Different types of convexity and concavity for copulas
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Abstract

We present different notions of convexity and
concavity for copulas and we study the rela-
tionships among them.
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1 Introduction

A function C: [0,1]*> — [0,1] is called copula if, for
every z,z',y,y’ in [0,1], for z < 2/ y < ¢/,

C(z,0)=C(0,z) =0, C(z,1) =C(l,z) ==, (1)

C(z',y") = C(z,y') — C(a',y) + C(z,y9) > 0. (2)

In other words, a copula is a binary aggregation op-
erator that has neutral element 1 and which satisfies
inequality (2), called the 2-increasing property [16].
In 1959, Abe Sklar introduced this concept in order to
link a bivariate distribution function to its marginals
[18]. Since then, copulas have played an important role
not only in probability theory and statistics, but also
in multi-criteria decision making and in fuzzy set the-
ory. Classical examples of copulas are II(z,y) = xy,
M (z,y) = min(z,y) and W(z,y) = max(z +y — 1,0).
In particular, for each copula C, we have W < C < M
pointwise on [0,1]%. The class of copulas shall be de-
noted by C, which is a convex and compact (with re-
spect to the L norm) subset in the class of all con-
tinuous functions from [0, 1]? into [0, 1].

The following two construction of copulas will be
considered in the sequel: ordinal sum and ¢—
transformations; they are recalled here.

Let (C;)iez be a family of copulas indexed by the (at
most) countable set Z. Let (Ja;, b;[)icz be a family of
pairwise disjoint subintervals of [0,1] indexed by the
same set Z. The ordinal sum of (C;);cz with respect
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to (Jas, bi[)icz is the copula C: [0,1]? — [0, 1] given by

i+ (b —a;)Cy | 2=, =2 b
Clz,y) = {CL *( @) (bi_(li bi_ai) onJa;, by

M(z,y) otherwise.

Usually, we denote C' = ({(as, b;, C;));c7-

Let C be a copula and let ¢: [0,1] — [0,1] be a
continuous and concave bijection with ¢(0) = 0 and
¢(1) = 1. Then the ¢—transform [9, 13] of C' is the
copula Cy given by

Co(w,y) = ¢~ (C(6(2), $(1)))- (3)

A copula C' is symmetric if C(x,y) = C(y,z) for all
x,y in [0, 1], and, in particular, the copulas W, II and
M are symmetric, but not every copula is symmetric.
As showed in [11, 17], we can assign to each copula C
a degree of non—symmetry, given by

oc = Sup{|C($>y) - C’(y,x)|,x,y € [07 ”}

It was proved in [11, 17] that o < 1/3 for every copula
C, and the value 1/3 is attained.

Recently, investigations on various notions of convex-
ity for copulas have received much attention because
of their potential applications: see, for example, [1, 16]
and the recent papers [2, 4, 7, 8]. Here, we revisit dif-
ferent types of convexity and study their relationships
through several examples. In particular, we shall note
that, if a copula C satisfies some conditions of con-
vexity or concavity, then the bounds for the degree of
non—-symmetry oo can be improved.

2 Global and directional convexity

We start with the classical notion of convexity.

Definition 1 A copula C is called (globally) convex
if, for all x1,29,y1,y2 and A in [0, 1],
C(/\Il + (1 — /\)yl, Axo + (1 — )\)yQ)

< )\C(xhx?) + (1 - A)C(yh ?J2) (4)



A copula C is called (globally) concave if (4) holds
with the reverse inequality sign.

In the class of copulas, convexity and concavity are
strong properties in view of the following result.

Proposition 1 ([6]) Let C be a copula.

(a) C is convex if, and only if, C = W;
(b) C is concave if, and only if, C = M.

Weak versions of these properties are given by the fol-
lowing definitions.

Definition 2 A copula C is called directionally con-
vex if, for every zo in [0,1], the functions x — C(x, zo)
and y — C(z0,y) are convex, viz. for all x,y and X\ in

[0, 1],
C(Ax+ (1= Ny, 20) < AC(=,20) + (1 = NC(y, 20),

C(zo, Az + (1 = N)y) < AC(z0,2) + (1 — XN)C(z20,9).

A copula C is called directionally concave if, for ev-
ery zo in [0,1], the functions x — C(z, z0) and y —
C(z0,y) are concave.

Notice that W is directionally convex, M is direction-
ally concave, II is both directionally convex and con-
cave. Such properties are useful in view of the follow-
ing statistical interpretation.

Proposition 2 ([16]) Let C be the copula associated
with a pair (X,Y) of continuous random variables.
Then:

(a) C is directionally convex if, and only if, Y is
stochastically decreasing in X and X s stochasti-
cally decreasing in'Y ;

(b) C is directionally concave if, and only if, Y is
stochastically increasing in X and X is stochasti-
cally increasing in'Y .

Example 1 Let C, be a member of the Farlie-
Gumbel-Morgenstern family of copulas defined, for all
ain [-1,1] by

Col(z,y) = 2y(1 + (1l —2)(1 —y)).

Then C, is directionally convex if a € [—1,0] and it
is directionally concave if a € [0, 1].

Directionally convex copulas are also called P-
increasing copulas [5, 10] and they are used in order
to ensure that the pointwise composition of two 2-
increasing aggregation operators is also 2—-increasing.

Proposition 3 The class of all directionally concave
(resp. convez) copulas is a convex and compact (with
respect to the to the L™ norm) subset of C.

Note that an ordinal sum of directionally concave cop-
ula is also directionally concave, but a non-trivial or-
dinal sum of directionally convex copula is not direc-
tionally convex (because M is directionally concave).
Moreover, the ¢—transform of directionally concave
(resp. convex) copula may not be directionally con-
cave (resp. convex).

For directionally concave and convex copulas, we have
the following bounds for the degree of non—symmetry.

Proposition 4 Let C be a copula.

(a) If C is directionally concave, then oo < 1/9.
(b) If C is directionally convez, then oc < 3 — /2.

Both bounds are sharp.

3 Schur—concave copulas

The notion of Schur—concavity was introduced in the
context of majorization ordering [14] and it is here
reformulated in the class of copulas.

Definition 3 A copula C is called Schur—concave if,
for all z, y and X in [0,1],

Clz,y) <CAz+ (1 =Ny, (1=Nz+Ay).  (5)
A copula C is called Schur—convex if (5) holds with

the reverse inequality sign.

The following result allows to investigate only Schur—
concave copulas.

Proposition 5 ([8]) W is the only Schur-convex
copula.

Every Schur—concave copula C is symmetric (and
hence o = 0), but the converse implication is not
true.

Example 2 Let C be the copula defined by

2y on [0, %]23

z(3y—1) on 0,l X 171’
C(z,y) = @ on E,ﬂ X %)’ ﬁ’

wurety=l o [%,1]2~

Then C is symmetric, but

6 4 32 33 7 3
0(10’10>_200<200_C<10’10>’

and, hence, C' is not Schur—concave.



Remark 1 If z = C(s,t) is the surface associated
with a Schur—concave copula C, then the intersections
of the surface with all the vertical planes of the form
s+t =2z, for all x € [0,1] and s € [0,z], are curves
that are decreasing from (x,x) to (2z,0), if ¢ < 1/2,
and from (x,z) to (2x — 1,1), otherwise.

For a copula, the notion of Schur—concavity can be
expressed in terms of its derivatives.

Proposition 6 ([8]) Let C be a continuously differ-
entiable copula. Then C' is Schur—concave on [0,1]? if,
and only if,

(a) C is symmetric;

(b) for all z,y € [0,1], z > y, 2eu) < 2C000),

As a consequence, it is easily proved that the copula
IT is Schur—concave. Moreover, the following copulas
are Schur—concave:

e associative copulas (in particular, M, W and II);

e Fréchet copulas, Cy g = aM + (1 —a— B)II+ W
for ¢ and B in [0,1], a 4+ 8 = 1;

e Farlie-Gumbel-Morgenstern copulas, Cy(z,y) =
xy+ azy (1 —z) (1 —y) for o in [—1,1].

We denote by Cgc the class of all Schur—concave cop-
ulas.

Proposition 7 ([8]) The set Csc is a conver and
compact (with respect to the to the L™ norm) subset

of C.

Moreover, the class Cs¢ is closed with respect to ordi-
nal sums and bijective concave transformations.

Proposition 8 ([8]) The ordinal sum of Schur-
concave copulas is Schur—concave.

Proposition 9 Let ¢: [0,1] — [0,1] be a continuous
and concave bijection with ¢(0) =0 and ¢(1) = 1. If
C is Schur—concave, then the ¢—transform Cy given by
(3) is also Schur—concave.

Proof. Let z, y and A be in [0,1]. Because ¢ is
concave, we have
Az + (1= A)y) A¢(x) + (1 = A)o(y),

>
(I =Nz +Xry) = (1=A)o(x) + A(y).

Moreover, since C' is Schur—concave, we have

CAo(z) + (1= No(y), (1 = No(x) + Ad(y))
> C(o(x), d(y))-

But C' is increasing in each variable so that

which is the desired assertion. O

4 Weak Schur—concave copulas

Recently, E.P. Klement, R. Mesiar and E. Pap [12]
raised some problems on binary aggregation operators.
Specifically, in Problem 5 they suggested to study the
inequality

C (max(z — a,0), min(x + a,1)) < C(z, x), (6)

for all x € [0,1] and for all @ € ]0,1/2[. In [4], this
problem was investigated for the class of copulas and
the connection between inequality (6) and the notion
of Schur—concavity was stressed.

In the spirit of these investigations, in [7] the following
weakened form of Schur—concavity is introduced.

Definition 4 A copula C is called weakly Schur-
concave (WSC, for short) if, for all z € [0,1] and for
all a €]0,1/2[, both

C (max(z — a,0),min(x + a,1)) < C(x,z) (7)
and
C (min(z + a,1), max(z — a,0)) < C(z,z),  (8)
hold.
If (7) and (8) are satisfied by C with reverse inequality

sign, then C is said to be weakly Schur-convex.

Proposition 10 ([7]) If a copula C is weakly Schur-
convez, then C(t,t) = max(2t — 1,0) for every t in
[0,1].

Therefore, by using [3, 15], if C is weakly Schur—
convex, then C' has the following representation

GCe2y-1) ) [0, 5] x [3,1],
Cae12) o [1 1] x [0,1],

W(z,y)

C(‘LQ) =

otherwise,

for suitable copulas Cy and Cs.

Remark 2 Geometrically speaking, a copula C 1is
weakly Schur—concave if the mazimum of C along the

line
d, = {(z,y) € [0,1] | 2 +y = 2k},

for every k € [0,1], is attained at the point (k, k).
Moreover, if a copula C' is differentiable, then the prop-
erty WSC implies that the partial derivatives of C' at
the points of the main diagonal of [0,1]? are equal.



Important examples of WSC copulas are W, I and
M. If C is a Schur—concave copula, then it is easily
proved that C' is also WSC. But, on the other hand,
if a copula C is WSC, then it does not need to be
Schur—concave.

Example 3 Let C be the copula defined by

Misgid g [0,3)x [31],

M (3z—1,3y—1) on [l g] % [l 2]

Cla,y) = 3 373 3030

= s o [2 1] [0,4],
W(z,y) otherwise.

Then C' is WSC, but C' is not Schur—concave. In fact,
given the points (1—20, %) and (1—3’0, %), we have

3 6 1 2 7
C(m’m>_0<30_c<10’10>’

which implies that C is not Schur—concave.

We denote by Cyysc the class of all WSC copulas.

Proposition 11 ([7]) The set Cywsc is a convex and
compact (with respect to the to the L™ norm) subset

of C.

Moreover, the class Cywsc is closed with respect to
ordinal sums and bijective concave transformations.

Proposition 12 ([7]) The ordinal sum of WSC' cop-
ulas is WSC.

Proposition 13 ([7]) Let ¢: [0,1] — [0,1] be a con-
tinuous and concave bijection with ¢(0) = 0 and
#(1) = 1. If C is WSC, then the ¢—transform of C
given by (3) is also WSC.

A WSC copula does not need to be symmetric. For
instance, consider the copula

xy, TS
C — } (@ty)? o
(z,y) - y<e<2/y—y;

For WSC copulas, we have the following bound for the
degree of non-symmetry.

Proposition 14 ([7]) Let C be a WSC copula. Then
oc S 1/4

Notice that a WSC copula C such that o = 1/4 is
defined in the following way:

max(z+y—1,0), z>2orz+y>3,

1 3
ma: - 4,0 <zx<=
Cla,y) = { "W =30, Sy
Z, 35_y—§7
max (% — i, 0) , otherwise.

5 Quasi—concave copulas

The notion of quasi—concavity was introduced in the
context of optimization theory and it is here reformu-
lated in the class of copulas.

Definition 5 A copula C is called quasi—concave if,
for all x1,22,y1,y2 and X in [0,1],

C(Az1 + (1= Ny, Az2 + (1 = A)ya)
> min(C(x1,22),C(y1,y2)). (9)

A copula C is said to be quasi—conver if, for all
T1,T2,Y1,Y2 and A in [07 1]7

CAz1 + (1= Ny1, Aza + (1= Nya)
< max(C(z1,72),C(y1,y2)). (10)

The following result allows us to investigate only
quasi—concave copulas.

Proposition 15 W is the only quasi—convex copula.

Notice that every associative copula is quasi—concave,
and in particular W, I and M are quasi—concave.

Remark 3 Geometrically speaking, a copula C is
quasi—concave if, given a segment PQ in [0, 1]2, the
value of C at any internal point of this segment is not
smaller than either the value of C' at P or the value of

C at Q.

We denote by Coc the class of all quasi-concave cop-
ulas.

Proposition 16 ([2]) The set Coco is a convex and
compact (with respect to the to the L™ norm) subset

of C.

Moreover, the class Cgc is closed with respect to or-
dinal sums and bijective concave transformations.

Proposition 17 The ordinal sum of quasi—concave
copulas is quasi—concave.

Proof. The proof can be easily reproduced by us-
ing the geometrical interpretation of quasi—concavity
given above. [

Proposition 18 Let ¢: [0,1] — [0,1] be a continuous
and concave bijection with ¢(0) =0 and ¢(1) = 1. If
C is quasi—concave, then the ¢—transform of C given
by (3) is also quasi—concave.



Proof. Let z1,x2,41,y2 and A be in [0,1]. Because
¢ is concave, we have

¢(Azy + (1 = Ny1)
p(Az2 + (1 = N)y2)

Ad(z1) + (1 = N)o(y1),
Ap(x2) + (1 = N)o(y2).

Moreover, since C' is increasing in each variable and
quasi—concave, we have

Ay1), d( —ANy2))
> C(Ao(z1) + (1= No(y1), Ad(22) + (1 — N)9(y2))
= min(C(d(21), ¢(22)), C(d(y1), d(y2)))-

But ¢ is strictly increasing so that

2
>

C(p(Azq + (1 — Azo + (1

Co(Az1 + (1= Nyi, Aza + (1= N)ya)
> min(C¢($1,l'2)7 C¢(ylay2))7

which is the desired assertion. O

A quasi—concave copula does not need to be symmet-
ric (so it is not necessarily Schur—concave): see, for in-
stance, [16, section 3.2.1]. Moreover, we can improve
the estimation of the degree of non—symmetry in the
class of quasi—concave copulas.

Proposition 19 ([2]) Let C be a quasi—concave cop-
ula. Then oc < 1/5, and the value 1/5 is attained.

In the symmetric case, we obtain the following result.

Proposition 20 ([2]) For a quasi—concave copula C,
the following statements are equivalent:

(a) C is symmetric,
(b) C is WSC,

(¢) C is Schur—concave.

Notice that a symmetric and Schur—concave copula
does not need to be quasi—concave ([16, Example
3.2.8]). Example 2 in [4], instead, describes a sym-
metric and WSC copula that is neither Schur—concave
nor, as a consequence, quasi—concave.

Proposition 21 ([2]) A directionally concave copula
1S quasi—concave.

The converse implication of the above proposition is
not true, even when C' is symmetric.
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