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Abstract— The nearest trapezoidal fuzzy number to a fuzzy num-
ber, with respect to a well-known metric and preserving the expected
interval, was determined in recent articles. In the present paper the
properties of additivity and continuity of the trapezoidal approxima-
tion operator are studied.
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1 Introduction

In the papers [1] and [10] the problem to find the nearest (with
respect to a well-known metric) trapezoidal fuzzy number
T (A) to a fuzzy number A such that EI (T (A)) = EI (A),
where EI (B) denotes the expected interval of a fuzzy num-
ber B, was completely solved. Algorithms for computing the
proper approximations are proposed in [6]. The properties of
translation and scale invariance, identity, nearness criterion,
expected interval invariance, order invariance, correlation in-
variance, uncertainty invariance, value and ambiguity invari-
ance were considered in [1]. The properties of additivity and
continuity are studied in the present paper.

In Section 3 we prove, by a simple example, that the addi-
tivity is not satisfied. The main result in this section contains
a property of partial additivity. In the paper [5] the property
of continuity of the approximations of fuzzy numbers is con-
sidered of extreme importance in applications, especially in
fuzzy control systems, where it is sometimes indicated as ro-
bustness. The authors of the paper [2] pointed out that the
method to study the continuity of the trapezoidal approxima-
tion without condition in [11] is not applicable in the case of
trapezoidal approximation preserving the expected interval. In
Section 4 we prove that the discussed approximation operator
has the property to be Lipschitz, such that it is continuous.

2 Preliminaries

A fuzzy number A is a fuzzy subset of the real line R with
the membership function µA which is normal, fuzzy convex,
upper semicontinuous and supp A is bounded, where supp
A = cl {x ∈ R : µA (x) > 0} and cl is the closure operator.

Every λ-cut, λ ∈ ]0, 1] of a fuzzy number A is a closed
interval Aλ = [A− (λ) , A+ (λ)], where

A− (λ) = inf {x ∈ R : µA (x) ≥ λ} ,

A+ (λ) = sup {x ∈ R : µA (x) ≥ λ} .

We denote

A0 =
[
A− (0) , A+ (0)

]
= supp A.

For two arbitrary fuzzy numbers A, B

Aλ =
[
A− (λ) , A+ (λ)

]
and

Bλ =
[
B− (λ) , B+ (λ)

]
the addition A + B is introduced by

(A + B)λ =
[
A− (λ) + B− (λ) , A+ (λ) + B+ (λ)

]
and the quantity

D2 (A, B) =
∫ 1

0

(
A− (λ) − B− (λ)

)2
dλ (1)

+
∫ 1

0

(
A+ (λ) − B+ (λ)

)2
dλ

gives a distance between A and B (see, e.g., [4]). The
expected interval EI(A) of a fuzzy number A, Aλ =
[A− (λ) , A+ (λ)], is defined by (see [3], [7])

EI(A) =
[∫ 1

0

A− (λ) dλ,

∫ 1

0

A+ (λ) dλ

]
.

An often used fuzzy number is the trapezoidal fuzzy num-
ber, completely characterized by four real numbers t1 ≤ t2 ≤
t3 ≤ t4, denoted by T = (t1, t2, t3, t4), with

T− (λ) = t1 + (t2 − t1) λ,

T+ (λ) = t4 − (t4 − t3) λ, λ ∈ [0, 1] .

Sometimes (see [10]) a trapezoidal fuzzy numbers is denoted
by T = (l, u; x, y), with l, u, x, y ∈ R such that x, y ≥ 0, x +
y ≤ 2 (u − l) ,

T− (λ) = l + x

(
λ − 1

2

)
,

T+ (λ) = u − y

(
λ − 1

2

)
, λ ∈ [0, 1] .

It is immediate that

l =
t1 + t2

2
, (2)

u =
t3 + t4

2
, (3)

x = t2 − t1, (4)
y = t4 − t3, (5)
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the expected interval of a trapezoidal fuzzy number repre-
sented in this way is the real interval [l, u] and the distance
between T = (l, u; x, y) and T ′ = (l′, u′; x′, y′) becomes
([10])

D2 (T, T ′) = (l − l′)2 + (u − u′)2 (6)

+
1
12

(x − x′)2 +
1
12

(y − y′)2 .

We denote by F (R) the set of all fuzzy numbers, by
FT (R) the set of all trapezoidal fuzzy numbers and by T (A)
the nearest (with respect to the metric D) trapezoidal fuzzy
number to fuzzy number A preserving the expected interval
of A. To express in a simplified form the approximation oper-
ator T : F (R) → FT (R) we denote

I (A) = I =

1∫
0

A−(λ)dλ, (7)

S (A) = S =

1∫
0

A+(λ)dλ, (8)

L (A) = L =

1∫
0

λA−(λ)dλ (9)

and

U (A) = U =

1∫
0

λA+(λ)dλ, (10)

for every fuzzy number A, Aλ = [A− (λ) , A+ (λ)] , λ ∈
[0, 1] and we consider the following sets of fuzzy numbers

Ω1 = {A ∈ F (R) : 2I + S − 3L − 3U > 0} ,

Ω2 = {A ∈ F (R) : −I − 2S + 3L + 3U > 0} ,

Ω3 = {A ∈ F (R) : −I + S + 3L − 3U ≤ 0} ,

Ω4 = Ωc
1 ∩ Ωc

2 ∩ Ωc
3.

The set {Ω1, Ω2, Ω3, Ω4} is a partition of F (R) (see the proof
of Theorem 7 in [1]).

The following result was proved in [1] and [10].

Theorem 1 (i) If A ∈ Ω1 then

T (A) = T1 (A) = (I, I, I, 2S − I) ;

(ii) If A ∈ Ω2 then

T (A) = T2 (A) = (2I − S, S, S, S) ;

(iii) If A ∈ Ω3 then

T (A) = T3 (A) = (4I − 6L,−2I + 6L,

−2S + 6U, 4S − 6U) ;

(iv) If A ∈ Ω4 then

T (A) = T4 (A) = (3I + S − 3L − 3U,−I − S + 3L + 3U,

−I − S + 3L + 3U, I + 3S − 3L − 3U) .

Four different operators Ti, i ∈ {1, 2, 3, 4} give us the near-
est trapezoidal approximation preserving the expected inter-
val: T1 and T2 lead to triangular fuzzy numbers with right
side only or left side only, respectively, T3 produces proper
trapezoidal fuzzy numbers and T4 produces triangular fuzzy
numbers.

3 Additivity
The approximation operator T : F (R) → FT (R) given in
Theorem 1 is scale invariant (see [1], Theorem 12, (ii)) and
invariant to translations (see [1], Theorem 12, (i)), that is

T (αA) = αT (A)

and
T (A + z) = T (A) + z,

for every A ∈ F (R) , z ∈ R and α ∈ R � {0}. In this
section we point out a partial result of additivity and prove, be
a simple example, that the operator T is not additive.

Example 2 Let us consider the fuzzy numbers A and B given
by

A− (λ) = 1 +
√

λ,

A+ (λ) = 30 − 27
√

λ,

B− (λ) = −1 +
√

λ,

B+ (λ) = 1 −
√

λ, λ ∈ [0, 1] .

Then (see [1], Example 10 and Example 11) A ∈ Ω1,

T (A) =
(

5
3
,
5
3
,
5
3
,
67
3

)
B ∈ Ω4,

T (B) =
(
−2

3
, 0, 0,

2
3

)
,

therefore

T (A) + T (B) =
(

1,
5
3
,
5
3
, 23

)
.

Because

(A + B)− (λ) = 2
√

λ,

(A + B)+ (λ) = 31 − 28
√

λ, λ ∈ [0, 1] ,

we obtain

I (A + B) =
4
3
,

S (A + B) =
37
3

,

L (A + B) =
4
5

and
U (A + B) =

43
10

.

We get A + B ∈ Ω4 and

T (A + B) =
(

31
30

,
49
30

,
49
30

,
691
30

)
which implies

T (A + B) �= T (A) + T (B) .

Theorem 3 If A, B ∈ Ωi (i ∈ {1, 2, 3, 4}) then

T (A + B) = T (A) + T (B) .
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Proof. The equalities

I (A + B) = I (A) + I (B) ,

S (A + B) = S (A) + S (B) ,

L (A + B) = L (A) + L (B) ,

U (A + B) = U (A) + U (B) , A, B ∈ F (R)

are immediate. Then A, B ∈ Ωi (i ∈ {1, 2, 3, 4}) implies
A + B ∈ Ωi and T (A) + T (B) = T (A + B) in every case
(i) − (iv) in Theorem 1.

4 Continuity
An extended trapezoidal fuzzy number ([10]) is an order pair
of polynomial functions of degree less than or equal to 1.
An extended trapezoidal fuzzy number may be not a fuzzy
number, but the distance between two extended trapezoidal
fuzzy numbers is similarly defined as in (1) or (6). The ex-
tended trapezoidal approximation Te(A) = (le, ue; xe, ye) of
a fuzzy number A is defined ([10]) as the extended trape-
zoidal fuzzy number which minimizes the distance D (A, B),
where B is an extended trapezoidal fuzzy number, and pre-
serves the expected interval of A. The real numbers xe and
ye are non-negative (see [11]). In [5], the authors proved that
Te(A) = T3 (A).

Let us denote by T (A) = (l0,u0; x0, y0) the nearest (with
respect to the metric D) trapezoidal fuzzy number to fuzzy
number A, preserving the expected interval, given in Theorem
1, in the form proposed in [10] (see also Section 2). We have
([10])

l0 = le =

1∫
0

A−(λ)dλ (11)

u0 = ue =

1∫
0

A+(λ)dλ. (12)

Let us consider in the Euclidean space R2 (it is a finite di-
mensional Hilbert space) the points Ae (xe, ye) , A0 (x0, y0)
and the set

M = {(x, y) ∈ R2 : x ≥ 0, y ≥ 0, x + y ≤ 2ue − 2le}
which is a closed convex subset of R2. Then PM (Ae) is the
unique element in M (see e.g. [8], Theorem 4.10, p. 79)
which minimizes the Euclidean distance in R2, DE(Ae, P ),
where P ∈ M . Taking into account the remarks in [10] we
get

A0 = PM (Ae). (13)

We present the main result of this section.

Theorem 4 The nearest trapezoidal approximation operator
preserving the expected interval T : F (R) → FT (R) is con-
tinuous.

Proof. Let us consider two fuzzy numbers A and B,

Aλ =
[
A−(λ), A+(λ)

]
,

Bλ =
[
B−(λ), B+(λ)

]
, λ ∈ [0, 1] ,

Te(A) = (le, ue; xe, ye) , Te(B) = (l′e, u
′
e; x

′
e, y

′
e) the ex-

tended trapezoidal approximations of A and B and T (A) =
(l0,u0; x0, y0) , T (B) = (l′0, u

′
0; x

′
0, y

′
0) the trapezoidal ap-

proximations preserving the expected interval of A and B.
The relations (11) and (12) imply

D2 (T (A), T (B)) = (l0 − l′0)
2 + (u0 − u′

0)
2

+
1
12

(x0 − x′
0)

2 +
1
12

(y0 − y′
0)

2

= (le − l′e)
2 + (ue − u′

e)
2

+
1
12

(x0 − x′
0)

2 +
1
12

(y0 − y′
0)

2

Because (see [9], Proposition 4.4)

D (Te(A), Te(B)) ≤ D (A, B) (14)

we obtain

D2 (T (A), T (B)) ≤ D2(A, B)

+
1
12

(x0 − x′
0)

2 +
1
12

(y0 − y′
0)

2

or

D2 (T (A), T (B)) ≤ D2(A, B) +
1
12

D2
E (A0, B0) , (15)

where DE (A0, B0) denotes the Euclidean distance between
A0 (x0, y0) and B0(x′

0, y
′
0). Let us assume (contrariwise the

proof is similar)

2u′
e − 2l′e ≥ 2ue − 2le.

We consider

MA = {(x, y) ∈ R2 : x ≥ 0, y ≥ 0, x + y ≤ 2ue − 2le},
MB = {(x, y) ∈ R2 : x ≥ 0, y ≥ 0, x + y ≤ 2u′

e − 2l′e}

and

C(2ue − 2le, 0),
C ′(0, 2ue − 2le),
G(2u′

e − 2l′e, 0),
G′(0, 2u′

e − 2l′e),

the points which define the closed convex sets MA and MB in
the Euclidean space R2. The pairs (le, ue) , (l′e, u

′
e) being al-

ready fixed ((11), (12)), we denote Ae (xe, ye) and Be (x′
e, y

′
e)

the points in R2 which represent the others components of
the extended trapezoidal approximations of A and B, respec-
tively. It is known that xe, ye, x

′
e, y

′
e ≥ 0.

According to (13) we get

A0 = PMA
(Ae)

B0 = PMB
(Be)

We denote by B1 the projection of B0 on the convex set
MA, that is the unique element in MA which minimizes
DE (B0, Q), where Q ∈ MA. We prove that B1 is the
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projection of Be on the set MA, that is B1 ∈ MA and
min

R∈MA

DE (Be, R) = DE (Be, B1), and

DE (B1, B0) ≤ DE (C, G) = DE (C ′, G′) .

Indeed, if x′
e + y′

e ≤ 2 (ue − le) then Be ∈ MA. Because
MA ⊆ MB we get

Be ∈ MB ,

B0 = B1 = Be

and
DE (B1, B0) = 0 ≤ DE (C, G) .

Contrariwise, if x′
e + y′

e > 2 (ue − le) then the following sit-
uations are possible:

(i) x′
e − y′

e > 2 (u′
e − l′e). Then

B0 = G,

PMA
(Be) = C

and
B1 = PMA

(B0) = PMA
(G) = C.

In addition,

DE (B1, B0) = DE (C, G) .

(ii) 2 (ue − le) ≤ x′
e − y′

e ≤ 2 (u′
e − l′e). Then

B1 = PMA
(Be) = PMA

(B0) = C

and
DE (B1, B0) = DE (C, B0) ≤ DE (C, G) .

(iii) −2 (ue − le) < x′
e−y′

e < 2 (ue − le). Because BeB0

is perpendicular on GG′, BeB1 is perpendicular on CC ′ and
GG′, CC ′ are parallel we get

B1 = PMA
(Be) .

In addition,

DE (B1, B0) < DE (C, G) .

(iv) −2 (u′
e − l′e) ≤ x′

e − y′
e ≤ −2 (ue − le). Then

B1 = PMA
(Be) = PMA

(B0) = C ′

and

DE (B1, B0) = DE (C ′, B0) ≤ DE (C ′, G′) .

(v) x′
e − y′

e < −2 (u′
e − l′e). Then

B0 = G′,
PMA

(Be) = C ′

and
B1 = PMA

(B0) = PMA
(G′) = C ′.

In addition,

DE (B1, B0) = DE (C ′, G′) .

We have

D2
E (C, G)

= (2u′
e − 2l′e − 2ue + 2le)

2

= 4 [(u′
e − ue) − (l′e − le)]

2

= 4

 1∫
0

(
B+(λ) − A+(λ)

)
dλ

−
1∫

0

(
B−(λ) − A−(λ)

)
dλ

2

≤ 8

 1∫
0

(
B+(λ) − A+(λ)

)
dλ

2

(16)

+ 8

 1∫
0

(
B−(λ) − A−(λ)

)
dλ

2

≤ 8

1∫
0

(
B+(λ) − A+(λ)

)2
dλ (17)

+ 8

1∫
0

(
B−(λ) − A−(λ)

)2
dλ

therefore

D2
E (B1, B0) ≤ 8D2(A, B).

Because MA is a closed convex subset of R2 we obtain (see
[11], Appendix C)

DE(PMA
(Ae), PMA

(Be)) ≤ DE(Ae, Be)

that is
DE (A0, B1) ≤ DE (Ae, Be) .

We get

DE (A0, B0) ≤ DE (A0, B1) + DE (B1, B0)

≤ DE (Ae, Be) + 2
√

2D(A, B).

From (14) we obtain

D2
E (Ae, Be) ≤ 12D2(A, B), (18)

therefore

DE (A0, B0) ≤ 2(
√

2 +
√

3)D(A, B). (19)

The inequalities (15) and (19) imply

D (T (A), T (B)) ≤
√

1 +
(
√

2 +
√

3)2

3
D(A, B) (20)

and the proof is complete.
If D (A, B) = 0 then (20) becomes equality.
If

D (T (A), T (B)) =

√
1 +

(
√

2 +
√

3)2

3
D(A, B)
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then (16)-(18) must be equalities (contrariwise, inequality (20)
becomes strict). Equality in (16) implies

1∫
0

(
B+(λ) − A+(λ)

)
dλ

+

1∫
0

(
B−(λ) − A−(λ)

)
dλ = 0 (21)

and equality in (17) implies

B+(λ) − A+(λ) = k+, a.e. λ ∈ [0, 1]

and
B−(λ) − A−(λ) = k−, a.e. λ ∈ [0, 1] ,

where k+, k− ∈ R. Substituting in (21) we get k+ + k− = 0,
therefore

B+(λ) = A+(λ) + k, a.e. λ ∈ [0, 1]

and
B−(λ) = A−(λ) − k, a.e. λ ∈ [0, 1] ,

where k ∈ R. According to (7)-(10) we obtain

I (B) = I (A) − k,

S (B) = S (A) + k,

L (B) = L (A) − k

2
,

and
U (B) = U (A) +

k

2
.

Taking into account Theorem 1 (iii) and (4), (5),

x
′
e = −6I (B) + 12L (B)

= −6I (A) + 12L (A) = xe,

y
′
e = 6S (B) − 12U (B)

= 6S (A) − 12U (A) = ye.

We get Ae = Be and equality in (18) implies D(A, B) = 0.
We conclude that equality in (20) holds if and only if

D(A, B) = 0.

5 Conclusion
Many approximation methods for fuzzy numbers were pro-
posed in the last years. Because the quality of approximation
is important, a list of criteria that the approximation operator
should or just can possess has been given in [5]. Continu-
ity and additivity of nearest trapezoidal approximation oper-
ator which preserves the expected interval are studied in the
present paper. Because the property of scale invariance was
already proved in [1], the property of partial additivity, given
in Theorem 3, assures the linearity of the trapezoidal approx-
imation operator, when the fuzzy numbers under study are all
with the same kind of asymmetry of membership functions
(see [6]). The property of continuity, given in Theorem 4,
means that if two fuzzy numbers are close, with respect to
metric D, then their approximations are also close, with re-
spect to metric D. Continuity is of extreme importance in
applications, especially in fuzzy control systems, where it is
sometimes indicated as robustness and discontinuous approx-
imation operators seem unnatural.

References

[1] A. Ban. Approximation of fuzzy numbers preserving the
expected interval. Fuzzy Sets and Systems, 159:1327-
1344, 2008.

[2] A. Ban and L. Coroianu. Continuity of trapezoidal ap-
proximation operators, submitted.

[3] D. Dubois and H. Prade. The mean value of a fuzzy num-
ber. Fuzzy Sets and Systems, 24:279-300, 1987.

[4] P. Grzegorzewski. Metrics and orders of fuzzy numbers.
Fuzzy Sets and Systems, 97:83-94, 1998.

[5] P. Grzegorzewski and E. Mrówka. Trapezoidal approx-
imations of fuzzy numbers. Fuzzy Sets and Systems,
153:115-135, 2005.

[6] P. Grzegorzewski. Trapezoidal approximations of fuzzy
numbers preserving the expected interval-Algorithms
and properties. Fuzzy Sets and Systems, 159:1354-1364,
2008.

[7] S. Heilpern. The expected value of a fuzzy number.
Fuzzy Sets and Systems, 47:81-86, 1992.

[8] W. Rudin. Real and Complex Analysis. McGraw-Hill,
New York, 1986.

[9] C.-T. Yeh. A note on trapezoidal approximations of
fuzzy numbers. Fuzzy Sets and Systems, 158:747-754,
2007.

[10] C.-T. Yeh. Trapezoidal and triangular approximations
preserving the expected interval. Fuzzy Sets and Systems,
159:1345-1353, 2008.

[11] C.-T. Yeh. On improving trapezoidal and triangular ap-
proximations of fuzzy numbers. International Journal of
Approximate Reasoning, 48:297-313, 2008

ISBN: 978-989-95079-6-8

IFSA-EUSFLAT 2009

802


