet
(P, I, J) of binary relations on A such that

(ps1) I is reflexive, P and J are irreflexive.

(ps2) P is asymmetric, I and J are symmetric.

(ps3) P ∩ I = P ∩ J = I ∩ J = ∅.

(ps4) P ∪I ∪J ∪P t = A×A where P t(x, y) = P (y, x).

A preference structure can be characterized by the re-
flexive relation R = P ∪ I called the large preference
relation. The relation R can be interpreted as

(a, b) ∈ R ⇔ a is prefered to b or a and b are indifferent.

It can be easily proved that

co(R) = P t ∪ J,

where coR(a, b) is the complement of R(a, b) and

P = R ∩ co(Rt), I = R ∩Rt, J = co(R) ∩ co(Rt).

This allows us to construct a preference structure
(P, I, J) from a reflexive binary operation R only.

Decision-makers are often uncertain or even incon-
sistent in their judgements. The restriction on two-
valued relations has been an important drawback in
their practical use. A natural demand led researchers
to the introduction of a fuzzy preference structure
(FPS). The original idea of using numbers between
zero and one to describe the strength of links be-
tween two alternatives goes back to Menger. The in-
troduction of fuzzy relations allowed to express de-
grees of preference, indifference and incomparability.
Of course, the attempts to simply replace the notion
used in the definition of (PS) by their fuzzy equivalents
have brought some problems.

Let us recall the well-known definitions.

Definition 1 Let X be a nonempty crisp set. A fuzzy
set on X×X (i.e. a X×X → [0, 1] mapping) is called
binary fuzzy relation on X.
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Let us now repeat the most important properties of
fuzzy relations.

Definition 2 Consider a t−norm T . A binary fuzzy
relation R : X2 → [0, 1] is called

reflexive, iff

∀x ∈ X : µR(x, x) = 1

irreflexive, iff

∀x ∈ X : µR(x, x) = 0

symmetric, iff

∀x, y ∈ X : µR(x, y) = µR(y, x)

T-asymmetric, iff

∀x, y ∈ X : x 6= y ⇒ T (µR(x, y), µR−1(x, y)) = 0,

T-transitive, iff

∀x, y ∈ X : T ((µR(x, y), µR(y, z))) ≤ µR(x, z).

Definition 3 A unary operator n : [0, 1] → [0, 1] is
called a negator if for any a, b ∈ [0, 1] it holds

(i) a < b ⇒ n(b) ≤ n(a),

(ii) n(0) = 1, n(1) = 0.

A negator n is called strict if it is a permutation. A
strict negator n is called strong if it is involutive, i.e.
for any x ∈ [0, 1]; n(n(x)) = x. It can be easily proved
that for any strict negator n, its inverse n−1 is also
strict negator, and both are continuous. One often
used strong negator is N(x) = 1− x.

To define (FPS) it is necessary to consider some fuzzy
connectives. We shall consider a continuous De Mor-
gan triple (T, S, N) consisting of a continuous t-norm
T, continuous t-conorm S and a strong negator N such
that T (x, y) = N(S(N(x), N(y))). The main problem
lies in the fact that the completeness condition (ps4)
can be written in many forms, e.g.:

co(P∪P t) = I∪J, P = co(P t∪I∪J), P∪I = co(P t∪J).

Let (T,S,N) be De Morgan a triplet. A fuzzy prefer-
ence structure (FPS) on a set A is a triplet (P, I, J)
of binary fuzzy relations on A such that:

(f1) I is reflexive, P and J are irreflexive. I(a, a) = 1,
P (a, a) = J(a, a) = 0

(f2) P is T-asymmetric, I and J are symmetric.
T (P (a, b), P (b, a)) = 0

(f3) T (P, I) = T (P, J) = T (I, J) = 0 for all pairs of
alternatives

(f4) (∀(a, b) ∈ A2)S(P, P t, I, J) = 1 or N(S(P, I)) =
S(P t, J) or another completeness conditions.

Note that it was proved [1, 9] that reasonable construc-
tions of fuzzy preference structure (FPS) should use
a nilpotent t-norm only. Since any nilpotent t-norm
(t-conorm) is isomorphic to the Lukasiewicz t-norm (t-
conorm), it is enough to restrict our attention to De
Morgan triple (TL, SL, 1− x).

2 Concept of similarity

The main aim of our contribution is to apply fuzzy
preference structure in multicriteria decision making.
We try to find a suitable way of comparing fuzzy pref-
erence relations. We illustrate our approach on prac-
tical examples. Specifically, we investigate some simi-
larities and we find an appropriate similarity relation,
i.e. the similarity relation which better reflects real-
ity in our examples. In the course of our research, we
have got the similarities based on metrics, and we have
studied those with respect to transitivity.

In the presented paper we will generalize the approach
from [5] which is in general based on a special com-
parison of fuzzy preference relations with respect to
general preference relation. The comparison in [5] is
defined in the following way

X ≻ Y ⇐⇒
|PX ∩ PI |

|PX△PI |
>
|PY ∩ PI |

|PY△PI |
, (1)

where X, Y are criteria, PX , PY are the related pref-
erence relations, PI is a preference relation which is
based on expert’s global score and △ is symmetric dif-
ference. The basic idea is evident. The greater similar-
ity between PX and PI means the greater importance
of a criterion. This allows us to construct the ordering
of the fuzzy preference relations. The above mentioned
formula leads to an ordering of criteria. But as it is
presented in the following example, it is not possible
to use the previous formula in all cases.

Example 1 Let us consider six students and their
grades in mathematics, physics, informatics, physical
education, English, music lessons. Students are evalu-
ated by a test score (mathematics, physics, informat-
ics) and by a qualitative score which is given by teacher
(physical education, English, music lessons). Students’
names, grades and expert’s global score are given in
Table 1.

We can assign a numerical score to each criterion (see
Table 2).

We can also construct the following fuzzy preference
relations: FPM , FPP , FPI , FPPE, FPE, FPML,
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mathematics physics informatics physical

education

Paul 99 95 100 C

James 90 90 95 B

Eve 80 75 70 A

Jane 75 65 85 C

Patty 70 60 60 B

John 60 65 80 A

English music expert rank in

lessons evaluation the class

Paul A C good 2

James B C good 1

Eve B B average 1

Jane C A average 2

Patty D A bad 1

John E D bad 2

Table 1: Grades of the different students

mathematics physics informatics physical

education

Paul 1 1 1 0.5

James 1 1 1 0.75

Eve 0.75 0.625 0.5 1

Jane 0.625 0.375 0.875 0.5

Patty 0.5 0.25 0.25 0.75

John 0.25 0.375 0.75 1

English music global

lessons score

Paul 1 0.5 1

James 0.75 0.5 0.875

Eve 0.75 0.75 0.75

Jane 0.5 1 0.625

Patty 0.25 1 0.375

John 0 0.25 0.25

Table 2: Numerical scores on criteria

FPGS, which are in a correspondence with our crite-
ria – mathematics, physics, informatics, physical edu-
cation, English, music lessons and the global score.

For example, the value of fuzzy preference in mathe-
matics (FPM ) for Paul and James is computed from
Table 2 as FPM (P, J) = max{xP

M −xJ
M , 0}, where xP

M

and xJ
M are Paul’s and James’s mathematics score in

Table 2, etc. This is one possible way of fuzzification
a preference relation.

Using the formula (compare to (1))

X ≻ Y ⇐⇒

∑

i,j

|{fpxij
} ∩ {fpgsij

}|

∑

i,j

|{fpxij
}△{fpgsij

}|
>

>

∑

i,j

|{fpyij
} ∩ {fpgsij

}|

∑

i,j

|{fpyij
}△{fpgsij

}|
, (2)

where X, Y are our criteria (mathematics, physics,

F PM Paul James Eve Jane Patty John

Paul 0 0 0.25 0.375 0.5 0.75

James 0 0 0.25 0.375 0.5 0.75

Eve 0 0 0 0.125 0.25 0.5

Jane 0 0 0 0 0.125 0.375

Patty 0 0 0 0 0 0.25

John 0 0 0 0 0 0

F PP Paul James Eve Jane Patty John

Paul 0 0 0.375 0.625 0.75 0.625

James 0 0 0.375 0.625 0.75 0.625

Eve 0 0 0 0.25 0.375 0.25

Jane 0 0 0 0 0.125 0

Patty 0 0 0 0 0 0

John 0 0 0 0 0.125 0

F PI Paul James Eve Jane Patty John

Paul 0 0 0.5 0.125 0.75 0.25

James 0 0 0.5 0.125 0.75 0.25

Eve 0 0 0 0 0.25 0

Jane 0 0 0.375 0 0.625 0.125

Patty 0 0 0 0 0 0

John 0 0 0.25 0 0.5 0

F PP E Paul James Eve Jane Patty John

Paul 0 0 0 0 0 0

James 0.25 0 0 0.25 0 0

Eve 0.5 0.25 0 0.5 0.25 0

Jane 0 0 0 0 0 0

Patty 0.25 0 0 0.25 0 0

John 0.5 0.25 0 0.5 0.25 0

F PE Paul James Eve Jane Patty John

Paul 0 0.25 0.25 0.5 0.75 1

James 0 0 0 0.25 0.5 0.75

Eve 0 0 0 0.25 0.5 0.75

Jane 0 0 0 0 0.25 0.5

Patty 0 0 0 0 0 0.25

John 0 0 0 0 0 0

F PML Paul James Eve Jane Patty John

Paul 0 0 0 0 0 0.25

James 0 0 0 0 0 0.25

Eve 0.25 0.25 0 0 0 0.5

Jane 0.5 0.5 0.25 0 0 0.75

Patty 0.5 0.5 0.25 0 0 0.75

John 0 0 0 0 0 0

F PGS Paul James Eve Jane Patty John

Paul 0 0.125 0.25 0.375 0.625 0.5 0.75

James 0 0 0.125 0.25 0.5 0.625

Eve 0 0 0 0.125 0.375 0.5

Jane 0 0 0 0 0.25 0.375

Patty 0 0 0 0 0 0.125

John 0 0 0 0 0 0

Tables 3, 4, 5, 6, 7, 8, 9: Fuzzy preference relations of
criteria and global score

English, informatics, music lessons, physical educa-
tion), m is a number of alternatives, fpxij

, fpyij
are

values of fuzzy preference structures of criterion X, Y,
fpgsij

are values of fuzzy preference relation which is
based on expert’s global score and i, j ∈ {1, 2 . . .m}.
Note that our intersection ∩ and symmetric difference
△ are ordinary. Now we obtain the following ordering
of criteria

mathematics ≻ physics = English ≻ informatics

≻ music lessons ≻ physical education.

It is obvious that the comparison of students which is
based on the above mentioned ordering is the same as
the previously mentioned expert global evaluation. But
such ordering generally does not allow us to solve cor-
rectly the problem of comparison of another student
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with our students’ group. Assume that we have got a
new student Jacob with the following scores given in
Table 10.

mathematics physics informatics

Jacob 1 0.9 1

physical English music

education lessons

Jacob 1 0.9 1

Table 10: Jacob’s numerical scores on criteria

If we compare Jacob (we use comparison based on the
ordering of criteria) with the other students, we ob-
tain that James > Jacob > Eve. But, in our opinion,
such result is counterintuitive, and the correct order-
ing (coherent with expert evaluation) should be Jacob
> James > Eve. In majority of criteria, Jacob is bet-
ter than James. There is only a small difference in
physics and English. Moreover, it seems that English
should be more important because of the relation be-
tween scores in mathematics and physics. The prob-
lem is that Formula 1 determines only the numbers of
identical cells and distinct cells in tables of relations,
regardless of nature of the “difference”. For instance,
in some cell, the difference is between 0 and 1, while
in another cell, the difference is between 0.99 and 1.
Formula 1 treats these two cases as identical.

We assume that such type of problems is the result
of high similarity between criterion relations which is
not considered in [5]. To avoid these problems we
want to modify the ordering of criteria using an ap-
propriate similarity relation. In general the similarity
of two fuzzy preference structures can be interpreted
as a kind of weak equality. Two fuzzy preference struc-
tures can be considered similar because they represent
criteria which are in fact an implementation of the
same (general) factor. In our case this similarity will
be represented by the similarity (tolerance) relation
Sim. For simplicity, we restrict ourselves to a finite
universe X .

Definition 4 A binary fuzzy relation Sim on X is
a similarity relation if and only if it is reflexive and
symmetric.

It is possible to assume that a similarity relation satis-
fies also some kind of transitivity. But in our case we
assume only pairwise comparison of fuzzy preference
relations and the absence of transitivity does not pose
any problem. To measure similarity between fuzzy
preference relations we will use the following simple
similarity relation

Sim(FPX , FPY ) = 1−

∑

i,j(i6=j) |fpxij
− fpyij

|

m2 −m
, (3)

where m is a number of alternatives, fpxij
(fpyij

) are
values of fuzzy preference structures of criterion X (Y),
and i, j ∈ {1, 2 . . .m}. It is easy to verify that Sim is
a similarity relation. We will use the proposed simi-
larity relation in the following way. First of all we find
the ordering of criteria based on the relation given by
Formula 1. Then we compute pairwise similarity Sim.
If Sim is greater than some threshold α, then the cri-
teria X , Y are redundant, and this causes the bad
ordering and subsequently a bad decision (as we can
see in Example 1). In our opinion there are two ba-
sic possibilities how to solve this problem – we can
delete one of the redundant criteria or we change the
ordering. We prefer the second one. If we have the
following ordering X > Y > Z and we know that
Sim(FPX , FPY ) is greater then α, we will change the
ordering as follows X > Z > Y so that our results can
be more appropriate.

Example 2 Assume the same set of students. Us-
ing Formula 3 we can compute the similarities between
fuzzy preference relations. We obtain the following
similarity table:

Similarity F PM F PP F PI F PPE

F PM 1 0.908333333 0.825 0.729166667

F PP 0.908333333 1 0.858333333 0.729166667

F PI 0.825 0.858333333 1 0.729166667

F PPE 0.729166667 0.729166667 0.729166667 1

F PE 0.929166667 0.879166667 0.7875 0.691666667

F PML 0.745833333 0.670833333 0.695833333 0.7875

F PGS 0.966666667 0.908333333 0.833333333 0.7375

Similarity F PE F PML F PGS
F PM 0.929166667 0.745833333 0.966666667

F PP 0.879166667 0.670833333 0.908333333

F PI 0.7875 0.695833333 0.833333333

F PPE 0.691666667 0.7875 0.7375

F PE 1 0.708333333 0.945833333

F PML 0.708333333 1 0.7375

F PGS 0.945833333 0.7375 1

Table 11: Similarity table

Using Formula 3 we obtain the following ordering of
criteria

mathematics ≻ English ≻ physics ≻ informatics

≻ music lessons = physical education.

We can see that there is high similarity between En-
glish and mathematics. So we change the ordering of
criteria, which we have obtained using Formula 2. In
our opinion this new ordering of criteria better reflects
reality in this example.

As we have mentioned above, the absence of a transi-
tivity does not pose any problem in general (for exam-
ple if A is ”near” to B and B is ”near” to C A then
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C do not need to be ”near”). Nevertheless transitivity
represents an interesting problem (at least from the
theoretical point of view).

It is easy to show that our relation is not TM -
transitive, but it is TL−transitive. Therefore we ob-
tain that our relation is also T−transitive for each
T ≤ TL. The main advantages of our similarity rela-
tion, which is based on the distance are computational
simplicity and coherence with our intuition. But the
proposed relation has also its drawbacks. It is not in-
fluenced by the source of (di)similarity, e.g. it does
not matter whether we have |0.9 − 0.8| or |0.3 − 0.2|.
This can lead to an unappropriate decision (see the
following example).

Example 3 Let X, Y, Z be the arbitrary criteria and
FPX , FPY , FPZ be the related preference relations.
Let the difference between FPX , FPY and FPX , FPZ

be the same and be generated only by |0.9− 0.8| in the
first case and by |0.3 − 0.2| in the second case. Our
similarity relation generates the ordering Y = Z (with
respect the criterion X ). However, it seems that the
first source of difference is more important and the or-
dering should be Y < Z.

We think that such problems can be avoided in the
following three ways (and their combinations). First,
we can improve it by assuming metrics taking values
from the unit interval. The other possibility is to use
an aggregation operator to summarize the partial eval-
uations, e.g. the sum based on t−norms. The last one
is to use an appropriate weighting function which is
dependent on the height of values in summands. It
seems that an increasing function f is the most appro-
priate for our purposes. We focus here our attention
on the first alternative. We can redefine the proposed
similarity using an arbitrary metric ̺ in the following
way:

Example 4 Let ρ be an arbitrary metric taking values
from the unit interval. We can define the metric based
similarity as follows

Sim̺(FPX , FPY ) = 1−

∑

i,j(i6=j) ̺(fpxij
, fpyij

)

m2 −m
. (4)

By triangle inequality we get that Sim̺ is TL− transi-
tive, more Sim̺ is also T−transitive for each T ≤ TL.

Let us considere well-known discrete metric

̺(x, y) =
{

1 if x 6= y,

0 otherwise.

Similarity Sim̺ based on this discrete metric is
TM−transitive, subsequently this similarity is T−
transitive for each t−norm T . Moreover, we can con-
struct, for each real number p ∈]0, 1], a metric ̺p using

̺p(x, y) =
{

p if x 6= y,

0 otherwise.

Then similarity Sim̺p
is TM− transitive, too.

The latter two ways, and more properties of Sim̺, will
be subject of future research.

3 Conclusions

In multicriterial optimization, one of the tasks is train-
ing with input data and finding the right utility func-
tion. The first step in determining the right utility
function is finding an appropriate ordering of criteria
from given expert evaluation. In this step we have
to solve the problem with similarity of sets, especially
similarity of relations. The main aim of our contri-
bution is to find a suitable way of comparing fuzzy
preference relations and to illustrate our approach on
practical examples. More, we investigate some kind
of transitivity of our similarity relation Sim and we
find another suitable similarity relation, an appropri-
ate modification of Sim. We also plan to apply the
above mentioned preference relations to financial anal-
ysis of companies.
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ample of use of fuzzy preference structures. Sub-
mitted

Similarity of Fuzzy Preference Structures Based on Metrics 435
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Abstract

This paper deals with a model of decision–
making in two stages. In the first stage from
a set of expertises one chooses the most ra-
tional ones, while in the second stage one
obtains a ranking of alternatives according
to different criteria. The mathematical basis
of the model is the revealed preference the-
ory for fuzzy choice functions. With them
one can represent the situation when in the
choice of the best options vague criteria or at-
tributes appear. Two notions associated with
a fuzzy choice function are studied: the nor-
mality coefficient used to determine the most
rational expertise and the degree of domi-
nance used in the multicriterial ranking of
alternatives.

Different from other possible solutions, our
model tries to correct market information
asymmetry between a consumer and several
producers. By interpreting the vectors that
contain certain information as criteria for the
customer in decision–making and by combin-
ing it with the certain information existing
in the model, an optimal suggestion was il-
lustrated by revealed preference theory and
could be regarded as a recommendation for a
more reliable purchase decision.

Keywords: Fuzzy choice function, Distance,
Consumer decision-making, Online sales.

1 Introduction

The analysis of markets with asymmetric information
represents one of the most challenging research topics
in microeconomic theory [2]. Asymmetry of informa-
tion appears in many situations of market interactions.
We can exemplify this situation by various instances.
Prospective buyers are less informed on the quality of

the products than the sellers. A job applicant knows
more about his working abilities than a potential em-
ployer. In such cases one party has more sufficient
information than the other party. In many economic
situations, such phenomena might lead to the obstruc-
tion of the transactions that are beneficial for both
sides of the market.

At the same time, the Internet offers consumers and
business producers a new medium to handle tradi-
tional business transaction. Through it, consumers
have a broader scope to make choices. It also means
more challenges not only for business to sell prod-
ucts via a virtual space [18], but also harder for con-
sumers to overcome information overload and informa-
tion asymmetry problems [9], [29]. Therefore, trying
to give the optimal suggestion and recommendation
to the consumer or to help consumers make the opti-
mal decisions is becoming more and more important in
B − 2−C model (Business-to-Consumer). In this pa-
per, we propose a new method in a scenario of support-
ing consumers choosing a mobile device online. A new
method (Fuzzy revealed preferences approach) is intro-
duced, through which consumers’ preferences would
be evaluated according to multiple criteria decision–
making.

Revealed preference theory was introduced by P. A.
Samuelson [25] for the study of the rational behav-
ior of a consumer. In this context, by the rationality
of a consumer one understands the achievement of an
optimal condition, expressed in terms of a preference
relation. Later, revealed preference theory was devel-
oped in an axiomatic framework of choice functions,
by the contribution of Arrow [3], Sen [26], Suzumura
[28] and other economists.

In its classical form, revealed preference theory regards
exact preferences and choices resulting from determin-
istic phenomena. There exist situations in economic
and social life when the behavior of the individuals and
groups takes place according to imprecise rules. Vague
preferences and vague choices appear as the result of
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partial information, attributes or criteria expressed in-
decisively or during some unfinished options.

Vague preferences are mathematically modeled by
fuzzy preference relations and vague preferences by
fuzzy choice functions [13]. Some authors consider
that only the preferences are vague, while the result
of the choices is exact (see e. g. [21] for a more de-
tailed discussion).

Other papers study vague preferences and vague
choices [4], [10], [15], [22], [30]. Specifically, papers
[15], [16] attempt to develop a theory of revealed pref-
erence for fuzzy choice functions.

In this paper a decision–making model in two stages
is studied:

–in the first stage, from a set of expertises one selects
the one with the greatest degree of rationality;

–in the second stage, on the basis of the most ratio-
nal expertise, one builds a multiple criterion decision–
making problem, from which one reaches a ranking of
alternatives according to criteria.

Revealed preference theory for fuzzy choice functions
is the theoretical basis of the model.

The main concepts analyzed in this paper are the de-
gree of dominance and the normality coefficient of a
fuzzy choice function. With help of the normality
coefficient the most rational expertise is determined,
while the degree of dominance is used to rank the al-
ternatives according to criteria. There is presented a
procedure which results from the model developed in
the paper.

2 Decisions with Vague Choices

In our natural world, decision–making is an interdis-
ciplinary subject. It requires decision makers to be
fully informed and demands concerns related to many
factors in social activities to be computed with per-
fect accuracy. In business, decision–making is an im-
portant skill. Sometimes, it is unavoidable that de-
cision makers would solve various problems by infor-
mal and highly subjective judgment to perceive and
assimilate information. The conventional approaches,
e.g. brainstorming, SWOT analysis, could not resolve
the conflicts between competing criteria. Thus, good
decision–making (rational decision–making) requires a
mixture of skills, knowledge, and consensus and being
decisive in acting upon the assessments made [27].

To compare assessment of alternative choices with re-
spect to multiple conflicting evaluation aspects, one of
the existing approaches is multi-criteria decision anal-
ysis (MCDA) [13], [32]. MCDA is increasingly used to
take into account the relative weights of importance

and the one with the highest aggregate preference in-
dex represents the best. In decision theory, commonly
the optimal decision is a vague choice, which is de-
termined by the probability and utility of potential
outcomes [5]. To dynamically handle vagueness or un-
certainty in the environment has been modeled with
fuzzy systems [24].

In order to identity the best optimal decision and
to support such cognitive process based on a certain
amount of alternative options, many tools, methodolo-
gies and software are developed to help people make
better decisions [24], [17]. The purpose of this work is
to model a decision–making problem by concepts and
results of revealed preference theory for fuzzy choice
functions. After we develop the theoretical framework
of fuzzy revealed preference theory, we apply the re-
sulting procedure to solve a microeconomic model of
decision–making in online shopping market.

3 Preliminaries on Fuzzy Preference
Relations

On the real interval [0, 1] we consider the infinite oper-
ations

∨
i∈I

ai = sup
i∈I

ai and
∧
i∈I

ai = inf
i∈I

ai. In particular,

for any a, b ∈ [0, 1], a ∨ b = sup(a, b) = max(a, b) and
a ∧ b = inf(a, b) = min(a, b). With respect to these
operations the set [0, 1] gets a structure of complete
distributive lattice [13].

Besides these operations, we shall consider the impli-
cation operator → defined by a → b = min(1, 1−a+b)
[13].

Let X be a non–empty set. The subsets of X are deter-
mined by bivalent properties; these subsets are called
“crisp”. If P is such a property, then the elements of X
which verify P form a subset A of X, the others belong
to the complement of A. With each subset A of X one
associates its characteristic function χA : X → {0, 1}
defined by

χA(x) =
{

1 if x ∈ A
0 if x 6∈ A.

A crisp subset A is determined by its characteristic
function, therefore we can identify A with χA.

Real world phenomena are often described by vague
attributes (e. g. “very tall”, “cheap enough”, “almost
finished” etc.). The fuzzy set theory of Zadeh [31]
describes precisely the way a vague attribute distin-
guishes elements of X between themselves . A fuzzy
subset of X is a function A : X → [0, 1]; if x ∈ X then
the real number A(x) called the membership degree
of x in A represents the extent to which “x has the
attribute A”.
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We shall denote by P(X) the family of crisp subsets of
X and by F(X) the family of fuzzy subsets of X. By
identifying a crisp subset of X with its characteristic
function, we can consider P(X) a subset of F(X).

A fuzzy subset of X2 = X×X is called a fuzzy relation
on X. Accordingly, a fuzzy relation on X is a function
Q : X2 → [0, 1]; for any x, y ∈ X, Q(x, y) is the degree
to which the objects x, y are in relation Q.

We consider that X is a set of alternatives. In this
case, Q can be interpreted as a preference relation on
the alternatives of X; the real number Q(x, y) repre-
sents the degree to which alternative x is preferred to
alternative y.

Q is said to be:

reflexive if Q(x, x) = 1 for any x ∈ X;

total if Q(x, y) > 0 or Q(y, x) > 0 for all distinct x, y ∈
X.

4 The Rationality of Vague Choices
by Revealed Preferences

In real life there exists the case when the preferences
and the choices of an individual or a social group are
vague. At the mathematical level the preferences are
modeled by fuzzy relations and the choices are mod-
eled by fuzzy choice functions. This situation has been
emphasized in [4] and in [10].

This section is concerned with the rationality of choices
by fuzzy revealed preference, extending some topics in
the well-known classical revealed preference theory [3],
[26]. We shall present the mathematical framework
and some appropriate notions and results.

A fuzzy choice space is a pair (X,B), where X is a
universe of alternatives and B is a non-empty family
of non-zero fuzzy subsets of X. A fuzzy choice function
on (X,B) is a function C : B → F(X) such that for
any S ∈ B, C(S) is a non-zero fuzzy subset of X and
C(S) ⊆ S.

The members of B are interpreted as available fuzzy
sets. For any alternative x and S ∈ B, the real number
S(x) can be viewed as the availability degree of x with
respect to S. The degree C(S)(x) to which x is chosen
subject to S naturally belongs in the interval [0, S(x)].

The members of B can also be interpreted as vague
criteria or vague attributes. Then the real number
S(x) represents the degree to which the alternative x
verifies the criterion S; C(S)(x) expresses the degree to
which the alternative x can be chosen with respect to
S. These situations appear when the decision process
is complex and assumes intermediary evaluations (e.g.
negotiations on electronic marketplaces [19], [22]). In

these cases the agent can take into account potential
options which, because of the partial information are
measured with a certain degree and therefore lead to
fuzzy choice functions.

This modeling based on fuzzy choice functions tells the
agent which are the best options for each criterion in
part. Sometimes such ranking of the alternatives on
criteria offers the agent richer information, that he will
use in the final decision (see [30]).

Notation Suppose X = {x1, . . . , xn} and B =
{S1, . . . , Sm}. Then B will be represented by the ma-
trix of criteria.

S1(x1) S2(x1) . . . Sm(x1)
S1(x2) S2(x2) . . . Sm(x2)

. . . . . .
S1(xn) S2(xn) . . . Sm(xn)

.

A fuzzy choice function C : B → F(X) will be repre-
sented by the following matrix:

C =


C(S1)(x1) C(S2)(x1) . . . C(Sm)(x1)
C(S1)(x2) C(S2)(x2) . . . C(Sm)(x2)

. . . . . .
C(S1)(xn) C(S2)(xn) . . . C(Sm)(xn)

.

With any fuzzy choice function C one can associate a
fuzzy preference relation R on the set X of alterna-
tives:

R(x, y) =
∨

S∈B
(C(S)(x) ∧ S(y))

R is the fuzzy version of the crisp revealed preference
relation defined by Samuelson [25]. R(x, y) is the de-
gree of truth of the statement “there is a criterion S
such that the alternative x is chosen with respect to
criterion S and the alternative y verifies S”.

If Q is a fuzzy preference relation on X and S ∈ B,
then we define the fuzzy subset G(S, Q) of X by
putting G(S, Q) = S(x) ∧

∧
y∈X

[S(y) → Q(x, y)] for

all x ∈ X. The assignment S 7→ G(S, Q) defines a
function G(., Q) : B → F(X).

This function generalizes to fuzzy context the crisp
notion of Q–greatest elements (see [28]) and allows us
to introduce the rationality of fuzzy choice functions.
A fuzzy choice function C is said to be rational if C =
G(., Q) for some fuzzy preference relation Q on X.
Thus C is recoverable from Q and it realizes the choice
of Q–greatest alternatives. If C = G(., R) then we
say that C is normal; in this case, C is recoverable
from the fuzzy revealed preference R. The fuzzy choice
function Ĉ = G(., R) is called the image of C. Thus
C is normal iff C = Ĉ. By definition, Ĉ(S)(x) =
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S(x) ∧
∧

y∈X

[S(y) → R(x, y)] for all S ∈ B and x ∈ X.

An act of fuzzy choice C emphasizes vague prefer-
ences on the alternatives, mathematically represented
by the fuzzy revealed preference R. Then the normal-
ity means the rationality of C achieved by means of
the fuzzy revealed preference R.

5 Degree of Dominance

In the previous section we have seen that by inter-
preting the available sets of alternatives as criteria, a
fuzzy choice problem can be considered a multicrite-
rial decision–making problem. Our goal is to deter-
mine the ranking of alternatives with respect to each
criterion. The main instrument which allows us to
establish such a ranking is the degree of dominance,
notion defined in [16].

Let C be a fuzzy choice function on (X,B). For all
S ∈ B and x ∈ X we define the degree of dominance
of x in S by [16], [15]:

DC
S (x) = S(x) ∧

∧
y∈X

[C(S)(y) → C(S)(x)].

If DC
S (x) = 1 then we say that x is dominant in S.

The degree of dominance shows to what extent an al-
ternative has a dominant position among others as the
result of the act of choice. If an alternative has the
degree of dominance equal to 1, it will be said “dom-
inant” with respect to S. If there are no dominant
alternatives one can select the alternatives with the
maximum degree of dominance.

This notion of degree of dominance refines the domi-
nance in the sense of Banerjee [4]. Several notions of
dominance are derived from preferences (see e.g. [21]).
The above definition of degree of dominance is related
to the act of choice and not to a preference relation.

If X = {x1, . . . , xn} and B = {S1, . . . , Sm} then we
will comprise the degrees of dominance DC

Sj
(xi) in the

matrix DC of type n×m.

DC = (DC
Sj

(xi))i=1,n,j=1,m

Let ∆ = {C1, . . . , Cm} be a finite set of fuzzy choice
functions on (X,B). We define the ∆–degree of domi-
nance of x ∈ X in S by:

D∆
S (x) = 1

m

∑m
i=1 DCi

S (x).

If we interpret a fuzzy choice problem as a multiple
criteria decision–making problem, then the degree of
dominance allows to establish a hierarchy of alterna-
tives for each criterion. This will enable the consumer
to make an optimal decision.

The ∆–degree of dominance D∆
S (x) aggregates the de-

grees of dominance of the fuzzy choice functions of ∆.
The multicriterial ranking obtained like this reflects
the unified action of the fuzzy choice functions of ∆.
For this model, the notion of ∆–degree of dominance is
applied when the highest rationality degree is achieved
by several expertises.

6 The Distance and the Normality
Coefficient of Fuzzy Choice
Functions

In this section we shall introduce two new notions:
the distance and the normality coefficient of two fuzzy
choice functions. With help of the distance the nor-
mality coefficient Norm(C) of a fuzzy choice function
C is defined. Norm(C) evaluates the closeness be-
tween C and Ĉ, by obtaining a measure of the nor-
mality of C. The normality coefficient can be used in
ranking a given family of fuzzy choice functions.

Let Q1 and Q2 be two fuzzy preference relations on X.
The distance between Q1 and Q2 is defined by [12]

d(Q1, Q2) =
∨

x,y∈X

|Q1(x, y)−Q2(x, y)|.

The function (Q1, Q2) 7−→ d(Q1, Q2) is a metric on the
set of fuzzy preference relations on X. The real num-
ber d(Q1, Q2) appreciates the closeness of the fuzzy
preference relations Q1 and Q2.

Analogously we will define the distance between two
fuzzy choice functions.

We fix a fuzzy choice function C on a fuzzy choice
space (X,B).

Definition 6.1 Let C1, C2 be two fuzzy choice func-
tions on (X,B). We define the distance d(C1, C2) be-
tween C1 and C2 by

d(C1, C2) =
∨

S∈B

∨
x∈X

|C1(S)(x)− C2(S)(x)|

Let δ ∈ [0, 1]. We say that C1 and C2 are δ–equal if
d(C1, C2) ≤ 1− δ.

We remark that the δ-equality of two fuzzy choice func-
tions is very similar to the notion of δ–equality for
fuzzy sets and fuzzy relations [7], [8], [14].

Proposition 6.2 Let C1, C2, C3 be three fuzzy choice
functions on a fuzzy choice space (X,B). Then

(1) d(C1, C2) = 0 iff C1 = C2;

(2) d(C1, C2) = d(C2, C1);

(3) d(C1, C2) + d(C2, C3) ≤ d(C1, C3).
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Remark 6.3 The previous proposition shows that the
function d(., .) defined by the assignment (C1, C2) 7→
d(C1, C2) is a metric on the set of fuzzy choice func-
tions on (X,B). The real number d(C1, C2) expresses
how close the fuzzy choice functions C1 and C2 are.

The notion of distance between two fuzzy choice func-
tions allows us to introduce the normality coefficient .

Definition 6.4 Let C be a fuzzy choice function on
(X,B). The normality coefficient Norm(C) of C is
defined by

Norm(C) = d(C, Ĉ) =
∨

S∈B

∨
x∈X

|C(S)(x)− Ĉ(S)(x)|.

Remark 6.5 By Proposition 6.2 (1), Norm(C) =
0 ⇔ C = Ĉ ⇔ C is normal.

The normality of the fuzzy choice function C is char-
acterized by the equality C = Ĉ. By expressing
the distance between C and Ĉ, Norm(C) is an in-
dicator by which we can evaluate the degree of nor-
mality of the choice function C. The closer to zero
Norm(C) is , the better the normality of C is. If
C1, C2 are two fuzzy choice functions on (X,B) and
Norm(C1) ≥ Norm(C2) then the normality of C1 is
worse than the normality of C2. We have seen in Sec-
tion 4 that the normality is the type of rationality de-
fined by the revealed preference which derives from the
act of choice. Then we can consider that normality co-
efficient is the most adequate indicator for expressing
the degree of rationality of fuzzy choices.

7 A Two–Stage Decision Making
Model

Several research papers [11], [33], have presented the
decision–making problem in online shopping. It con-
cludes that until now many CDSSs (consumer decision
support systems) can only provide suboptimal sup-
port, since consumers need to deal with an increas-
ing amount of information between competing alterna-
tives. However, the simulation environment can pro-
vide more efficient comparisons and indicate further
opportunities [33]. In order to prove our above theory,
in this section we propose a microeconomic model of
decision–making in e–commerce context. That is to
simulate the fact that a consumer wants to make a
purchase decision for a mobile phone online. In the
current market there are many brands, hundreds of
phone models therefore numerous criteria that the user
needs to know and choose, before he makes a decision.
In order to decide which phone model to buy, the con-
sumer needs to classify the categories based on per-
sonal preferences: like for entertainment, for business,
or just basic calling or image functions. Except the

general categories, there are weight, size, connectivity,
and price i.e. more than 30 criteria (functions) that
need to be checked and decided. Especially, in order to
evaluate the performance of the phone, the consumer
needs to compare and decide many technical param-
eters that he may not understand much. To support
the consumer to make a proper decision by avoiding
adverse selection, our model tries to rank alternatives
according to fuzzy choices. Furthermore, the model
tries to correct the information asymmetry by sepa-
rating the partial information on the traded goods (e.
g. the quality of the products) from the certain infor-
mation which is complete.

In the following we shall present a two–stage decision–
making problem. As a result of the recommenda-
tions of online community experts, several fuzzy choice
problems are obtained. In the first stage a ranking of
this set of fuzzy choice problems is done by choosing
those with the minimum coefficient of normality. In
the second stage one obtains a ranking of alternatives
according to criteria by using the degree of dominance.

A consumer wants to choose from n types of mobile
phones x1, . . . , xn. The n potential offers form the set
X = {x1, . . . , xn} of alternatives. The choice of one
type of mobile phones is done according to m vague
criteria P1, . . . Pm.

The products are characterized by several attributes;
for some attributes there is certain information (e. g.
GPS (location awareness), camera (carl zeiss optics),
display resolution, memory, price, etc. ) and for
other attributes the information is partial (e. g. the
quality). Suppose the partial information is contained
in the following table:

Mobile phone types P1 P2 . . . Pm

First type a11 a12 . . . a1m

Second type a21 a22 . . . a2m

. . .
n–th type of phone an1 an2 . . . anm

The number aij ∈ [0, 1], i ∈ {1, . . . , n}, j ∈ {1, . . . ,m}
describes the degree to which alternative xi verifies
criterion Pj .

In order to analyze the certain information on the
products, the consumer hires l independent online
community experts. Each online community expert
will make an analysis and will forward the consumer
the results. In his decision the consumer must choose
the most adequate recommendations.

The result of the recommendation of the k–th online
community expert is given in a matrix Qk = (qk

ij) of
dimension n × n where qk

ij represents the degree to
which the online community expert k considers offer xi
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at least as good as offer xj with respect to the certain
information.

Two natural conditions are imposed to the elements of
Qk:

(a) qk
ij = 1;

(b) either qk
ij > 0 or qk

ji > 0 for all i, j ∈ {1, . . . , n}.

This way the opinion of each online community expert
is modeled as a fuzzy preference relation, reflexive and
total.

Beside the results of the l online community experts,
the consumer has partial information materialized in
vectors aj = (a1j , . . . , anj), j ∈ {1, . . . ,m}.

The matrix Qk obtained by online community expert
k together with vectors aj will lead to a fuzzy choice
problem. This way, there are obtained l fuzzy choice
problems according to the l online community experts.

From these fuzzy choice problems, the consumer must
select those which reflect most faithfully the state of
the products. This selection will be done according
to a principle of rationality: the most suitable fuzzy
choice problem will be that with the minimum degree
of normality. There might exist several fuzzy choice
problems with the minimum normality coefficient. In
this case the consumer will select the problems with
the minimum normality coefficient; they will be pro-
cessed with the purpose of ranking the alternatives
with respect to criteria.

Each selected fuzzy choice problem will be judged as a
multicriterial decision–making problem: the available
fuzzy sets will be interpreted as criteria. By using the
∆–degree of dominance one will rank the set of alter-
natives according to each criterion and globally. This
will help the consumer choose the optimal alternatives.

According to the above discussion, the decision will be
made in two stages:

Level a One determines the online community experts
whose results offer the most rational awareness on the
states of the products. Mathematically speaking, one
obtains a family of fuzzy choice functions with a min-
imum coefficient of rationality.

Level b Once the most adequate fuzzy choice prob-
lems being chosen, one will select the optimal alterna-
tives.

These considerations lead to the following mathemat-
ical model:

Denote by X = {x1, . . . , xn} the set of alternatives
and by {S1, . . . , Sm} the fuzzy subsets of X defined
by

(1) Sj(xi) = aij for i = {1, . . . , n} and j = {1, . . . ,m}.

S1, . . . , Sm will be the available fuzzy sets of the choice
space.

The definition Sj(xi) = aij will be interpreted: the
real number aij evaluates the degree to which offer xi

satisfies criterion Pj .

We denote B = {S1, . . . , Sm} and we consider the
fuzzy choice space (X,B). The matrix Qk obtained by
the online community expert k induces a fuzzy choice
function Ck = G(., Qk) on (X,B). This will have the
following expression:

(2) Ck(Sj)(xi) = G(Sj , Qk)(xi)

= Sj(xi) ∧
n∧

u=1

[Sj(xu) → Qk(xi, xu)]

= aij ∧
n∧

u=1

[auj → qk
iu]

for all j = 1, . . . ,m and i = 1, . . . , n. We obtain l fuzzy
choice problems 〈(X,B), C1〉, . . . , 〈(X,B), Cl〉.

From the normality coefficients
Norm(C1), . . . , Norm(Cl) one will determine the
ones which have the smallest value.

Let ∆ be the subset of {C1, . . . , Cl} consisting of those
Ck with Norm(Ck) minimum.

For each t ∈ {1, . . . ,m} one computes the ∆–degrees of
dominance D∆

St
(x1), . . . , D∆

St
(xn) and one establishes

the ranking of alternatives with respect to criterion Pt.

We denote D(xi) = 1
m

∑m
j=1 DSj

∆(xi) the aggregated
degree of dominance of the alternative xi. Then by
ranking the set {D(x1), . . . , D(xn)} one obtains the
global ranking of the set of alternatives.

The procedure

The input data are as follows:

n=the number of alternatives(=offers);

m=the number of criteria;

l=the number of online community experts;

Q1, . . . , Ql=the matrices that describe the results of
the recommendation, where Qk = (qk

ij) for all k =
1, . . . , l, i, j = 1, . . . , n.

a1, . . . , am=vectors which describe the partial infor-
mation

The procedure is developed in two stages:

Level a

Step 1 Compute the fuzzy sets S1, . . . , Sm:

Sj(xi) = aij , i ∈ {1, . . . , n}, j ∈ {1, . . . ,m}.

Step 2 Compute the fuzzy choice functions C1, . . . , Cl:
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Ck(Sj)(xi) = Sj(xi) ∧
n∧

u=1

[aij → qk
iu]

for k ∈ {1, . . . , l}, j ∈ {1, . . . ,m} and i ∈ {1, . . . , n}.

Step 3 Compute the fuzzy preference relations
R1, . . . , Rl associated with C1, . . . , Cl:

Rk(xi, xj) =
m∨

u=1

[Ck(Su)(xi) ∧ Su(xj)]

=
m∨

u=1

[Ck(Su)(xi) ∧ aju]

for k ∈ {1, . . . , l} and i, j ∈ {1, . . . , n}.

Step 4 Compute the fuzzy choice function Ĉ1, . . . , Ĉl:

Ĉk(Sj)(xi) = Sj(xi) ∧
n∧

u=1

[Sj(xu) → Rk(xi, xu)]

= aij ∧
n∧

u=1

[auj → qk
iu]

for k ∈ {1, . . . , l}, j ∈ {1, . . . ,m} and i ∈ {1, . . . , n}.

Step 5 Compute the normality coefficients
Norm(C1), . . . , Norm(Cl):

Norm(Ck) = d(Ck, Ĉk) =
m∨

j=1

n∨
i=1

|Ck(Sj)(xi) −

Ĉk(Sj)(xi)|

for k = 1, . . . , l.

Step 6 Determine the indices k for which

Norm(Ck) = min{Norm(C1), . . . Norm(Cl)}.

Let K be the set of these indices and ∆ = {Ck|k ∈ K}.

Level b

Step 7 For each k ∈ K compute the degrees of domi-
nance:

Dk
Sj

(xi) = DCk

Sj
(xi) = Sj(xi) ∧

n∧
u=1

[Ck(Sj)(xu) →

Ck(Sj)(xi)]

for j = 1, . . . ,m and i = 1, . . . , n.

Step 8 Compute the ∆–degrees of dominance:

D∆
Sj

(xi) = 1
card(K)

∑
k∈K Dk

Sj
(xi)

for j = 1, . . . m and i = 1, . . . n.

Step 9 Ordering the set {D∆
Sj

(x1), . . . , D∆
Sj

(xn)} one
obtains a ranking of alternatives with respect to crite-
rion Sj , j = 1, . . . ,m.

Step 10 Compute the aggregated degrees of domi-
nance:

D(xi) = 1
m

∑m
j=1 D∆

Sj
(xi), i = 1, . . . , n.

Step 11 Ordering the set {D(x1), . . . , D(xn)} one ob-
tains a global hierarchy of alternatives.

8 Concluding Remarks

The paper deals with a decision–making problem
mathematically modeled by revealed preference the-
ory [15]. In the proposed model, the decision–making
process takes place in two–stages. At the first level,
from a set of independent expertises the most rational
one is chosen, in the sense of the rationality defined by
fuzzy revealed preference theory. At the second level,
based on the data of the best expertise, a multicriterial
hierarchy of the set of alternatives is chosen.
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Abstract

To a fuzzy choice function C we assign the in-
dicators of revealed preference WAFRP (C),
SAFRP (C) and the indicators of congru-
ence WFCA(C), SFCA(C). These indica-
tors measure the degree to which the fuzzy
choice function C verifies the axioms of re-
vealed preference WAFRP , SAFRP and of
congruence WFCA and SFCA, respectively.

Keywords: Fuzzy choice function, Revealed
preference axioms, Congruence axioms.

1 Introduction

The revealed preference theory was introduced by P.
A. Samuelson [13] in order to express the rationality
of a consumer in terms of some preference relation as-
sociated with a demand function. By [18], “the ratio-
nality of a consumer may be described by postulating
that a consumer has a definite preference over all con-
ceivable commodity bundles and that he chooses those
commodity bundles that are optimal with respect to
his preference subject to budgetary constraints”. The
foundation of this theory is built on The Weak Axiom
of Consumer Behavior [13] and on The Strong Axiom
of Consumer Behavior [10].

Even if this theory appeared in the context of con-
sumers, its concepts and results can be developed in a
larger context offered by the theory of choice functions
[1], [12], [15], [16].

The classic theory of revealed preference is founded on
two main concepts: the preference relations and the
choice functions. The axioms and the main results of
the theory express various connections between pref-
erences and choices. A rational choice function is re-
coverable from a preference relation. In revealed pref-
erence theory there are studied various conditions of
rationality, such as the axioms of revealed preference

WARP , SARP and the axioms of congruence WCA,
SCA. SARP and WARP are axiomatized forms of
the The Strong Axiom of Consumer Behavior and The
Weak Axiom of Consumer Behavior. The Arrow–Sen
theorem [1], [15] establishes the relationship between
these conditions.

In social and economic life there exist complex pro-
cesses subject to several parameters in which the pref-
erences and the choices of the individuals and groups
can manifest indecisively, without answers of type “yes
or no”. In this case we deal with vague preferences and
vague choices. They arise from partial information,
the multitude of criteria and in general from sources
of human subjectivity.

The theory of fuzzy sets and fuzzy relations, initiated
by Zadeh [20], represents the mathematical framework
for modelling vague preferences and vague criteria [4].

In [5], [6], [7] we have tried to develop a theory of re-
vealed preference for fuzzy choice functions. In the
above mentioned papers there have been studied the
axioms of revealed preference WAFRP , SAFRP and
the axioms of congruence WFCA, SFCA in relation-
ship with the rationality of fuzzy choice functions.

In this paper we introduce the indicators of revealed
preference WAFRP (C), SAFRP (C) and the indica-
tors of congruence WFCA(C) and SFCA(C). These
indicators evaluate the degree to which the choice func-
tion C verifies the axioms WAFRP , SAFRP , WFCA
and SFCA, respectively.

The paper is organized as follows. Section 2 contains
definitions and basic facts on t–norms, fuzzy sets and
fuzzy preference relations. Section 3 presents an in-
troduction to fuzzy choice functions and fuzzy pref-
erence relations associated with them. In Section 4
the degree of similarity of two fuzzy choice functions
is introduced as a measure of how similar they are.
The degree of similarity offers a way of expressing
the rationality and the normality of a choice func-
tion. Section 5 contains the main contribution of
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this paper. In this section the indicators of revealed
preference WAFRP (C), SAFRP (C) and congruence
WFCA(C) and SFCA(C) are studied. The main re-
sult of the paper is Theorem 2, that shows that in
the presence of two hypotheses, WAFRP (C) equals
SAFRP (C) and they can be expressed in terms of a
normality degree and of the transitivity degree of RC

or R̄C .

2 Preliminaries

The notion of t–norm was introduced by [14]. The t–
norm models some intersection operation of two fuzzy
sets and the conjunction in fuzzy logic.

In this section we present some basic facts on contin-
uous t-norms and residua. The background for these
results can be found in [4], [9], [11].

A mapping ∗ : [0, 1] × [0, 1] → [0, 1] is a t-norm iff
it is commutative, associative, non-decreasing in each
argument and a ∗ 1 = a for all a ∈ [0, 1].

With any continuous t-norm ∗ we associate its
residuum :

a → b =
∨
{c ∈ [0, 1]|a ∗ c ≤ b}.

The most well-known continuous t-norms are:

Lukasiewicz t-norm: a ∗L b = max (0, a+ b− 1); a →L

b = min (1, 1− a + b)

minimum operator: a ∗G b = min (a, b); a →G b ={
1 if a ≤ b
b if a > b

Product t-norm: a ∗P b = ab; a →P b ={
1 if a ≤ b

b/a if a > b

The negation operation ¬ associated with ∗ is defined
by

¬a = a → 0 =
∨
{c ∈ [0, 1]|a ∗ c = 0}.

Let ∗ be a continuous t-norm.

The properties mentioned in the following two lemmas
reflect the main connections between the t-norm ∗ and
its residuum →.

Lemma 1 [3], [4] For any a, b, c ∈ [0, 1] the following
properties hold:

(1) a ∗ b ≤ c ⇔ a ≤ b → c;

(2) a ∗ (a → b) = a ∧ b;

(3) a ≤ b ⇔ a → b = 1;

(4) a = 1 → a;

(5) (a → b) ∗ (b → c) ≤ a → c.

Lemma 2 [3], [4] For any {ai}i∈I , {bi}i∈I ⊆ [0, 1]
and a ∈ [0, 1] the following properties hold:

(1) a → (
∧
i∈I

ai) =
∧
i∈I

(a → ai); (2) (
∨
i∈I

ai) → a =∧
i∈I

(ai → a); (3)
∨
i∈I

(ai → a) ≤ (
∧
i∈I

ai) → a; (4)

(
∨
i∈I

ai)∗a =
∨
i∈I

(ai∗a); (5) (
∧
i∈I

ai)∗(
∧
j∈I

bj) ≤
∧

i,j∈I

(ai∗

bj).

The biresiduum associated with the continuous t-norm
∗ is defined by
ρ(a, b) = a ↔ b = (a → b) ∧ (b → a).

Let X be a non-empty set. A fuzzy subset of X is
a function A : X → [0, 1]. We denote by P(X) the
family of crisp subsets of X and by F(X) the family
of fuzzy subsets of X. Since a crisp subset of X is
defined by its characteristic function, then we have
P(X) ⊆ F(X). For any A,B ∈ F(X), by A ⊆ B
we mean that A(x) ≤ B(x) for each x ∈ X. A fuzzy
subset A of X is non-zero if A(x) 6= 0 for some x ∈ X;
A is normal if A(x) = 1 for some x ∈ X.

If x1, . . . , xn ∈ X then [x1, . . . , xn] will denote the
characteristic function of {x1, . . . , xn}:

[x1, . . . , xn](y) =
{

1 if y ∈ {x1, . . . , xn}
0 if y 6∈ {x1, . . . , xn}

For A,B ∈ F(X) let us denote

I(A,B) =
∧

x∈X

(A(x) → B(x)) and E(A,B) =∧
x∈X

(A(x) ↔ B(x)).

It is clear that A ⊆ B iff I(A,B) = 1 and A = B iff
E(A,B) = 1. For any x ∈ X we have:

I(A,B) ≤ A(x) → B(x) and E(A,B) ≤ A(x) ↔
B(x).

I(A,B) is called the subsethood degree of A and B and
E(A,B) the degree of equality (degree of similarity) of
A and B. Intuitively I(A,B) expresses the truth value
of the statement “A is included in B” and E(A,B)
the truth value of the statement “A and B contain the
same elements” (see [3], p. 82).

Let ∗ be a continuous t-norm.

A fuzzy preference relation Q on X is a function Q :
X2 → [0, 1].

Let X be a non–empty set and Q a fuzzy relation on
X. Q is said to be:

reflexive if Q(x, x) = 1 for all x ∈ X;
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symmetric if Q(x, y) = Q(y, x) for all x, y ∈ X;

∗–transitive if Q(x, y) ∗ Q(y, z) ≤ Q(x, z) for all
x, y, z ∈ X;

total if Q(x, y) > 0 or Q(y, x) > 0 for all distinct
x, y ∈ X;

strongly total if Q(x, y) = 1 or Q(y, x) = 1 for all
distinct x, y ∈ X;

complete if Q(x, y) > 0 or Q(y, x) > 0 for all x, y ∈ X;

strongly complete if Q(x, y) = 1 or Q(y, x) = 1 for all
x, y ∈ X.

We remark that Q is strongly complete iff it is reflexive
and strongly total.

A fuzzy preference relation Q is said to be regular if it
is ∗–transitive and strongly complete.

Let Q be a fuzzy relation on X. Denote by T (Q)
the intersection of all ∗–transitive fuzzy relations that
contain Q:

T (Q) =
⋂
{Q′|Q ⊆ Q′ and Q′ is transitive}.

T (Q) is called the ∗–transitive closure of Q. Remark
that T (Q) = Q iff Q is ∗–transitive.

3 Fuzzy Choice Functions

In this section we recall the definition of the fuzzy
choice functions introduced in [6]. We present some
fuzzy preference relations associated with a fuzzy
choice function and we recall some results from [6].

A fuzzy choice space is a pair (X,B) where X is a non-
empty set of alternatives and B is a non-empty family
of non-zero fuzzy subsets of X. A fuzzy choice function
on (X,B) is a function C : B → F(X) such that for
any S ∈ B, C(S) is a non-zero fuzzy subset of X and
C(S) ⊆ S.

Our definition of a fuzzy choice function generalizes
Banerjee’s [2]. In [2] the domain of a choice function
is made of all non-empty finite subsets and the range
is made of fuzzy subsets of X. In our approach, both
the domain and the range of a choice function con-
tain fuzzy subsets of X. If S is such an available set
and x ∈ X, then S(x) can be interpreted as the avail-
ability degree of x. The availability degree might be
useful when the decision-maker possesses partial infor-
mation on the alternative x or when a criterion limits
the possibility of choosing x. Accordingly, the avail-
able sets correspond to some criteria or attributes of
the alternatives in decision making processes.

The results of [6], [7] are proved provided the choice
function C verifies the following hypotheses:

H1 Every S ∈ B and C(S) are normal fuzzy subsets of

X;

H2 B includes the fuzzy sets [x1, . . . , xn] for any n ≥ 1
and x1, . . . , xn ∈ X.

Since C(S) ⊆ S, in H1 it suffices to assume that C(S)
is normal for each S ∈ B. For the crisp choice func-
tions the hypothesis H1 is automatically fulfilled by
the definition of such choice function: any S and C(S)
are non-empty. In the same case H2 asserts that B
includes all non-empty finite subsets of X, hypothesis
assumed in [1], [15], [17].

Let (X,B) be a fuzzy choice space and Q a fuzzy pref-
erence relation on X. For any S ∈ B let us define the
fuzzy subsets M(S, Q) and G(S, Q) of X.

M(S, Q)(x) = S(x) ∗
∧

y∈X

[(S(y) ∗Q(y, x)) → Q(x, y)]

G(S, Q)(x) = S(x) ∗
∧

y∈X

[S(y) → Q(x, y)].

In the crisp case, M(S, Q) represents the set of Q-
maximal elements of S and G(S, Q) represents the set
of Q-greatest elements of S (see [16]):

G(S, Q) = {x ∈ S|(x, y) ∈ Q for all y ∈ S};

M(S, Q) = {x ∈ S|(y, x) 6∈ PQ for all y ∈ S}.

where PQ denotes the strict preference relation asso-
ciated with Q (PQ = {(x, y) ∈ X2|(x, y) ∈ Q and
(y, x) 6∈ Q}).

In general the functions M(., Q) : B → F(X) and
G(., Q) : B → F(X) are not fuzzy choice functions.

The functions M(., Q) and G(., Q) allow for intro-
ducing the notion of rationality of fuzzy choice func-
tions. A fuzzy choice function C on (X,B) is called
M–rational (resp. G–rational) if C = M(., Q) (resp.
C = G(., Q)) for some preference relation Q on X. In
case of the minimum operator ∧, if Q is reflexive and
strongly total, then M(., Q) = G(., Q) [5], therefore
M–rationality and G–rationality coincide.

Consider now a fuzzy choice function C on (X,B). To
C one assigns the fuzzy revealed preferences RC , R̄C

and P̃C on X defined by

RC(x, y) =
∨

S∈B
(C(S)(x) ∗ S(y));

R̄C(x, y) = C([x, y])(x);

P̃C(x, y) =
∨

S∈B
(C(S)(x) ∗ S(y) ∗ ¬C(S)(y))

for any x, y ∈ X. RC , R̄C and P̃C are fuzzy versions of
some preference relations studied in classical revealed
preference theory ([1], [12], [13], [15]).

Let x, y be two alternatives. By interpreting the t-
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norm as a conjunction, the real number RC(x, y) is the
degree of truth of the statement “there is a criterion
S such that the alternative x is chosen with respect
to criterion S and alternative y verifies S”. R̄C(x, y)
represents the degree of truth of the statement “from
the set {x, y} is chosen at least the alternative x”, and
P̃C(x, y) is the degree of truth of the statement “there
is a criterion S with respect to which x is chosen and
y is rejected”.

By [6], in the case of the minimum operator, R̄C ⊆ RC

and RC , R̄C are strongly complete.

A fuzzy choice function C is said to be G–normal (resp.
M–normal) if C = G(., RC) (resp. C = M(., RC)) [6].
G–normality (resp. M–normality) is a special case of
G–rationality (resp. M–rationality). For simplicity
we shall write Ĉ = G(., RC). In case of the minimum
operator, C(S) ⊆ Ĉ(S) for any S ∈ B [6].

Now we shall consider the following axioms of fuzzy
revealed preference:

WAFRP (Weak Axiom of Fuzzy Revealed Preference)

P̃C(x, y) ≤ ¬RC(y, x) for all x, y ∈ X;

SAFRP (Strong Axiom of Fuzzy Revealed Preference)

P ∗
C(x, y) ≤ ¬RC(y, x) for all x, y ∈ X.

Now we shall state two axioms of congruence for fuzzy
choice functions.

Let C : B → F(X) be a fuzzy choice function.

WFCA (Weak Fuzzy Congruence Axiom)

For any S ∈ B and x, y ∈ X the following inequality
holds

RC(x, y) ∗ C(S)(y) ∗ S(x) ≤ C(S)(x).

SFCA (Strong Fuzzy Congruence Axiom)

For any S ∈ B and x, y ∈ X the following inequality
holds

WC(x, y) ∗ C(S)(y) ∗ S(x) ≤ C(S)(x).

WC and P ∗
C represent the transitive closures of fuzzy

preference relations RC and P̃C .

Axiom WAFRP says that the degree to which there
exists a criterion S with respect to which alternative
x is chosen, alternative y verifies S but is rejected is
less or equal than the degree to which for any other

criterion S′ fulfilled by x, y cannot be rejected.

Axiom SFCA expresses the fact that the degree to
which alternative x is chosen with respect to criterion
S, y verifies S and x is revealed preferred to y is less or
equal than the degree to which y is chosen with respect
to S.

Similar interpretations can be given to the axioms
SAFRP and SFCA.

Remark 1 Axioms WAFRP , SAFRP , WFCA,
SFCA are fuzzy versions of axioms WARP , SARP ,
WCA, SCA in crisp choice function theory.

4 Similarity of Fuzzy Choice
Functions

Approximate reasoning deals with variables that are
not identical, but have close behaviour becoming iden-
tifiable. Therefore we need some concepts to express
situations when fuzzy sets and/or fuzzy relations are
identifiable. The notion of similarity is very satisfiable
for describing such situations.

The notion of similarity relation was introduced by
Zadeh [19] as a generalization of the concept of (crisp)
equivalence relation.

We fix a continuous t–norm ∗. Let X be a non–empty
set.

A fuzzy relation Q on X is said to be a similarity
relation if it is reflexive, symmetric and ∗–transitive.
If x, y ∈ X then Q(x, y) will be called the similarity
degree of x and y.

Lemma 3 The function E(., .) : (F(X))2 → [0, 1] de-
fined by the assignment (A,B) 7→ E(A,B) is a simi-
larity relation on F(X).

Lemma 4 If A,B ∈ F(X) and x ∈ X then E(A,B)∗
A(x) ≤ B(x).

If Q1, Q2 are two fuzzy relations on X then the degree
of similarity of Q1 and Q2 has the form: E(Q1, Q2) =∧
x,y∈X

(Q1(x, y) ↔ Q2(x, y)).

According to Lemma 4, for any x, y ∈ X we have
E(Q1, Q2) ∗Q1(x, y) ≤ Q2(x, y).

If one interprets the fuzzy relations Q1 and Q2 as pref-
erences of two agents then the real number E(Q1, Q2)
expresses how “similar” these preferences are.

The next definition introduces the degree of similarity
of two fuzzy choice functions.

Definition 1 Let C1, C2 be two fuzzy choice functions
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on (X,B). The degree of similarity E(C1, C2) of C1

and C2 is a real defined by

E(C1, C2) =
∧

x∈X

∧
S∈B

(C1(S)(x) ↔ C2(S)(x)).

Lemma 5 [8] The assignment (C1, C2) 7→ E(C1, C2)
defines a similarity relation on the set of fuzzy choice
functions on X.

The following three lemmas are true for the case when
∗ is the minimum operator ∧.

Lemma 6 Let C, C ′ be two fuzzy choice functions.
Then for any S ∈ B and x ∈ X we have

(i) E(C,C ′) ∧ C(S)(x) ≤ C ′(S)(x);

(ii) E(C,C ′) ∧ ¬C(S)(x) ≤ ¬C ′(S)(x).

Lemma 7 Let C and C ′ be two fuzzy choice functions
and x, y ∈ X. Then

(i) E(C,C ′) ∧RC(x, y) ≤ RC′(x, y);

(ii) E(C,C ′) ∧ ¬RC(x, y) ≤ ¬RC′(x, y).

Lemma 8 If C and C ′ are two fuzzy choice functions
and x, y ∈ X then E(C,C ′) ∧ P̃C(x, y) ≤ P̃C′(x, y).

The degree of similarity E(C1, C2) allows us to de-
fine the indicators of revealed preference and congru-
ence from Section 5. The three lemmas from above
are helpful in proving the main theorem of the paper,
Theorem 2.

5 Indicators of Fuzzy Preference
Relations

The properties of the fuzzy relations studied in this
section (reflexivity, transitivity, etc.) throw a better
light on the way (fuzzy) preference relations are con-
nected with various alternatives.

The indicators of fuzzy preference relations introduced
in this section have the following significance: instead
of checking whether a fuzzy relation Q has the prop-
erty P , we evaluate the degree to which Q verifies P .

Therefore, instead of saying that Q is reflexive or not
we shall consider the degree of truth of the statement
“Q is reflexive.”. This will be a real number in the
interval [0, 1] and it will express “how reflexive” the
fuzzy relation Q is. The indicators introduced by Def-
inition 2 represent degrees of truth which correspond
to properties of fuzzy relations such as reflexivity, sym-
metry, etc.

Definition 2 Let Q be a fuzzy relation on X. We
define the following indicators:

(a) the degree of reflexivity of Q:

Ref(Q) =
∧

x∈X

Q(x, x);

(b) the degree of symmetry of Q:

Sym(Q) =
∧

x,y∈X

(Q(x, y) → Q(y, x)) =∧
x,y∈X

(Q(x, y) ↔ Q(y, x));

(c) the degree of ∗–transitivity of Q:

Trans(Q) =
∧

x,y,z∈X

(Q(x, y) ∗Q(y, z) → Q(x, z));

(d) the degree of strong totality of Q:

ST (Q) =
∧
x6=y

(Q(x, y) ∨Q(y, x));

(e) the degree of strong completeness of Q:

SC(Q) =
∧

x,y∈X

(Q(x, y) ∨Q(y, x)).

Lemma 9 For any fuzzy relations Q on X the follow-
ing assertions hold:

(a) Ref(Q) = 1 iff Q is reflexive;

(b) Sym(Q) = 1 iff Q is symmetric;

(c) Trans(Q) = 1 iff Q is ∗–transitive;

(d) ST (Q) = 1 iff Q is strongly total;

(e) SC(Q) = 1 iff Q is strongly complete.

Proposition 1 Let Q be a fuzzy relation on X and
x, y, z ∈ X. Therefore

(a) Ref(Q) ≤ Q(x, x);

(b) Sym(Q) ∗Q(x, y) ≤ Q(y, x);

(c) Trans(Q) ∗Q(x, y) ∗Q(y, x) ≤ Q(x, z);

(d) If x 6= y then ST (Q) ≤ Q(x, y) or ST (Q) ≤
Q(y, x);

(e) SC(Q) ≤ Q(x, y) or SC(Q) ≤ Q(y, x).

The following two propositions show how the five indi-
cators defined above are preserved by the fuzzy equal-
ity E(., .).

Proposition 2 Let Q1, Q2 be two fuzzy relations on
X. Then

(1) Ref(Q1) ∗ E(Q1, Q2) ≤ Ref(Q2);
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(2) ST (Q1) ∗ E(Q1, Q2) ≤ ST (Q2);

(3) SC(Q1) ∗ E(Q1, Q2) ≤ SC(Q2);

(4) Sym(Q1) ∗ E(Q1, Q2) ≤ Sym(Q2).

Proposition 3 Suppose ∗ is the minimum operator
∧. Then for any two fuzzy relations Q1, Q2 on X we
have:

Trans(Q1) ∧ E(Q1, Q2) ≤ Trans(Q2).

Proposition 4 Let Q be a fuzzy relation on X. For
any x, y ∈ X we have

Trans(Q) ∗ T (Q)(x, y) ≤ Q(x, y).

Remark 2 By Proposition 4, for all x, y ∈ X we have
Trans(Q) ≤ T (Q)(x, y) → Q(x, y) = T (Q)(x, y) ↔
Q(x, y) hence

Trans(Q) ≤
∧

x,y∈X

(T (Q)(x, y) ↔ Q(x, y)) =

E(Q,T (Q)).

6 Revealed Preference and
Congruence Indicators

The goal of this section is to define and study
some indicators of the axioms of revealed preference
WAFRP , SAFRP and the axioms of congruence
WFCA, SFCA. These indicators express the degree
to which the axioms WAFRP , SAFRP , WFCA and
SFCA are verified by a fuzzy choice function.

Definition 3 For a fuzzy choice function C on
(X,B) we define the following indicators of the
axioms WAFRP , SAFRP , WFCA and SFCA:

(i) WAFRP (C) =
∧

x,y∈X

[P̃C(x, y) → ¬RC(y, x)];

(ii) SAFRP (C) =
∧

x,y∈X

[P ∗
C(x, y) → ¬RC(y, x)];

(iii) WFCA(C) =
∧

x,y∈X

∧
S∈B

[S(x) ∗ C(S)(y) ∗

RC(x, y) → C(S)(x)];

(iv) SFCA(C) =
∧

x,y∈X

∧
S∈B

[S(x) ∗ C(S)(y) ∗

WC(x, y) → C(S)(x)].

Remark 3 For a choice function C the following
equivalences hold:

(i) WAFRP (C) = 1 iff C verifies WAFRP ;

(ii) SAFRP (C) = 1 iff C verifies SAFRP ;

(iii) WFCA(C) = 1 iff C verifies WFCA;

(iv) SFCA(C) = 1 iff C verifies SFCA.

The indicator WAFRP (C) expresses the degree to
which the choice function C verifies WAFRP . Similar
interpretations can be given to the other three indica-
tors.

In this section we suppose that hypotheses H1 and H2

are verified.

Proposition 5 If C is a fuzzy choice function on
(X,B) then WFCA(C) ≤ Trans(RC).

Proposition 6 If C is a fuzzy choice function then
E(C, Ĉ) ∧ Trans(RC) ≤ WFCA(C).

Theorem 1 For any fuzzy choice function C on
(X,B) we have E(C, Ĉ) ≤ E(RC , R̄C).

The following theorem is the main result of this paper.

Theorem 2 If C is a fuzzy choice function on (X,B)
then

WFCA(C) = SFCA(C) = E(C, Ĉ) ∧ Trans(RC) =
E(C, Ĉ) ∧ Trans(R̄C).

Corollary 1 [6] For a fuzzy choice function C on
(X,B) the following assertions are equivalent:

(1) C verifies WFCA;

(2) C verifies SFCA;

(3) C is G–normal and RC is regular;

(4) C is G–normal and R̄C is regular.

Remark 4 The degree of similarity E(C, Ĉ) of C and
Ĉ can be regarded as a measure of the G–normality
of C. Then Theorem 2 shows that the indicators
WAFRP (C) and SAFRP (C) are equal and that they
can be expressed in terms of the G–normality of C and
of the degree of transitivity of RC or R̄C .

7 Concluding Remarks

In [6] we have proved a fuzzy version of the Arrow–
Sen theorem [15] which establishes the equivalence of
revealed preference axioms WARP , SARP , the con-
gruence axioms WCA, SCA and four other conditions
of rationality of choice functions.

For fuzzy choice functions, some of these equivalences
of the Arrow–Sen theorem hold true for an arbitrary
continuous t–norm, others for the minimum operator
and others for Lukasiewicz t–norm [6].
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The core of this paper is a stronger version of the
part in Arrow–Sen theorem [6] that holds for the min-
imum operator. The equivalence of WFCA, SFCA
and other two conditions of rationality is expressed in
terms of numerical indicators. These indicators enable
us to compare two fuzzy choice functions with respect
to each axiom. For example, for two fuzzy choice func-
tions C1 and C2, if WFCA(C1) ≤ WFCA(C2) then
we can say that C2 verifies WFCA to a greater extent
than C1. On this basis, any family of fuzzy choice
functions can be ranked with respect to each axiom.
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Department of Mathematical Analysis and
Applied Mathematics, Faculty of Science,
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Abstract

The paper deals with the operation of fuzzy
weighted average of fuzzy numbers. The op-
eration can be applied to the aggregation of
partial fuzzy evaluations in fuzzy models of
multiple criteria decision making and to the
computation of expected fuzzy evaluations of
alternatives in discrete fuzzy-stochastic mod-
els of decision making under risk. Normal-
ized fuzzy weights figuring in the operation
have to form a special structure of fuzzy num-
bers; its properties will be studied and the
practical procedures for setting them will be
proposed. A fuzzy weighted average of fuzzy
numbers with normalized fuzzy weights will
be defined, an effective algorithm of its calcu-
lation will be described, and its uncertainty
will be studied.

Keywords: Multiple criteria decision mak-
ing, decision making under risk, normalized
fuzzy weights, fuzzy weighted average, fuzzy
weights of criteria, fuzzy probabilities.

1 Introduction

In multiple criteria decision making models, the
weighted average is often used for aggregating par-
tial evaluations of alternatives. Weights of criteria are
understood differently in different models. The most
general definition says that the weights of criteria are
non-negative real numbers whose ordering expresses
the importance of criteria. According to this defini-
tion, the weights mean the measurements of criteria
importance that are defined on an ordinal scale. But
in most of multiple criteria decision making models,
the weights of criteria represent some kind of cardi-
nal information about the importance of criteria. For
example, in the model of multiple criteria evaluation
that was introduced in [8] the weights of criteria rep-

resent shares of the corresponding partial objectives of
evaluation in the overall one. This concept of criteria
weights will be considered in this paper.

The weighted average operation is applied also in the
models of decision making under risk where evalu-
ations of alternatives depend on a finite number of
states of the world whose probabilities are known. The
best alternative is chosen according to expected evalu-
ations of alternatives. They are computed by means of
the weighted average operation where the probabilities
of states of the world play the role of weights.

The weights of criteria as well as the probabilities of
states of the world are usually set subjectively, i.e.
they are more or less uncertain. In this paper, it will
be shown how this kind of uncertain information can
be expressed by means of tools of fuzzy sets theory. A
special structure of fuzzy numbers, normalized fuzzy
weights, will be introduced for expressing the uncer-
tain normalized weights and the operation of the fuzzy
weighted average of fuzzy numbers with normalized
fuzzy weights will be defined. In the end, application
of the fuzzy weighted average operation in decision
making models will be shown.

2 Applied Notions of Fuzzy Sets

Theory

In this paper, the following notation will be used. The
symbol Nm denotes the index set {1, 2, . . . ,m}. A
fuzzy set A on a universal set X is characterized by its
membership function A : X → [0, 1]. Ker A denotes
the kernel of A, i.e. Ker A = {x ∈ X | A(x) = 1}. For
α ∈ (0, 1], Aα denotes the α-cut of A, i.e. Aα = {x ∈
X | A(x) ≥ α}. Supp A denotes the support of A, i.e.
Supp A = {x ∈ X | A(x) > 0}.

A fuzzy number is a fuzzy set C on the set of all
real numbers ℜ that fulfils the following conditions: a)
KerC 6= ∅, b) Cα are closed intervals for all α ∈ (0, 1],
c) Supp C is a bounded set. A fuzzy number C is
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said to be defined on [a, b], if Supp C ⊆ [a, b]. Let
us denote [c1, c4] = Cl(Supp C), [c2, c3] = Ker C;
Cl(Supp C) means the closure of Supp C. The real
numbers c1 ≤ c2 ≤ c3 ≤ c4 are called significant val-
ues of C.

A fuzzy number C can be also characterized (see [3])
by the pair of functions (c, c), both from [0, 1] to ℜ,
that satisfy the following property

c(α) ≤ c(β) ≤ c(β) ≤ c(α), 0 ≤ α ≤ β ≤ 1. (1)

Then, for the membership function C of the fuzzy
number C = (c, c) the following holds

C(x) = max
{

α | x ∈ [c(α), c(α)]
}

(2)

for x ∈ [c(0), c(0)], and 0 elsewhere; i.e. Cα =
[c(α), c(α)] for all α ∈ (0, 1], Cl(SuppC) = [c(0), c(0)].

If c(α) = c = c(α), for all α ∈ [0, 1], then C repre-
sents a real number; C = c, c ∈ ℜ. A fuzzy number
C is called symmetric with the central point c if the
following holds

c =
c(α) + c(α)

2
, for α ∈ [0, 1]. (3)

A fuzzy number C = (c, c) is called a linear fuzzy
number if both c and c are linear functions. Any linear
fuzzy number C is fully characterized by its significant
values c1 ≤ c2 ≤ c3 ≤ c4; the functions c and c are
given for all α ∈ [0, 1] as follows

c(α) = c1 + α(c2 − c1),

c(α) = c4 − α(c4 − c3). (4)

The notation C = 〈c1, c2, c3, c4〉 is used in this paper
for such a fuzzy number C. For c2 6= c3, the linear
fuzzy number C is usually referred to as a trapezoidal
fuzzy number, for c2 = c3 as a triangular fuzzy num-
ber.

For any fuzzy number C = (c, c), the non-increasing,
non-negative function

σC(α) = c(α)− c(α), for α ∈ [0, 1], (5)

is called a width function of C. It describes in de-
tails, for any membership degree α, the uncertainty
of C. The real numbers σC(1), σC(α) and σC(0) are
called the width of the kernel, the width of the α-cut
and the width of the support, respectively. Obviously,
σC(α) = 0 for all α ∈ [0, 1] if and only if C is a real
number. It holds that

∫ 1

0

σC(α) dα =

∫

ℜ

C(x) dx, (6)

where the right-hand side of the equation represents
the usual aggregated measure of uncertainty of the
fuzzy number C.

Calculations with fuzzy numbers are based on the ex-
tension principle (see [3]). Let f : [a1, b1] × [a2, b2] ×
. . . × [an, bn] → ℜ be a continuous function and let
f([a1, b1] × [a2, b2] × . . . × [an, bn]) = [c, d]. Let Xi

be fuzzy numbers defined on [ai, bi], for i ∈ Nn. Then
f(X1,X2, . . . ,Xn) is a fuzzy number Y defined on [c, d]
whose membership function is given as follows

Y (y) = max
{

min{X1(x1),X2(x2), . . . ,Xn(xn)} |

y = f(x1, x2, . . . , xn)
}

(7)

for y ∈ [c, d], and 0 elsewhere. Employing the (y, y)
representation of the fuzzy number Y , the following
holds for any α ∈ [0, 1]

y(α) = min{f(x1, x2, . . . , xn) | xi ∈ Xiα, i ∈ Nn},

y(α) = max{f(x1, x2, . . . , xn) | xi ∈ Xiα, i ∈ Nn}. (8)

In some cases (see [5] for more details), it is nec-
essary to consider a relation R among the variables
x1, x2, . . . , xn. Let R be a closed and convex subset of
[a1, b1]× [a2, b2]× . . .× [an, bn] and let fR : R → [c, d]
be the restriction of f on R. Let there exist at least
one n-tuple (x1, x2, . . . , xn) ∈ R such that Xi(xi) = 1
for all i ∈ Nn. Then fR(X1,X2, . . . ,Xn) is a fuzzy
number Y R defined on [c, d] whose membership func-
tion is given in the following way

Y R(y) = max
{

min{X1(x1),X2(x2), . . . ,Xn(xn)} |

y = f(x1, x2, . . . , xn), (x1, x2, . . . , xn) ∈ R
}

(9)

for y ∈ [c, d], and 0 elsewhere. Employing the (yR, yR)

representation of the fuzzy number Y R, the following
holds for any α ∈ [0, 1]

yR(α) = min
{

f(x1, x2, . . . , xn) |

(x1, x2, . . . , xn) ∈ (X1α ×X2α × . . .×Xnα) ∩R
}

,

yR(α) = max
{

f(x1, x2, . . . , xn) |

(x1, x2, . . . , xn) ∈ (X1α×X2α× . . .×Xnα)∩R
}

. (10)

3 Normalized Fuzzy Weights

In this section, a special structure of fuzzy num-
bers, normalized fuzzy weights, will be introduced,
and its properties will be studied. Normalized fuzzy
weights represent a fuzzification of crisp normalized
weights that are defined as non-negative real numbers
w1, w2, . . . , wm such that

∑m

i=1 wi = 1.

Fuzzy numbers W1,W2, . . . ,Wm defined on [0, 1] are
called normalized fuzzy weights if for any α ∈ (0, 1]
and for all i ∈ Nm the following holds:

For any wi ∈ Wiα there exist wj ∈ Wjα, j ∈ Nm,

j 6= i, such that wi +
m
∑

j=1,j 6=i

wj = 1. (11)
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Figure 1: Example of normalized fuzzy weights.

Figure 1 illustrates an example of normalized
fuzzy weights. Obviously, crisp normalized weights
w1, w2, . . . , wm represent a special case of normalized
fuzzy weights.

From the general point of view, normalized fuzzy
weights make it possible to model mathematically an
uncertain division of a unit into m fractions. In deci-
sion making models, the membership degrees Wi(wi),
i ∈ Nm, mean either the possibility that the share of
the i-th partial objective of evaluation in the overall
one is equal to wi, or the possibility that the probabil-
ity of the i-th state of the world is equal to wi.

In [6], fuzzy numbers defined on [0, 1] fulfilling (11)
were called a tuple of fuzzy probabilities. They repre-
sented the generalization of interval probabilities de-
veloped in [1], and they were applied for modelling
imprecise probabilities. The structure of normalized
fuzzy weights was independently introduced in [7] in
order to model the uncertain weights of criteria in the
method of the weighted average of partial fuzzy evalu-
ations that was described in [8]. Later on, the normal-
ized fuzzy weights were used to model uncertain prob-
abilities in fuzzy-stochastic models of decision making
under risk (see [10, 11]).

Verifying the condition (11) directly can be very com-
plicated. Hence, it was proved in [6] that fuzzy num-
bers Wi = (wi, wi), i ∈ Nm, defined on [0, 1] fulfil (11)
if and only if for any α ∈ [0, 1] and for all i ∈ Nm the
following two conditions hold

wi(α) +
m

∑

j=1,j 6=i

wj(α) ≤ 1, (12)

wi(α) +

m
∑

j=1,j 6=i

wj(α) ≥ 1. (13)

Linear fuzzy numbers Wi = 〈w1
i , w2

i , w3
i , w4

i 〉, i ∈ Nm,
defined on [0, 1] fulfil (11) if and only if the conditions
(12) and (13) hold for α = 1 and α = 0, i.e. if for all

i ∈ Nm the following holds

w3
i +

m
∑

j=1,j 6=i

w2
j ≤ 1 and w2

i +

m
∑

j=1,j 6=i

w3
j ≥ 1, (14)

w4
i +

m
∑

j=1,j 6=i

w1
j ≤ 1 and w1

i +
m

∑

j=1,j 6=i

w4
j ≥ 1. (15)

The linearity of the functions wi and wi, i ∈ Nm,
ensures that the conditions (12) and (13) are fulfilled
for any α ∈ [0, 1] (see [6]).

For m = 2, we can see immediately from (12) and (13)
that

w2(α) = 1− w1(α) and w2(α) = 1− w1(α) (16)

for all α ∈ [0, 1]. It means that W2 = 1−W1.

For i ∈ Nm, let us denote by σWi
the width function

of the fuzzy number Wi = (wi, wi), i.e. σWi
(α) =

wi(α) − wi(α), α ∈ [0, 1]. For the sake of simplicity,
the conditions (12) and (13) can be, for all α ∈ [0, 1],
replaced by only one condition in one of the following
two ways:

First, subtracting
∑m

k=1 wk(α) from (12) and (13) we
obtain

σWi
(α) ≤ 1−

m
∑

k=1

wk(α), (17)

m
∑

j=1,j 6=i

σWj
(α) ≥ 1−

m
∑

k=1

wk(α) (18)

for all i ∈ Nm. Let i∗(α) ∈ Nm be an index such that

σWi∗(α)
(α) = max

i=1,2,...,m
{σWi

(α)}. (19)

Then,

m
∑

j=1

j 6=i∗(α)

σWj
(α) = min

i=1,2,...,m

{

m
∑

j=1

j 6=i

σWj
(α)

}

. (20)

Hence, the conditions (12) and (13) are equivalent to
the following one

σWi∗(α)
(α) ≤ 1−

m
∑

k=1

wk(α) ≤
m

∑

j=1

j 6=i∗(α)

σWj
(α). (21)

Analogously, in the case of linear fuzzy numbers Wi =
〈w1

i , w2
i , w3

i , w4
i 〉, i ∈ Nm, the following couple of con-

ditions

σWi∗(1)
(1) ≤ 1−

m
∑

k=1

w2
k ≤

m
∑

j=1,j 6=i∗(1)

σWj
(1), (22)

σWi∗(0)
(0) ≤ 1−

m
∑

k=1

w1
k ≤

m
∑

j=1,j 6=i∗(0)

σWj
(0) (23)

Applications of the Fuzzy Weighted Average of Fuzzy Numbers in Decision Making
Models 457



is equivalent to (14) and (15).

Second, multiplying (12) and (13) by (−1) and adding
∑m

k=1 wk(α) to these inequalities, we can see that the
conditions (12) and (13) are equivalent to the following
one

σWi∗(α)
(α) ≤

m
∑

k=1

wk(α)− 1 ≤
m

∑

j=1

j 6=i∗(α)

σWj
(α), (24)

where the index i∗(α) ∈ Nm is given by (19). In the
case of linear fuzzy numbers Wi = 〈w1

i , w2
i , w3

i , w4
i 〉,

i ∈ Nm, the following couple of conditions

σWi∗(1)
(1) ≤

m
∑

k=1

w3
k − 1 ≤

m
∑

j=1,j 6=i∗(1)

σWj
(1), (25)

σWi∗(0)
(0) ≤

m
∑

k=1

w4
k − 1 ≤

m
∑

j=1,j 6=i∗(0)

σWj
(0) (26)

is equivalent to (14) and (15).

At the end of this section, the case of symmet-
ric normalized fuzzy weights will be studied. Let
w1, w2, . . . , wm be normalized weights and let Wi =
(wi, wi), i ∈ Nm, be symmetric fuzzy numbers such
that for all α ∈ [0, 1] the following holds

wi(α) = wi − ei(α) and wi(α) = wi + ei(α), (27)

where ei : [0, 1] → [0,min{wi, 1 − wi}], i ∈ Nm, are
non-increasing functions. Then, from (21) or (24) it
follows that the fuzzy numbers W1,W2, . . . ,Wm fulfil
the condition (11) if and only if for all α ∈ [0, 1] the
following holds

ei∗(α)(α) ≤
m

∑

j=1,j 6=i∗(α)

ej(α), (28)

where
ei∗(α)(α) = max

i=1,2,...,m
{ei(α)}. (29)

Obviously, if ei are linear functions for all i ∈ Nm,
then (28) is fulfilled for all α ∈ [0, 1] if and only if

ei∗(1)(1) ≤
m

∑

j=1,j 6=i∗(1)

ej(1), (30)

ei∗(0)(0) ≤
m

∑

j=1,j 6=i∗(0)

ej(0). (31)

4 Procedures of Setting Normalized

Fuzzy Weights

In practical applications, it is useful to set normal-
ized fuzzy weights as linear fuzzy numbers Wi =

〈w1
i , w2

i , w3
i , w4

i 〉, i ∈ Nm. The interpretation is the
following: [w2

i , w3
i ] represents the interval of fully pos-

sible values of the i-th weight, while outside the inter-
val [w1

i , w4
i ] the i-th weight cannot lie.

For m = 2, it is sufficient to set only one weight in the
form of a linear fuzzy number W = 〈w1, w2, w3, w4〉
defined on [0, 1]; then it follows from (16) that the
other is the linear fuzzy number 1−W = 〈1−w4, 1−
w3, 1− w2, 1− w1〉.

For m > 2, it is not so easy for an expert to set the nor-
malized fuzzy weights directly. Therefore, two proce-
dures of setting normalized fuzzy weights will be shown
here. The first one is based on the transformation of
expert’s estimates of fuzzy weights into the normalized
fuzzy weights. The second one is a fuzzification of a
crisp estimation of normalized weights.

In the first procedure, an expert expresses his/her es-
timates of the weights by linear fuzzy numbers W ′

i =
〈w′1

i , w′2
i , w′3

i , w′4
i 〉, i ∈ Nm, whose significant values

satisfy the following natural condition

m
∑

i=1

w′1
i ≤

m
∑

i=1

w′2
i ≤ 1 ≤

m
∑

i=1

w′3
i ≤

m
∑

i=1

w′4
i . (32)

It means that the fuzzy numbers W ′
1,W

′
2, . . . ,W

′
m

need not fulfil the condition (11), but there must
exist at least one m-tuple of normalized weights
w1, w2, . . . , wm such that W ′

i (wi) = 1, i ∈ Nm.
The associated normalized fuzzy weights Wi =
〈w1

i , w2
i , w3

i , w4
i 〉, i ∈ Nm, are obtained from

W ′
1,W

′
2, . . . ,W

′
m by the following transformation

wk
i = max

{

w′k
i , 1−

m
∑

j=1,j 6=i

w′5−k
j

}

,

wl
i = min

{

w′l
i , 1−

m
∑

j=1,j 6=i

w′5−l
j

}

, (33)

for k = 1, 2, l = 3, 4. The transformation (33), that
was originally described for interval probabilities in [1],
eliminates the inconsistency of expert’s estimates (see
Figure 2). For any α ∈ (0, 1] and for every m-tuple
of crisp normalized weights w1, w2, . . . , wm such that
wi ∈ W ′

iα for all i ∈ Nm, it holds that wi ∈ Wiα

for all i ∈ Nm. It means that no relevant information
concerning the weights was lost by the transformation.

In the second procedure, an expert sets the crisp
estimation of normalized weights by real numbers
w1, w2, . . . , wm such that wi ≥ 0, i ∈ Nm, and
∑m

i=1 wi = 1. Then, he/she sets coefficients ki and
si, 0 ≤ ki ≤ si, wi − si ≥ 0, wi + si ≤ 1, i ∈ Nm,
that characterize the uncertainty of kernels and sup-
ports of the particular fuzzy weights. It follows from
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Figure 2: Transformation of expert’s estimation of
fuzzy weights into the normalized fuzzy weights.

(30) and (31) that the symmetric linear fuzzy numbers
Wi = 〈wi − si, wi − ki, wi + ki, wi + si〉, i ∈ Nm, are
normalized fuzzy weights if ki and si, i ∈ Nm, satisfy
the following condition

ki∗ ≤
m

∑

i=1,i 6=i∗

ki and sj∗ ≤
m

∑

j=1,j 6=j∗

sj , (34)

where ki∗ = max{ki, i ∈ Nm} and sj∗ = max{sj , j ∈
Nm}. For instance, the condition (34) is satisfied in
the case of symmetric triangular fuzzy numbers Wi =
〈wi − s, wi, wi, wi + s〉, i ∈ Nm, where w1, w2, . . . , wm

are normalized weights, s ≥ 0, and, for all i ∈ Nm,
wi − s ≥ 0 and wi + s ≤ 1.

5 Fuzzy Weighted Averages of Fuzzy

Numbers

A weighted average of real numbers u1, u2, . . . , um

with weights w1, w2, . . . , wm is defined by the following
formula

u =
w1u1 + w2u2 + . . . + wmum

w1 + w2 + . . . + wm

, (35)

where the weights w1, w2, . . . , wm are generally non-
negative real numbers whose sum is different from
zero. Especially, if

∑m

i=1 wi = 1, i.e. if the weights
w1, w2, . . . , wm are normalized, the weighted average
can be expressed as follows

u = w1u1 + w2u2 + . . . + wmum. (36)

In this paper, it will be shown that these formulas do
not coincide in fuzzy case.

Let W1,W2, . . . ,Wm be non-negative fuzzy numbers,
i.e. Supp Wi ⊂ [0,∞) for all i ∈ Nm, and let there
exist w > 0 and an index i ∈ Nm such that Wi(w) =
1. Then a fuzzy weighted average of fuzzy numbers
U1, U2, . . . , Um with fuzzy weights W1,W2, . . . ,Wm

was defined in [2] as a fuzzy number UW whose mem-

bership function is given, for each u ∈ ℜ, in the fol-
lowing way

UW (u) = max
{

min{U1(u1), U2(u2), . . . , Um(um),

W1(w1),W2(w2), . . . ,Wm(wm)} |

u = w1u1+w2u2+...+wmum

w1+w2+...+wm
,
∑m

i=1 wi > 0
}

. (37)

The fuzzy weighted average UW represents a fuzzifi-
cation according to (9) of the operation (35). An al-
gorithm of computing the fuzzy weighted average UW

was described in [4].

The fuzzy weighted average UW cannot be used, if
the fuzzy weights W1,W2, . . . ,Wm have the special in-
terpretation described in Section 1: If they express
either uncertain shares of partial objectives of evalu-
ation in the overall one in multiple criteria decision
making models or uncertain probabilities of states of
the world in models of decision making under risk. In
such cases, the structure of normalized fuzzy weights
has to be used, and a fuzzification according to (9)
of the formula (36) instead of the formula (35) has to
be applied for computing the fuzzy weighted average.
The problem is illustrated by the following example:

Example 1: Let S1, S2 and S3 be states of the world;
their uncertain probabilities be, for simplicity, defined
by the intervals P1 = [0.1, 0.2], P2 = [0.4, 0.6] and
P3 = [0.3, 0.4] (P1, P2 and P3 express possible val-
ues of probabilities and, therefore, form the struc-
ture of normalized fuzzy weights). Let evaluations
of an alternative x under the states of the world
S1, S2, S3 be given by the intervals U1 = [0.1, 0.2],
U2 = [0.4, 0.5] and U3 = [0.8, 0.9]. Then, according
to (37) where Wi are replaced by Pi for i ∈ {1, 2, 3},
UW = [0.45, 0.64]. When the minimal value of UW ,
i.e. 0.45, is computed, the third weight p3

p1+p2+p3
is

equal to 0.3
0.2+0.6+0.3 = 0.27, but 0.27 6∈ P3. Notice

that this value lies outside the expertly set range of
possible probabilities of S3; therefore, a fuzzy expected
evaluation of the alternative x cannot be computed by
(37).

Let fuzzy numbers W1,W2, . . . ,Wm be normalized
fuzzy weights. Then the fuzzy weighted average of
fuzzy numbers U1, U2, . . . , Um with normalized fuzzy
weights W1,W2, . . . ,Wm is defined as a fuzzy num-
ber UN whose membership function is given, for each
u ∈ ℜ, as follows

UN (u) = max
{

min{U1(u1), U2(u2), . . . , Um(um),

W1(w1),W2(w2), . . . ,Wm(wm)} |

u =
∑m

i=1 wi ui,
∑m

i=1 wi = 1
}

. (38)

The fuzzy weighted average UN represents the gener-
alization of the operation that was introduced in [1]
for computing the expected value of a discrete ran-
dom variable with interval probabilities. The fuzzy
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weighted average UN was independently introduced in
[7] for aggregating partial fuzzy evaluations of an al-
ternative in the model of multiple criteria evaluation.
The following denotation will be used for the fuzzy
weighted average UN of fuzzy numbers U1, U2, . . . , Um

with normalized fuzzy weights W1,W2, . . . ,Wm

UN = (N )

m
∑

i=1

Wi · Ui. (39)

In the case of crisp normalized weights, the fuzzy
weighted averages UW and UN coincide. However,
this does not hold generally for normalized fuzzy
weights. If W1,W2, . . . ,Wm form the structure of
normalized fuzzy weights, then UN

α ⊆ UW
α for all

α ∈ [0, 1]. It follows from the fact that even such
w1, w2, . . . , wm whose sum is not equal to one enter the
calculation of UW . For example, the fuzzy weighted
average UN that expresses the fuzzy expected eval-
uation of the alternative x in Example 1 is equal to
[0.46, 0.63].

The following algorithm of computing the fuzzy
weighted average UN is based on an algorithm that
was originally developed in [1] for computing the ex-
pected value of a discrete random variable with in-
terval probabilities. The following representation of
the considered fuzzy numbers will be used: UN =
(uN , uN ), Ui = (ui, ui) and Wi = (wi, wi), i ∈ Nm.

For each α ∈ [0, 1], let {ik}m
k=1 be such a permutation

on an index set Nm that ui1
(α) ≤ ui2

(α) ≤ . . . ≤
uim

(α). For k ∈ Nm, let us denote

wik
(α) = 1−

k−1
∑

j=1

wij
(α)−

m
∑

j=k+1

wij
(α). (40)

Let k∗ ∈ Nm be such an index that wik∗
(α) ≤

wik∗
(α) ≤ wik∗

(α). Then

uN (α) =

k∗−1
∑

j=1

wij
(α) · uij

(α) +

wik∗
(α) · uik∗

(α) +

m
∑

j=k∗+1

wij
(α) · uij

(α). (41)

Let {ih}
m
h=1 be such a permutation on an index set Nm

that ui1(α) ≥ ui2(α) ≥ . . . ≥ uim
(α). For h ∈ Nm, let

us denote

wih
(α) = 1−

h−1
∑

j=1

wij
(α)−

m
∑

j=h+1

wij
(α). (42)

Let h∗ ∈ Nm be such an index that wih∗
(α) ≤

wih∗
(α) ≤ wih∗

(α). Then

uN (α) =

h∗−1
∑

j=1

wij
(α) · uij

(α) +

wih∗
(α) · uih∗

(α) +

m
∑

j=h∗+1

wij
(α) · uij

(α). (43)

Let us consider now the case where the fuzzy numbers
Ui = (ui, ui) and the normalized fuzzy weights Wi =
(wi, wi), i ∈ Nm, are linear fuzzy numbers, i.e. the
functions ui, ui as well as wi, wi are linear. It follows
from (41) and (43) that the fuzzy weighted average
UN = (N )

∑m

i=1 Wi · Ui is not a linear fuzzy number,
in general.

6 The Fuzzy Weighted Average U
N in

Decision Making Models

In this section, a multiple criteria decision making
model and a model of decision making under risk
where the fuzzy weighted average UN is applied, will
be described.

First, let us consider a problem of multiple crite-
ria decision making, where the best of alternatives
x1, x2, . . . , xn is to be chosen. The alternatives are
being evaluated with respect to a given objective that
is partitioned into m partial objectives associated with
criteria C1, C2, . . . , Cm. Let the uncertain informa-
tion about the shares of the partial objectives in
the overall one be given by normalized fuzzy weights
W1,W2, . . . ,Wm. Let uncertain partial fuzzy evalua-
tions of alternatives xi, i ∈ Nn, with respect to the
criteria Cj , j ∈ Nm, be expressed by fuzzy numbers
Ui,j defined on [0, 1] that represent the fuzzy degrees
of fulfilment of the corresponding partial objectives of
evaluation. Then the overall fuzzy evaluation UN

i of
the alternative xi, i ∈ Nn, can be expressed as follows

UN
i = (N )

m
∑

j=1

Wj · Ui,j . (44)

The overall fuzzy evaluations UN
i , i ∈ Nn, express the

fuzzy degrees of fulfilment of the overall objective of
evaluation. The best alternative is the first alterna-
tive in an ordering of the fuzzy numbers Ui, i ∈ Nn,
or the closest to the ideal alternative whose evaluation
is equal to 1. The overall fuzzy evaluations of alter-
natives can also be approximated linguistically by lin-
early ordered elements of a proper linguistic evaluation
scale defined on [0, 1]. For more details on metrics, or-
dering of fuzzy numbers and linguistic approximation
see [8].

Second, let us consider a problem of decision mak-
ing under risk that is described by the following fuzzy
decision matrix (see Table 1), where x1, x2, . . . , xn

are alternatives, S1, S2, . . . , Sr states of the world,
P1, P2, . . . , Pr their fuzzy probabilities, and Ui,k, i ∈
Nn, k ∈ Nr, denote fuzzy degrees in which the alter-
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natives xi, i ∈ Nn, satisfy a given decision objective if
the states Sk, k ∈ Nr, occur.

Table 1: Fuzzy decision matrix.

S1 S2 . . . Sr

P1 P2 . . . Pr FEUN

x1 U1,1 U1,2 . . . U1,r FEUN
1

x2 U2,1 U2,2 . . . U2,r FEUN
2

. . . . . . . . . . . . . . . . . .

xn Un,1 Un,2 . . . Un,r FEUN
n

For i ∈ Nn, the fuzzy numbers FEUN
i express ex-

pected fuzzy evaluations of alternatives xi; i.e. they
are calculated according to the formula

FEUN
i = (N )

r
∑

k=1

Pk · Ui,k . (45)

The best alternative is the alternative with the maxi-
mum expected fuzzy evaluation.

Examples of practical applications of such decision
making models, namely in finance and banking, are
described in [10, 11]. A similar approach can be ap-
plied also to multiple criteria decision making under
risk (see [9]).

7 Width Function of the Fuzzy

Weighted Average U
N

In the last section, the dependance of the uncertainty
of the fuzzy weighted average UN on given fuzzy num-
bers U1, U2, . . . , Um and on given normalized fuzzy
weights W1,W2, . . . ,Wm will be studied.

The uncertainty of UN = (uN , uN ) is described by
its width function σUN (α) = uN (α) − uN (α), α ∈
[0, 1]. Let us denote by σUi

the width functions of
the fuzzy numbers Ui = (ui, ui) for i ∈ Nm, i.e.
σUi

(α) = ui(α) − ui(α), α ∈ [0, 1]. Let w∗
α =

(w∗
1α, w∗

2α, . . . , w∗
mα) and w∗∗

α = (w∗∗
1α, w∗∗

2α, . . . , w∗∗
mα)

be, for each α ∈ [0, 1], the couple of normalized weights
such that w∗

iα, w∗∗
iα ∈ Wiα, i ∈ Nm,

∑m

i=1 w∗
iα =

∑m

i=1 w∗∗
iα = 1, and

uN (α) =

m
∑

i=1

w∗
iα · ui(α), uN (α) =

m
∑

i=1

w∗∗
iα · ui(α).

(46)
Then, for all α ∈ [0, 1], the width function of UN is
given by

σUN (α) =
m

∑

i=1

w∗∗
iα · ui(α)−

m
∑

i=1

w∗
iα · ui(α). (47)

From (47) it can be derived the following formula

σUN (α) =

m
∑

i=1

w∗
iα + w∗∗

iα

2
· σUi

(α) +

m
∑

i=1

(w∗∗
iα − w∗

iα) ·
ui(α) + ui(α)

2
. (48)

Let us denote

εi(α) =
ui(α) + ui(α)

2
−

1

m
·

m
∑

j=1

uj(α) + uj(α)

2
, (49)

then the formula (48) can be rewritten as follows

σUN (α) =

m
∑

i=1

w∗
iα + w∗∗

iα

2
· σUi

(α) +
m

∑

i=1

(w∗∗
iα −w∗

iα) · εi(α). (50)

The following two examples will illustrate how the
dependance characterized by the formula (50) affects
the behaviour of the decision making models described
above.

Example 2: Let a pair of normalized fuzzy weights be
given by the triangular fuzzy numbers W1 = W2 =
〈0, 0.5, 0.5, 1〉, and let two pairs of weighted values
be given by the real numbers u11 = 0.1, u12 = 0.6,
and u21 = u22 = 0.8. Figure 3 illustrates the fact
that the more different the weighted values are, the
more the uncertainty of normalized fuzzy weights af-
fects the uncertainty of the fuzzy weighted average
UN . In the first case, where the weighted values
are different, u11 6= u12, their fuzzy weighted aver-
age UN

1 = 〈0.1, 0.35, 0.35, 0.6〉. In the second case,
where the weighted values are equal, u21 = u22, their
fuzzy weighted average UN

2 = 0.8; thus the uncertainty
of the normalized weights does not affect the fuzzy
weighted average at all.

Figure 3: The dependance of the uncertainty of
the fuzzy weighted average on the variability of the
weighted values.

For the multiple criteria decision making model men-
tioned above it means the following: If the uncertain-
ties of the partial fuzzy evaluations are approximately
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the same, then the overall fuzzy evaluation of an al-
ternative whose partial fuzzy evaluations according to
the particular criteria are very different is more uncer-
tain than the overall fuzzy evaluation of an alternative
whose partial fuzzy evaluations are almost uniform.
Similarly, in the discrete model of decision making un-
der risk, the expected fuzzy evaluation of an alterna-
tive that depends strongly on states of the world is
more uncertain than the expected fuzzy evaluation of
an alternative that is relatively stable.

Figure 4: Fuzzy weighted average UN with normalized
weights w1 = 0.2 and w2 = 0.8.

Example 3: Let the weighted values be given by the
triangular fuzzy numbers U1 = 〈0.1, 0.4, 0.4, 0.7〉 and
U2 = 〈0.75, 0.8, 0.8, 0.85〉, and the normalized weights
by the real numbers w1 = 0.2 and w2 = 0.8. The
fuzzy weighted average of U1 and U2 with the normal-
ized weights w1 and w2 is UN

1 = 〈0.62, 0.72, 0.72, 0.82〉.
Figure 4 shows that the uncertainty of UN depends,
apart from other things, on the size of the weights.

It means that the uncertainty of the partial fuzzy eval-
uations with small weights (or with small probabili-
ties) cannot affect strongly the uncertainty of the over-
all fuzzy evaluation (fuzzy expected evaluation).

8 Conclusion

In decision making models based on the weighted av-
erage operation, weights of criteria as well as probabil-
ities of states of the world are usually defined expertly.
Therefore the models become more realistic if uncer-
tainty of the weights and probabilities is taken into
account.

In the paper, the uncertain weights and probabilities
were expressed by normalized fuzzy weights, and the
fuzzy weighted average operation was applied to com-
putation of the aggregated fuzzy evaluations in models
of multiple criteria decision making and to computa-
tion of the fuzzy expected evaluations in models of
decision making under risk. It was shown that the
uncertainty of the resulting fuzzy evaluations depends
not only on the uncertainty of the normalized fuzzy

weights and on the uncertainty of the weighted fuzzy
values but also on the variance of the weighted fuzzy
values.
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Abstract 
 

We study different types of aggregation 
operators. We focus on the generalized 
OWA (GOWA) operator developed by 
Yager which represents a generalization to 
a wide range of aggregation operators. We 
distinguish between aggregations with a 
descending or with an ascending order. We 
introduce the induced generalized OWA 
(IGOWA) operator which represents an 
extension to the GOWA operator. It 
generalizes a wider range of aggregation 
operators as the GOWA operator is a 
particular case of this type of 
generalization. We study its main 
properties and some particular cases 
obtained with it. Finally, we develop a 
further generalization to the IGOWA 
operator by using quasi-arithmetic means. 
 
Keywords: Generalized mean, Induced 
OWA operator, Aggregation operators, 
Quasi-arithmetic means. 

 
 
 
1 Introduction 
 
In the literature, we find a wide range of aggregation 
operators for aggregating the information. A very 
common aggregation method is the ordered weighted 
averaging (OWA) operator introduced in [17]. Since 
its appearance, the OWA operator has been used in a 
wide range of applications such as [2,30]. It provides 
a parameterized family of aggregation operators that 
includes the maximum, the minimum and the average 
criteria. 
 
In [29], Yager and Filev developed an extension to 
the OWA operator called induced ordered weighted 
averaging (IOWA) operator. The difference is that 
the reordering step is not developed with the values 
of the arguments. In this case, the reordering step is 
induced by another mechanism such that the ordered 
position of the arguments depends upon the values of 
their associated order inducing variables. In the last 

years, the IOWA operator has been receiving 
increasing attention as it is seen in the different 
works developed about it such as in [5,11,16,22-
23,25]. 
 
Recently, Yager [26] has developed a generalized 
version of the OWA operator where he introduces a 
reordering step in the generalized mean according to 
the values of the arguments. The generalized mean 
was introduced in [6-7] and it generalizes a wide 
range of mean operators such as the arithmetic mean, 
the geometric mean, the harmonic mean and the 
quadratic mean. Then, with the generalized OWA 
operator, Yager offered a generalization that included 
the particular cases found in the OWA operator such 
as the maximum and the minimum and the particular 
cases found in the generalized mean such as the 
geometric or the harmonic mean. More recently, 
Beliakov [1] has suggested a further generalization to 
the GOWA operator by using quasi-arithmetic 
means. Then, the result obtained is the Quasi-OWA 
operator introduced in [8]. This operator has also 
been studied in [2]. Note that these generalizations 
are different from the ones developed in [13,16]. 
 
In this paper, we suggest an induced generalized 
OWA (IGOWA) operator which represents an 
extension to the GOWA operator. In this 
generalization, we suggest a reordering step based on 
a mechanism such that the ordered position of the 
arguments depends upon their associated order 
inducing variables. Then, we can obtain a 
generalization that includes the special cases found in 
the IOWA operator such as the maximum, the 
minimum and the OWA operator, and the special 
cases found in the generalized mean such as the 
arithmetic or the geometric mean. We will also 
suggest a further generalization to the IGOWA 
operator by using quasi-arithmetic means. We will 
call it the Quasi-IOWA operator.  
 
In order to do so, this paper is organized as follows. 
In Section 2, we briefly describe some aggregations 
operators such as the OWA operator, the IOWA 
operator and the generalized mean. In Section 3, we 
study the main concepts of the GOWA operator. In 
Section 4, we introduce the IGOWA operator. In 
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Section 5, we develop different families of IGOWA 
operators. In Section 6 we introduce the Quasi-
IOWA operator. Finally, in Section 7, we summarize 
the main conclusions found in the paper. 
 
 
2 Aggregation operators 
 
In this Section we will briefly describe the OWA 
operator, the IOWA operator and the generalized 
mean. 
 
2.1 OWA operator 
 
The OWA operator was introduced by Yager in [17] 
and it provides a parameterized family of aggregation 
operators that include the arithmetic mean, the 
maximum and the minimum. It can be defined as 
follows. 
 
Definition 1. An OWA operator of dimension n is a 
mapping OWA:Rn

→R that has an associated 
weighting vector W of dimension n such that the sum 
of the weights is 1 and wj ∈ [0,1], then: 
                                                               

    OWA(a1, a2,…, an) = ∑
=

n

j
jj bw

1
                           (1) 

 
where bj is the jth largest of the ai.  
 
From a generalized perspective of the reordering 
step, we have to distinguish between the descending 
OWA (DOWA) operator and the ascending OWA 
(AOWA) operator [18]. The OWA operator is a 
mean or averaging operator. This is a reflection of 
the fact that the operator is commutative, monotonic, 
bounded and idempotent [17].  
 
2.2 IOWA operator 
 
The IOWA operator was introduced by Yager and 
Filev [29] and it represents an extension to the OWA 
operator. Its main difference is that the reordering 
step is not developed with the values of the 
arguments ai. In this case, the reordering step is 
developed with order inducing variables. The IOWA 
operator also includes as particular cases the 
maximum, the minimum and the average criteria. In 
the following, we provide a definition of the IOWA 
operator as suggested in [29]. 
 
Definition 2. An IOWA operator of dimension n is a 
mapping IOWA: Rn → R that has an associated 
weighting vector W of dimension n such that the sum 
of the weights is 1 and wj ∈ [0,1], then: 
  

   IOWA(〈u1,a1〉, 〈u2,a2〉…, 〈un,an〉) = ∑
=

n

j
jj bw

1

      (2) 

 
where bj is the ai value of the IOWA pair 〈ui,ai〉 
having the jth largest ui, ui is the order inducing 
variable and ai is the argument variable. 
 
From a generalized perspective of the reordering 
step, we have to distinguish between the Descending 
IOWA (DIOWA) operator and the Ascending IOWA 
(AIOWA) operator [11]. The IOWA operator is also 
monotonic, bounded, idempotent and commutative 
[29] both for the DIOWA and the AIOWA operator. 
 
2.3 Generalized mean 
 
The generalized mean was introduced in [6-7] and it 
represents a generalization to a wide range of mean 
aggregations such as the arithmetic mean, the 
geometric mean, the harmonic mean and the 
quadratic mean. It can be defined as follows. 
 
Definition 3. A generalized mean of dimension n is a 
mapping GM:Rn

→R such that: 
 

     GM(a1, a2,…, an) = 

λ
λ

/1

1

1










∑
=

n

i
ia

n
                     (3) 

 
where ai is the argument variable and λ is a 
parameter such that λ ∈ (−∞, ∞). Note that 
depending on the value of the parameter λ, we obtain 
different types of means. When λ = ∞, we obtain the 
maximum. When λ = 1, the arithmetic mean. When λ 
= 0, the geometric mean. When λ = −1, the harmonic 
mean. When λ = 2, the quadratic mean. When λ = 
−∞, the minimum. 
 
Another type of generalized mean is the case when 
the weights of the arguments are different. Then, we 
obtain the weighted generalized mean. It can be 
defined as follows. 
  
Definition 4. A weighted generalized mean of 
dimension n is a mapping WGM:Rn

→R that has an 
associated weighting vector W of dimension n such 
that the sum of the weights is 1 and wj ∈ [0,1], then: 
 

  WGM(a1, a2,…, an) = 

λ
λ

/1

1










∑
=

n

i
ii aw                   (4) 

 
where ai is the argument variable and λ is a 
parameter such that λ ∈ (−∞, ∞). 
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3 Generalized OWA operator 
 
The generalized OWA (GOWA) operator was 
introduced by Yager in [26]. In the following, we are 
going to define it. 
 
Definition 5. A GOWA operator of dimension n is a 
mapping GOWA:Rn

→R that has an associated 
weighting vector W of dimension n such that the sum 
of the weights is 1 and wj ∈ [0,1], then: 
 

 GOWA(a1, a2,…, an) = 

λ
λ

/1

1













∑

=

n

j
jj bw                  (5) 

 
where bj is the jth largest of the ai, and λ is a 
parameter such that λ ∈ (−∞, ∞). 
 
From a generalized perspective of the reordering 
step, we have to distinguish between the descending 
generalized OWA (DGOWA) operator and the 
ascending generalized OWA (AGOWA) operator. 
Note that it is possible to use them in situations 
where the highest value is the best result and in 
situations where the lowest value is the best result. 
The DGOWA operator has the same definition than 
the GOWA operator. And the AGOWA operator is 
related to the GOWA operator by wj = w*n+1−j, where 
wj is the jth weight of the DGOWA (or GOWA) 
operator and w*n+1−j the jth weight of the AGOWA 
operator. 
 
As it is demonstrated in [26], the GOWA operator is 
a mean operator. This is a reflection of the fact that 
the operator is commutative, monotonic, bounded 
and idempotent both for the DGOWA and the 
AGOWA operator. It can also be demonstrated that 
the GOWA operator has as special cases the 
maximum, the minimum, the generalized mean and 
the weighted generalized mean. Note that the 
weighted generalized mean is obtained when j = i, for 
all i and j, where j is the jth argument of the bj and i 
is the ith argument of the ai. 
 
If we look to different values of the parameter λ, we 
can also obtain other special cases as the usual OWA 
operator [17], the ordered weighted geometric 
(OWG) operator [3,15], the ordered weighted 
harmonic averaging (OWHA) operator [26] and the 
ordered weighted quadratic averaging (OWQA) 
operator [26]. When λ = 1, with the DGOWA 
operator, we obtain the usual OWA operator and with 
the AGOWA operator, we obtain the AOWA 
operator. When λ = 0, we get the descending OWG 
(DOWG) operator and the ascending OWG (AOWG) 
operator. When λ = −1, we obtain the descending 
OWHA (DOWHA) operator and the ascending 

OWHA (AOWHA) operator. When λ = 2, we get the 
descending OWQA (DOWQA) operator and the 
ascending OWQA (AOWQA) operator respectively. 
 
Another interesting issue to consider is the attitudinal 
character of the GOWA operator. In [26], Yager 
defined it as: 
 

      α(W) = 

λλ /1

1 1 




















−
−

∑
=

n

j
j n

jn
w                           (6) 

 
It can be shown that α ∈ [0, 1]. The more of the 
weight located near the top of W, the closer α to 1 
and the more of the weight located toward the bottom 
of W, the closer α to 0. Note that for the optimistic 
criteria α(W) = 1 and for the pessimistic criteria α(W) 
= 0. Here, we could also make a distinction between 
descending and ascending orders by using wj = 
w*n+1−j, where wj is the jth weight of the GOWA 
operator and w*n+1−j the jth weight of the AGOWA 
operator.  
 
 
4 Induced generalized OWA operator 
 
The induced generalized OWA (IGOWA) operator 
represents an extension to the GOWA operator. The 
main difference between them is that the reordering 
step of the IGOWA operator is not developed with 
the values of the arguments ai. In this case, the 
reordering step is induced by another mechanism 
represented as ui, where the ordered position of the 
arguments ai depends upon the values of the order 
inducing variable ui. 
 
Definition 6. An IGOWA operator of dimension n is 
a mapping IGOWA: Rn → R that has an associated 
weighting vector W of dimension n such that the sum 
of the weights is 1 and wj ∈ [0,1], then: 
  

IGOWA(〈u1,a1〉, …, 〈un,an〉) = 

λ
λ

/1

1













∑

=

n

j
jj bw         (7) 

 
where bj is the ai value of the IGOWA pair 〈ui,ai〉 
having the jth largest ui, ui is the order inducing 
variable, ai is the argument variable and λ is a 
parameter such that λ ∈ (−∞, ∞). 
 
From a generalized perspective of the reordering 
step, we have to distinguish between the descending 
induced generalized OWA (DIGOWA) operator and 
the ascending induced generalized OWA (AIGOWA) 
operator. Note that they can be used in situations 
where the highest value is the best result and in 
situations where the lowest value is the best result. 
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But in a more efficient context, it is better to use one 
of them for one situation and the other one for the 
other situation. The DIGOWA operator has the same 
definition than the IGOWA operator. 
 
Definition 7. An AIGOWA operator of dimension n 
is a mapping AIGOWA: Rn → R that has an 
associated weighting vector W of dimension n such 
that the sum of the weights is 1 and wj ∈ [0,1], then: 
  

AIGOWA(〈u1,a1〉, …, 〈un,an〉) = 

λ
λ

/1

1













∑

=

n

j
jj bw      (8) 

 
where bj is the ai value of the IGOWA pair 〈ui,ai〉 
having the jth lowest ui, ui is the order inducing 
variable, ai is the argument variable and λ is a 
parameter such that λ ∈ (−∞, ∞). As we can see, the 
elements bj (j= 1, 2, …, n) are ordered in an 
increasing way according to the values of ui:  
〈Min{ ui},b1〉 ≤ … ≤ 〈Max{ui},bn〉. 
 
The IGOWA operator is a mean or averaging 
operator. This is a reflection of the fact that the 
operator is commutative, monotonic, bounded and 
idempotent both for the DIGOWA and the AIGOWA 
operator. It is commutative because any permutation 
of the arguments has the same evaluation. That is, 
IGOWA(〈u1,a1〉, 〈u2,a2〉…, 〈un,an〉) = IGOWA(〈u1,d1〉, 
〈u2,d2〉…, 〈un,dn〉), where (d1,…, dn) is any 
permutation of the arguments (a1,…, an). It is 
monotonic because if ai ≥ di, for all ai, then, 
IGOWA(〈u1,a1〉, 〈u2,a2〉…, 〈un,an〉) ≥ IGOWA(〈u1,d1〉, 
〈u2,d2〉…, 〈un,dn〉). It is bounded because the IGOWA 
aggregation is delimitated by the minimum and the 
maximum. That is, Min{ai} ≤ IGOWA(〈u1,a1〉, 
〈u2,a2〉…, 〈un,an〉) ≤ Max{ai}. It is idempotent 
because if ai = a, for all ai, then, IGOWA(〈u1,a1〉, 
〈u2,a2〉…, 〈un,an〉) = a. 
 
An interesting issue when analysing induced 
aggregation operators is the problem of ties in the 
reordering step. In order to solve this problem, we 
recommend to follow the policy developed by Yager 
and Filev [29] where they replace each argument of 
the tied IOWA pairs by their average. For the 
GOWA operator, instead of using the arithmetic 
mean, we will replace each argument of the tied 
IGOWA pairs by its generalized mean. Then, 
depending on the parameter of λ, we will use a 
different type of mean to replace the tied arguments. 
 
As it is explained in [29] for the IOWA operator, 
when studying the order inducing variable of the 
IGOWA operator, we should note that the values 
used can be drawn from a space such that the only 
requirement is to have a linear ordering. Then, it is 

possible to use different kinds of attributes for the 
order inducing variables that permit us, for example, 
to mix numbers with words in the aggregations [31]. 
For the IGOWA operator, this would mean that we 
have numerical arguments to be ordered by linguistic 
order inducing variables. Note that the reordering of 
the linguistic inducing variables can be ascendant or 
descendant according to the interests of the 
aggregation. Also note that in some situations it is 
possible to use the implicit lexicographic ordering 
associated with words such as the ordering of words 
in dictionaries [29].  
 
The IGOWA operator is a generalization of the 
IOWA operator. Therefore, the IGOWA operator is 
applicable to different situations already discussed 
for the IOWA operator. For example, we could use it 
for modeling nearest neighbour rule [29], for model 
building [29] and for the aggregation of complex 
objects [23]. Other potential applications could be 
developed for decision making, group decision 
making, business decisions, etc. 
 
 
5 Families of IGOWA operators 
 
By choosing a different manifestation of the 
weighting vector in the IGOWA operator, we are 
able to obtain different types of aggregation 
operators. For example, we can obtain the maximum, 
the minimum, the generalized mean, the weighted 
generalized mean and the GOWA operator. Note that 
these results can be obtained both for the DIGOWA 
and the AIGOWA operators. 
 
The maximum is obtained if wp = 1 and wj = 0, for all 
j ≠ p, and up = Max{ai}, then, IGOWA(〈u1,a1〉, 
〈u2,a2〉…, 〈un,an〉) = Max{ai}. The minimum is 
obtained if wp = 1 and wj = 0, for all j ≠ p, and  up = 
Min{ai}, then, IGOWA(〈u1,a1〉, 〈u2,a2〉…, 〈un,an〉) = 
Min{ ai}. More generally, if wk = 1 and wj = 0, for all 
j ≠ k, we get for any λ, IGOWA(a1, a2,…, an) = bk, 
where bk is the the ai value of the IGOWA pair 〈ui,ai〉 
having the kth largest ui. The generalized mean is 
found when wj = 1/n, for all ai. The weighted 
generalized mean is obtained if ui > ui+1, for all i, and 
the GOWA operator is obtained if the ordered 
position of ui is the same than the ordered position of 
bj such that bj is the jth largest of ai.  
 
Other families of IGOWA operators could be 
obtained by using a different weighting vector. For 
example, when wj = 1/m for k ≤ j ≤ k + m − 1 and wj 
= 0 for j > k + m and j < k, we are using the window-
IGOWA operator that it is based on the window-
OWA operator [19]. Note that k and m must be 
positive integers such that k + m − 1 ≤ n. Also note 
that if m = k = 1, and the initial position of the 
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highest ui is also the initial position of the highest ai, 
then, the window-IGOWA is transformed in the 
maximum. If m = 1, k = n, and the initial position of 
the lowest ui is also the initial position of the lowest 
ai, then, the window-IGOWA becomes the minimum. 
And if m = n and k = 1, the window-IGOWA is 
transformed in the generalized mean. 
 
If w1 = wn = 0, and for all others wj = 1/(n − 2), we 
are using the olympic induced generalized average 
that it is based on the olympic average [21]. Note that 
if n = 3 or n = 4, the olympic induced generalized 
average is transformed in the IGOWA median and if 
m = n − 2 and k = 2, the window-IGOWA is 
transformed in the olympic induced generalized 
average. Also note that the olympic induced 
generalized average is transformed in the olympic 
generalized average if wp = wq = 0, such that up = 
Maxi{ai} and uq = Mini{ai}, and for all others wj = 
1/(n − 2).  
 
Another type of aggregation that could be used is the 
E-Z IGOWA weights that it is based on the E-Z 
OWA weights [24]. In this case, we should 
distinguish between two classes. In the first class, we 
assign wj = (1/k) for j = 1 to k and wj = 0 for j > k, and 
in the second class, we assign wj = 0 for j = 1 to n − k 
and wj = (1/k) for j = n − k + 1 to n. Note that the E-Z 
IGOWA weights becomes the E-Z GOWA weights 
for the first class if the ordered position of ui is the 
same than the ordered position of bj such that bj is the 
jth largest of ai, from j = 1 to k. And for the second 
class, the E-Z IGOWA weights becomes the E-Z 
GOWA weights if the ordered position of ui is the 
same than the ordered position of bj such that bj is the 
jth largest of ai, from j = n − k + 1 to n.  
 
We note that the generalized median and the 
weighted generalized median can also be used as 
induced aggregation operators. For the IGOWA 
median, if n is odd we assign w(n + 1)/2 = 1 and wj = 0 
for all others, and this affects the argument ai with 
the [(n + 1)/2]th largest ui. If n is even we assign for 
example, wn/2 = w(n/2) + 1 = 0.5, and this affects the 
arguments with the (n/2)th and [(n/2) + 1]th largest 
ui. For the weighted IGOWA median, we follow a 
different procedure than [20]. We select the argument 
ai that has the kth largest inducing variable ui, such 
that the sum of the weights from 1 to k is equal or 
higher than 0.5 and the sum of the weights from 1 to 
k − 1 is less than 0.5. Note that if the ordered position 
of ui is the same than the ordered position of bj such 
that bj is the jth largest of ai, then, the IGOWA 
median and the weighted IGOWA median become 
the GOWA median and the weighted GOWA median 
respectively. 
 

Another interesting family is the S-IGOWA operator 
based on the S-OWA operator [28]. It can be divided 
in three classes, the “orlike”, the “andlike” and the 
generalized S-IGOWA operator. The “orlike” S-
IGOWA operator is found when wp = (1/n)(1 − α) + 
α, up = Max{ai}, and wj = (1/n)(1 − α) for all j ≠ p 
with α ∈ [0, 1]. Note that if α = 0, we get the 
arithmetic mean and if α = 1, we get the maximum. 
The “andlike” S-IGOWA operator is found when wq 
= (1/n)(1 − β) + β, uq = Min{ai}, and wj = (1/n)(1 − 
β) for all j ≠ q with β ∈ [0, 1]. Note that in this class, 
if β = 0 we get the average and if β = 1, we get the 
minimum. Finally, the generalized S-IGOWA 
operator is obtained when  wp = (1/n)(1 − (α + β) + 
α, with up = Max{ai}; wq = (1/n)(1 − (α + β) + β, 
with uq = Min{ai}; and wj = (1/n)(1 − (α + β) for all j 
≠ p,q where α, β ∈ [0, 1] and α + β ≤ 1. Note that if 
α = 0, the generalized S-IGOWA operator becomes 
the “andlike” S-IGOWA operator and if β = 0, it 
becomes the “orlike” S-IGOWA operator. 
 
Other families of IGOWA operators could be 
developed such as the weights that depend on the 
aggregated objects [19]. For example, we could 
develop the BADD-IGOWA operator that it is based 
on the OWA version developed in [19,28].  
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where α ∈ (−∞, ∞), bj is the jth largest element of the 
arguments ai. Note that the sum of the weights is 1 
and wj ∈ [0,1]. Also note that if α = 0, we get the 
generalized mean and if α = ∞, we get the maximum. 
Another family of IGOWA operator that depends on 
the aggregated objects is 
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where α ∈ (−∞, ∞), bj is the jth largest element of the 
arguments ai. Note that in this case if α = 0, we also 
get the generalized mean and if α = ∞, we get the 
minimum. A third family of IGOWA operator that 
depends on the aggregated objects is 
 

∑ =

=
n

j j

j
j

b

b
w

1
)/1(

)/1(

α

α
                                       (11) 

 
where α ∈ (−∞, ∞), bj is the jth largest element of the 
arguments ai. In this case, we also get the generalized 
mean if α = 0. If α = 1, we obtain the harmonic mean 
and if α = ∞, we get the minimum. 
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A very useful approach for obtaining the weights that 
it is also applicable for the IGOWA operator is the 
functional method introduced by Yager [21] for the 
OWA operator. It can be summarized as follows. Let 
ƒ be a function ƒ: [0, 1] → [0, 1] such that ƒ(0) = 
ƒ(1) and ƒ(x) ≥ ƒ(y) for x > y. We call this function a 
basic unit interval monotonic function (BUM). Using 
this BUM function we obtain the IGOWA weights wj 
for j = 1 to n as 
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It can easily be shown that using this method, the w 
satisfy that the sum of the weights is 1 and wj ∈ [0,1]. 
 
Another family of aggregation operators that could 
be used in the IGOWA operator is the centered 
IGOWA weights. This type of operator has been 
suggested by Yager [27] for the OWA operator. 
Following the same methodology, we could say that 
an IGOWA operator is a centered aggregation 
operator if it is symmetric, strongly decaying and 
inclusive. It is symmetric if wj = wj+n−1. It is strongly 
decaying when i < j ≤ (n + 1)/2 then wi < wj and 
when i > j ≥ (n + 1)/2 then wi < wj. It is inclusive if wj 
> 0. Note that it is possible to consider a softening of 
the second condition by using wi ≤ wj instead of wi < 
wj. We shall refer to this as softly decaying centered 
IGOWA operator. Note that the generalized mean is 
an example of this particular case of centered 
IGOWA operator. Another particular situation of the 
centered IGOWA operator appears if we remove the 
third condition. We shall refer to it as a non-inclusive 
centered IGOWA operator. For this situation, we find 
the IGOWA median as a particular case. 
 
A special type of centered IGOWA operator is the 
Gaussian IGOWA weights which follows the same 
methodology than the Gaussian OWA weights 
suggested by Xu [14]. In order to define it, we have 
to consider a Gaussian distribution η(µ, σ) where 
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we define the IGOWA weights as 
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Note that the sum of the weights is 1 and wj ∈ [0,1]. 
 
If we analyze different values of the parameter λ in 
the IGOWA operator, we obtain another group of 
particular cases such as the usual IOWA operator, the 
induced OWG (IOWG) operator [5,16], the induced 
OWHA (IOWHA) operator and the induced OWQA 
(IOWQA) operator. 
 
When λ = 1, the IGOWA operator becomes the 
IOWA operator.  
 

IGOWA(〈u1,a1〉, …, 〈un,an〉) = ∑
=

n

j
jj bw

1
             (17) 

 
From a generalized perspective of the reordering step 
we have to distinguish between the DIOWA operator 
and the AIOWA operator. In both cases, the 
formulation is the same with the difference that the 
DIOWA operator has a descending order and the 
AIOWA operators an ascending order. 
 
When λ = 0, the IGOWA operator becomes the 
IOWG operator.  
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With the DIGOWA operator we obtain the 
descending IOWG (DIOWG) operator and with the 
AIGOWA operator, the ascending IOWG (AIOWG) 
operator. 
 
When λ = −1, we get the IOWHA operator. 
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Note that from a generalized perspective of the 
reordering step we get the descending IOWHA 
(DIOWHA) operator and the ascending IOWHA 
(AIOWHA) operator. 
 
When λ = 2, we get the IOWQA operator. 
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In this case, we obtain the descending IOWQA 
(DIOWQA) operator and the ascending IOWQA 
(AIOWQA) operator.  
 
 
6 Induced Quasi-OWA operators 
 
As it is explained in [1], a further generalization to 
the GOWA operator is possible by using quasi-
arithmetic means [9-10,12]. Note that from a 
generalized perspective of the reordering step we 
have to distinguish between ascending and 
descending orderings in the Quasi-OWA operators 
[8]. Then, we will get the Quasi-DOWA and the 
Quasi-AOWA operators. 
 
Following the same methodology as in [1], we can 
suggest a similar generalization to the IGOWA 
operator by using quasi-arithmetic means. We can 
call this generalization as the Quasi-IOWA operator. 
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As we can see, we replace bλ with a general 
continuous strictly monotone function g(b). In this 
case, we have also to distinguish between ascending 
and descending orderings. Then, we will have to 
distinguish between the Quasi-DIOWA operator and 
the Quasi-AIOWA operator. Obviously, all the 
particular cases commented in the IGOWA operator 
are also included in this generalization such as the 
usual IOWA operator, the IOWG operator, the 
IOWHA operator and the IOWQA operator. 
 
Another interesting issue to analyse with the Quasi-
IOWA operator is the problem of ties in the 
aggregation. In this case, we also recommend the 
policy suggested by Yager and Filev [29] where they 
replace each argument of the tied IOWA pairs by 
their average. The difference for the Quasi-IOWA 
operator is that instead of using the arithmetic mean, 
we recommend to use the quasi-arithmetic mean. 
Then, depending on the particular type of Quasi-
IOWA operator, we will replace each tied argument 
by its corresponding quasi-arithmetic mean. 
 
We should also note that for the Quasi-IOWA 
operator, when studying the order inducing variable, 
it is also possible to use values drawn from a space 
with the only requirement of having a linear ordering. 
Then, it is possible to use different kinds of attributes 
for the order inducing variables that permit us, for 
example, to mix numbers with words in the 
aggregations. 

 

 
7 Conclusions 
 
We have studied different types of aggregation 
operators. First, we have reviewed some basic 
operators such as the OWA operator, the IOWA 
operator and the generalized mean. Then, we have 
analysed the GOWA operator introduced by Yager. 
We have considered its main properties and some of 
the particular cases found in the weighting vector W 
and in the parameter λ. The whole analysis has been 
developed distinguishing between aggregations with 
a descending or with an ascending order. With this 
information, we have introduced the IGOWA 
operator. It represents an extension to the GOWA 
operator with the main difference that the reordering 
step is developed with order inducing variables. We 
have briefly studied its main properties and some of 
the particular cases found in the weighting vector W 
and in the parameter λ such as the IOWA operator, 
the IOWG operator, the IOWHA operator and the 
IOWQA operator. Finally, we have developed the 
Quasi-IOWA operator which represents a 
generalization of the IGOWA operator. 
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Abstract

In our paper we recall some known mixture
operators and their properties. We introduce
sufficient conditions for weighting functions
to ensure the monotonicity of the correspond-
ing operators. We introduce new applications
of mixture operators in the insurance, namely
in the additional insurance.

Keywords: Mixture operator, Generalized
mixture operator, Weighting function, Net
annual premium.

1 Introduction

In multicriteria decision making, alternatives are char-
acterized by score vectors describing the degree of ful-
filment of chosen criteria. We suppose that each al-
ternative x is characterized by a score vector x =
(x1, . . . , xn) ∈ [a, b]n, where n ∈ N − {1} is the num-
ber of applied criteria and the decision is based on an
aggregation operator A : [a, b]n → [a, b]. Commonly
used anonymous (i. e., stable under permutations of
score) aggregation operator is the arithmetic mean M ,

M(x1, . . . , xn) =
1
n

n∑
i=1

xi.

Standard incorporation of (fixed) weights (criteria im-
portances) leads to the class of weighted arithmetic
means. In this case, weights are assigned to single cri-
teria (i. e., coordinates of score vector), independently
of the actual score vector. Alternative approaches of
introducing weights to the arithmetic mean aggrega-
tion link the weights and single observed score values.
Arithmetic mean weighted by a weighting function
g : [a, b] →]0,∞[ (also called a mixture operator),
Mg : [a, b]n → [a, b] is given by

Mg(x1, . . . , xn) =

n∑
i=1

g(xi) · xi

n∑
i=1

g(xi)
. (1)

Observe that due to the continuity of weighting func-
tion g, each mixture operator Mg is continuous. More-
over, each mixture operator is anonymous and idempo-
tent(unanymous). More informations about mixture
operators can be found in [1], [3], [4].

Note that sometimes different weighting functions are
applied for different criteria score, thus leading to a
generalized mixture operator [4], Mg : [a, b]n → [a, b]
given by

Mg(x1, . . . , xn) =

n∑
i=1

gi(xi) · xi

n∑
i=1

gi(xi)
, (2)

where g = (g1, . . . , gn) is a vector of weighting func-
tions. Obviously generalized mixture operators are
continuous.

Generalized mixture operator based on the ordinal ap-
proach M

′

g : [a, b]n → [a, b] given by

M
′

g(x(1), . . . , x(n)) =

n∑
i=1

gi(x(i)) · x(i)

n∑
i=1

gi(x(i))
, (3)

where g = (g1, . . . , gn) is a vector of weighting func-
tions and (x(1), . . . , x(n)) is non - decreasing permuta-
tion of score vector, is called ordered generalized mix-
ture operator. Ordered generalized mixture operator
is generalization of OWA operators. More informa-
tions about OWA operators can be found in [9].

In our paper we recall the problem of the monotonicity
of mixture operators on the interval [a, b] and specially
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on the interval [0, 1] we introduce new applications of
mixture operators in additional insurance on price de-
termination of the gross annual premium.

The paper is organized as follows. In the second sec-
tion we introduce sufficient conditions for the non -
decreasingness of mixture operators, namely for non -
decreasing weighting functions and for non - increasing
weighting functions. In the third section we introduce
new applications of mixture operators and we calcu-
late the gross annual premium for the additional insur-
ance, specifically for time of necessary treatment, per-
manent consequences, permanent disability (full dis-
ability) and accidental death. In our paper we focuse
only on the applications of mixture operators with non
- decreasing weighting functions. Finally, some conclu-
sions are given.

2 Monotonicity of mixture operators

2.1 Mixture operator with non - decreasing
weighting function

In [4], [5] were derived the sufficient conditions for the
monotonicity of mixture operators

Mg(x1, . . . , xn) =

n∑
i=1

g(xi) · xi

n∑
i=1

g(xi)

on the interval [0, 1]. In [6] were derived the sufficient
conditions for the monotonicity of mixture operators
on the interval [a, b]. In the next we recall these con-
ditions, which are written in next propositions.

Proposition 2.1. Let g : [a, b] →]0,∞[ be a non -
decreasing (smooth) weighting function, which satisfies
the next condition:

g(x) ≥ g′(x) · (b− a) (C1)

for all x ∈ [a, b].
Then Mg : [a, b]n → [a, b] is an aggregation operator
for each n ∈ N , n > 1.

Proposition 2.2. Let g : [a, b] →]0,∞[ be a non -
decreasing (smooth) weighting function, which satisfies
the next condition:

g(x) ≥ g′(x) · (b− x) (C2)

for all x ∈ [a, b].
Then Mg : [a, b]n → [a, b] is an aggregation operator
for all n ∈ N , n > 1.

Moreover, the conditions (C1), (C2) are enough to
ensure the monotonicity of generalized mixture oper-

ators Mg, as well as of ordered generalized mixture
operators M

′

g acting on [a, b].

Proposition 2.3. Let g : [a, b] →]0,∞[ be a non -
decreasing (smooth) weighting function such that for a
fixed n ∈ N , n > 1, it satisfies the next condition:

g2(x)
(n−1)·g(b) + g(x) ≥ g′(x) · (b− x) (C3)

for all x ∈ [a, b].
Then Mg : [a, b]n → [a, b] is an aggregation operator.

Proposition 2.4. For a fixed n ∈ N , n > 1, i =
1, . . . , n, let gi : [a, b] →]0,∞[ be non - decreasing
(smooth) weighting functions, which satisfy the next
condition:

g2
i (x)P

j 6=i

gj(b)
+ gi(x) ≥ g′i(x) · (b− x) (C4)

for all x ∈ [a, b]. Then Mg : [a, b]n → [a, b], where
g = (g1, . . . , gn), is an aggregation operator.

Previous conditions are rewrite for the most frequent
interval [0, 1] by the next way:

g(x) ≥ g′(x), x ∈ [0, 1]; (4)

g(x) ≥ g′(x) · (1− x), x ∈ [0, 1]; (5)

g2(x)
(n− 1) · g(1)

+ g(x) ≥ g′(x) · (1− x) , x ∈ [0, 1]; (6)

g2
i (x)∑

j 6=i

gj(1)
+ gi(x) ≥ g′i(x) · (1− x), x ∈ [0, 1]. (7)

In the next we introduce examples of weighting func-
tions for the non - decreasing mixture operators on the
interval [0, b].

Example 2.1. Let g(x) : [0, b] →]0,∞[ be a function
given by g (x) = ax+1−ab, where a ≥ 0 and g(b) = 1.
From the condition (C1) and (C2) we get the condi-
tion for the coefficient a in our linear function on the
interval [0, b], namely a ≤ 1

2b . For example :

• if b = 0.5 a ∈ [0, 1],

• if b = 1 a ∈ [0, 0.5],

• if b = 2 a ∈ [0, 0.25],

• if b = 3 a ∈ [0, 0.166667],

• if b →∞, then a → 0, so g(x) = 1.

Note that in the above case the second sufficient con-
dition does not extend the choice of weighting func-
tions. However the condition (C3) for n = 2 give us
the condition: a ∈ [0, 2−

√
2

b ], which extends the choice
of weighting functions. For example:
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• if b = 0.5 a ∈ [0, 1.17157],

• if b = 1 a ∈ [0, 0.585786],

• if b = 2 a ∈ [0, 0.29289],

• if b = 3 a ∈ [0, 0.195262],

• if b →∞ a → 0, so g(x) = 1.

Observe that with greater b the choice of coefficients
a is smaller.
Next example is interesting because of the fact that
each of conditions (C1), (C2) and (C3) give us a dif-
ferent choice of a

′
s. Again observe that with greater b

the choice of coefficients a is smaller.

Example 2.2. Let g(x) : [0, b] →]0,∞[ be given by
g(x) = ax2 + 1 − ab2, where a > 0 and b > 0. From
the condition (C1) we get condition a ∈ [0, 1

2b2 ]. For
example:

• if b = 0.5 a ∈ [0, 2],

• if b = 1 a ∈ [0, 0.5],

• if b = 2 a ∈ [0, 0.125],

• if b = 3 c ∈ [0, 0.055556],

• if b →∞, then a → 0, so g(x) = 1.

The condition (C2) give us a ∈ [0, 3
4b2 ]. For example:

• if b = 0.5 a ∈ [0, 3],

• if b = 1 a ∈ [0, 0.75],

• if b = 2 a ∈ [0, 1875],

• if b = 3 c ∈ [0, 0.083333],

• if b →∞ a → 0, so g(x) = 1.

From the last condition (C3) we have the condition:

a2x4+(2a−2a2b2+3a)·x2−2abx+a2b4−3ab2+2 ≥ 0.

By system MATHEMATICA we get:

• b = 0.5 a ∈ [0; 3.220]

• b = 1 a ∈ [0; 0.805]

• b = 2 a ∈ [0; 0.201]

• b = 3 a ∈ [0; 0.0894]

• b →∞ a → 0, so g(x) = 1.

2.2 Mixture operator with non - increasing
weighting function

In the next we recall conditions for the non - decreas-
ingness of mixture operators with non - increasing
weighting function on the interval [a, b], which are de-
rived in [7].

Proposition 2.5. Let g : [a, b] →]0,∞[ be a non -
increasing (smooth) weighting function, which satisfies
the next condition:

g(x) + g′(x) · (b− a) ≥ 0 (P1)

for all x ∈ [a, b].
Then Mg : [a, b]n → [a, b] is an aggregation operator
for each n ∈ N , n > 1.

Proposition 2.6. Let g : [a, b] →]0,∞[ be a non -
increasing (smooth) weighting function, which satisfies
the next condition:

g(x) + g′(x) · (x− a) ≥ 0 (P2)

for all x ∈ [a, b].
Then Mg : [a, b]n → [a, b] is an aggregation operator
for each n ∈ N , n > 1.

Proposition 2.7. For a fixed n ∈ N , n > 1, let g :
[a, b] →]0,∞[ be a non - increasing (smooth) weighting
function, which satisfies the next condition:

g2(x)
(n−1)·g(a) + g(x) + g′(x) · (x− a) ≥ 0 (P3)

for all x ∈ [a, b].
Then Mg : [a, b]n → [a, b] is an aggregation operator.

Proposition 2.8. For a fixed n ∈ N , n > 1, i =
1, . . . , n, let gi : [a, b] →]0,∞[ be a non - increasing
(smooth) weighting functions, which satisfy the next
condition:

g2
i (x)P

j 6=i

gj(a) + gi(x) + g′i(x) · (x− a) ≥ 0 (P4)

for all x ∈ [a, b].

Then Mg : [a, b]n → [a, b], where g = (g1, . . . , gn), is
an aggregation operator.

The conditions (P1), (P2), (P3) and (P4) are rewrite
for the most frequent interval [0, 1] by:

g(x) + g′(x) ≥ 0, x ∈ [0, 1]; (8)

g(x) + g′(x) · (x) ≥ 0, x ∈ [0, 1]; (9)

g2(x)
(n− 1) · g(0)

+ g(x) + g′(x) · x ≥ 0, x ∈ [0, 1]; (10)

g2
i (x)∑

j 6=i

gj(0)
+ gi(x) + g′i(x) · x ≥ 0, x ∈ [0, 1]. (11)
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We introduce the example of the linear weighting func-
tion on the interval [0, b].
Example 2.3. Let g(x) : [0, b] →]0,∞[ be given by
g (x) = ax + 1 − ab, where a ≤ 0, g(b) = 1. The
condition (P1) implies that

ax + 1− ab + ab ≥ 0,

whence a ≥ − 1
b . From the last inequality we see,

that the set of coefficients a depends on the boundary
conditions. For example:

• if b = 1
3 , then a ∈ [−3, 0]

• if b = 1
2 , then a ∈ [−2, 0]

• if b = 1, then a ∈ [−1, 0]

• if b = 2, then a ∈ [−0.5, 0]

• if b = 3, then a ∈ [−0.333333, 0]

• if b →∞, then a → 0, so g(x) = 1.

Observe that with greater b, the set of coefficients a is
smaller.

From the condition (P2) we get inequality

ax + 1− ab + ax ≥ 0.

The function on the left side of this inequality is de-
creasing, so this function attains minimum for x = b.
After some processing we get the condition a ≥ − 1

b ,
what is the same result as from condition (P1).

The third condition (P3) for n = 2 implies that

(ax + 1− ab)2

1− ab
+ ax + 1− ab + ax ≥ 0.

After some processing we get

a2x2 − (4a2b− 4a) · x + 2a2b2 − 4ab + 2 ≥ 0.

The function on the left side of the above inequality is
decreasing on the interval [0, b], so for x in the inequal-
ity we give x = b and we get condition a2b2 − 2 ≤ 0,
whence |a| ≤

√
2

b . This condition give us the set of
coefficients a ∈ [−

√
2

b , 0].
That means, with longer input interval is smaller the
choise of weighting linear functions. For example for
different b we get next sets of coefficients a:

• if b = 1
3 , then a ∈ [−4.242640; 0]

• if b = 1
2 , then a ∈ [−2.828427; 0]

• if b = 1, then a ∈ [−1.414213; 0]

• if b = 2, then a ∈ [−0.707106; 0]

• if b = 3, then a ∈ [−0.471404; 0]

• if b →∞, then a → 0, so g(x) = 1.

3 Applications of mixture operators
in the additional insurance

The personal motivation to become the assured in a
specific insurance company is influenced by many fac-
tors. One of them is the price of an insurance policy.
Of course the customers of insurance companies pre-
fer to have the least possible price. One the other
hand the actuaries should include to theirs consider-
ations also the possible risks for the insurance com-
pany. In practice the previous problem is solved in
the following way. The insurance policies are decom-
posed into tariff groups which are as homogeneous as
possible. Then there are computed global characteris-
tics for each group using statistical data. The global
characteristics are used to evaluate the gross premium.
The gross premium includes for example the security
charges. From the global characteristics we can com-
pute many indicators which are used to compute the
net current premium. The problem is for example that
the statistical data describes often only the current
year and many indicators are influenced by interest
rates and so one. So we need to select the indicator
carefully. We also should use the approximation of
future values of indicators. To avoid the above men-
tioned problems we prefer to use the Lose Ratio as
basic indicator. The changes of this indicator we will
describe using the fuzzy sets theory. The main idea
is the following. Our indicators include the possible
risks, i.e. we compute the indicators using statistical
data and the results are modified using and empirical
expert evaluation of an actuary. The expert evalua-
tion allows us to modify the weights of risk sources in
our consideration and sometimes also it helps us to in-
clude qualitative criteria into basic indicators. In the
presented paper we focus our attention only to the first
problem, i.e. to the modification of weights using an
expert evaluation. It is known that there exist many
methods how to incorporate our opinion into the fi-
nal decision. One of them is Saaty’s method (see [8]).
Our approach represents an alternatively look on the
problem of optimal selection of weights. The previous
general considerations are described in the examples
in the rest of the paper.

Actuaries offer to life insurance also the additional in-
surance. Statistic data in general enable us to calcu-
late for individual years and individual tariff groups
the next specifications of global character:

• the number of insurance policy in the given year,

• the number of reportable event in the given year,

• the total sum insured in the given year,

• the total premium in the given year,
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• the total benefits in the given year.

For more information see [2] and [9]. From the previ-
ous global data we can calculate for individual years
and individual tariff groups different ratios. In our pa-
per we focus on loss ratio(next LR), because this ratio
is independent from the inflation.

Let us assume, that we have next empirical data for
one risk group: for the time of necessary treatment
(below TNT) we know, the total insured sum in the
specific year was 175000000 SKK and involved to-
tal benefits was 2070700 SKK. For the permanent
consequences (below PC) the total insured sum was
150000000 SKK in the specific year and involved to-
tal benefits was 1350000 SKK, for the permanent dis-
ability (below PD) the total insured sum in the spe-
cific year was 100000000 SKK and involved total ben-
efits was 870000 SKK and for accidental death (be-
low AD) the total insured sum in the specific year
was 290000000 SKK and involved total benefits was
1500000 SKK. On the basis [2] loss ratio is given by

LR =
total benefits

total insured sum
.

On the basis of previous empirical data we deter-
mine for the time of necessary treatment LR = x1 =
0.011833, for the permanent consequences LR = x2 =
0.009, for the permanent disability LR = x3 = 0.0087
and for the accidental death LR = x4 = 0.005172.
These values we can put as the basis of the net annual
premiums(NAP ):

• for AD: NAPAD = 5.172 SKK on 1000 SKK of
the insured sum,

• for PD: NAPPD = 8.700 SKK on 1000 SKK of
the insured sum,

• for PC: NAPPC = 9.000 SKK on 1000 SKK of
the insured sum,

• for TNT : NAPTNT = 11.833 SKK on 1000 SKK
of the insured sum.

In the next we try to modify these values on gross
premium by mixture operators. For separately xi (see
Table 1) we use consequently different weighting func-
tions on the interval [0, 1]. For example in Table 1
in first and second rows are g1(x1) = 0.5x1 + 0.5,
g2(x2) = 0.4x2 + 0.6, g3(x3) = 0.1x3 + 0.9 and
g4(x4) = 0.05x4 + 0.95 and we calculate generalized
mixture operator Mg = 0.009199, (see Table 2). By
normed weights we get possible the gross annual pre-
miums on 1000 Sk of the insured sum for separately
additional insurance.

Table 1:
1. g1(x1) = 0.5x1 + 0.5 g2(x2) = 0.4x2 + 0.6

g3(x3) = 0.1x3 + 0.9 g4(x4) = 0.05x4 + 0.95
2. g1(x1) = 0.5x1 + 0.5 g2(x2) = 0.45x2 + 0.55

g3(x3) = 0.2x3 + 0.8 g4(x4) = 0.015x4 + 0.985
3. g1(x1) = 0.49x1 + 0.51 g2(x2) = 0.4x2 + 0.6

g3(x3) = 0.15x3 + 0.85 g4(x4) = 0.01x4 + 0.99

4. g1(x1) = 0.5x2
1 + 0.5 g2(x2) = 0.4x2

2 + 0.6

g3(x3) = 0.1x2
3 + 0.9 g4(x4) = 0.05x2

4 + 0.95

5. g1(x1) = 0.6x2
1 + 0.4 g2(x2) = 0.5x2

2 + 0.5

g3(x3) = 0.2x2
3 + 0.8 g4(x4) = 0.001x2

4 + 0.999

6. g1(x1) = 0.75x2
1 + 0, 25 g2(x2) = 0.7x2

2 + 0, 3

g3(x3) = 0.5x2
3 + 0.5 g4(x4) = 0.001x2

4 + 0.999

Table 2:
Mg normed weights gross annual premium

1. 0.009199 AD 0.169933 6.25
PD 0.204047 7.51
PC 0.304609 11.21

TNT 0.321411 11.83
2. 0.009247 AD 0.176750 6.50

PD 0.194802 7.17
PC 0.281979 10.38

TNT 0.346469 12.75
3. 0.009224 AD 0.173301 6.38

PD 0.204052 7.51
PC 0.287863 10.59

TNT 0.334784 12.32
4. 0,009202 AD 0.169493 6,24

PD 0.203396 7.48
PC 0.305081 11.23

TNT 0.322030 11.85
5. 0.009426 AD 0.148205 5.57

PD 0.185263 6.97
PC 0.296404 11.14

TNT 0.370128 13.92
6. 0.009970 AD 0.122014 4.83

PD 0.146431 5.80
PC 0.244028 9.66

TNT 0.487528 19.31

Similarly (see Table 3), we use consequently different

weighting functions on the interval [0,
1
2
]. Similarly

we calculated further decisions for the gross annual
premiums (see Table 4). The availability of the gross
annual premiums depends on the value of the mixture
operator and on the separately weights. The choice
of the optimal gross annual premiums depends on the
actuary expert decision.

Table 3:
7. g1(x1) = 0.9x1 + 0.55 g2(x2) = 0.7x2 + 0.65

g3(x3) = 0.5x3 + 0.75 g4(x4) = 0.2x4 + 0.9
8. g1(x1) = 0.95x1 + 0.525 g2(x2) = 0.8x2 + 0.6

g3(x3) = 0.6x3 + 0.7 g4(x4) = 0.1x4 + 0.95
9. g1(x1) = x1 + 0.5 g2(x2) = 0.7x2 + 0.65

g3(x3) = 0.4x3 + 0.8 g4(x4) = 0.05x4 + 0.975

10. g1(x1) = 3x2
1 + 0.25 g2(x2) = 2x2

2 + 0.5

g3(x3) = 1.5x2
3 + 0.625 g4(x4) = 0.05x2

4 + 0.9875

11. g1(x1) = 3x2
1 + 0.25 g2(x2) = 1.5x2

2 + 0.625

g3(x3) = x2
3 + 0.75 g4(x4) = 0.001x2

4 + 0.99975

12. g1(x1) = 2.9x2
1 + 0.275 g2(x2) = 2.5x2

2 + 0.375

g3(x3) = 2x2
3 + 0.5 g4(x4) = 0.001x2

4 + 0.99975

On the specification of the optimal gross annual pre-
mium we have more options.

1. By the median of the mixture operators (see Ta-
ble 5) we choose the optimal gross annual pre-
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Table 4:

Mg normed weights gross annual premium
7. 0.009082 AD 0.193420 7.03

PD 0.228793 8.31
PC 0.263111 9.56

TNT 0,314675 11.43
8. 0.009173 AD 0.189698 6.96

PD 0.217279 7.97
PC 0.252519 9.27

TNT 0.340504 12.49
9. 0.009215 AD 0.171801 6.33

PD 0.223125 8.22
PC 0.273291 10.07

TNT 0.331783 12.23
10. 0,009715 AD 0.105838 4.11

PD 0.211672 8.23
PC 0.264561 10.28

TNT 0.417929 16.24
11. 0.009643 AD 0.095268 3.67

PD 0.238136 9.19
PC 0.285742 11.02

TNT 0.380854 14.69
12. 0.009775 AD 0.127932 5.00

PD 0.174492 6.82
PC 0.232614 9.10

TNT 0.464961 18.18

mium (GAP ). Median of the gross annual pre-
mium we get as the average from the second and
third global gross annual premiums 36.89 SKK
and 37.00 SKK and we have the optimal gross an-
nual premium GAP = 36.96 SKK on 1000 SKK of
the insured sum. The gross annual premiums for
individual additional insurances we calculate con-
sequently as the average from appropriate values,
so we get next the gross annual premiums:

• for AD: GAPAD = 6.47 SKK on 1000 SKK
of the insured sum,

• for PD: GAPPD = 7.37 SKK on 1000 SKK
of the insured sum,

• for PC: GAPPC = 10.53 SKK on 1000 SKK
of the insured sum,

• for TNT : GAPTNT = 12.59 SKK on 1000
SKK of the insured sum.

2. Other approach is to choice the highest value of
our mixture operator as the optimal gross annual
premium. For example from sixth option (see
Table 1, Table 5) we get gross annual premium
GAP = 39.48 Sk. The gross annual premiums for
individual additional insurances in this case are:

• for AD: GAPAD = 4.82 Sk on 1000 Sk of the
insured sum,

• for PD: GAPPD = 5.78 Sk on 1000 Sk of the
insured sum,

• for PC: GAPPC = 9.63 Sk on 1000 Sk of the
insured sum,

• for TNT : GAPTNT = 19.25 Sk on 1000 Sk
of the insured sum.

Typical process of comercial insurance companies is to
add some safety additional charge value (about 10%)

Table 5:
order Mg

7. 0.009082
8. 0.009173
1. 0.009199
4. 0.009202
9. 0.009215
3. 0.009224
2. 0.009247
5. 0.009426
11. 0.009643
10. 0.009715
12. 0.009775
6. 0.009870

to the net annual premium. Now it is popular explicit
safety additional charge value, which is calculated as
specific multiple of standard deviation estimated from
the last loss ratios. By our method we get comparable
values.

4 Conclusions

In our paper the utilization of the mixture operators is
discussed, namely the utilization of different weighting
functions. We use non - decreasing weighting functions
to show different weights for different criteria. For the
simplicity we have focused our attention on the non -
decreasing weighting functions with coefficients which
are specified by conditions (C1) and (C2). Of course,
in the insurance practice it is possible to use also other
conditions and non - increasing weighting functions.
We have discussed especially the basic value of the net
annual premiums for additional insurances - the time
of necessary treatment, permanent consequences, per-
manent disability and accidental death. Similarly we
can calculate also the net premium in the non - life in-
surance, for example building and contents insurance,
homeowners insurance, professional indemnity insur-
ance, etc. The values for gross premium with respect
to different risk groups and different age gradation,
and also the complete comparison of our approach with
the classical approach, which is described in [2] will be
the object of our future research.
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[6] Špirková, J.: Mixture and quasi - mixture opera-
tors, IPMU 2006, Paris, France, 2006, 603 - 608.
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Abstract

We study in this paper the following sequen-
tial decision procedure. First, the mem-
bers of a group show their opinions on all
the members, regarding a specific attribute.
Taking into account this information, qua-
siarithmetic means and a family of thresh-
olds, a subgroup of individuals is selected:
those members whose collective assessments
(obtained through a quasiarithmetic mean)
reach a specific threshold. After that, only
the assessments of this qualified subgroup
are taken into account emerging a new sub-
group with the aggregation phase. We ana-
lyze when this recursive procedure converges
providing a final subgroup of qualified mem-
bers.

Keywords: Group decision making, Ag-
gregation operators, Quasiarithmetic means,
Qualification.

1 Introduction

Consider a group of experts that has to decide which
of its members should participate in a concrete task or
constituting a committee. In other fields of research
there are works where the problem arises in choosing
the members of the society satisfying a social identity
(see Kasher and Rubinstein [6]), with respect to a gen-
eral attribute (see Samet and Schmeidler [10]) or, in
a very different context, which elements of a society
should be considered to delimitate a social graph (see
Laumann, Marsden and Prensky [8]). In Ballester and
Garćıa-Lapresta [1] a recursive procedure for selecting
a final group of individuals is introduced.

We examine in this paper the use of that sequential
procedure where in each stage a subgroup is selected,
and taking the opinions of this subgroup a new sub-
group emerges. This tries to reflect the idea that

selected members have more valuable opinions. For
doing the selection, an aggregation operator and a
threshold are considered over the gradual opinions.

Aggregation operators allow us to generate a collec-
tive assessment to each individual of the group tak-
ing into account the individual opinions (see Fodor
and Roubens [4], Grabisch, Orlovski and Yager [5]
and Calvo, Kolesárova, Komorńıková and Mesiar [3],
among others).

Among the large variety of aggregation operators that
we can use for our sequential procedure, the case
of OWA (“Ordered Weighted Averaging”) operators
(Yager [11]) have been widely discussed in Ballester
and Garćıa-Lapresta [1]. In the present paper, we com-
plement that study by considering a different family
of operators that has attracted significant attention in
the literature, the class of quasiarithmetic means.

Quasiarithmetic means were characterized by Kol-
mogoroff [7] and Nagumo [9]. In Bullen, Mitrinović
and Vasić [2] there is an exhaustive study on means
(chapters IV and VI are devoted to quasiarithmetic
means). See Fodor and Roubens [4, 5.5] and Calvo,
Kolesárova, Komorńıková and Mesiar [3, 4.3] as well.

The paper is organized as follows. In Section 2 we
consider again the basic framework for developing the
group decision procedure. Section 3 briefly describes
the sequential procedure subject of analysis. Section
4 includes some important families of collective eval-
uation mechanisms suitable for the recursive decision
problem. In Section 5 we announce and describe the
results of the paper. Finally, Section 6 contains some
conclusions.

2 Preliminaries

Consider a finite set of individuals N = {1, 2, . . . , n}
with n ≥ 2. We use 2N to denote the power set of
N , i.e., the set of all the subsets of N , and |S| is the
cardinal of S.
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A profile is an n× n matrix

P =




p11 · · · p1j · · · p1n

· · · · · · · · · · · · · · ·
pi1 · · · pij · · · pin

· · · · · · · · · · · · · · ·
pn1 · · · pnj · · · pnn




with values in the unit interval, where pij is the as-
sessment with which the individual i evaluates individ-
ual j as being qualified to belong to the committee in
question. The set of profiles is denoted by P. Given a
subset of individuals S ⊆ N , PS denotes the |S| × n
submatrix of P composed by those i−rows with i ∈ S.
Given j ∈ N , we denote by P j

S the j-th column vector
of PS .

Definition 2.1 A Committees’ Evaluation Mecha-
nism (CEM) is a family of functions {vS}, with ∅ 6=
S ⊆ N , where vS : P × N −→ [0, 1] is a function
that, given P ∈ P, assigns a collective assessment
vS(P, j) ∈ [0, 1] to each individual j ∈ N in such a
way that vS(P, j) = vS(Q, j) for all P, Q ∈ P satis-
fying P j

S = Qj
S.

Implicit in the previous definition is the fact that the
collective assessment that the subgroup S provides to
individual j, vS(P, j), only depends on the individual
assessments of S on the individual j.

A very natural way to transform the gradual opinion
that the CEM provides into a dichotomic assessment
is by means of thresholds or quotas. Intuitively, an
individual is going to be qualified if the collective as-
sessment is above a fixed quota.

Definition 2.2 A family of values {αS}, ∅ 6= S ⊆ N ,
and αS ∈ (0, 1] for every S, is called a Threshold
Mechanism (TM).

Given a CEM {vS} and a TM {αS}, the family of
functions {VS}, with S ⊆ N , where VS : P −→ 2N

is the function that, given P ∈ P, qualifies a new
subgroup VS(P ) as follows:

VS(P ) =
{ {j ∈ N | vS(P, j) ≥ αS}, if S 6= ∅,
∅, otherwise.

The family of functions {VS} is called the Commit-
tees’ Qualification Mechanism (CQM) associated with
{αS} and {vS}.

Definition 2.3 Given a CQM {VS}, the sequence
{St}, where S1 = N and St+1 = VSt(P ), is called
committees’ sequence. A committees’ sequence is said
to be convergent if {St} has a limit limSt (and it is
also said that the sequence converges to limSt). The
CQM is said to be convergent if for any P ∈ P the
committees’ sequence generated is convergent.

As noted in Ballester and Garćıa-Lapresta [1], since
the society is a finite set, chain convergence can also
be expressed as: there exists a positive integer q such
that St = Sq for every t ≥ q.

3 An overview of the sequential
procedure

We present a brief description of the sequential proce-
dure introduced in Ballester and Garćıa-Lapresta [1].
Consider a group of individuals that have to decide
which of its members are adequate for a particular
task or possess an attribute or ability. The sequential
procedure makes use of their opinions (the profile ma-
trix), the social ways to determine qualification (CEM
and CQM) in a sequential way (committees’ sequence).
The aim is to determine a final set of qualified individ-
uals (reason for which convergence is fundamental).

1. The society endows itself of a mechanism of deci-
sion, a CQM.

2. All the opinions are stated and the profile matrix
is obtained.

3. The whole society (S1), determines a initial set
of qualified members, S2, by using its associated
function VN in the CQM.

4. The members in S2 have now special relevance,
as they are roughly considered the set of qualified
members. They determine, by using the function
VS2 in the CQM, who should be the set of qualified
members, S3.

5. The process is iterated until a limit set (or a cycle)
is attained. If the limit set is obtained, this is the
set of qualified members for the given profile of
opinions.

The problem is to determine mechanisms that, given
any possible social opinion, determine a final set of
qualified individuals (convergence). Notice that the
mechanism with which a society endows itself may be
useful for a large variety of situations and problems
and therefore, it has to be flexible enough to answer
positively to any plausible matrix of individual opin-
ions.

4 Describing families of CEMs

In this section, we focus our attention on how general
aggregation operators and classes of quasiarithmetic
means can be used in the recursive procedure intro-
duced in the previous sections.
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4.1 The use of aggregation operators to
construct CEMs

Typically, aggregation operators are defined for a given
number of individual opinions. Notice however that for
our model to apply, we have to consider collections of
operators, one for each possible subgroup of individu-
als in society. Although the ways to afford this task are
unlimited, we reconsider in this paper the intuitive two
assumptions done in Ballester and Garćıa-Lapresta [1].

SE Self-Exclusion: When an individual had to decide
on herself, she will exclude her opinion when pos-
sible (i.e., she is not the only reviewer).

CS Cardinality-Symmetry : When the same number
of opinions have to be aggregated, the same oper-
ator will be applied (independently of the names
of the reviewers).

Both of them could be eliminated without altering
significatively the results, but we consider this model
more natural.

4.2 Quasiarithmetic means

Definition 4.1 Let ϕ : [0, 1] −→ [0, 1] be an order
automorphism, i.e., ϕ is bijective and increasing. The
quasiarithmetic mean of dimension p associated with
ϕ is the function fp

ϕ : [0, 1]p −→ [0, 1] defined by

fp
ϕ(a1, . . . , ap) = ϕ−1

(
ϕ(a1) + · · ·+ ϕ(ap)

p

)
.

It is natural to consider quasiarithmetic means that
use the same order automorphism ϕ across dimen-
sions. The construction of the associated CEM func-
tion {vS}, therefore, would be, for any ∅ 6= S ⊆ N :

1. The quasiarithmetic mean of dimension |S|, f
|S|
ϕ ,

applied to P j
S , if j 6∈ S.

2. The quasiarithmetic mean of dimension |S| − 1,
f
|S|−1
ϕ , applied to P j

S\{j}, if j ∈ S 6= {j}.

3. The quasiarithmetic mean of dimension 1, f1
ϕ, i.e.,

the identity, applied to P j
{j} = pjj , if S = {j}.

Notice that the average aggregator is indeed a quasi-
arithmetic mean simply considering the identity auto-
morphism.

Example 4.2 The root-power quasiarithmetic means
can be defined through the order automorphism
ϕ(x) = xq, with q a positive integer. The associated
CEM {rS} is described in Table 1.

Table 1: CEM associated with the root-power quasi-
arithmetic mean

Cases CEM: rS(P, j)

1. j /∈ S

(
1
|S|

∑

i∈S

pq
ij

) 1
q

2. j ∈ S 6= {j}
(

1
|S| − 1

∑

i∈S\{j}
pq

ij

) 1
q

3. S = {j} pjj

The associated CQM {RS} is defined by

j ∈ RS(P ) ⇔ rS(P, j) ≥ αS .

Example 4.3 The exponential quasiarithmetic
means can be defined through the order automor-
phism

ϕ(x) =
eβx − 1
eβ − 1

with β 6= 0. The associated CEM {eS} is described
in Table 2.

Table 2: CEM associated with the exponential quasi-
arithmetic mean

Cases CEM: eS(P, j)

1. j /∈ S
1
β

ln

∑

i∈S

eβpij

|S|

2. j ∈ S 6= {j} 1
β

ln

∑

i∈S\{j}
eβpij

|S| − 1

3. S = {j} pjj

The associated CQM {ES} is defined by

j ∈ ES(P ) ⇔ eS(P, j) ≥ αS .

5 The results

In this section we aim to provide some sufficient con-
ditions for the convergence of CQMs associated with
quasiarithmetic means.
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Definition 5.1 Given an order automorphism
ϕ : [0, 1] −→ [0, 1], the function gϕ : (0, 1] −→ (0, 1]
is defined by

gϕ(x) =
ϕ(x)

x
.

Lemma 5.2 Let ϕ be an order automorphism. If the
function gϕ is increasing, then xϕ(y) ≥ ϕ(x y) for
all x, y ∈ [0, 1].

Proof: First of all, notice that the result is true if
x = 0 or y = 0, and x y ≤ y for all x, y ∈ [0, 1]. Since
gϕ is increasing, we have

ϕ(y)
y

= gϕ(y) ≥ gϕ(x y) =
ϕ(x y)

x y

for all x, y ∈ (0, 1], equivalently, ϕ(y) ≥ ϕ(x y)
x

and

xϕ(y) ≥ ϕ(x y).

Proposition 5.3 Let {VS} be a CQM associated
with a quasiarithmetic mean {fp

ϕ} and a TM {αS}.
If the following two conditions are satisfied:

1. The function gϕ is increasing,

2. For all non-empty sets U, V ⊆ N such that
U ⊆ V it holds |U |αU ≥ (|V | − 1)αV ,

then {VS} is convergent.

Proof: Suppose conditions 1 and 2 hold. Given any
profile P , we prove by induction that the committee
sequence is decreasing, hence, convergent. Obviously,
S2 ⊆ S1 = N . Suppose Sk+1 ⊆ Sk is true for any
k ∈ {1, . . . , t− 1} (in particular St ⊆ St−1). In order
to prove St+1 ⊆ St by way of contradiction, suppose
there exists an individual j ∈ St+1 such that j 6∈ St.
Consider the greatest integer m such that j ∈ Sm,
with m ≤ t− 1. Notice that this is well-defined, since
S1 = N . By the induction hypothesis, it must be that
St ⊆ Sm and, consequently, St = St \{j} ⊆ Sm \{j} .
Therefore,

∑

i∈Sm\{j}
ϕ(pij)

|Sm| − 1
≥

∑

i∈St

ϕ(pij)

|Sm| − 1
.

Since ϕ−1 is also increasing, we have

ϕ−1




∑

i∈Sm\{j}
ϕ(pij)

|Sm| − 1


 ≥ ϕ−1




∑

i∈St

ϕ(pij)

|Sm| − 1


 =

= ϕ−1




|St|
|Sm| − 1

∑

i∈St

ϕ(pij)

|St|


 .

By the fact that j ∈ St+1 = VSt(P ) and j /∈ St, we
know that

ϕ−1




∑

i∈St

ϕ(pij)

|St|


 ≥ αSt .

Being ϕ increasing, this is equivalent to
∑

i∈St

ϕ(pij)

|St| ≥ ϕ(αSt).

Hence, substituting:

ϕ−1




|St|
|Sm| − 1

∑

i∈St

ϕ(pij)

|St|


 ≥

≥ ϕ−1

(
|St|

|Sm| − 1
ϕ(αSt)

)
.

Lemma 5.2 and the fact that ϕ−1 is increasing guar-
antee that

ϕ−1

(
|St|

|Sm| − 1
ϕ(αSt)

)
≥ ϕ−1

(
ϕ

(
|St|

|Sm| − 1
αSt

))
.

Condition 2 ensures |St|αSt ≥ (|Sm| − 1) αSm . Then,

ϕ−1

(
ϕ

(
|St|

|Sm| − 1
αSt

))
≥ ϕ−1(ϕ(αSm)) = αSm .

Hence we obtain

ϕ−1




∑

i∈Sm\{j}
ϕ(pij)

|Sm| − 1


 ≥ αSm

or, equivalently, j ∈ VSm(P ) = Sm+1, leading to an
absurd and concluding the proof.

Corollary 5.4 If for all non-empty sets U, V ⊆ N
such that U ⊆ V it holds |U |αU ≥ (|V | − 1)αV , then
any associated CQM {RS} is convergent.

Proof: It is sufficient to take into account that the
function gϕ, defined by

gϕ(x) =
xr

x
= xr−1,

is increasing.
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Corollary 5.5 Let {VS} be a CQM associated with a
quasiarithmetic mean {fp

ϕ} and a TM {αS}. If ϕ is
convex and for all non-empty sets U, V ⊆ N such that
U ⊆ V it holds |U |αU ≥ (|V | − 1)αV , then {VS} is
convergent.

Proof: We prove by way of contradiction that the
function gϕ is increasing. Suppose that there exist
x, y ∈ (0, 1] such that x < y but gϕ(x) > gϕ(y). In
this case,

ϕ(x)
x

>
ϕ(y)

y
⇒ ϕ(x) >

x

y
ϕ(y).

Since ϕ(0) = 0 and
x

y
∈ (0, 1), we have

ϕ

(
x

y
y +

(
1− x

y

)
0

)
= ϕ(x) >

x

y
ϕ(y) =

=
x

y
ϕ(y) +

(
1− x

y

)
ϕ(0).

This fact contradicts the hypothesis that ϕ was convex.
Thus, the function gϕ is increasing and the associated
CQM {VS} is convergent.

The previous corollary gives us a very simple result
about the convergence of exponential quasiarithmetic
means.

Corollary 5.6 If for all non-empty sets U, V ⊆ N
such that U ⊆ V it holds |U |αU ≥ (|V | − 1)αV , and
β > 0, then the associated CQM {ES} is convergent.

Proof: Given Corollary 5.5, the fact that the function

ϕ(x) =
eβx − 1
eβ − 1

is convex in (0, 1] for any β > 0, allows us to conclude
as desired.

6 Concluding remarks

In this paper, we have analyzed the possibility of using
different aggregation operators in a previously intro-
duced sequential evaluation mechanism.

The main aim was to obtain results about the con-
vergence of the associated committees’ qualification
mechanisms. We have provided some sufficient condi-
tions for the convergence of mechanisms based on qua-
siarithmetic means, paying special attention to root-
power and exponential means and those generated by
convex order automorphisms.
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Mareš, M., 179/II

Marichal, J. L., 305/I

Marsala, C., 345/I

Mas, M., 97/I

Mayor, G., 75/I

Medina, J., 209/II



AUTHOR INDEX 487
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Radojević, D. G., 119/I
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