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Abstract

Methods like DBSCAN are widely used in the
analysis of spatial data. These methods are
based on the neighborhood relations which
use distance between points. However, these
neighborhood relations consider to have at
least a certain number of neighbors within
a definite boundary. In this proposed work
such a neighborhood analysis is done by us-
ing the benefits of fuzzy sets theory. Usage
of fuzzy logic gives more sensitive and realis-
tic results. In this paper, Fuzzy Joint Points
(FJP) based on this theory is handled and
some theoretical properties used in neighbor-
hood analysis are investigated.
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1 Introduction

Cluster analysis has an important role in statistical
data analysis. The main objective of clustering is to fa-
cilitate the analysis process by constructing similar ob-
jects in a cluster. Clustering methods can be divided
into two groups such as hierarchical and prototype-
based [3]. In hierarchical clustering, the remoteness
of elements is the cornerstone. First of all, closer ele-
ments are put into same cluster, and in the next step,
elements a little bit far away from the previous ones
are put in another cluster, etc. In prototype-based
methods, however, prototypes which have common
features of some certain classes are formed and then
the elements are taken into these classes with respect
to the proximity degrees to the prototypes. Namely,
in such a situation, not the remoteness of above-
mentioned elements from each other, but their remote-
ness from the prototypes is considered. Some examples
of these methods are k-means, k-medoids and FCM
[1, 3, 4]. Besides, single-linkage (SLINK), complete-
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linkage (CLINK), DBSCAN, OPTICS and FJP are
some examples of hierarchical methods [2, 3, 5, 6, 7, 8].
In DBSCAN-like methods, in order to determine the
core points of clusters or noise points, classical neigh-
borhood density analysis is done. Thus, a point is
conceived as a core point, if the number of points in
a certain radius is larger than a specified threshold.
However, in FJP-based methods, fuzzy neighborhood
analysis that provides more sensitive results is used [7].

In this study, some researches are executed on fuzzy
neighborhood analysis based on distance between
points and it is showed that such a method can pro-
vide more sensitive and realistic results in comparison
with non-fuzzy methods.

2 Fuzzy Neighborhood Based on
Distance Between Points

Let us consider the data set X = {z1,z2,...,2n}.
The purpose of clustering is to determine sets
X' X2 ...,X" that constitute X which provides
Vi,jii#j= X' NX =0and U, X' = X.

Let F'(EP) indicate the set of all p-dimensional fuzzy
sets in the space EP. Let puy : EP — [0, 1] represent
the membership function of the fuzzy set A € F(EP).

Definition 1. A conical fuzzy point A = (a,R) €
F(EP) of the space EP is a fuzzy set with membership
function

1— d(z,a)
pa@)=q , F

where a € EP is the center of fuzzy point A, and
R € E' is the radius of its support, supp A.

if d(z,a) <R
otherwise

(1)

a-level set of conical fuzzy point A = (a, R) is calcu-
lated as follows:

Ao ={x € E”[pa(z) = o}

={z e E?|d(z,a) <R-(1—a)}.



Figure 2: a-neighbor points A = (a, R) and B = (b, R)
in fuzzy space E2.

The equivalent of the fuzzy conical point A = (a, R) €
F(E"Y) in the space E' is triangular and symmetric
fuzzy number A = (a, R, R).

Let A = (a,R) and B = (b, R), be fuzzy sets from
the set X C F(EP). Let’s denote a fuzzy similarity
relation T : X x X — [0,1] on the set X as follows:

d(a,b)
2R’ @)

where a € EP and b € EP are the centers of the fuzzy
points A and B respectively.

T(A,B)=1-

(2) can can be written as follows:

d(a,b) = 2R - (1 — T(A, B)). (3)

It is obvious that the relation T is reflexive, thus
VAe X, T(A, A) =1 is satisfied.

Lemma 2. The fuzzy points A = (a, R) and
B = (b,R) are called fuzzy a-neighbor points if and
only if

d(a,b) <2R-(1—«) (4)

1s satisfied.
Definition 3. Let A and B be fuzzy points on the set

X Cc F(EP). If
T(A,B) > o, (5)

is satisfied for fixed av € (0, 1], then the points A and B
are called the a-neighbor fuzzy points and it is denoted
by A ~, B (Fig.2).

Definition 4. If there is a sequence of a-neighbor
fuzzy points C1,...,C* k > 0, for fixed a € (0,1],
between the points A and B, i.e.

A~y CLCY ~y 2% CF ey CF and CF ~,, B,

then the fuzzy points A and B are called a-joint fuzzy
points.

Definition 5. Let X C F(E?) be a set of fuzzy points.
If the fuzzy points A and B are a-joint for o € (0, 1]
and VA, B € X, then the set X is called fuzzy a-joint
set.

Suppose that the distance between the level sets A,
and B, is defined as follows:

d(Aq, Bo) = min{d(z,y) | x € As,y € By}

Let the relation 7' : X x X — [0,1] be the transitive
closure of relation T': X x X — [0, 1] by using max-
min composition.

Lemma 6. The fuzzy points A and B are called
a-neighbor points if and only if

AaNBy #0 (6)

1s satisfied.

3 Fuzzy Neighborhood Membership
Functions

Let us deal with two sets given in Fig. 3 within the
same radius 1, with equal number of elements, but
with different densities. A method like DBSCAN that
uses classical neighborhood relation, will consider the
points x; and o as core points and the cardinality of
these sets will be equal within radius €.
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Figure 3: Points z; and xo are similar according to
crisp neighborhood cardinality, but dissimilar accord-
ing to fuzzy neighborhood cardinality.

Nevertheless, if these points are evaluated according
to fuzzy neighborhood cardinality as done in FJP



method, since the proximity of the points around them
will be taken into account, it is obvious that they will
be different from each other. It can be said that anal-
ysis realized with such a point of view will produce
more sensitive and realistic results.

As seen in Fig.4, since the classical neighborhood rela-
tion is used in DBSCAN method, although the point
y1 is closer to the point x, the neighborhood degree of
the points y; and yo within radius €; are equal with
respect to the point x.
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Figure 4: Neighborhood relation used in DBSCAN
method.

However in FJP method, since the fuzzy neighborhood
relation is used by taking into account the proximity
of the points y; and yo to the point x is considered
within radius ¢1, a distinct difference is seen between
the neighborhood degrees oy and as of the points y;
and ys respectively to the point = (Fig.5).
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Figure 5: Neighborhood relation used in FJP method.

When dealing with fuzzy neighborhood analysis, dif-
ferent membership functions can be used in order to
state neighborhood degrees. Also, the sensitivity of
analysis can be increased by using different functions
in calculation of the relation T' (Fig. 5-6).

As seen from the figures, different sensitivity can be
reached by using different membership functions in
neighborhood analysis. For instance, the membership
function in Fig. 4 handles the points within radius €1
as identical whereas there is an obvious distinction in
Fig. 5. The difference becomes more evident in Fig.

B o v = ERT

Figure 6: Linear neighborhood relation within an &;
radius.

6. However, the sensitivity is the same on near and
far distance of the reference point. But in Fig. 7, the
sensitivity differs exponentially.
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Figure 7: The effect of using different membership
functions for a fuzzy point (exponential).
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Figure 8: The effect of using different membership
functions for a fuzzy point (linear).

Note that, in definition of the fuzzy point, if different
nonlinear functions are used, different results can be
found by the FJP algorithm. For example, consider a
data set with 8 elements. If the membership function is
linear as in Fig. 8, the widest change interval in which
the a-parameter does not affect the number of clusters
is found as the interval number 3 and according to the
working principle of the algorithm, such a situation is
appropriate for two clusters.



However, when the membership function of the fuzzy
points looks like bell-shaped as in Fig. 9, the widest
change interval found as number 2 and such a situation
is suitable for four clusters. Thus, FJP algorithm finds
two clusters if a membership function of a fuzzy point
as in Fig. 8 is used whereas it detects four clusters if
a membership function of a fuzzy point as in Fig. 9 is
used.

Figure 9: The effect of using different membership
functions for a fuzzy point (bell-shaped).

Note that in FJP algorithm, the lowest layer that is
suitable for one cluster is not taken into consideration.

4 Conclusion

In this study, the Fuzzy Joint Points (FJP) method is
handled and fuzzy neighbor relations between points
are investigated. FJP method may be more effectively
used in the analysis of statistical databases with spa-
tial data. As a result of our researches, since FJP
method uses fuzzy logic, it produces more sensitive
realistic results in comparison of methods based on
classical neighborhood relation.

Also in our study, some theoretical results are given
for the analysis of the cluster structure. Moreover,
it is mentioned that using different membership func-
tions for the neighborhood relation results in different
partitions.

We think that FJP method may be more effective
in areas such as mapping of national or regional ge-
ographical information, medical tomography, ultra-
sound or X-ray analysis, etc.
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