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Abstract— The use of Linear Matrix Inequalities and Common
Quadratic Lyapunov Functions is a powerful and commonplace tool
for Takagi-Sugeno fuzzy controlled system analysis and synthesis.
However, in practice, few practical and performing results are avail-
able when the subsystems exhibit different input matrices, because of
the strong coupling between the subsystems/subcontrollers. In this
paper, this coupling is demonstrated and a method is proposed which
allows to synthesize, for a number of subsystems higher than 2, the
local gains of a Parallel Distributed Controller. It is shown that the
controller gains depend on the values of the input matrices and of the
membership functions, and are thus able to relax classical stability
conditions by embedding information on the fuzzy premises.

Keywords— Fuzzy Control, Takagi-Sugeno Fuzzy Systems, Sta-
bility, Parallel Distributed Control.

1 Introduction
T-S fuzzy model is a fuzzy dynamic model which embeds a set
of fuzzy rules in order to describe a global nonlinear system as
a set of local linear models, these being smoothly connected
by fuzzy membership functions [1]. As T-S fuzzy models are
equivalent to polytopic linear models, systematic approaches
to stability analysis and controller design can be developed us-
ing powerful conventional (linear and nonlinear) control the-
ory with the help of optimization techniques such as Linear
Matrix Inequalities solvers [2].

Control of T-S fuzzy system is most of the time achieved
by the so-called Parallel Distributed Compensation method
(PDC) for which the fuzzy controller shares the same fuzzy
sets with the fuzzy model in the premise parts, and, thus, each
control rule is distributively designed for the corresponding
rule of a T-S fuzzy model. Since the consequent parts of T-
S fuzzy models are described by linear state equations, linear
control theory and corresponding stability tools can be used to
design the fuzzy control local gains [3].

Among the mathematical tools used for assessing the stabil-
ity of a T-S fuzzy system (with or without PDC control), the
use of a Common Quadratic Lyapunov Function (CQLF) for
all subsystems is the most popular, because it allows to de-
rive easily explicit conditions [2] [4] [5]. It has been noted
that Common Quadratic Lyapunov functions tend to be con-
servative, and even worse, might not exist for many complex
highly nonlinear systems. Several works have allowed to re-
lax stability conditions [4] [6] [7], and as an alternative, such
tools as piecewise quadratic Lyapunov functions or fuzzy Lya-
punov functions have been proposed (e.g. [8]). The draw-

backs of these methods lie in the difficulty of synthesizing
control gains - and not only analyze closed-loop stability with
fixed controllers -, and that the results are quite independent of
the membership functions, leading sometimes to poor overall
performances. However, extended results have been obtained
when considering additional bounds or shapes on membership
functions considering linear consequents and PDC [9] [10] or
nonlinear / non PDC controllers [11] [12] [13].

In short, there still remains a need for designing further tools
to synthesize PDC control for T-S fuzzy systems, which ap-
pears to be very difficult when the input matrices of the sys-
tems of the fuzzy consequents are not identical or not propor-
tional. In this case, the closed-loop system is not a parallel
distribution of the individual closed-loop subsystems, because
additional coupling terms appear, as the control gain designed
for one subsystem is distributed over the remaining subsys-
tems. Whereas most papers embed the general case, the exam-
ples are nearly always proposed for proportional or identical
input matrices, or for a very limited number of input matrices.

When input matrices are different, it is not only necessary that
all subsystems be stable, but also that any subsystem should
be at least stable (or performing) under every other local con-
troller, and, moreover, that all these closed-loop controlled
subsystems should share a CQLF. A solution to this problem
consists of solving a Riccati equation which has a positive def-
inite solution that corresponds to a Lyapunov function, using
some results from linear control theory [14]. In this case, the
set of coupling terms is represented by a product of matrices
involving a single uncertain matrix with a norm smaller than
one, leading to a global Riccati equation [2].
Whereas this method is powerful and depends on the ampli-
tude and variations of the membership functions, finding a
global bounding matrix for the coupling terms is often not
easy to work out, because these terms depend on the control
gains themselves; in the case of control synthesis, when the
gains are a priori unknown, this task can be impossible. The
cancelation of such coupling terms has been tackled only for
large-scale systems [15]. To sum up, practical and member-
ship function-dependent of PDC control synthesis has not yet
be performed when subsystems exhibit different input matri-
ces as the explicit cancelation of coupling terms has not been
proposed.

In this paper, the closed-loop T-S system under PDC control is
rewritten in such a way that the cross-coupled terms are clearly
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seen as a weighted sum of the pairwise products involving
the difference of two input matrices and their corresponding
control gains. This allows, first, to determine easily a Riccati
equation for each subsystem, which does not depend on the
other subsystems control gains, and that takes the variation of
fuzzy membership functions into account. Moreover, adding
a little more conservativeness, allowing the control gains to be
bounded, turns the stability conditions into a set of very simple
Lyapunov equations, which might be a good help for control
synthesis. Finally, it is shown that, when the number of sub-
systems is sufficient, the cross-coupled terms can be canceled
by proposing nonlinear control gains.

2 Takagi-Sugeno fuzzy model and controller

2.1 Closed-loop model decomposition

The fuzzy model proposed by Takagi and Sugeno consists of
a set of r fuzzy IF...THEN rules for which the consequents are
linear models:

Plant Rule Ri: IF z1 IS Mi1 AND · · · AND zg IS Mig THEN
ẋ = Aix + Biu;
where x(t), u(t) are state and input vectors, zi(t), Mij are
the premise variables and corresponding fuzzy rules, the final
output of the fuzzy system being inferred as follows:

ẋ =
r∑

i=1

µi

(
Aix + Biu

)
, (1)

where µi = ωi∑ r
i=1 ωi

, ωi is the grade of membership function
of rule Ri.

For every subsystem Si, a local controller can be defined as
u = Kix, where Ki is a control gain (possibly nonlinear). It
is intuitive to build a fuzzy controller using a set of rules which
share the same premises as the fuzzy model, hence distributing
the local controllers within the global controllers according to
their systems’ weights.

Controller Ci: IF z1 IS Mi1 AND · · · AND zg IS Mig THEN
u = Kix, yielding:

u =
r∑

i=1

µiKix. (2)

Lemma 2.1. Let the system ẋ =
∑r

i=1 µi(Aix + Biu) with
PDC control u =

∑r
i=1 µiKix such that Ai + BiKi = Gi

and
∑r

i=1 µi ≤ 1, µi ≥ 0. The closed-loop system is:

ẋ =


r∑

i=1

r∑
j=1

µiµjGi +
r∑

i=1

Ai

(
1 −

r∑
j=1

µj

)

+
r∑

i,j=1,j �=i

µiµj(Bi − Bj)(Kj − Ki)

x.

(3)

Proof. One has

ẋ =
r∑

i=1

µi

(
Aix + Bi

r∑
j=1

µjKjx

)

=
r∑

i=1

µi

(
Ai + µiBiKi + Bi

r∑
j=1,j �=i

µjKj

)
x.

ẋ =
r∑

i=1

µ2
i Gi + µiAi(1 − µi) + µiBi

r∑
j=1,j �=i

µjKj

x.

Moreover,
r∑

i=1

µiBi

r∑
j=1,j �=i

µjKj =
r∑

i=1

r∑
j=1,j �=i

µiµj(Gi − Ai)

+
r∑

i=1

µiBi

r∑
j=1,j �=i

µjKj −
r∑

i=1

r∑
j=1,j �=i

µiµjBiKi.

In this equation, one can rearrange the two last sums into a
sum of pairwise terms:

r∑
i,j=1,j �=i

µjBjµiKi + µiBiµjKj − µiµjBiKi − µjµiBjKj

=
r∑

i,j=1,j �=i

µiµj(Bi − Bj)(Kj − Ki).

Hence,
r∑

i=1

µiBi

r∑
j=1,j �=i

µjKj =
r∑

i=1

r∑
j=1,j �=i

µiµj(Gi − Ai)

+
r∑

i,j=1,j �=i

µiµj(Bi − Bj)(Kj − Ki).

One has now:

ẋ =


r∑

i=1

(
µ2

i Gi + µiAi(1 − µi)
)

+
r∑

i=1

r∑
j=1,j �=i

µiµj(Gi − Ai)

+
r∑

i,j=1,j �=i

µiµj(Bi − Bj)(Kj − Ki)

x.

As
r∑

i=1

µ2
i Gi+

r∑
i=1

r∑
j=1,j �=i

µiµjGi =
r∑

i=1

r∑
j=1

µiµjGi, and

r∑
i=1

µiAi(1−µi)−
r∑

i=1

r∑
j=1,j �=i

µiµjAi =
r∑

i=1

µiAi

(
1−

r∑
j=1

µj

)
.

We demonstrate the final result:

ẋ =


r∑

i=1

r∑
j=1

µiµjGi +
r∑

i=1

µiAi

(
1 −

r∑
j=1

µj

)

+
r∑

i,j=1,j �=i

µiµj(Bi − Bj)(Kj − Ki)

x.
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Remark: When
∑r

i=1 µi = 1, formula (3) is reduced to:

ẋ =


r∑
i=1

µiGi+
r∑

i,j=1,j �=i

µiµj(Bi−Bj)(Kj−Ki)
x.

2.2 Global Stability Verification

It should be recalled that a Linear Matrix Inequality (LMI) is a
set of equations which can be put under the form FO +F1x1+
· · ·Fnxn ≺ 0, where FT

i = Fi. A matrix F is said negative
definite, which is noted F ≺ 0 if ∀x �= 0, xT Fx < 0.
A Bilinear Matrix Inequality involves bilinear terms and can-
not be solved in a straightformard way as LMIs are.

Theorem 2.2. The system ẋ =
∑r

i=1 µi(Aix + Biu), under
PDC control u =

∑r
i=1 µiKix, such that Ai + BiKi = Gi

and Ai + BiKj = Gij , is stable if there exists a common
positive definite matrix P such that:

∀ i = 1 · · · r, PGi + GT
i P ≺ 0,

∀ i < j, P (Gij + Gji) + (Gij + Gji)
T

P ≺ 0.
(4)

Remark: Theorem (2.2) allows the determination of both
the Lyapunov matrix and the controller gain, using a change
of variable Ni = KiP

−1, when being replaced in the stability
conditions, leads to a set of LMIs in Ni and in P , the PDC con-
troller being provided by Ki = NiP . The conservativeness of
the result comes from several reasons: of course, the global
system can be stable without sharing a Common Quadratic
Lyapunov function. The conditions are independent of the
membership functions, and those roughly mean that system
i is considered to behave ”well” with the corresponding local
controller u = Kix, but also with any other local controller
u = Kjx, j �= i . Of course, it cannot be expected that a sys-
tem with a controller designed for another plant has a ”good”
behavior, and hence, the PDC controller is designed according
to the ”worst” case among the pairs {Plant i, Controller j}.

3 Coupling terms attenuation

Theorem 3.1. [14] First, we consider the linear uncertain
system for which ẋ = A +

∑r
i=1 DiδiEi, ‖δi‖ ≤ 1 , and the

elements of δ are Lebesgue measurable. Then the positive-
definite matrix P is a common Lyapunov matrix for this sys-
tem if there exists r positive scalars ηi such that:

PA + AT P +
r∑

i=1

ηiPDiD
T
i P + η−

i 1ET
i Ei ≺ 0,

or simply, if ∀i, ηi = 1

PA + AT P +
r∑

i=1

PDiD
T
i P + ET

i Ei ≺ 0. (5)

Remark: This Theorem was applied first by Tanaka [2]
and then by numerous authors to the whole coupling term.
Whereas this method provides for a rather non-conservative
solution, it is clear that finding individual uncertain matrices
might be a tedious task, because the rate of variation and thus

the bounds on the uncertain matrix depend on the control gains
themselves. It can thus be applied to analyze an existing solu-
tion (the gains are fixed) but not for gain synthesis consider-
ing models/controllers coupling. The following Theorem pro-
poses a different application of this method to every individual
component of the coupling terms.

Theorem 3.2. Consider the system ẋ =
∑r

i=1 µi(Aix+Biu),
under PDC controller:

ẋ =


r∑

i=1

µiGi +
r∑

i,j=1,j �=i

µiµj(Bi − Bj)(Kj − Ki)

x.

Let us suppose that: ∀ i, there exists bi such that:
∑

j/Bi �=Bj

µj(Bj − Bi) = biδi, where ‖δi‖ ≤ 1.

The matrices δi thus depend on membership functions and
other input matrices µj and Bj; as µj may vary with time, δi

is a matrix which may vary with time or with the state space
x. The corresponding norm is the Euclidean norm.
The closed-loop system is quadratically stable if:

∀ i = 1 · · · r, PGi + GT
i P + Pbib

T
i P + KT

i Ki ≺ 0. (6)

This can be turned into:

∀ i = 1 · · · r,

 PGi + GT

i P Pbi KT
i

bT
i P −I 0
Ki 0 −I


≺ 0. (7)

Proof.

ẋ =
r∑

i=1

µiGi +
r∑

i,j=1,j �=i

µiµj(Bi − Bj)(Kj − Ki)

x

=
r∑

i=1

µi

r∑
j=1,j �=i

Gi + µj(Bi − Bj)Ki.

One has now: Gi + µj(Bi − Bj)Ki = Gi + biδiKi, and one
can apply the Theorem (3.1).

Remark: Uncertain matrices δi do not depend anymore on
the control gains but only on input matrices and membership
functions which are known a priori. Their determination is
thus quite easy and the membership functions are indeed em-
bedded in the control synthesis. Note also that the correspond-
ing i Riccati equations in (6) are decoupled, i.e. the ith equa-
tion only depends on the ith control gain, the influence of the
other subsystems being lumped into the matrix biδi . However,
one can realize that equation (7) is a BMI in P and Ki, and
thus less tractable for control gain synthesis, which motivates
the following Corollary.

Corollary 3.3. Let us suppose that:

∀ i = 1 · · · r, ∃Qi � 0, KT
i Ki − Qi ≺ 0.

Then, condition (7) can be expressed as:

∃P ≺ 0,∀ i = 1 · · · r, PGi + GT
i P + Q′

i ≺ 0, (8)
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where Q′
i = Pbib

T
i P + Qi, with KT

i Ki − Qi ≺ 0,
which can be turned into:

∀ i = 1 · · · r,




(
PGi + GT

i P + Qi Pbi

bT
i P −I

)
≺ 0,

KT
i Ki − Qi ≺ 0.

The Corollary simply reduces the search for a common Lya-
punov matrix to a series of r Lyapunov equations and thus r
LMIs. This is really a drastic improvement to other methods
because, now, control gains can nearly be selected indepen-
dently without the need to taking care of coupling terms, at
the expense of a priori gain limitation.

4 Example

Let us take the 3 following systems:

A1 =
( −1 2

0 −2

)
, B1 =

(
2
1

)
;

A2 =
( −1 −1

1 0

)
, B2 =

(
0
1

)
;

A3 =
( −2 1

1 −2

)
, B3 =

(
1
0

)
;

along with local gains:

K1 = ( 2 1 ), K2 = ( −2 1 ),K3 = ( 2 0 ).

The premisses corresponding to systems 1, 2 and 3 are:
µ1 = z, µ2 = 1 − z and µ3 = z where z ∈ [−1 · · · 1].

For every subsystem i, it is quite easy to compute the matrices
bi such that

∑
Bi �=Bj

µi(Bj −Bi) = biδi, since the upper bound

depends on the fuzzy variable z.
One finds:
b1

T = ( 1 0.25 ), b2
T = ( 0.75 0.25 ),

b3
T = ( 1 1 ).

The application of Theorem (3.2) allows to find a common

positive definite matrix P =
(

1.28 −0.37
−0.37 0.87

)
whereas it

is impossible to find one by the classical method; it is easy to
check that the gain K2 is unable to stabilize matrix A1 and the
converse for K1 and A2. It is quite interesting to note that the
result is quite tied to the value of the matrices bi.
When all other variables keep the same values, but bT

2 =
( 1 1 ), then the Theorem (3.2) is no more applicable be-
cause a positive definite CQLF cannot be found. Thus, The-
orem (3.2) is able to relax stability conditions, depending
strongly on the membership functions and input matrices val-
ues.

5 Conclusion
In this paper, the stability of a Takagi Sugeno fuzzy system un-
der the Parallel Distributed Compensation controller has been
studied. This control strategy allocates the same weight to a
local controller that the one in the fuzzy combination of the
local submodels.
The influence of the coupling between any local subsystem
and any local controller (different from the corresponding lo-
cal controller designed from the local subsystem considered)

in the closed-loop response has been highlighted, and it has
been shown to be effective when the input matrices of the sub-
systems are different. It has been subsequently shown that a
controller synthesis based on an analysis of each local subsys-
tem controlled by any local compensator, would lead to con-
servative results.

A new approach has been proposed which, for every local
subsystem, takes the coupling term coming from other sub-
systems into account, and proposes to choose the gain in order
to cope with the effect of the coupling terms. This strategy al-
lows to minimize the number of Linear Matrix Inequalities to
be solved for controller synthesis and to take into account the
shape of the membership functions.
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