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Abstract

The paper brings a discussion about
the source of the inaccuracy in obser-
vations of objects and demonstrates
that the essential reason of the lack
of precision is changeability, and the
more changeability, i.e. more dy-
namics, can be experienced the more
inaccurate, more fuzzy judges can
be. The space of ordered fuzzy num-
bers (OFN), the new model of fuzzy
numbers that make possible to deal
with fuzzy inputs quantitatively, ex-
actly in the same way as with real
numbers, is shortly presented. The
new model possesses a set of proper-
ties which are in accordance with the
influence of changeability on the in-
crease of the inaccuracy in observa-
tions of the environment. The use of
OFN is getting rid of the main prob-
lem in a classical fuzzy numbers - an
unbounded increase in inaccuracies
with next calculations. Moreover,
new interpretation can be treated
as an extend of classic proposals so
there is no need to abandon existing
ideas to deal with the new model of
fuzzy numbers..
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1 Introduction

Fuzzy concept have been introduced in order
to model such vague terms as observed val-
ues of some physical or economical terms, like
pressure values or stock market rates, that can
be inaccurate, can be noisy or can be difficult
to measure with an appropriate precision be-
cause of technical reasons. In our daily life
there are many cases that observations of ob-
jects in a population are fuzzy.

Discussion about the source of that inaccu-
racy is an aim of this publication. Authors
want here to demonstrate that the essential
reason of lack of precision in world’s observing
is changeability and the more changeability
can be experienced the more inaccurate (more
fuzzy) judges can be. Authors are introducing
the new model of fuzzy numbers [9],[10],[11]
defined by themselves together with Dominik
Sl@zaka. The new model possesses a set of
properties which are in accordance with the
influence of the changeability on the increase
of the inaccuracy in observations of the en-
vironment. Interesting thing is that the new
interpretations supplied by the new model can
be treated as an extend of classic proposals so
we do not need abandon existing ideas to deal
with new ones. Beside a little bit of different
interpretation, the new model of fuzzy num-
bers has a lot of useful mathematical prop-
erties, in the particular we are getting rid of
the main problem in a classical fuzzy num-
bers - the unbounded increase of inaccuracies
with next calculations. Moreover, thanks to
the new attempt we can define new methods -
based on the arithmetic of ordered fuzzy num-



bers - of processing information in processes
dealing with fuzzy control [14],[15].

2 Changes as source of uncertainty

We can ask a question: which kind of per-
son is an expert? A possible answer seems
obvious - he/she is a specialist in solving
some kind of problems which can be described
by a set of parameters. Those parameters
should be at least in a number of few vari-
ables, in other way he/she could solve only
one unique problem and it could be difficult
say about him/her - the expert. So we can
say: more solvable problems with more vari-
ables and with wider ranges of values the per-
son can describe, the better expert he/she is.
In fact if the one is a high class expert then
he/she probably does not call a changeable
his/her common situations, however another
non-expert will see many changes around on
the expert place. Point is the changes in this
article should be treated relatively, not only
in straight meaning of word changes. Now we
can analyze some examples.

Let us imagine a situation, in which Mr. D. -
an expert in assessing the distance - came on
picnic out of the city. Let us establish, that
while resting on the grass he has a good view
on the nearby valley, in which a supermarket
was built and many people are arriving for
shopping. There is a crossroad with a quite
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Figure 1: Assessments of Mr.D.

busy way at the end of the valley, and the
majority of customers must stop there before
living the valley. Observing cars which are
starting from the parking lot Mr. D. can very
accurate (the more accurate, the better ex-
pert he is) assess how long the road distance
they must pass before reaching the crossroad.
Now let us suppose a fuzzy number A (Fig.1)
represents his assessment.

However, Mr. D.’s assessment of the distance
from the place a given car stars to the cross-

road becomes less precise when the car is in
motion. The cause is the dynamics of the ob-
served car. Faster the car drives, the less cer-
tain assessment is. Now let us allow fuzzy
numbers B and C to represent the opinion
about the distance in the tenth and twenti-
eth seconds of observation of the moving car.
It is of course pre-arranged script of assess-
ments, however, intuitively the majority of
people will confirm the fact that ” fuzziness” of
consecutive numbers should increase, at least
till the moment of reaching the monotonous
speed of the observed phenomenon.

Let us elaborate the example. Let us sup-
pose the Mr. D. is great enjoying the picnic
in the company of his friends and Mr. V. - an
expert in assessing a velocity of moving ob-
jects. Mr. V. is observing the valley and he
is able to describe with a high precision the
speed of monotonously moving lorry, and this
represents a fuzzy number S. However, the
certainty of his assessment is less when he is
trying to establish a velocity of a motorbike
which is overtaking the lorry; in this case he
gives a fuzzy number T. Moreover, if the mo-
torbike all the time is speeding up and then
slowing down overtaking next vehicles on the
road, the precision of the assessment of Mr.
V. is smaller and smaller. This represents a
fuzzy number U.
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Figure 2: Assessments of Mr.V.

Alike as in the case of Mr. D. in the
moment when well identified situations (i.e.
monotonous speed of the object) begin to
change, the uncertainty of assessments of Mr.
V. is growing.

One can look for different examples show-
ing the more changeable situations in which
the uncertainty (as well as fuzziness) of as-
sessments is growing. They could concern
very different situations e.g. the teacher



does not have a problem with assessing the
pupil if his progress for the entire semester
is monotonously growing, however, when the
pupil once writes a very good work, another
time a very crummy one, so in the course of
the semester, the justice assessment is diffi-
cult and doubts can easily appear. Another
example refers to prices of shares on stock
exchange. When changes are very dynamic
even the best experts will have some difficul-
ties in assessing and a large portion of the
uncertainty of their predictions will appear.

Perhaps one should not regard dynamics of
changes in observed parameters as the only
source of uncertainties, however, we can see
that it obviously influences the precision of
experts’ assessments. One can give some rea-
sons for linking uncertainty, and inaccuracy
with dynamics of changes. Certainly one of
them is rather the imprecise term: now. Since
it is very hard for people to determine the ex-
act moment of carrying the assessment out.
Very notion now is a very inaccurate term.
Sometimes it is indicating the given second,
other time an hour and yet another time can
mean even years (especially at economic as-
sessments). Every change has a specific prop-
erty which is a direction. In next part of this
publication a new model of fuzzy numbers
will be introduced - the ordered fuzzy num-
bers. They form a good tool to represent the
imprecision understood exactly as a result of
changes observed in values of parameters.

3 Critiques of convex fuzzy
numbers

As long as one works with fuzzy numbers that
possess continuous membership functions the
two procedures: the extension principle and
the a-cut and interval arithmetic method give
the same results (cf. [1]) as far as their
arithmetic. However, approximations of fuzzy
functions and operations are needed if one
wants to follow the extension principle and
stay within (L, R)-numbers. It leads to some
drawbacks as well as to unexpected and un-
controllable results of repeatedly applied op-
erations [16].

Classical fuzzy numbers are very special fuzzy
sets defined on the universe of all real num-
bers. If for a fuzzy set A defined on reals R,
we call

e the core of A as the (classical) set of those
z € R for which its membership function
pa(z) =1, and

e the a-cut of A as a (classical) set Ala] =
{z € R: pa(z) > a}, for each o € [0,1],
and

e the support of A as the (classical) set
supp A={zx € R: pa(z) > 0},

then we are ready to define the so-called con-
vex fuzzy numbers as those fuzzy sets A’s
on R that satisfy three conditions (compare
[1],12],[3],[13],[16]): a) the core of a fuzzy num-
ber A is nonempty, b) a-cuts of A are closed,
bounded intervals, and c) suppA is bounded.
Since no assumption about continuity of the
membership function py of the fuzzy num-
ber has been made all crisp numbers are fuzzy
numbers, as well.

The results of multiply operations on the con-
vex fuzzy numbers are leading to the large
grow of the fuzziness, and depend on the or-
der of operations since the distributive law,
which involves the interaction of addition and
multiplication, does not hold there.

In this paper we will repeat our main ar-
guments presented in the series of papers
[71,[8],[9],]10],[11],[14],[15], that lead to a gen-
eralization of the classical concept of fuzzy
numbers and then to new definition of ordered
fuzzy numbers and their algebra which brings
an evolutionary algorithm making possible its
determination.

4 Inverse representation of
membership functions

Our main observation made in [8] was: a kind
of quasi-invertibility of membership functions
is crucial and one has to define arithmetic op-
erations on their inverse parts to be in agree-
ment with operations on the crisp real num-
bers. Consequently, assuming this, the in-
vertibility of membership functions of convex



fuzzy number A makes it possible to define
two functions aj,az on [0, 1] that give lower
and upper bounds of each a-cut of the mem-
bership function g4 of the number A

Ala] :={z € R: pa(z) = a} = [a1(a), az(a)],
(1)

where boundary points are given for each o €

[0,1] by

a1(a) = palih,(a) and as(@) = palyh (@) |
(2)

In (2) the symbol p4|; L denotes the inverse

function of the increasing part of the member-
ship function g liner, the other symbol refers
to the decreasing part pia|gecr of p. Then we
can see that the membership function g of
A is completely defined ! by two functions
ap : [0,1] — R and ay : [0,1] — R. In
terms of them arithmetic operations on the
set of fuzzy numbers are defined [1],[2],[13],.
For example: if A and B are two (convex)
fuzzy numbers with the corresponding func-
tions a1,as and by, by for A and B, respec-
tively, then in terms of their a-cuts the result
C = A + B of addition is defined as follows:

Cla] = Ala] + Bla], a €1]0,1] , (3)

Cla) = [a1(a) + b1 (@), az(a) + ba(a)].

For subtraction, however, according to the in-
terval arithmetic [5] the difference D = A— B
is defined

D[a] = [al(a)—bg(a), ag(a)—bl(a)], o€ [0, 1] .

(1)
Notice, that in subtraction of the same fuzzy
number A, i.e. for C' = A— A, we get Cla] =
[a1 () —az (@), az(a) —ag ()] which represents
non-crisp, fuzzy zero, unless a1 () = ag(«) for
each a.

However, when the classical denotation for
independent and dependent variables of the
membership functions, namely x and y is
used, and we look once more at (1)-(2), and if
we put y = « and use x for the denotation of
values of the functions a; and ao, then we will

!The boundary points of the core of A, i.e. the set

on which the membership function attains value one,
are defined by two values a1 (1) and az(1).

get for two "wings” of the graph of A possible
representations:

rx=uai(y) and x = a2(y) , y € [0,1] . (5)

In what follows we will use the approach (5)
in the representation of so-called ordered fuzzy
numbers identified with pairs of continuous
functions of the interval [0, 1].

5 Ordered fuzzy numbers

In the series of papers [7],[6],[9],[10],[11],[12],
[14],[15] we have introduced and then devel-
oped main concepts of the space of ordered
fuzzy numbers. In our approach the concept
of membership functions has been weakened
by requiring a mere membership relation. Fol-
lowing our observations made in section 4 a
fuzzy number A will be identified with the
pair of functions a; and agz (cf. (1) - (2)) de-
fined on the interval [0, 1], i.e.

Definition 1. By an ordered fuzzy number
A we mean an ordered pair of two continuous
functions

A= (Ccupa xdown)

called the up-branch and the down-branch, re-
spectively, both defined on the closed interval
[0, 1] with values in R.

Notice, however, that in our definition we do
not require that two continuous functions are
inverse functions of some membership func-
tion. Moreover, in general a membership
function corresponding to A may not exist.

The continuity of both parts implies their
images are bounded intervals, say UP and
DOW N, respectively (Fig. 2a)). If we used
the symbols UP = [l4,1,] and DOWN =
[1%,pa] to mark boundaries and add the third
interval CONST = [1,17], then we can see
that are in fact three subintervals appearing
in splitting the support of each convex fuzzy
number, discussed above. Notice that in gen-
eral neither [, < 1} nor 11" < pa must
hold (i.e. yp(1) does not need to be less
than x gy, (1)). In this way we can reach im-
proper intervals, which have been already dis-
cussed in the framework of the extended inter-
val arithmetic by Kaucher in [4] and called by
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Figure 3: a) Ordered fuzzy number, b) Or-
dered fuzzy number with membership func-
tion, ¢) Arrow denotes the order of inverted
functions and the orientation.

him directed intervals, i.e. such [n,m]| where
n may be greater than m.

In general, the functions @, Zgown need not
to be invertible, if we assume, however, that
they are monotonous: x,, is increasing, and
Tdown 18 decreasing, and such that z,, <
Zdown (pointwise), we may define the mem-
bership function pu(z) = x,)(x), if © €
[2up(0), zup(1)] = [la,14], and p(z) =
x(;oum(x)’ if z € [xdoum( ) xdoum( )]
[1},pa] and p(z) =1 when z € [15,17].

In this way we have obtained the membership
function p(z), z € R. When the functions z,,
and/or Z4,,, are not invertible or the second
condition is not satisfied then the membership
curve (or relation) can be defined, composed
of the graphs of z,, and 4., and the line
y = 1 over the core {z € [Typ(1), Zaown(1)]}.

It is worthwhile to point out that a class
of ordered fuzzy numbers (OFNs) represents
the whole class of convex fuzzy numbers
([1],[2],[3],[13],[16]) with continuous member-
ship functions. In Fig. 3 c¢) to the ordered
pair of two continuous functions (here just two
affine functions) ., and g« 4eyn corresponds a
membership function of a convex fuzzy num-
ber with an extra arrow which denotes the
orientation of the closed curve formed below.
This arrow shows that we are dealing with the
ordered pair of functions.

A pair of continuous functions (Zgown,, Tup) de-
termines different ordered fuzzy number than

the pair (Zup, Tdown). Graphically the plotes
of (Tup, Tdown) and (Zdown, Tup) do not differ,
however, the corresponding curves determine
two different ordered fuzzy numbers: they dif-
fer by the orientation which we have denoted
in Fig.3c by an arrow.

The original definition of OFNs from [9] has
been recently generalized in [12].

Now, in the most natural way, the operation
of addition between two pairs of such func-
tions has been defined as the pairwise addi-
tion of their elements. This is exactly the
same as the operation defined in Sec. 4 on
a-cuts of A and B, cf. (3). As long as we
are adding ordered fuzzy numbers which pos-
sess their classical counterparts in the form of
trapezoidal type membership functions, and
moreover, are of the same orientation, the
results of addition are in agrement with the
a-cut and interval arithmetic. However, this
does not hold, in general, if the numbers have
opposite orientations, for the result of addi-
tion may lead to improper intervals as far as
some a-cuts are concerned. In this way we
are close to the Kaucher arithmetic [4] with
improper intervals.

Definition 2. Let A = (fa,94),B
(fB,9B) and C = (fc,gc) are mathematical
objects called ordered fuzzy numbers. The sum
C = A+ B, subtraction C = A — B, product
C = A- B, and division C' = A= B are defined
by formula

fo(y) = faly) = fB(y) , 9c(y) = galy) *gB(y)

(6)
whe,r,e 77*77 wo,r,ks fo,],, 77_1_}7’ 77_ 77’ 77' 77’ C[/nd 77+ 2
respectively, and where A+ B is defined, if the

functions |fg| and |gp| are bigger than zero.

As it was already noticed in the previous sec-
tion the subtraction of B is the same as ad-
dition of the opposite of B, i.e. the number
(—-1)- B.

6 Ordered fuzzy numbers around
us

Model of ordered fuzzy numbers provides
some interesting properties ([7],[9],[14],[15]),
which open new areas for calculating and pro-
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Figure 4: An example of the OFNs describing
”slow in speed-up process”.
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Figure 5: An example of the OFNs that de-
scribes income in two units of a financial com-

pany.

cessing vague information. Very important
for every idea is how it refers to the real
life. The interpretation of OFNs together
with their orientation will be presented here.

The common use of fuzzy numbers is the
presentation and the operation on imprecise
data. In general, that is also a source of
the idea of all fuzzy sets. Interpretation of
the ordered fuzzy numbers is compatible with
the general idea of the fuzzy sets. However,
there exists a new property - the orientation.
By using OFNs we can describe any impre-
cise value in the real-life processes. The parts
up-branch and down-branch of OFN can be
related to an opinion of an expert about dy-
namic changes of the analyzed value. The up-
branch describes the behaviour of the value
before the very moment when the opinion was
made, and the down-branch describes value
in afterwards. In that way we expand exist-
ing interpretation of fuzzy numbers. We can
still use OFNs in the way as usual when we
ignore the orientation, but we can also use the
orientation to put more complex information
about the evaluation made by OFNs.

Let us look at the example in which we have
an imprecise opinion ”slow” about the speed
of a vehicle as OFN A (see Fig. 4). We can
ignore the orientation and use this OFN as
fuzzy data by saying speed 15 is surely slow
and speeds 13 and 20 are slow in degree little
more than 50%.We can also take into consid-
eration the orientation of OFN and can say:
it is ”slow in the speed-up process”.

Let us look for another example from the
economy and consider a financial company,
which has two units A and B. Expert made
opinion about the income of both units. For
A he said: ”income is stated on level 4 mil-
lions and this is a downward trend”. For B
he said: ”income is stated on level 3 millions
and this is a upward trend”. He described in-
comings of both units by two OFNs (Fig. 5)
A and B. By using OFNs the expert can de-
scribe not only the value and the trend but
also the escalation of that trend.

We have two OFNs where ”wide” of branches
(up and down) are different. Number B is
more ”"wide” than A. What does it mean?
We can find answer if we make more deep (but
simply) analysis. If the expert has made up-
branch of A from 5 to 4 millions then he con-
siders possible range of changes as 1 million.
Up-branch of B was made from 1 to 3 millions
so he considers range of changes as 2 millions.
To sum up, we understand the number B as
an information about a process which us more
dynamic than A. Another thing is the direc-
tion that shows that A is the decreasing pro-
cess and B is the increasing one.

Figure 6: The total income of the company as
the sum of A and B.

In real life we could expect total income of an-
alyzed company about 7 millions. Additional,
if the increasing process of B was more dy-
namic than decreasing of A then we expect in
total also increasing process, however less dy-
namic than for B. If we use OFN model and
add numbers A and B according to (6) then
we get expected results (Fig. 6).

7 Conclusions

The ordered fuzzy numbers form a tool for
describing and processing vague information.
They expand existing ideas. Their ”good” al-
gebra opens new areas for calculations. Be-
side that, new property (orientation) and its



interpretation presented in this paper can
open new areas for using fuzzy numbers. Im-
portant fact (in author’s opinion) is that
thanks to OFNs we can join without com-
plication classical field of fuzzy numbers with
new ideas. We can use the OFNs instead the
convex fuzzy numbers and if we need to use
extended properties we can use them easily.
One of directions of the future work with the
OFNs are rules in the inference system for a
fuzzy controller with new rules. The OFN
can contain much more information than the
classical fuzzy number - so why do not use it?
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