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Abstract

In decision under uncertainty, the Choquet integral yields the
expectation of a random variable with respect to a fuzzy mea-
sure (or non-additive probability or capacity). In general, for
the discrete setting, this technique allows to integrate functions
taking values on a finite n-set with respect to a (fuzzy) measure
taking values on subsets of such a set. Yet, the integrand may
well be treated as an additive function taking values on subsets
itself: the value associated with each subset is simply the sum
of the values associated with all the atoms (or 1-cardinal sub-
sets) in that subset. The Choquet technique is here extended
to the case where the integrand, just like the measure, is a non-
additive function taking values on subsets itself. The resulting
aggregation operator is an extension of the Choquet integral:
the former coincides with the latter whenever the integrand is
additive. Four such extensions are provided, two of which are
obtained by means of the Mdbius inversion of the integrand
and the (fuzzy) measure with respect to which integration is
performed. In all cases, the resulting integral is an extension
of the measure: it coincides with this latter on the vertices of
the n-dimensional unit hypercube. Yet, one of these extensions
also inherits another main feature of the (traditional) Choquet
integral: if the fuzzy measure is convex, then this extended
Choquet integral equals its minimum over all probabilities in
the core of the measure. The general technique applies to both
monotone and antitone integrands, and when the integrand is
real-valued (i.e., taking both positive and negative values) it
allows for both a symmetric and an asymmetric form. Two
conceivable applications are provided. One furnishes an expec-
tation of diversity in a random sample of a known population.
Here the integrand is a diversity function, which is monotone
by construction. The other application furnishes the certainty
equivalent for a problem of decision making under uncertainty
where the decision maker has some belief about what informa-
tion (in the form of an event containing the ’true’ state) will be
available before taking action. Here the integrand is antitone.
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1 Introduction

The (discrete) Choquet integral is an aggregation op-
erator very useful in DUU (decision under uncer-
tainty) and MCDM (multicriteria decision making).
In the former case, a DM (decision maker) has to

take action in response to an unknown state of Na-
ture. Preferences take the form of a utility function
associating a real number to each pair consisting of a
state and an action. The set of utility values attained
on all pairs consisting of a state and a fixed action is
a random variable. This leads to rank actions accord-
ing to the associated expectation, requiring, in turn,
some beliefs about what state will occur. If beliefs
take the form of a probability or additive measure,
then actions get ranked according to the EU (ex-
pected utility) model. On the other hand, if beliefs
take the form of a capacity or fuzzy measure, then
actions get ranked according to the CEU (Choquet
expected utility) model (see [3] and [10]). In both
cases, for each action, the DM performs an aggrega-
tion, based on beliefs, of all the utility values such
an action may yield. An important fact inspiring the
present paper is that the CEU model constitutes, in
fact, an extension of the EU one. In particular, fuzzy
measures comprehend additive ones as special cases,
and whenever the measure is additive the Choquet
expectation coincides with the traditional one.

In MCDM, the DM has to choose within a given
(finite) set of alternatives according to their score on
different evaluation criteria. In this case, for each al-
ternative, the DM has to aggregate the scores that
such an alternative attains on each criterion. In par-
ticular, if criteria display no interaction, then aggre-
gation can be performed most naturally through a
weighted average. More precisely, for the DM each
criterion has its own importance or (positive) weight.
Such weights may well be normalized so to add up
to unity. Accordingly, each alternative can be evalu-
ated according to the weighted average of the scores
it attains on criteria. On the other hand, the situa-
tion where criteria display interaction is formalized by
specifying a weight for each subset of criteria. In this
case, in order to keep into account such an interac-
tion, aggregation can no longer be performed through
a weighted average. Conversely, the Choquet integral



becomes the needed aggregation operator, as the col-
lection of subsets’ weights constitutes a fuzzy mea-
sure. Here again, this latter aggregation technique
appears as an extension: as soon as the fuzzy measure
is additive, in which case criteria display no interac-
tion, the Choquet integral reduces to a weighted aver-
age (see [6]). A great deal of attention has been paid
to the evaluation of negative scores, in which case the
Mobius inversion of the measure yields a useful repre-
sentation. In fact, if the integrand is real-valued, then
the Choquet integral allows for both a symmetric and
an asymmetric form (see [7]).

The aim of this paper is to present a novel aggre-
gation technique which constitutes, in fact, an exten-
sion of the Choquet integral. More precisely, given
some n-set N, this technique allows to aggregate the
2" values taken by a (monotone or antitone) function
defined on subsets A C N w.r.t. (with respect to) a
fuzzy measure, taking values on such subsets as well.
Yet, if the former function (i.e., the integrand) is ad-
ditive, then this technique yields the same result as
the Choquet integral.

Such an extension is shown to inherit two main
features from the Choquet integral. Firstly, for given
integrand, the extended Choquet integral (as defined
below) w.r.t. a convex measure equals the minimum
of this integral over all probabilities in the core of the
measure. Secondly, this novel aggregation operator
is an extension of the measure: it coincides with this
latter on the vertices of the n-dimensional unit hyper-
cube. In addition, it may be represented in terms of
the Mébius inversions of both the integrand and the
measure, and when the former is real-valued it allows
for both a symmetric and an asymmetric form.

2 Preliminaries

Let N = {1,...,n} be a finite set (of states or cri-
teria). Any function f : N — R is, in fact, a collec-
tion f(1),..., f(n) of n numbers. A weighted aver-
age or expectation (if f is a random variable) of these
numbers takes form E,(f) = >,y p(i) - f(i), where
p(i) > 0 foralli € N and ), p(i) = 1, that is, p is
a probability. Perhaps, this is the most natural way
of aggregating such n numbers f(1),..., f(n). Also,
for g, f : N — R and given p, if E,(g) > E,(f), then
g is ranked no lower than f.

The Choquet integral is a more sophisticated ag-
gregation technique. It uses fuzzy measures (or ca-
pacities, see [3], or non-additive probabilities, see [8]).
These are monotone v : 2V — [0,1] (i.e., AC B € 2
implies v(A) < v(B), where 2V = {A: A C N}) such
that v(§) = 1 — y(N) = 0. In DUU subsets A € 2V

are events, and fuzzy measures are interpreted as fol-
lows: v(A) quantifies the belief that the 'true’ state 4
(that will occur) satisfies ¢ € A. On the other hand,
in MCDM ~(A) quantifies the importance (or worth)
of all criteria i € A considered together.

Given that for functions taking both positive and
negative values the Choquet integral may be com-
puted either symmetrically or else asymmetrically
(see [7] and below), firstly consider the case of in-
tegrands f : N — R, taking only positive values.
Formally, the Choquet integral of f w.r.t. v is

C
/N fdy="3" [F(@)=F(=1)]A{E),. ., (m)})

1<i<n

= > @) [,

1<i<n

(D=7 {(@+1),...,(n)})]

where (1) : N — N is any permutation such that
f((n) > > f((G) > - > f((1) > f((0)) := 0.
Also, v({(i +1),...,(n)}) clearly vanishes for i = n.
Measure v is additive when for all A, B € 2V

V(AN B) +7(AUB) =~(A) +~(B),

i.e., when y(A) =3, . 4 7({i}) for all A € 2V, If v is
additive, then the Choquet integral reduces to

C
/N fhv="3" A - 16).

1<i<n

Out of the above two expressions for the Choquet
integral, the latter links this aggregation operator and
the core of convex (or supermodular) measures (see
[5], theorem 2.2). The core C(y) of a measure v is
the set of probabilities p such that )., p(i) > v(A)
for all A € 2% (and thus Y,y p(i) = v(N) = 1).
In general, the core may well be empty. Yet, if the
measure is convex, that is, if

V(AU B) +7(ANB) > y(A) +7(B)

for all A, B € 2V, then C(v) # () and

C
/N fiv= N Ef)

peC()

for any integrand f, where A (and V) denote the min
or inf (and max or sup) operator.

The characteristic function x4 : N — {0, 1} associ-
ated with each subset A € 2V is defined by x4 (i) = 1
ifi € Aand xa(i) = 01if i ¢ A. Hence, there is a
bijection between 2V and the set {0,1}" of vertices
of the nm-dimensional unit hypercube [0,1]". This
yields that the Choquet integral is an extension of



the measure w.r.t. which integration is performed,
as the former coincides with the latter on vertices
xa € {0,1}", A € 2V, That is, for A = {i1, . 0},

fﬁ xady =

Z [Y({in,---yipa})

1<h<|A|

—“Y({int1,-- 50 })] =7(A)

(with y({iny1,...,794|}) vanishing for h = |A]). In
words, as the integrand varies over all x4, A € 27,
the Choquet integral of such functions w.r.t. to any
measure v yields precisely y(A), A € 2. Also, there
are |A|!(n — |A|)! distinct permutations (-) that may
be interchangeably used for computing the Choquet
integral of x 4. This is the number of distinct ways of
putting all j € A = N\ A first and all ¢ € A last.

Permutations bijectively correspond to maximal
chains K = {Ag, A1, ..., A} C 2N, where

N=A,>" D" A, D" - D" Ay =10

and D* is the covering relation (see [1]), that is to
say, A D* B < A D B,|A| = |B|+ 1 and reads A
covers B”, with AD B AD B,A#B.

Let V,,, C ]R?: denote the vector space of monotone
v: 2V — Ry, with v € V,, for all measures 7. The
Mébius inversion p® : 2V — R of v € V,, is given by
1 (A) =3 pea(=1)MBLy(B) for all A € 2V, A ba-
sis of Vp, is {ua : A € 2V}, whereus(B) = 1if AC B
and 0 otherwise. In fact,v = ,on p”(A)-ua. That
is, 0(4) = 3 pean 17(B) - up(A) = 3 e, 4(B) for
all A,B € 2V (see [1]). The Choquet integral of f
w.r.t. 7 may be expressed in terms of u” as follows

C
/N fhv =" w(A) \ £0),

Ae2N €A

where p7(0) = v(0) = 0 (see [2] and [7]).

3 The extension

The aggregation technique proposed below enables to
integrate monotone set functions v € V,,, w.r.t. fuzzy
measures . Firstly note that, given monotonicity,
0 < v() < v(A) for all A € 2V, In fact, setting
v(0) = 0 yields no loss of generality.

For any v € V,,, let KV denote the set of admissible
mazimal chains K¥ = {A§, AY,..., AV}, defined to
be those satisfying

oA = A

AD*AY_,

v(A) for 1 <i<n,

where D* is the covering relation defined above.

Remark 1 By construction, K® # (). In particular,
1 < |K?| < nl. To see this, let N = {1,2,3} and
consider the two extreme examples v,w : 2V — R,
where v(A) = (Y ,c4 i)2 and w(A) = (|A|)2 for all
A € 2N, In the former case, |K¥| = 1, and the unique
mazimal chain K € K¥ is K¥ = {0,{1},{1,2}, N}.
Conversely, K% contains all the 3! available maximal
chains of lattice 2NV .

For the i-th increment A(v(AY)) = v(AY)—v(AY_4)
of v along any {A}, AY,..., A%} = KV € K?, define

Av(A_y)) =

= v(AY) — 20(AY_;) + v(AY_,). This is the i-th dif-
ference, 1 < ¢ < n, between consecutive increments.
Now, the values taken by set function v may be
aggregated w.r.t. fuzzy measure v by means of the
extended Choquet integral defined as follows:

EC
/ vdry = /\ Z A?(v(AY))

Kvekv 1<i<n
with KV = {A}, AY,..., A} and v(AY,) :=0.
Notice immediately that A is over the set IV of ad-

A(u(A})) = Av(A47)) —

(N\A;L 1 ) )

missible maximal chains only. In particular, f;fvc vdry
works as follows. Given monotonicity, the integrand v
takes non-decreasing values along any maximal chain.
Firstly, the focus is placed on the set XV of maximal
chains along which increments A(v(A47)),1 < i <mn
are minimal. Secondly, precisely in order to minimize
over such chains {Ag, AY,..., AV} = KV € KV, the
focus turns on those satisfying v(N\AY) > v(N\BY)
for every {BY, BY,...,Br} € K¥ and 1 <i < n. That
is to say, increments

A(y(N\A)) Y(N\ATL)

must be maximal for (increasing) 0 < i < n—1. Once
a maximal chain {4, AY,..., AV} satisfying this sort
of min — max criterion is found (there surely exists at

=7(N\A}) -

least one), fﬁ,c is simply the sum of all differences
A?(v(AY)) between consecutive increments of the in-
tegrand, multiplied each by the value ~(N\AY_,)
taken by the measure on A} ;’s complement.

Also note that, although both the integrand and
the measure take 2" values, only n + 1 values (for
each) are used for aggregation. This is because both
the integrand and the measure are not defined on a
generic set. Conversely, they are defined on a subset
lattice. In fact, this technique may be adapted to
any lattice (or even any poset) satisfying the Jordan-
Dedekind condition (that is, any two maximal chains
must have equal length, see [1]).



Remark 2 Note that there may be two or more mazx-
imal chains satisfying the above min —max criterion.
In fact, if both the integrand and the measure are sym-
metric (that is, if v(A) = n,(JA]),v(A) = ny(JA]|) for
some Ny, 1My {0,1,...,n} — Ry and all A € 2V),
then all n! mazimal chains satisfy such a criterion
(see remark 1 above). Still, given v and v, for any

such a mazimal chain f;fvc vdry yields the same result.

Any f : N — R, extends to the whole power set 2V
through additivity, i.e., as v : 2V — R, defined by
vp(A) =304 f(i), A € 2V, Also, such an extension
vy is monotone (for all f with positive range). Let
V& C V,, denote the space of additive set functions,
and for every v € V2 let f, denote its restriction to
singletons, that is to say, f, (i) = v({i}),1 <i <n.

Claim 3 Ifv € V2, then f2N vdy = fN fodry.

Proof: If v € V2, then any permutation (-) : N — N
satisfying v({(1)}) < --- <wv({(n)}) yields that max-
imal chain K¥ = {4§,..., A%} obtained by setting
A? ={(1),..., (1)} for 1 < i < n satisfies KV € K".
Also, A(v(AY)) = v({(2)}) for 1 < i < n. Substitu-
tion completes the proof. m

Hence, [ B extends i ¢ regarded as an aggrega-
tion operator, from N to 2V. For this reason, in the
sequel the former shall be termed extended Choquet
(EC) integral.

Claim 4 If ~y is convex, then for all v € V,,

EC EC
vdy = / vdp,
/ A

N pEC(7)

where p(A) =, 4 p(i), A € 2NV,

Proof: Any convex « has a non-empty core whose ex-
treme points px € ex(C(7y)) get defined each through
a maximal chain K = {A,,..., A,} by

pr (i) = v(Ax)

(see [11]). Given any v € V,, with the associated set
KY > K ={A§,..., A"} of maximal chains as above

vy = < < 3]
(i.e., v(A}) AD*/A;,lv(A)’l < k < n), consider

those corresponding K¥ = {N\AY,..., N\A3} ob-
tained by substituting each element Wlth its comple-
ment. Clearly, v(N\A}) = pe(N\A}),1 < k < n.
It only remains to observe that the EC integral ob-
tains by minimizing over X", m

The EC integral inherits another main property
from the Choquet integral: it constitutes an exten-
sion of the measure, as it coincides with this latter

— ’V(Akfl) : Ak\Ak‘fl = i, 1 § ) S n

on the vertices of the hypercube. Yet, as integrands
must be set functions, each x4 : N — {0,1}, 4 € 2V
must be turned into some v, , taking values on 2V.
This is most naturally achieved through additivity:

UXA Z XA

i€B

) for all A, B € 2V,

In this way, vy, : 2V — {0,1,...,|A[}, A € 2V,

Claim 5 For any measure vy,

EC
/ vy, dy = (A) for all A €2V,
2N

Proof: For any integrand v, ,,A € 2NV admissible
maximal chains K¥xa € K"xa bijectively correspond
to those (n — |A])!|A|! permutations (-) : N — N
where all j ¢ A come first and all i € A come last,
that is to say, {(1),...,(n — |A])} = N\A as well as
{(n—|A|+1),...,(n)} = A. Also, along any such a
maximal chain {By,...,By} € K4,

Y Ao (BY)

1<k<n

oo M) )

n—|A|+1<h<n

=7(A) (with y({(n +1),...,

Y(N\Bj_1) =

*7({(h+1)a RS (TL)})]
(n)}) vanishing). m

3.1 An extension through averaging

Let N*®) = {A € 2V : |A| = k} denote the k-th level
of subset lattice (2V,N, U) containing all k-cardinal
subsets A C N, with |N )| = () for 0 <k <n (see
[1]). An integrand v € V,,, may well attain the same
value on several elements of each level, for each level.
That is, for each k, it may be v(A;) = --- = v(Ap)
with A1,..., A, € N® and 1 << h < (}). If this
is the case, then the set KV of admissible maximal
chains is rather likely to contain many elements (at
most, V| = n! for symmetric v; see remarks 1 and 2
above). Hence, for given ~, define g, : KV — Ry by

Kv Z AQ

1<k<n

Y(N\Bj_1)

for every {B{,...,By} = K" € K". In general,
g~(K") yields different values for different admissible
chains. Clearly, in order to define an integration tech-
nique, these values must be aggregated. Above, this is
achieved through the min operator A, as the EC inte-
gral is conceived for dealing with DUU, where A seems
the most natural way of formalizing risk-aversion. An



alternative aggregation technique is the following: if
g~ takes ¢ < |K?| different values g,ly, -+, g4, then set

5 s Kl g
= |]CU| grya

where Kj = {K" € K" : g,(K") = gl'}. This is
the weighted average where the weight of each value
g,}yl, 1 < h < ¢ is the ratio of the number of admissi-
ble chains yielding that value to the total number of
admissible chains. A somehow extreme case is that
where v is symmetric but v is not. Then, |K?| = n!,
and it might well be ¢ = n!. Accordingly, the EC in-
tegral as defined above through A considers only the
minimum over all these n! values, while this (mod-
ified) EC integral considers the average of all these
values, associating weight (n!)~! to each of them.

Inspection reveals that while claims 2 and 4 remain
valid for this EC integral, claim 3 does not. Formally,
for given #, if v is additive (through f,), then

EC C
/ vdy = / Jodry.
2N N

EC
Also, / vy dy = y(A) for all A €2V,
2N

EC EC
Yet, / vdry # /\ / vdp
2N 2N

PEC(7)

for generic convex ~.

3.2 Antitone integrands

The EC technique may also be applied to antitone
integrands v : 2VM\{0} — Ry, where A C B € 2V
implies v(A) > v(B) for all A,B € 2N\{0}, with
v(0) = 0. (Note that v(0) = 0 implies that v is anti-
tone on 2V\{(} but not on the whole power set 2V).

In order to achieve this, the general procedure
above is somehow reversed. Firstly, for taking into
account both the maximum (i.e., ZE\/NU({Z})) and the

minimum (i.e., v(IN)) values taken by v on 2V\{0},
admissible chains {Af,..., A2} = K? € KV satisfy

v(AY) = \/ v(A) for increasing 1 < i < n.

AD*AY,
Next, for 0 < ¢ < n, define

A (A7) = v(A) — 20(Afy,) +v(AL}),

with v(A4}, ) = v(A},5) = 0. Then, given any ca-
pacity v, the EC integral of v w.r.t. v is

EC
/2 vdy= N\ Y ARw(AL) v (An),

N
KveKv 0<i<n

with KV = {A§,..., A}

This EC integral, with integrand v antitone on
2N\ {0}, may be used for quantifying the certainty
equivalent of a seemingly sophisticated DUU prob-
lem (see subsection 4.2 below).

3.3 Real-valued integrands

There are two alternative techniques for integrating
real-valued functions f : N — R w.r.t. fuzzy mea-
sures v, namely, the Sipos or symmetric Choquet inte-
gral, and the asymmetric Choquet integral. In order
to formalize these operators, define f*(i) = 0V f(4)
and f~(i) =0V —f(i) for 1 <4 < n. Also, for any
measure 7, consider its conjugate 4 defined, for ev-
ery A € 2V, by 4(A) = v(N) — y(N\A). Then, the
symmetric Choquet integral is

/Ncsy fdy = /NC frdy — /NC fdy,

while the asymmetric Choquet integral is

/NCW fdvz/NCJ”dv—/chdv

(see [7]).

Paralleling this in terms of the EC integral seems
rather straightforward: given a real-valued, monotone
v : 2V — R, define v (A) = 0V v(A) as well as
v=(A) = 0V —v(A) for every A € 2V. Then, the
symmetric EC integral is

EC,, EC EC
/ vdry :/ vl dy —/ v dy,
2N 2N 2N

while the asymmetric EC integral is

ECqsy EC EC
/ vdy = / vhdy — / v dy.
2N 2N 2N

The same argument may be applied, mutatis mu-
tandis, to antitone integrands.

3.4 Mobius inversion

Like the Choquet integral, the EC integral may be
expressed in terms of Mobius inversion. Yet, while
in the former case only the measure has a non-trivial
such an inversion (as the integrand is additive), in the



latter case the integrand displays a non-trivial such
an inversion as well.

Given v,y € V,,, the EC integral of v w.r.t. v may
be written as follows fQENC vdy =

A 3 A@AY) - [H(NAL,) - y(N\AD)],

Kvekv 1<i<n

with KV = {AY,..., A%}. Also, for all () # A € 2%V,

Soowm)= Y. p(B)

BCA:B>i Be2A4\24\i

v(A4) —v(A\i) =

for all i € A. Accordingly, f;i,c vdy =

v
A XX wm) |
KveKv 1<i<n BCAY
BZAY 4 B/ZN\AY

with KV = {A},..., AV},
Mobius inversion yields two further extensions fj\,c

and ffvc of the Choquet integral. The EC integral of
v w.r.t. yis

—

EC
L, vir= 2 w0 A (o) - o(av)

Ae2N i€A

=Y A (Y wm),

Ae2N i€A  Bg2A\24\i

To see that this actually constitutes an extension (i.e.,
when the integrand is additive it reduces to the Cho-
quet integral), note that if v is additive through f,
(see above), then v(A)—v(A\i) = f,(i) for all A € 2V
and all 4 € A, so that the former expression above re-
duces to a well known representation of the Choquet
integral in terms of the Mobius inversion of the mea-
sure (see [2], [7] and section 2 above). Concerning the
latter expression, the Mobius inversion of additive set
functions v satisfying v(()) = 0 lives only on 1-cardinal
subsets (or atoms), i.e., |[A| #1 = p?(A) =0 (see [1]
on valuations of distributive lattices, pp. 189-191).
In particular, vy ,, A € 2V is an additive set function
(see above), and it may be easily checked that

—

EC
/ vady =Y 1(B) =7(A).

N
2 Be2A

On the other hand, the EC integral of v w.r.t. 7 is

EC
/2 vy = 3 w4 A\ (N -0 (V).

N Ae2N €A

Here again, v((N\A) Ui) — v(N\A) = f,(i) for all
A €2V and all i € A whenever v is additive (through
fv), in which case this latter expression reduces to the
same well known representation of the Choquet inte-
gral (in terms of the Mobius inversion of the capacity)
as above. Also note that

A (UXA (N\B)Ui) — UXA(N\B)) —1
i€B

if B C A and 0 otherwise, with A, B € 2V, Therefore,
for any integrand v, ,, A € 2NV only the values p” (B)
such that B C A are summed. Hence,

3.5 An example

In order to appreciate the difference between these
four extensions of the Choquet integral (i.e., each co-
incides with this latter whenever the integrand is ad-
ditive), consider the simple case where N = {1,2, 3}
and the integrand v is symmetric; in particular,
v(A) = (l'%l)2 for all A C N. (Note that this is a
capacity itself.) Let ~ denote the (fuzzy) measure
w.r.t. which integration is performed, with

7({1}) =015 v({2}) = 0.4 ;7({3}) = 0.6
7({1,2}) = 0.6 ; 7({1,3}) = 0.8 ; 7({2,3}) = 0.9.
Accordingly, p7(A) = ~(A) if |A| = 1, and
p({1,2}) =0.6—0.1—0.4=0.1
17({1,3}) =0.8—0.1-0.6=0.1
17({2,3}) =0.9—04—0.6=-0.1
W ({1,2,3) =v({,2,3}) = Y W(A) =

Ac{1,2,3}

=1-(014044+06+01+0.1-0.1)=-0.2.
Simple computations yield

EC
24
dy = =
/2N YT 90

where the (admissible) maximal chain along which
integration is performed is {0, {3}, {2,3}, N}. Also,

dy = —
N~ T 90 3.90°

—

EC EC
4 56
whil dv = — and dv = =—.
e /2N et 90 o /2N v 90

/EC 1 40+36+38+28+30+24 98
2



4 Applications

This final section is devoted to possible applications
of the EC integral (or any variation EC, EC or EC).
More generally, the focus turns on conceivable situ-
ations where integrating (i.e., aggregating) set func-
tions w.r.t. capacities might be useful. In particular,
two such applications are provided below. In both
cases, the aggregation operator yields an expectation.
In the former case the integrand is monotone, while
in the latter it is antitone.

4.1 An expectation of diversity

The idea of measuring diversity within any subset
A C N of a finite population N = {1,...,n} has
been recently formalized through diversity functions
v : 2V — R, which, by construction, are mono-
tone (see [9]). This approach relies upon the multi-
attribute model of diversity: any attribute character-
izing any member of the population is identified with
the set of members characterized by that attribute
and, conversely, any subset A of the population iden-
tifies a conceivable attribute, i.e., belonging to A. Ac-
cordingly, the set of conceivable attributes is 2V. For
each attribute A € 2V there is a weight A4 > 0. In
fact, v : 2V — R, is defined to be a diversity function
if there is a A : 2V — R, such that

v(B)= > Aaforall Be2V,
Ae2N
BNA#0D
with v(0) = Ap = 0. Furthermore, if this is the case,
then A is the conjugate Mobius inverse of v, given by

g = Z (=1)A\BIHL L (N\B) for all A e 2V,
BCA

In turn, v has a positive conjugate Mobius inversion
if and only if it is monotone and totally submodular,
that is, for all collections {A,..., Ay} C 2V

(N A)s X coEa(Ua),

1<k/<k OCLC{1,....k} leL

(see [9] and [2]).

Hence, a diversity function v is a perfect candidate
as a monotone integrand of the EC integral above. In
particular, consider the case where one is interested in
the expectation of diversity within a random sample
of population N. For the sake of concreteness, as-
sume, for example, that the population of a national
park has to be created (or increased) by moving some
random sample of an existing, known population from
another park. Similarly, assume one has a given

amount of time and resources to devote to survey a
known population of animals moving freely within a
wide region, and is interested in forming an expec-
tation of the diversity that will be observed. In this
case, the capacity v w.r.t. which integration is per-
formed is to be interpreted as follows: v(A), A € 2V
quantifies the belief that the random sample will be
precisely A. Clearly enough, there is no reason why
such a capacity should be additive. Then, f;i,c vdry

(or f;i,cvdy or fﬁovd’y or f;fvcvd’y) furnishes an ex-
pectation of the diversity in the random sample.

4.2 Certainty equivalent in DUU

Consider again the DUU situation described above,
where a DM has to take action in response to an
unknown state of Nature ¢ € N. In particular, let
A ={aq,...,a,} denote the set of available actions,
and formalize preferences by u : N x A — R, with
u(i,a) = uq(i) for all (i,a) € N x A. For the sake
of concreteness, for 1 < i < n, assume uq (1) < g, (7)
for all a € A\a;. In words, every state i € N has its
own, distinct optimal action a; € A. Finally, beliefs
are quantified by capacity ~.

The DM chooses some action a* maximizing her
CEU, that is,

C
/ Ugrdy =
N

where f](\f uqdy is the Choquet integral of u, w.r.t.
v (see section 2 above). In fact, this is the certainty
equivalent of the decision making problem. More pre-
cisely, assume that w is in money terms. Accordingly,
if fjg Ug+dy > 0, then the DM is willing to pay, at
most, such a quantity in order to face this problem.
Conversely, if f]\(,j ug+dy < 0, then the DM is willing
to pay, at most, such a quantity in order to avoid
this problem. Finally, if f](\i ug+dy = 0, then the DM
is indifferent between facing this problem or not. In
particular, as u is real-valued, the Choquet integral
may be computed either symmetrically, or else asym-
metrically (see subsection 3.3 above and [7]).

This framework can be enriched by introducing the
idea of information, which may be formalized in al-
ternative ways and raises the issue of updating non-
additive beliefs (see [4]). Information may be mod-
eled as a field of events and, in particular, as a field
of events generated by some partition of N (see [8]).
Yet, the focus here is placed on the situation where
the DM knows, before taking action, that the ’true’
state of Nature belongs to some subset () # B € 2.
Then, what action will be taken? One possibility is

C
\V / Uqdy,

acA’ N



to choose an action that maximizes the conditional
expectation defined by the Choquet integral (over B)
of the restricted utility function u : B x A — R w.r.t.
the normalized restricted capacity v : 28 — [0,1].
That is, the DM may choose an action a} satisfying

C C
L ua}‘gd'YB = \/ / uadyB,

acA”’B

where fBC UgdyB =

i @ (B
1<iz<:B| [Ua((l)) a(( 1))] v(B)

and (-) : B — B is any permutation such that
ug((1B)) = -+ > ua((i)) = -+ > uqe((1)) > 0, with
uq((0)) := 0 and where the integrand is assumed
to take only positive values for the sake of simplic-
ity (and reasons of space). With a real-valued in-
tegrand, this conditioned Choquet integral may be
computed either symmetrically or else asymmetri-
cally (again, see subsection 3.3 above and [7]). Now,
for ) # B € 2V, define v : 2V\{0} — R, by

v(B):=\/ /C UadyB.

acA”’B

It seems rather evident that if ) ¢ A C B € 2V,
then v(A) > v(B). That is, v is antitone on 2V\{0}.
In fact, roughly speaking, the smaller the (non-void)
subset, the better the DM can choose a corresponding
optimal action. In particular, v({i}) = ug, (i),7 € N.

Finally, consider the issue of quantifying some be-
lief about what information (in the form of an event)
will be available before taking action. In other terms,
focus on how to define some capacity 1 : 2V — [0, 1]
such that n(A) quantifies the belief that before tak-
ing action the DM will know that the ’true’ state
belongs to A, with ) # A € 2V. In fact, y(A) already
quantifies the belief that the ’true’ state belongs to
A. Nevertheless, 1(A) must quantify the belief that,
in addition, this will be known before taking action.
Accordingly, it must be n(A) < v(A4). For example,
one may set n(A) = (y(4))2.

Then, the EC integral of v w.r.t. n as defined in
subsection 3.2, i.e., f;i,c vdn, furnishes an expectation
of the utility that the DM may receive by facing this
DUU problem with (non-additive) beliefs about what
information (in the form of an event) will be avail-

able before taking action. Accordingly, \/ /[, Jg Ugdry
acA

may be interpreted as the certainty equivalent of this
DUU problem when the DM believes that no infor-
mation will be available before taking action. That

is, the certainty equivalent with trivial 7 such that
nr(A) =0for all AC N and nr(N) =~(N) =1, as

/QEC vdnr =v(N) ="\/ /C Uqdr.

N
acA’N

Conversely, fjvc vdn seems a suitable candidate as
the certainty equivalent of this DUU problem with
non-trivial beliefs n # n7 about what information
(i.e., event) will be available before taking action.
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