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Abstract— This paper describes the use of syntactical data fusion
to computing possibilistic qualitative decisions. More precisely qual-
itative possibilistic decisions can be viewed as a data fusion problem
of two particular possibility distributions (or possibilistic knowledge
bases): the first one representing the beliefs of an agent and the sec-
ond one representing the qualitative utility. The proposed algorithm
computes a pessimistic optimal decisions based on data fusion tech-
niques. We show that the computation of optimal decisions is equiva-
lent to computing an inconsistency degree of possibilistic bases rep-
resenting the fusion of agent’s beliefs and agent’s preferences.

Keywords— Data Fusion, Decision theory, Pessimistic Criteria,
Possibilistic Logic.

1 Introduction

The problem of decision on uncertainty is crucial for many
applications in artificial intelligence. A decision theory must
provide some criteria for representing behaviors of an agent
in order to take the optimal decision amongst a set of deci-
sions. Possibility theory represents one of the theory which
deals with uncertain information. This paper presents a com-
putation of pessimistic decisions based on syntactic possibilis-
tic fusion operations[1]. A qualitative possibilistic decision
model [2] allows a gradual expression of both agent’s pref-
erences and knowledge. The preferences and the available
knowledge about the world are expressed in ordinal way. In
[2], the authors have proposed two qualitative criteria for or-
dinal decision approaches under uncertainty: the pessimistic
and the optimistic decisions criteria. The first one being more
cautious than the second one for computing optimal decisions.
A method for computing optimal decisions, based on ATMS
(Assumption-based Truth Maintenance System), has been
proposed in [3]. Using the pessimistic criteria, the procedure
is translated into an ATMS problem [4, 5].

Recently, in a companion paper [6] a method has been pro-
posed for computing optimal optimistic decisions using possi-
bilistic fusion modes. This paper is also developed in the same
spirit. Indeed, qualitative possibilistic decisions can be viewed
as a data fusion problem of two particular possibility distribu-
tions: the first one representing the beliefs of an agent and
the second one representing the qualitative utility (or agent’s
preferences). The handling of possibilistic decision raises new
issues and it requires additional steps such that the computa-
tion of negated possibilistic bases.

The rest of this paper is organized as follow. Section 2 gives
a brief backgrounds on possibilistic logic, on qualitative deci-
sion problems under uncertainty based on possibilistic logic

ISBN: 978-989-95079-6-8

where agent’s beliefs and the preferences are expressed by
means of possibilistic bases. In Section 3, we provide a pre-
liminary step for our work. Section 4 presents an efficient
and unified way of computing pessimistic qualitative deci-
sions based on syntactic counterpart of data fusion problem.
The paper ends with some conclusions in Section 5.

2 Backgrounds
2.1 Possibilistic Logic

This section gives a brief refresher on possibilistic logic. See
[7] for more details on possibilistic logic. Let £ be a finite
propositional language and € be the set of all propositional in-
terpretations. ¢, ), ... denote propositional formulas. For an
interpretation w and a propositional formula ¢, w = ¢ means
that w is a model (in the sense of propositional logic) of ¢. A
possibility distribution [7, 8] 7 is a mapping from a set of in-
terpretations €2 into the unit interval [0,1]. 7(w) represents the
degree of compatibility (or consistency) of the interpretation
w with available pieces of information. Given a possibility
distribution 7, two dual measures are defined on the set of
propositional formulas:

e The possibility (or consistency) measure of a formula ¢,
defined by:
II(¢) = maz{r(w) :w E ¢pandw € O} (1)
which evaluates the extent to which ¢ is consistent with
available beliefs expressed by 7.

e The necessity (or certainty) measure of a formula ¢, de-
fined by:

N(¢) =1—1I(=¢) ()

which evaluates the extent to which ¢ is entailed by avail-
able beliefs.

A possibilistic knowledge base . is a set of weighted for-

mulas:
E = {(QZ/)“OQ) 1= 1, ...,Tl},

where ¢; is a propositional formula and «; €]0, 1] represents
the certainty level of ¢;. Each piece of information (¢;, ;)
of a possibilistic knowledge base can be viewed as a con-
straint that restricts possibility degrees associated with inter-
pretations [7].

If an interpretation w satisfies ¢; then its possibility degree
is equal to 1 (w is completely compatible or consistent with
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the belief ¢,;), otherwise it is equal to 1 — «; (the more ¢;
is certain, the less w is possible). In particular, if o; = 1,
then any interpretation falsifying ¢;, is such that its possibility
degree is equal to 0, namely is impossible.

More formally, the possibility distribution associated with a
weighted formula (¢;, «;) is [7] Vw €

if wE ¢

otherwise

1-— (677

mewﬂ={1 3)
More generally, the possibility distribution associated with a
qualitative possibilistic knowledge base X is: Vw € {2

7-‘-E((“')) = min{ﬂ-(dﬁi,ai)(w) : (¢17 ai) € E} (4)

2.2 Possibilistic Qualitative Decision

Several works have been proposed for dealing with qualita-
tive decision theory under uncertainty. Some approaches con-
sider only all-or-nothing notions of utility and plausibility [9],
others use in addition a preference ordering on consequences
[10]. However, in many applications the knowledge bases
may be pervaded with uncertainty, and the goals may not have
equal priority. Dubois, Le Berre, Prade and Sabbadin [3] have
enriched logical view of the decision problem by assigning
levels of certainty to formulas in the knowledge bases, and
levels of priority to the goals. They have proposed two syn-
tactic approaches based on possibilistic logic, applied on two
stratified logical bases that model gradual knowledge and pref-
erences. The first one being more cautious than the second, for
computing optimal decisions [3].
It has been shown in [3] that the semantics underlying the two
syntactic approaches are in agreement with the two qualitative
utility functions proposed in [2].
Let K be a stratified base which represents level of certainty of
the knowledge, K = {(¢;, ;) : ¢ = 1,...,n} where oa; € S
such that (c; > 0) denotes the degree of certainty, and the ¢;
’s are formulas in £ where decision literals may appear.
Let P be a stratified base expressing preferences, P =
{(s, B;) i = 1,...,n} where 3; € S such that (3; > 0)
is a degree of priority, and the v;’s are formulas in £ where
decision literals may also appear.
Let K>, denotes the set of formulas with certainty at least
equal to . Let P> denotes the set of formulas with priority
at least equal to 3. We also recall that K~ (with o < 1) de-
notes the set of formulas with certainty strictly greater than «
and P g (with 3 < 1) denotes the set of formulas with prior-
ity strictly greater than 3.
The certainty degrees and the priority degrees are assumed to
be commensurate and assessed to the same linearly order scale
S [2]. The top element of .S will be denoted by 1, and the bot-
tom element will be denoted by 0.
For any set A of formulas, A™ denotes the logical conjunction
of the formulas in A. Let D = {I;} be a set of decision vari-
ables, where [; are distinguished variables of the language L.
Let d C D, then the decision d” is the logical conjunction of
literals in the chosen subset. The variables that are not in D
are state variables.

Each set of decision d induces a possibility distribution 7 g,
in the following way [7]:

11fV(¢>7,aL) e Kw ': ¢; and w ': ar

min((ﬁi,ui)EK/w\:ﬁ(bi(l —a;) ifw = a
0ifw f d"

TKq (w) =
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Where «; represents the degrees of necessity of the formulas
in the corresponding layers of K.

In other hand, the utility function ;1 p associated to the prefer-
ences base P is built over §2 in a similar way:

MP(W) = { 11fv(1/}]’ﬁj) € wa ':dJJ

Min(y; 6;)ePfwe-w; (1 = 5;)
where (3; represents a degree of priority of a formulas in P.
Making a decision amounts to choosing a subset d of the de-
cision set D. The objective is to rank-order decisions on the
basis of K and P. The pessimistic utility function is expressed
in terms of the possibility distribution 7, and the utility func-
tion p [3]:

ux(d) = mingeamaz(l — mx, (w), p(w)) ®)
In the pessimistic case, the decision d must satisfy [1]:
KM NdM = P>A(1—a) (6)

The decision d associated with the most certain part of K en-
tails the satisfaction of the goals, even those with low priority.

3 Syntactic Counterparts of Negated
Preference Bases

This section presents a first result of this paper needed for the
development of our algorithm. It consists in a characterization
of a syntactic counterpart of negated possibilistic base defined
by: Vw € Q, . (w) =1 — g (w).

Let ¥ = {(¢, ;) : ¢ = 1,..n} be a possibilistic base. We
assume that: ap = 0 < a3 < ... < . The following def-
inition gives the possibilistic knowledge base associated with
the negation of 3.

Definition 1.  The negated base of ¥ = {(¢;, ;) : i =
1,...,n} is a possibilistic base, denoted by ny, and defined

by:
ny ={(d;,1—a;):i=1,...n}U{(L,1—ay,)}
where d; = —¢; V i1 V... V .

Example 1. Let X = {(—-a V b,0.3), (b V —¢,0.6)}. Then,
ny = {((aAN=b)V (=bAc),0.7),(mbAc0.4)}

The following proposition shows that ny is indeed encodes
the negation of X:

Proposition 1. Let ¥ = {(¢;, ;) : i = 1,...,n} be a prefer-
ence base, and ny its negated base obtained using Definition
1. Let s, and 7, be the utility distributions associated with
3 and ny; respectively. Then:

Vw e Q,my(w) =1 — mpy (w).

Proof. Recall first that when 7x(w) = « (resp 7.y, = ()
then w falsifies formulas of ¥ (resp of ny) having a weight
equal to a (resp (3), but satisfies all formulas of X (resp ny)
having a weight strictly larger than « (resp 3). We distinguish
3 cases:
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1. mx(w) = 1, which means that V(¢;, ;) € X,w = ¢;.
This means that w falsifies all formulas of ny,, and in par-
ticular the highest formula 1, namely w = «;. Hence,
Tng (W) =0=1—mg(w).

2. ms(w) = ay,. This means that w satisfies all formulas in
3 except ;. This also means that w satisfies all formulas
d; (since d; is a disjunction of —¢,, and others terms).
The only formula falsified by w € ny is (L,1 — ay,).
Hence, 7, (w) =1 — (1 — ) = o, = 7 (w).

3. ms(w) = «; with j < n. This means that w ¥~ ¢;.
Hence, Vi < j,w = ¢; (since d; contains —¢;).
pp(w) = a; also means that Vk > j,w |= ¢, namely
w |: G N .. A ¢j+1. Hence, w l;é “¢n V... V ¢j+1.
Namely, w F= dj+1. Therefore: m,,(w) = 1 — (1 —
agGt1y-1) = aj = mx(w).

The obtained base ny; must be put in a clausal form to get
Chy-

Example 2. Let ny be the base obtained in example 1. The
clausal form of ny, is then: C,,., = {(¢,0.4), (aV—b,0.7), (aV
¢,0.7), (=b,0,7), (-bV ¢,0.7)}

4 Computation of Pessimistic Decision

In this section, we propose an algorithm for computing qual-
itative optimal decision in the pessimistic case. The knowl-
edge base K can be the result of merging several knowledge
bases K1, Ko, ..., K,,. The possibilistic distribution associated
to K is then obtained by merging possibility distributions as-
sociated with K, , K, ..., K,, using some merging operator
/oplus, namely: 7 = ®(wx1,....,TKkyn). When @& = min,
it has been shown that K = K; U ...K,,. If & = max,
then K = {(¢1 V ..o, min(aq,....,an)) : (¢1,01) €
Ki,...,(¢n,an) € K,}. For syntactic counterparts of more
general operator, see [1]. Similarly, P can be also the result of
merging several preference bases.

Now, once K and P are fixed, we propose a syntactic com-
putation of optimal decisions. We recall that an optimal pes-
simistic decision d maximizing w.(d) is such that:

(7

From equation (6), a first way to syntactically compute opti-
mal decisions is first to compute the counterpart of 1 — 7,
then compute the counterpart of max (1 — g, (w), u(w)) and
lastly compute u.,(d). This approach is not interesting since
first in general ¥ is more important than P and computation
of maz (1l — mxq(w), u(w)) is more expensive than the com-
putation of the minimum. We propose to explore another pos-
sibility by noting that equation (6) is equivalent to:

u(d) = mingeamaz(l — g, (w), p(w))

ux(d) = 1 —mazy,comin(rg,(w), 1 — plw))

®)

Besides, the syntactic counterpart of min(m (w), m2(w)) is
the possibilistic base >, = 21 U 25 [1].

Thus, combining these results, the corresponding base i,
associated to min(mg,(w),1 — pu(w)) is the possibilistic base
K Unp U{(d, 1)}, such that np is the possibilistic base cor-

responding to the utility function 1 — u(w). We recall that:
€]

U*(d) =1- maxweQ{min(ﬂKd(w)a 1- N(w))}
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Lemma 1. Let np be the negated based, obtained using
Definition 1, of the preferences base P . Then, the syntactic
counterparts of min(mk, (wy, 1 — p(w)) is K Unp.

On the other hand, the inconsistency degree Inc(K UC,,,.)
of a possibilistic base K U C),,., where C),, represents the
conjunctive form of the base n p, is defined as follow [7]:

Inc(KUC,,)=1—max{rk,(w)}

Lemma 2. The pessimistic utility function associated to de-
cision d is :
Uy (d) = Inc(Emin)

Where Inc(X,,;,) represents the inconsistency degree of the
base K UC,, U{(d,1)}.
Then, the computation of optimal pessimistic decisions is ob-
tained using the Algorithm 1.

The computation of inconsistency degree is performed by a

Algorithm 1 Computation of optimal pessimistic decision
Input: K knowledge base
C',p» conjunctive form of n,,
N number of decision variables
D = {die[1,n} set of decisions
Output: decision
Begin
17— 1

max «— 0
inc <+ 1
fori=1toNdo
incons(K U C,,,, U {(d;, 1)}, ine, bool)
if (bool=true) then
if (inc > max) then
max < inc
decision — {d;}
else if inc = max then
decision «— decision U {d;}
end if
end if
end for
RETURN (decision)
End

call to the function incons(B U {(—¢, 1)}, Inc, bool). This
function, given by the Algorithm 2, has three parameters: a
stratified knowledge base, an integer representing current in-
consistency degree and a boolean variable.

The base BY, is defined as the classical projection of the
a_cut B>o,. B5, ={¢:(4,8) € B,3>a,}.

The function incons is on the extension of dichotomous al-
gorithm for computing inconsistency proposed in [11] on
which some adaptations have been made in order to com-
pute optimal decision. Indeed, one the inconsistency degree
of KUC,, U{(d;,1)} can be greater than the inconsistency
degree of K U Cy,,, U {(dje[1,i—1], 1)}, the algorithm stops.
In terms of complexity, the proposed algorithm is based on
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an inconsistency degree computation which is known to be
NP-hard and requires in the worst case [logom] satisfiability
checks, where m is the number of different valuations involved
in KUC,,, U{(d;, 1)} using any prouver for the propositional
satisfiability problem SAT.

Algorithm 2 Function incons(B U {(—¢, 1)}, inc, bool)

Input B:stratified base
¢:weighted formula
n: number of strates in base B
Output inc: inconsistency degree
bool:boolean
Begin
I — 0 {initially pointed on the last strate of the base}
u «+— m {initially pointed on first strate of the base}
bool «— true
while ((I < ) and (bool = true)) do
r «— [(I + u)/2] {pointer uses for dichotomy}
if (B, A —¢ consistent) then
u « r — 1 {check the inconsistency in the most big
base}
else
if (inc > «,) then
l—r
else
bool — false
end if
end if
end while
if (o, > inc) then
bool — false

end if

if (bool = true) then
INC «— o

end if

RETURN(inc,bool)

End

Example 3. Let us exemplify the algorithm on an exam-
ple initially proposed in [12] and reused in [2]. The example
is about taking an umbrella or not, knowing that the sky is
cloudy.

The literals of the language are:

e [trains: r

e Being wet: w

e Taking an umbrella: um
e The sky is cloudy: ¢

The stratified knowledge base is K = {(—~um V —w, 1), (-rV
umVw, 1), (rV-w,1),(c1),(-cVr0.6)}

The stratified preference base is P = {(—um, 0.2), (—w, 1)}.
We do not like to take an umbrella, but it is more important to
be dry.

The set of decisions is D = {um, ~um}, i.e taking an um-
brella or not.
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The preliminary step consists to compute the conjunctive nor-
mal form C),,, of the negated form n p of the preference base
P. Then, the algorithm applies as follow:

e initially, 7« < 1, inc «+ 1, max « 0 and dy «— wm.
We have to call to the function incons(K U C,p U
{(um, 1)}, inc, bool). This function return inc=0.1 and
bool=true. In this case, inc > mazx, so decision «—
{um} and max — inc.

e In the next step, ¢« < 2 and do <« —wum. The call of
the function incons(K U Cyp,p U {(—um, 1)}, inc, bool)
returns inc = 0.1 and bool is true. As inc=max, the set
of optimal decisions do not change.

Thus, the best pessimistic solution of the umbrella problem
is to take an umbrella.

5 Conclusion

The main contribution of this paper is a proposition of a new
approach to compute a qualitative possibilistic pessimistic de-
cision problem. This problem is viewed as the one of comput-
ing inconsistency degrees of particular bases in the framework
of possibilistic logic. The application exploits the syntactic
counterparts of data fusion techniques.

Our approach is an alternative to the ATMS-based solution,
proposed in [3] and it avoids the use of the ATMS to compute
the pessimistic optimal qualitative decision which is known
to be not efficient when it deals with an important number of
variables. Then, in the pessimistic case, the knowledge base
and the preferences base are fused and the decision problem is
translated into the computation inconsistency degree of a spe-
cific base. This process leads to use a logical technique more
adapted than the ATMS one.

References

[1] S. Benferhat, D. Dubois, and H. Prade. From semantic to syn-
tactic approaches to information combination in possibilistic
logic. Aggregation and Fusion of Imperfect Information, Phys-
ica Verlag, pages 141-151, 1997.

[2] D. Dubois and H. Prade. Possibility theory as a basis for qual-
itative decision theory. In 14th International Joint Conference
on Artificial Intelligence (IJCAI’95), Montreal, pages 1924—
1930, 1995.

[3] D. Dubois, D. Le Berre, H. Prade, and R. Sabbadin. Logical
representation and computation of optimal decisions in a qual-
itative setting. In 44A41-98, pages 588—593, 1998.

[4] J. De Kleer. An assumption-based truth maintenance systems.
Artificial Intelligence Jounral, 28:127-162, 1986.

[5] J. De Kleer. Extending the assumptions-based truth mainte-
nance systems. Artificial Intelligence Journal, 28:163—196,
1986.

[6] S.Benferhat, F.Khellat-Haned, A.Mokhtari, and [.Zeddigha. On
the use of syntactic possibilistic fusion for computing opti-
mistic qualitative decisions. In Proceedings of JCIS/FTT Salt
Lake City, US4, 2007.

[7] D. Dubois, J. Lang, and H. Prade. Possibilistic logic. /n Hand-
book of Logic in Artificial Intelligence and Logic Programming,
D. Gabbay et al., eds, 3, Oxford University Press:pages 439—
513, 1994.

1715



IFSA-EUSFLAT 2009

[8] L. Zadeh. Fuzzy sets as a basis for a theory of possibility. Fuzzy
Sets and Systems, 1:3-28, 1978.

[9] B. Bonet and H. Geftner. Arguing for decisions: a qualitative
model of decision making. In Proceedings of the 12th confer-
ence on uncertainty in Artificial Intelligence (UAI’96), pages
98-105. Portland, Oregon: Morgan Kaufman, 1996.

[10] R. Brafman and M. Tennenholtz. On the axiomatization of
qualitative decision criteria. In Proceedings of the 14th Na-
tional Conference on Artificial Intelligence (AAAI'97), pages
76-81, 1997.

[11] J. Lang. Possibilistic logic: Complexity and algorithms. In
Handbook of Defeasible Reasoning and Uncertainty Manage-
ment Systems, 5:179-220, 2000.

[12] C. Boutilier. Toward a Logic for Qualitative Decision The-
ory. In Proceedings of the 4th International Conference on
Principles of Knowledge Representation, (KR’94), pages 75—
86, 1994.

ISBN: 978-989-95079-6-8 1716



