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Abstract—Neural Networks (NN), Type-1 Fuzzy Logic Systems 
(T1FLS) and Interval Type-2 Fuzzy Logic Systems (IT2FLS) are 
universal approximators, they can approximate any non-linear 
function. Recent research shows that embedding T1FLS on an NN 
or embedding IT2FLS on an NN can be very effective for a wide
number of non-linear complex systems, especially when handling 
imperfect information. In this paper we show that an Interval Type-
2 Fuzzy Neural Network (IT2FNN) is a universal approximator 
with some precision using a set of rules and Interval Type-2
membership functions (IT2MF) and the Stone-Weierstrass
Theorem. Also, simulation results of non-linear function
identification using the IT2FNN for one and three variables with 
10-fold cross-validation are presented. 
 
Keywords— Interval Type-2 Fuzzy Logic Systems, Interval Type-2 
Fuzzy Neural Networks, Neural Networks, Universal 
Approximation. 

o

1 Introduction 
It has been shown that a three layer NN can approximate any 
real continuous function [1]. The same has been shown for a 
T1FLS [2, 3] using Stone-Weierstrass Theorem [6]. A 
similar analysis was made by Kosko [4, 5] using the concept 
of fuzzy regions. In [6, 7] Buckley shows that, with a 
Sugeno model [9], a T1FLS can be built with the ability to 
approximate any non-linear continuous function. Also, 
combining neural and fuzzy logic paradigms [10, 11], an 
effective tool can be created for approximating any non-
linear function [8]. In this sense, an expert can use a Type-1 
Fuzzy Neural Network (T1FNN) [13, 14] or IT2FNN 
systems and find interpretable solutions [12, 17-20]. In 
general, Takagi-Sugeno-Kang (TSK) T1FLS’s approximate 
well by the use of polynomial consequent rules [9, 23]. 
This paper uses the Levenberg-Marquardt backpropagation 
learning algorithm for adapting antecedent and consequent 
parameters for an adaptive IT2FNN, since its efficiency and 
soundness characteristics made them fit for these optimizing 
problems.   
An Adaptive IT2FNN is used as a universal approximator of 
any non-linear functions. A set � of IT2FNN is universal if 
and only if (iff), given any process �, there is a system � � 
� such that the difference between the output from IT2FNN 
and output from � is less than a given �.  

2 Interval Type-2 Fuzzy Neural Networks 
An IT2FNN [12] combines a TKS interval type-2 fuzzy 
inference system (TSKIT2FIS) [15,16] with an adaptive NN 
in order to take advantage of both models best 
characteristics. Even though Mamdami and Tsukamoto are 
much complex models [13, 14, 16], TSK is preferred due to 
the lower computational cost in type reduction. 
2.1 IT2FNN-2:A2C0 Architecture 
An IT2FNN-2:A2C0 (IT2FNN-0) is a seven layer IT2FNN, 
which integrates a first order TSKIT2FIS (interval type-2 
fuzzy antecedents and real consequents), with an adaptive 
NN. The IT2FNN-2:A2C0 (Figure 1) layers are described as 
follows: 
Layer 0: Inputs 

i
0 � xi ; i �1,...,n  

Layer 1: Adaptive type-1 fuzzy neuron (T1FN) 
for i=1,…,n 
  for k=si+1,…,si+1 

        netk
1 � wk,i

1,0 xi � bk
1  

       ok
1 � �(netk

1 ) 
  end 
end 
Layer 2: Non-adaptive T1FN  
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       else 
  �

k , i
� null ; � k , i � null  

       end 
end 

end 
Layer 3: Lower-upper firing strength rule normalization. 
Nodes in this layer are non-adaptive and the output is 
defined as a the ratio between the kth lower-upper firing 
strength rule and the sum of lower-upper firing strength of 
all rules: 
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Layer 4: Rule consequents. Each node is adaptive and its 
parameters are { . The node’s output corresponds to 

partial output of k

ci
k,c0

k}
th rule . yk

yk � ci
k xi

i�1

n

� � c0
k ; k �1,...,r  

o2k	1
4 � y k
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Layer 5: Type reduction. Estimates left-right interval values 
[ ˆ yl , ˆ yr], nodes are non-adaptive with outputs ˆ yl , ˆ yr . Layer 
5 output is defined by:  

o1
5 � ˆ yl � wk 
 yk

k�1

r

�

o2
5 � ˆ yr � w

k

 y k

k�1

r

�
 

Layer 6: Defuzzification. This layer’s node is adaptive, 
where the output  is defined as weighted average of left-
right values and parameter 

ˆ y
� . Parameter �  (default value 

0.5) adjusts the uncertainty interval defined by left-right 
values [ ˆ yl , ˆ yr]. 
 
o1

6 � ˆ y � �ˆ yl � (1	 �) ˆ yr  

 
Figure 1: IT2FNN-2:A2C0 (IT2FNN-0) Architecture 

 

2.2 IT2FNN-2:A2C1 Architecture 
An IT2FNN-2:A2C1 (IT2FNN-2) [12] is a six layer 
IT2FNN, which integrates a first order TSKIT2FIS (interval 
type-2 fuzzy antecedents and interval type-1 fuzzy 
consequents), with an adaptive NN. The IT2FNN-2:A2C1 
(Figure 2) layers are described as follows: 
 
Layers 0-2 of IT2FNN-2:A2C1 architecture are the same as 
layers 0-2 of IT2FNN-2:A2C0 architecture. 
Layer 3: Rule consequents. Each node is adaptive with 
parameters  and { . Node’s output 

corresponds to k

{ci
k,c0

k} si
k,s0

k}
th rule’s partial output, ˜ yk � [yl

k,yr
k ]. 
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Layer 4: Type reduction. Estimates left-right values of 
interval [ ˆ yl , ˆ yr] and left( )-right(fl

k fr
k ) firing strength that 

are used for computing [ ˆ yl , ˆ yr] using KM algorithm [15, 
16].  
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Layer 5: Defuzzification. This layer’s node is adaptive with 
output   defined by: ŷ
 
o1

5 � ˆ y � �ˆ yl � (1	 �) ˆ yr  

 
Figure 2: IT2FNN-2:A2C1 (IT2FNN-2) Architecture 
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3 IT2FNN as a Universal Approximator 
 
With this simplified interval type-2 fuzzy if-then rule, it is 
possible to prove that under certain circumstances, the 
resulting IT2FIS has unlimited approximation power to 
match any non-linear functions on a compact [24, 25] set 
using the Stone-Weierstrass theorem [13, 14, 21, 22] as 
follows: 
3.1 Stone-Weierstrass Theorem.
Let the domain D be a compact space of N dimensions, and 
let � be a set of continuous real-valued function on D, 
satisfying the following criteria [24, 25]: 
 
1. Identity function: The constant f(x) = 1 is in �. 
2. Separability: For any two points x1 � x2 in D, there is an 

f in � such that f(x1) � f(x2).  
3. Algebraic closure: If f and g are any two functions in �, 

then fg and af + bg are in � for any two real numbers a 
and b.  

 
Then � is dense in C(D), the set of continuous real-value 
functions on D. In other words, for any � > 0, and any 
function g in C(D), there is a function f in � such that 

��	 )()( xfxg  for all x � D. 

 
3.2 Applying  Stone-Weierstrass Theorem used on 

IT2FNN-2:A2C0 Architecture. 
 
In the IT2FNN, the domain in which we operate is almost
always compact. It is a standard result in real analysis that 
every closed and bounded set in �n is compact. Now we 
shall apply the Stone-Weierstrass theorem to show the
representational power of IT2FNN with simplified fuzzy if-
then rules.
 
3.2.1 Identity Function
 
The first requirement of Stone-Weierstrass theorem needs 
our IT2FNN to be able to compute the identity function 
f(x)=1. An obvious way to compute the function is to set the 
consequence part of each rule equal to [1-�, 1+�], where � is 
the uncertainty spread. In fact, an IT2FNN with only one 
rule suffices to satisfy this requirement. 
 
3.2.2 Separability
 
The second requirement of the Stone-Weierstrass theorem 
needs the IT2FNN to be able to compute functions that have 
different values for different points. Without this 
requirement, the trivial set of functions f: f(x)= [c-�, c+�] c 
� � would satisfy Stone-Weierstrass theorem. Separability 
is satisfied whenever IT2FNN can compute strictly 
monotonic functions of each input variable. This can easily 
be achieved by adjusting the membership functions of the 
premise part. 

 
3.2.3 Algebraic Closure-Additive

The third requirement of Stone-Weierstrass theorem needs 
the IT2FNN to be able to approximate sums and products of 
functions. Suppose we have two IT2FNNs S and S  each of 
which has two rules. The output of each system can be 
expressed as
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therefore we can construct an IT2FNN that computes 
az � bz . 
 
3.2.4 Algebraic Closure-Multiplicative
 
Modeling the product of zz  of two IT2FNNs is the last 
capability we must demonstrate before we can conclude that 
the Stone-Weierstrass theorem can be applied to the 
proposed reasoning mechanism. The product zz  can be 
expressed as 
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therefore we can construct an IT2FNN that computes zz . 
 
3.3 Applying Stone-Weierstrass theorem to the IT2FNN-

2:A2C1 architecture 
As in the case of IT2FNN-2:A2C0, let there be two distinct 
IT2FNN-2:A2C1, S  and S , each with two rules; we can 
proceed in this case as follows:  
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therefore we can construct an IT2FNN that computes 
az � bz . 
 
3.3.2 Algebraic Closure-Multiplicative
 
The product zz  can be expressed as 
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therefore we can construct an IT2FNN that computes zz . 
The IT2FNN architectures that compute az � bz  and zz  
have the same S  and S  if and only if the class of 
membership functions is invariant under multiplication. This 
is loosely true if the class of interval type-2 membership 
functions is the set of all bell-shaped functions and 
Gaussian-shaped (igbellmtype2, igbellstype2 and 
igbelltype2 for bell-shaped and  igaussmtype2, igaussstype2 
and igausstype2 for Gaussian-shaped, all of which can be 
found in the Matlab’s Interval Type-2 Fuzzy Logic Toolbox 
[26]). 
 
Therefore by choosing an appropriate class of membership 
functions, we can conclude that the IT2FNN with simplified 
fuzzy if-then rules satisfy the four criteria of Stone-
Weierstrass theorem. Consequently, for any given � > 0 and 
any real-valued function g, there is an IT2FNN S  such that 

��	 )()( xSxg  for all x in underlying compact set. 

Moreover since the simplified IT2FNN is a proper subset of 
two types of architecture, we can conclude that the IT2FNN 
architecture has unlimited approximation power to match 
any given data set. 
 

4 Application Examples 
Two application examples are used to illustrate the proofs of 
universality, as follows. 
Experiment 1. Identification of a one variable non-linear 
function. 
 
In this experiment we approximate a non-linear function 
f :���: 

 

 
ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

1385



 

 ��� ���� )5sin(1.0)3sin(3.0)sin(6.0)( uuuuf  
 
(where   is a uniform noise component) using a one input-
one output IT2FNN, 50 training data sets with 10 fold cross-
validation with uniform noise levels,  6 IT2MF type 
igaussmtype2, 6 rules and 50 epochs. Once ANFIS and 
IT2FNN models are identified a comparison was made, 
taking into account RMSE statistic values with 10 fold 
cross-validation. Table 1 and Figure 3 show resulting RMSE 
values for ANFIS and IT2FNN, it can be seen that IT2FNN 
architectures [12] perform better than ANFIS. 
 

 
Figure 3: RMSE values of ANFIS and IT2FNN using 10-
fold cross-validation for identifying non-linearity in 
Experiment 1. 
 
 
Table 1: RMSE values of ANFIS and IT2FNN with 10-fold  
cross-validation for identifying non-linearity of Experiment 

1. 
SNR(dB) ANFIS IT2FNN-0 IT2FNN-1 IT2FNN-2 IT2FNN-3 

0 0.6156 0.3532 0.2764 0.2197 0.1535 

10 0.2375 0.1153 0.0986 0.0683 0.0453 

20 0.0806 0.0435 0.0234 0.0127 0.0087 

30 0.0225 0.0106 0.0079 0.0045 0.0028 

free 0.0015 0.0009 0.0004 0.0002 0.0001 
 
 
Experiment 2. Identification of a three variable non-
linear function. 
 
A three input – one output IT2FNN is used to approximate 
non-linear Sugeno [9] function : f :�3 ��
 

 �
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216 training data sets are generated with 10-fold cross-
validation and 125 for tests; 2 igaussmtype2 IT2MF for each 
input, 8 rules and 50 epochs. Once the ANFIS and IT2FNN 
models are identified, a comparison is made with RMSE 
statistic values and 10-fold cross-validation. Table 2 and 

Figure 4 show the resultant RMSE values for ANFIS and 
IT2FNN. It can be seen that IT2FNN architectures [12] 
perform better than ANFIS. 
 
Table 2: Resulting RMSE values in ANFIS and IT2FNN for 
non-linearity identification in Experiment 2 with 10-fold 
cross-validation. 
SNR(dB) ANFIS IT2FNN-0 IT2FNN-1 IT2FNN-2 IT2FNN-3 

0 1.0432 0.7203 0.6523 0.5512 0.5267 

10 0.3096 0.2798 0.2583 0.2464 0.2344 

20 0.1703 0.1637 0.1592 0.1465 0.1387 

30 0.1526 0.1408 0.1368 0.1323 0.1312 

free 0.1503 0.1390 0.1323 0.1304 0.1276 
 
 

 
 Figure 4: Resulting RMSE values obtained by ANFIS and 
IT2FNN for non-linearity identification in Experiment 2 
with 10-fold cross-validation. 
 

5 Conclusions 
 
In these experiments, the estimated RMSE values for non-
linear function identification with 10-fold cross-validation 
for the hybrid architectures IT2FNN-2:A2C0 and IT2FNN-
2:A2C1 illustrate the proof based on Stone-Weierstrass 
theorem that they are universal approximators for efficient 
identification of non-linear functions. Also, it can be seen 
that while increasing the Signal Noise Ratio (SNR), IT2FNN 
architectures handle uncertainty more efficiently.   
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