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Abstract

We provide a method for constructing a class
of multivariate copulas depending on a uni-
variate function. We study some properties
of this class and present several examples.
The same circle of ideas is used in a similar
construction of quasi—copulas.
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1 Introduction

An n-dimensional copula (briefly n-copula) is a func-
tion C: I" — I (I = [0, 1]) which satisfies:

(C1) for every u = (uy,us,...,uy) in 1", C'(u) = 0 if
at least one coordinate of u is 0, and C'(u) = uy
whenever all coordinates of u are 1 except uy;

(C2) for every a = (ay,a9,...,a,) and b =
(b1,ba,...,b,) in I"™ such that ar < by for all
kE=12,....,n, Vo([a,b]) = > sgn(c)C(c) > 0,
where [a, b] denotes the n-boz a1, b1] X [ag, ba] X

- X [ap, by], the sum is taken over all the ver-
tices ¢ = (c1,¢2,...,¢,) of [a,b], ¢, € {ag,br}
(1 <k <n),and sgn(c)=1if ¢ = ay, for an even
number of indices k’s, and sgn(c)= —1 if ¢ = ay
for an odd number of indices k’s.

In view of Sklar’s Theorem [15], the joint distribu-
tion function H of the random vector (X1, Xa, ..., X,)
with univariate marginals F}, Fb,..., F, can be ex-
pressed, for every x € R™, by

H(x) = C(Fi(x1), Fo(x2),..., Fn(zy,)), (1)

where C is an n-copula that is uniquely determined on
Range F; xRange F» x - -- xRange F,.
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Conversely, given n univariate distribution functions
Fy,Fy, ... F,, and an n—copula C, the function H
given by (1) is an n—dimensional distribution function.

In particular, II,, and M,,, defined for all u in I" by
I, (u) = ] w; and M, (u) = min{uy,us,...,u,}, are

1=
the n-copula of independent and comonotone random
variables, respectively.

Thus, copulas are useful tools in the construction of
multivariate distributions with given marginals: it suf-
fices to construct a multivariate copula and, hence, at-
tach to it some univariate marginals.

In [8, 12], several methods for constructing copulas
are given; however, most of them concern the bivariate
case and no simple extension to the n—dimensional case
(n > 3) is provided.

Recently [4], F. Durante introduced a new family of
bivariate copulas depending on a univariate function.
Specifically, under some assumptions on a function
f: T — 1, the family of copulas given by

Cy(z,y) = min{z, y} f(max{z, y})

is studied (for more details about this family see [5]).
In [6], it was proved that this family arises in a natural
way when we impose that the horizontal and vertical
sections of a bivariate copula are linear on some seg-
ments of the unit square.

In this note, we extend the above family of copulas
to the n—dimensional case (n > 3) and we study its
properties. More details can be found in [7].

2 The new family of n-copulas

Given a continuous function f: I — II, we define the
function C : I" — 1 given by

Cf(ulau27'--7un):U[l]Hf(u[i]) (2)
i=2



where wpy),...,up denote the components of
(u1,usg,...,u,) € I" rearranged in increasing order.
We aim at studying the conditions under which Cf is
a copula.

Theorem 1. Let f: T — 1 be a continuous function
and let Cy be the function defined by (2). Then Cy is
an n—copula if, and only if,

(a) f(1)=1;
(b) f is increasing;

(c) the function t — f(t)/t is decreasing on (0, 1].

A function f satisfying the assumptions of Theorem
1 is called a generator. Every generator f is the re-
striction to II of a univariate distribution function. In
particular, if (Uy,Us,...,Uy,) is a vector of n random
variables uniformly distributed on II with n-copula CY,
then
P(max{Uy,Us,...,U,} <t|U; <t) = f"71(1).

Note that if f1(¢t) = ¢ for all ¢ € T, then C'fl =1I,,; and,
if fo(t) =1 for all t € I, then Cy, = M,,. In general, if
f is a generator, then t < f(¢) < 1. Moreover, f@)/t
is decreasing on (0, 1] if, and only if, f is star—shaped,
viz. f(at) > af(t) for all a,t in I; in particular, if f
is concave, then f(t)/t is decreasing on (0, 1].

In the sequel, we will denote by ® the class of all gen-
erators. When building n-copulas of type (2), the class
® plays a major role. Some properties of this class are
presented in the following result.

Proposition 1. Let f and g be two continuous func-
tions from I onto . The following statements hold:

(a) if f and g are in ®, then af + (1 — a)g is in O
for every a in 1;

(b) if f and g are in ®, then the functions min{f, g}
and max{f, g} are in ¥;

(¢c) if f and g are in @, then the composition fog is
in .

Example 1. For any a in I, consider the function
f: T — T given by fo(t) = at+ @, with @:=1— a.
Then, f, is in ®, and the n-copula Cf, = C,, defined
by (2) is given by

Ca(u) = up H(aum +a).

=2

In particular, in the bivariate case, we obtain the well-
known Fréchet family of copulas C\, (u1,u2) = aujus+
(1 — o) min{uy, uz} (see [8, Family B11] and [12]).

Example 2. For any o > 1, consider the function
f: I — 1 given by f,(t) := min{«at,1}. Then, f, is in
®, and the n-copula Cy, = C,, defined by (2) is given
by

Co(u) = upy H min{aug, 1}.
i=2

In particular, in the bivariate case, C, is the ordinal
sum of the 2-copulas {IIy, My} with respect to the par-
tition {[0,1/a], [1/a, 1]} (see [12] for more details).
Example 3. For any a in I, consider the function
f: T — I given by f,(t) = t*. Then, f, is in &, and
the n-copula Cy, = C, defined by (2) is given by

[11 H“w

ie., Co = (M,)'7%(I1,,)®. Note that Cy = M, and
C:1 =1I,,. Moreover, C,, can be considered as a gener-
alization of the Cuadras-Augé family of 2-copulas [2].
In this case, every copula C,, is a multivariate extreme
copula, viz. Cy(ul,ub, ... ul) = (Co(ur,ua, ..., uy))
for every t > 0, which is a useful property in multi-
variate extreme value theory, as showed in [8].

Notice that n—copula Cy is symmetric, viz. the value
of Cy does not change by permuting its arguments.

The mixed derivative of order n of an n—copula C,
%(u), exists almost everywhere on I". In par-

ticular, an n—copula C is said to be absolutely contin-

uous if
dt
/ / 8t1 '

otherwise, C' has a singular component. FEvery n—
copula Cy of type (2), except II,, has a singular com-
ponent. In fact, as illustrated in [8, pages 14-15], it
suffices to note that, for every ¢ = 1,2, ..., n, the map-
ping ¢ +— C (U1, .. ui—1,t, U1 ..., u,) has a jump
dlscontmulty For instance, in the bivariate case, the
first derivative of Cy is given by

gu T v pw),

For a fixed vg, the mapping t — %%(L vg) has a jump
discontinuity in v, and, thus, C; has a singular com-
ponent along the main diagonal of the unit square.
By using [8, Theorem 1.1], the mass of this singular
component is given by

if u <w,
otherwise.

1

m = (f(t)—tf’(t))dt:Z/O F(t)ydt —1.

0
This m has a graphical interpretation when f admits
an inverse; in fact, m is the area of the region of the
unit square between the graph of f and the graph of

I



3 Statistical properties

Now, we give a statistical interpretation of the new
family. Let W1, W5, ..., W,, Z be n + 1 independent
random variables such that W, has distribution func-
tion f satisfying parts (a), (b) and (c) in Theorem 1,
foralli =1,2,...,n, and Z has distribution function
g(t) =t/f(t). Note that g(1) =1 and g is increasing,
since f(t)/t is decreasing. Consider the random vari-
ables U; = max{W,, Z}, for all i = 1,2,...,n. Then,
for every (u1,us,...,u,), the distribution function of
the random vector (Uy,Us,...,U,) is given by

n

yUn < up) = up) H Jlug),

=2

P(Ulgul,...

and, hence, it is a copula of type (2).

From a statistical point of view, the study of concor-
dance in a family of multivariate distributions has also
a great interest: this is the topic of the following result.
We recall that, given two n-copulas C and Csy, C1 is
said to be more concordant than Co (written Cy = Cb)
if both C; > Cy and C; > C, hold, where, if U is
a random vector with joint d.f. given by the n-copula
C, then C is the survival function associated with C
defined by C(u) = P[U > u]. For more details see
8, 12].

Theorem 2. Let f and g be two generators and let
Cy and Cy4 be two n—copulas of type (2 ) defined by

Cr(u) = upy [[ f(ugy) and Cy(u) = H glugy), re

spectively, forievery u = (u,usg, .. ) E ™. Then,
we have that C¢ < Cy if, and only zf, both the following
conditions are satisfied:

n

(i) ﬁ fupy) < I1 g(up) for all w in I, and
i=2 i=2

(ii) for allu in I

n

Z(f(u[i]) = g(ug)) + (1 —upy)
(o~ stan - T10 - stuan) <0 ©

In particular, for n =2, we have that Cy < Cy if, and
only if, f <g.

Another way to summarize the information about the
concordance for copulas is represented by the so—called
multivariate measures of concordance ([16]), which are
non-parametric measures of multivariate association
for a continuous random vector with associated n-
copula C. The most common measure is Kendall’s

tau (see [10, 11]), which is given by

(C) = ﬁ (2" /]1 C(w)dC(u) - 1).

For a copula of type (2), it has the following expres-
sion.

Theorem 3. Let Cy be the n—copula given by (2) via
Theorem 1. Then, Kendall’s tau associated with Cy is
given by:

1 o
(0 = oy (2 1

Z2k1/ £)Ftdt — )

Example 4. Consider the copula C, of Example 3.
The value of Kendall’s tau for C,, is given by:

1 no1 2"~ b 1

4 A new family of n-quasi—copulas

The notion of quasi—copula was introduced by Alsina,
Nelsen and Schweizer [1] in order to show that a certain
class of operations on univariate distribution functions
is not derivable from corresponding operations on ran-
dom variables defined on the same probability space
(see also [13] for the multivariate case). Cuculescu
and Theodorescu [3] characterized an n-dimensional
quasi—copula (or n-quasi—copula) as a function @ from
I" onto I, which satisfies (C1), and, in place of (C2),
both the weaker conditions:

(Q1) @ is non-decreasing in each variable;

(Q2) Q satisfies the Lipschitz condition,

Q(u) —Q(v)| < Z |u; — v;
i=1

for all u, v in I".

While every n-copula is an n-quasi—copula, there exist
proper n-quasi—copulas, i.e., n-quasi—copulas which are
not n-copulas. For example,

Wya(a) = maX{O,zn:ui —n+ 1}

i=1

is an n—copula if, and only if, n = 2, and a proper n-
quasi—copula for all n > 3. Recently, n-quasi—copulas
have been used to express the pointwise best-possible
bounds on nonempty sets of distribution functions, n-
copulas or n-quasi—copulas (see [14]). Here we present
the characterization of quasi—copulas of type (2).



Theorem 4. Let f: T — 1 be a continuous function,
and let Cy be the function defined by (2). Then, Cy is
an n—-quasi—copula if, and only if, the following state-
ments are satisfied:

i) f(1) =1,
(i) f is increasing,

(iil) w1 (f(u2) — f(ur)) < wug —uy for every uy,ug €I,
with w1 < usg.

Proof. If Cy is an n-quasi—copula, then it is easy to
check that (i) and (ii) hold.

To prove (iii), consider ui,v; € I with u; < v1. From
(Q2) we have that

Cr(vr,ur,1,...,1) = Cp(ur,u,1,...,1) <wvp —u,

that is uy (f(v1)— f(u1)) < vy —uq, and we obtain (iii).

Conversely, given a continuous f: I — 1 satisfying
(i), (ii) and (iii), let C; be the function defined by
(2). Then it is easily proved that Cy satisfies (C1)
and (Q1). In order to prove that C; satisfies (Q2), let
U1, V1, ..., U, be (n+ 1) points in I such that uy < vy.
Notice that, because Cy is symmetric, it is enough to
show that

A=Cr(v1,v2,...,0n)

— Cy(ur,v2,...,05) <vr —up. (4)
Three cases will be considered.
1. If vy) = v1, we obtain that

n

A= (o —un) [] f(wa),

=2
and therefore (4) holds.

2. If vpy) = vj < uy for some j € {2,3,...,n}, then we
have that

A= v;(f(or) = fu) [T £(w0),
7
and (4) follows from (iii) and the fact that f(t) < 1
for all ¢t € II.
3. Finally, if u; < vjy) = v; < vy for some j belongs to

{2,3,...,n}, then

»Un)]

vn) — Cf(vj,v2,...,0,)].

)\ = [Cf('Uj,'U27...,'Un) — C'f(ul,vg,...
+ [Cf(vl,’l}27...,

Inequality (4) is, hence, a consequence of the preceding
two cases.

Hence, the proof is completed. O

Corollary 1. Let f: T — 1 be a differentiable func-
tion, and let Cy be the function defined by (2). Then,
Cy is an n-quasi—copula if, and only if, the following
statements are satisfied:

0 F1)=1;
(i) f is increasing;

(iil) uf'(u) <1 for every u € 1.

We now provide an example of a proper n-quasi-
copula of type (2).

Example 5. Consider the function f(u) = u+u?—u?

for every u € I, and let Cy be the function defined by
(2). Then, it is easy to check that f(1) = 1, f is
increasing on [0, 1], but Cy is not an n-copula since
the function f(u)/u is increasing on [0, 1/2]. However,
it is easy to see that uf’(u) = u(1 + 2u — 3u?) satisfies
part (iii) in Corollary 1, and thus, Cy is a proper n-
quasi—copula.

5 Concluding remarks

We have introduced a new family of multivariate cop-
ulas depending on a univariate function. Now, we will
show how to construct many other copulas starting
from our method and a result from [9)].

Consider a continuous and increasing bijection ¢ : I —
I, and suppose that ¢! is absolutely monotonic of
order n on II, viz. ¢~! admits derivatives up to order
non Il and, fori =1,2,...,n,

d'(¢~ ")

- > 0.
de? -

From [9, Theorem 4.7], for every n—copula C, we have
that the mapping Cy : I" — Tl defined by

Co(ur,-..,un) = 67 (Clp(wa), ..., $(un))) ()

is also an n—copula.

In particular, if C'= Cy is a copula of type (2) gener-
ated by f, then the function Cy 4 defined by

Crolur,ug, ... up) = ¢~ [(?(U[l]) II f(¢>(u[7:]))]

i=2
is also an n—copula.

For g1 = —In¢ and g2 = —In(f 0 ¢), equation (5) can
be written into the form

Cyg1 .92 (w1, U2, ... U,) = 9‘1_1 [gl(u[l]) + 292(u[i})] .



The reader will recognize that the last expression is
a direct generalization of the Archimedean family of
multivariate copulas [12].
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