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3URRI�
�( � �;�� � �V�� 
8�±�^V�∈�8�|�∃U�∈�8�V�W��U�∈�;�∧�(>=@�U��V�`
 �^V�∈�8�|�∀U�∈�8��U�∉�;�∨�¬(>=@�U��V�`
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)URP� WKLV�� LW� LV� VWUDLJKWIRUZDUG� WR� GHGXFH� WKDW
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$�⊆ 
 �%�⇔
�( � �$��⊆�%�∧�$�⊆�( � �%���⇔
% � �⊆��( � �$�� � �∧��( � �%�� � �⊆�$ � �⇔
% � �⊆( � �$ � ��∧�( � �% � ��⊆�$ � �⇔
% � �⊆ 
 �$ � �
$[LRP��$����'R�ZH�KDYH�
$��⊆ 
 ��%�∩�&��⇔��$�⊆ 
 �%��∧��$�⊆ 
 �&��"
)LUVW�� OHW�XV�QRWLFH�WKDW� IRU� WZR�FULVS�VHWV�%� DQG
&�� RQH� KDV�� ( � �%�∩� &��  � ( � �%��∩� ( � �&�� �WKH
SURRI�LV�VWUDLJKWIRUZDUG���7KHUHIRUH��ZH�KDYH�
$��⊆ 
 ��%�∩�&��⇔
( � �$��⊆��%�∩�&��∧�$�⊆�( � �%�∩�&��⇔
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�$�⊆ 
 �%��∧��$�⊆ 
 �&��
$V� WR� D[LRP�$���� LW� VWUDLJKWIRUZDUGO\� KROGV
ZKHQ�⊆�LV�UHSODFHG�E\�⊆ 
 �
6HFRQG�FDVH��IX]]\�VHWV�
$[LRP� �$���� /HW� XV� SURYH� WKDW� WKLV� D[LRP� LV
SUHVHUYHG�LI�WKH�IX]]\�LPSOLFDWLRQ�XVHG�LQ�����LV
WKH� 6�LPSOLFDWLRQ� EDVHG� RQ� WKH� WULDQJXODU� QRUP
XVHG� LQ� ����� /HW� XV� UHFDOO� WKDW� DQ� 6�LPSOLFDWLRQ
→ � LV� DVVRFLDWHG� ZLWK� D� WULDQJXODU� QRUP� � E\
WKH�IROORZLQJ�UHODWLRQ�
D�→ �E� ����±� �D����±�E������������������������������������
7KXV�ZH�KDYH�
( � �; � ��V�� �VXS � ∈ 	 � �(>=@�V��U�����±�;�U��

�� �VXS � ∈ 	 ����±�>(>=@�V��U� → �;�U��@�
�� ���±��LQI � ∈ 	 ��(>=@�V��U� → �;�U��
�� ���±�( � �;��V�
�� ��( � �;�� � �V��

)URP�WKLV��LW�LV�VWUDLJKWIRUZDUG�WR�GHGXFH�WKDW�
�( � �;�� � � �( � �; � ��
,W�IROORZV��WKDW�D[LRP��$���KROGV��WKH�SURRI�LV
WKH�VDPH�DV�LQ�WKH�FULVS�VHW�FDVH��
$[LRP��$����2QO\�D�ZHDNHQHG�IRUP�RI�LW�KROGV
ZKHQ�⊆� LV� UHSODFHG� E\�⊆ 
 � �WKH� HTXLYDOHQFH� LV
UHSODFHG� E\� DQ� LPSOLFDWLRQ��� )LUVW� OHW� XV� VKRZ
WKDW��( � �%�∩�&��≠�( � �%��∩�( � �&��LQ�JHQHUDO�
/HW�8� �^����������`��%� �^��������������`��DQG
&�  � ^�������� ������`�� /HW� =� EH� UHSUHVHQWHG� E\
WKH� W�P�I�� ���� ��� ��� ���� /HW� XV� DVVXPH� LQ� WKLV
H[DPSOH�WKDW�WKH�LQWHUVHFWLRQ�LV�LQWHUSUHWHG�E\��D
PLQLPXP�
%�∩�&� �^������`
( � �%�∩�&�� �^����������������������`
( � �%�� �^����������������������`
( � �&�� �^����������������������`
( � �%��∩�( � �&�� �^����������������������`�
1RZ��OHW�XV�VKRZ�WKDW�
( � �%�∩�&��⊆�( � �%��∩�( � �&��
3URRI�
µ����� � ∩ ��� �[�� �VXS� ∈ 	 � �(>=@�[��\���µ� ∩ � �\��

 �VXS� ∈ 	 � �(>=@�[��\��� �µ� �\���µ � �\���
≤� �VXS� ∈ 	 � �(>=@�[��\���µ� �\���



������ ��������VXS� ∈ 	 � �(>=@�[��\���µ � �\���
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7KLV�UHVXOW�HQWDLOV�WKDW�
$��⊆ 
 ��%�∩�&��⇒��$�⊆ 
 �%��∧��$�⊆ 
 �&��
7KH� SURRI� LV� WKH� VDPH� DV� LQ� WKH� FULVS� VHW� FDVH�
H[FHSW� WKDW� LQ� WKH� VHFRQG� OLQH� WKH� HTXLYDOHQFH
PXVW�EH�UHSODFHG�E\�DQ�LPSOLFDWLRQ�
5HPDUN��'XERLV�DQG�3UDGH�>��@�KDYH�VKRZQ�WKDW
6�LPSOLFDWLRQV� DQG� 5�LPSOLFDWLRQV� FRXOG� EH
PHUJHG� LQWR� D� VLQJOH� IDPLO\�� SURYLGHG� WKDW� WKH
FODVV� RI� WULDQJXODU� QRUPV� LV� HQODUJHG� WR� QRQ�
FRPPXWDWLYH�FRQMXQFWLRQ�RSHUDWRUV��2QH�KDV�
D�→�E� ����±�FQM�D����±�E�

ZKHUH�FQM�LV�D�D�WULDQJXODU�QRUP� �LI�→�LV�DQ�6�
LPSOLFDWLRQ�� DQG� FQM� LV� D� QRQ�FRPPXWDWLYH
FRQMXQFWLRQ�FQF� LI�→� LV� DQ�5�LPSOLFDWLRQ��7KLV
SURYLGHV�DQRWKHU�ZD\�RI�GHILQLQJ�( 
 �DQG�( 
 ��RQH
FRXOG�XVH�D�QRQ�FRPPXWDWLYH�FRQMXQFWLRQ�LQ����
DQG� WKH� FRUUHVSRQGLQJ� 5�LPSOLFDWLRQ� LQ� ����
ZKLFK�ZRXOG�DOVR�SUHVHUYH�D[LRP��$���

��� $SSOLFDWLRQ�WR�WKH�GLYLVLRQ�RI�UHODWLRQV

���������5HPLQGHU�$ERXW�WKH�'LYLVLRQ
7KH� UHODWLRQDO� GLYLVLRQ�� L�H��� WKH� GLYLVLRQ� RI
UHODWLRQ� U� RI� VFKHPD� 5�$�� ;�� E\� UHODWLRQ� V� RI
VFKHPD� 6�%�� �ZKHUH� $� DQG� %� DUH� FRPSDWLEOH
VXEVHWV�RI�DWWULEXWHV��LV�GHILQHG�DV�IROORZV�
GLY�U��V��$��%�� �^[�|�V�⊆�Ω��[�`����������������������������
ZKHUH�Ω�[�� �^D� |��[��D!�∈�U`��,Q�RWKHU�ZRUGV�
DQ�HOHPHQW�[�EHORQJV�WR�WKH�UHVXOW�RI�WKH�GLYLVLRQ
LI�LW�LV�DVVRFLDWHG�ZLWK�DW�OHDVW�DOO�WKH�YDOXHV�D�RI
%�DSSHDULQJ�LQ�V�
([DPSOH����&RQVLGHU�WKH�UHODWLRQV�VXSSOLHUV� �V�
DQG� FHQVXV� �F�� RI� UHVSHFWLYH� VFKHPDV� 6��VWRUH�
FKDLQ��]LSF��WXUQRYHU��DQG�&�FLW\��]LSF��SRS���7KH
TXHU\��³ILQG�WKH�FKDLQV�ZKLFK�KDYH�D�VWRUH�ZLWK�D
WXUQRYHU�JUHDWHU� WKDQ�����N¼� LQ� HYHU\� FLW\� IURP
UHODWLRQ� F� ZKRVH� SRSXODWLRQ� LV� RYHU� �������´
FDQ�EH�IRUPXODWHG�XVLQJ�D�GLYLVLRQ�
GLY�SURM�VHOHFW�V��WXUQRYHU�!�������^FKDLQ��]LSF`��
������SURM�VHOHFW�F��SRS�!������������^]LSF`��
�����^]LSF`��^]LSF`�
ZKHUH�VHOHFW�U��FRQG��LV�WKH�VHOHFWLRQ�RI�UHODWLRQ
U�ZLWK� WKH� FRQGLWLRQ� FRQG� DQG�SURM�U�� ;�� LV� WKH
SURMHFWLRQ�RI�U�RQWR�WKH�VHW�RI�DWWULEXWHV�;�

��V �VWRUH FKDLQ ]LSF WXUQRYHU
�� �� ����� ���
�� �� ����� ����
�� �� ����� ����
�� �� ����� ����
�� � ����� ����
�� � ����� ����

��F �FLW\ ]LSF SRS
3DULV ����� ���������
/\RQ ����� �������

6DLQW�%ULHXF ����� ������
0DUVHLOOH ����� �������
$QJHUV ����� �������
5HQQHV ����� �������

8VLQJ�WKH�H[WHQVLRQV�RI�V�DQG�F�DERYH��RQH�JHWV
WKH�UHVXOW�PDGH�RI�WKH�VLQJOH�YDOXH����!�♦

�����7ROHUDQW�'LYLVLRQ�RI�&ULVS�5HODWLRQV
7KH� WROHUDQW� LQFOXVLRQ� LQWURGXFHG� EHIRUH� FDQ
VHUYH� DV� D� EDVLV� WR� GHILQH� D� WROHUDQW� GLYLVLRQ
ZKHUH�WKH�QRWLRQ�RI�SUR[LPLW\�EHWZHHQ�YDOXHV�LV
WDNHQ�LQWR�DFFRXQW��)RU�LQVWDQFH��LQ�WKH�SUHYLRXV
H[DPSOH�� LW� PLJKW� EH� XVHIXO� WR� FRQVLGHU� WKDW
RIWHQ� WKH� VWRUHV� DUH� QRW� LQ� WKH� ELJ� FLWLHV
WKHPVHOYHV� EXW� LQ� WKHLU� VXEXUEV�� 7KHQ�� WKH� ]LS
FRGHV�LQ�UHODWLRQ�6XSSOLHU�PD\�EH�GLIIHUHQW�IURP
WKH� RQHV� DVVRFLDWHG� ZLWK� WKH� GLIIHUHQW� XUEDQ
FHQWHUV�� 7KHUHIRUH�� LW� LV� LQWHUHVWLQJ� WR� DOORZ� D
FHUWDLQ� WROHUDQFH� RQ� WKH� ]LS� FRGH� LQ� WKH
SURFHVVLQJ�RI�WKH�GLYLVLRQ��LW�LV�DVVXPHG�WKDW�WKH
GLIIHUHQFH� EHWZHHQ� WKH� ]LS� FRGHV� UHIOHFWV� WKH
GLVWDQFHV� EHWZHHQ� WKH� FLWLHV��� )RU� LQVWDQFH�� RQH
PD\�XVH�D�WROHUDQFH�LQGLFDWRU�VXFK�DV�=� ��±����
������������7KH�WROHUDQW�GLYLVLRQ�LV�LQWHUSUHWHG�E\
PHDQV� RI� IRUPXOD� ���� ZKHUH� WKH� UHJXODU
LQFOXVLRQ�LV�UHSODFHG�E\�D�WROHUDQW�RQH�±�ZKLFK�LV
LWVHOI�LQWHUSUHWHG�XVLQJ�IRUPXODV�����DQG�����
([DPSOH����/HW�XV�FRQVLGHU�DJDLQ�WKH�FRQWH[W�RI
H[DPSOH� �� DQG� OHW� XV� FRQVLGHU� WKH� H[WHQVLRQ� RI
UHODWLRQ�V�EHORZ��)RU�WKH�FKDLQ�����LW�FDQ�HDVLO\
EH� FKHFNHG� WKDW� WKH� VHW� $�  � ^������� ������
������������`�LV�LQFOXGHG��ZLWK�WROHUDQFH��LQ�%
 � ^������� ������� ������� �����`�� 7KXV� WKH
UHVXOW�RI�WKH�WROHUDQW�GLYLVLRQ�LV�^��`�ZKHUHDV�LW
ZRXOG� EH� HPSW\� LI� WKH� UHJXODU� GLYLVLRQ� ZHUH
XVHG�
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���������7ROHUDQW�'LYLVLRQ�RI�)X]]\�5HODWLRQV
1RZ�� RQH� FRQVLGHUV� IX]]\� UHODWLRQV�� L�H��
UHODWLRQV� REWDLQHG� E\� DSSO\LQJ� IOH[LEOH
FRQGLWLRQV� RQ� UHODWLRQV� SHUWDLQLQJ� WR� D� UHJXODU
UHODWLRQDO� GDWDEDVH�� ,Q� WKLV� FRQWH[W�� RQH� FDQ
HQYLVDJH�TXHULHV�VLPLODU�WR�WKDW�RI�H[DPSOH����IRU
LQVWDQFH�WKH�UHTXHVW��³ILQG�HYHU\�FKDLQ�[��WR�ZKDW
H[WHQW� LV� LW� WUXH� WKDW� [� KDV� D� VWRUH� ZLWK� DQ
LPSRUWDQW� WXUQRYHU� LQ� HYHU\� ODUJHO\� SRSXODWHG
FLW\� SUHVHQW� LQ� UHODWLRQ� F´�� 7KLV� TXHU\� FDQ� EH
DOJHEUDLFDOO\� H[SUHVVHG� WKDQNV� WR� D� GLYLVLRQ� RI
IX]]\�UHODWLRQV�DV�
GLY�SURM�VHOHFW�V��WXUQRYHU�LV�LPSRUWDQW��
�������������^FKDLQ��]LSF`��
������SURM�VHOHFW�F��SRS�LV�ODUJH����^]LSF`��
�����^]LSF`��^]LSF`��
$�IX]]\�UHODWLRQ�LV�GHILQHG�DV�D�IX]]\�VXEVHW�RI
WKH� &DUWHVLDQ� SURGXFW� RI� GRPDLQV�� 6R�� D� IX]]\
UHODWLRQ�U�LV�D�VHW�RI�ZHLJKWHG�WXSOHV��GHQRWHG�E\
µ�W�ZKHUH�µ� LV� WKH�PHPEHUVKLS�GHJUHH�RI�W� LQ�U�
L�H��� WKH� H[WHQW� WR� ZKLFK� W� FRPSOLHV� ZLWK� WKH
FRQFHSW�DVVRFLDWHG�ZLWK� U�� ,Q� WKH� FRQWH[W�RI� WKH
SUHYLRXV�TXHU\�� WKH�GHJUHH� WLHG�WR�HDFK�WXSOH�RI
UHODWLRQ� V
�  � VHOHFW�V�� WXUQRYHU� LV� LPSRUWDQW�
H[SUHVVHV�WKH�H[WHQW�WR�ZKLFK�LW�LV�D�VWRUH�ZLWK�DQ
LPSRUWDQW�WXUQRYHU��$�IOH[LEOH�TXHU\�LV�PDGH�RI
RSHUDWLRQV� DSSO\LQJ� WR� IX]]\� UHODWLRQV� DQG
ZKRVH� UHVXOW� LV� D� IX]]\� UHODWLRQ� DV� ZHOO�� 6XFK
RSHUDWRUV� DUH� REWDLQHG� WKURXJK� D� QDWXUDO
H[WHQVLRQ� RI� WKH� XVXDO� DOJHEUDLF� RSHUDWRUV� �VHH�
H�J���>����@��
$� VWUDLJKWIRUZDUG� �%RROHDQ�� H[WHQVLRQ� RI� WKH
GLYLVLRQ�RSHUDWRU�WR�IX]]\�UHODWLRQV�FDQ�EH�EDVHG
RQ�IRUPXOD�����ZKHUH�WKH�LQFOXVLRQ�LV�GHILQHG�E\
IRUPXOD������$V�WR�WKH�WROHUDQW�GLYLVLRQ�RI�IX]]\
UHODWLRQV�� LW� FRQVLVWV�� DV� LQ� WKH�%RROHDQ� UHODWLRQ
FDVH�� LQ� UHSODFLQJ� WKH� LQFOXVLRQ� SUHVHQW� LQ
IRUPXOD�����E\�D�WROHUDQW�RQH��7KHQ��WKH�FDOFXOXV
RI�WKH�WROHUDQW�LQFOXVLRQ�LV�EDVHG�RQ�IRUPXODV����
DQG�����

�������5HODWHG�ZRUNV
$V� PHQWLRQHG� LQ� WKH� LQWURGXFWLRQ�� WZR� RWKHU
DSSURDFKHV� KDYH� EHHQ� SUHYLRXVO\� SURSRVHG� LQ
RUGHU� WR� UHOD[� WKH� LQFOXVLRQ� E\� WROHUDWLQJ
H[FHSWLRQV�
7KH� RSHUDWRU� LQWURGXFHG� LQ� >�@�� FDOOHG
TXDQWLWDWLYH� DSSUR[LPDWH� LQFOXVLRQ�� DLPV� DW
DXWKRUL]LQJ��LQ�WKH�HYDOXDWLRQ�RI�(�⊆�)��D�FHUWDLQ
SURSRUWLRQ�RI�H[FHSWLRQV�� L�H��� RI� HOHPHQWV� IURP
(� ZKLFK� DUH� QRW� LQ�)� �LQ� WKH� VHQVH� RI� D� IX]]\
LPSOLFDWLRQ� ZKLFK� FDQ� EH� 5HVFKHU�*DLQHV¶RQH
ZKHQ� FULVS� VHWV� DUH� GHDOW� ZLWK��� 2EYLRXVO\�� WKH
SULQFLSOH� RI� WKDW� DSSURDFK� LV� WRWDOO\� GLIIHUHQW
IURP� WKH� RQH� GHVFULEHG� KHUH� VLQFH� WROHUDQFH� LQ
WKH�SUR[LPLW\�EDVHG�LQFOXVLRQ�ZH�SURSRVH�LV�QRW
D�PDWWHU�RI�D�QXPEHU�RI�H[FHSWLRQV�
$V� WR� WKH� RSHUDWRU� LQWURGXFHG� LQ� >�@�� LW� DLPV� DW
UHOD[LQJ� WKH� IDPLO\� RI� JUDGHG� LQFOXVLRQ
LQGLFDWRUV� EDVHG� RQ� 5�LPSOLFDWLRQV� VR� DV� WR
DXWKRUL]H� ³ORZ� LQWHQVLW\´� H[FHSWLRQV�� /HW� XV
UHFDOO�WKDW�5�LPSOLFDWLRQV�FDQ�EH�H[SUHVVHG�
S�→ ��� � �T� ���LI�S�≤�T��I�S��T��RWKHUZLVH
ZKHUH� I�S�� T�� H[SUHVVHV� D�GHJUHH�RI� VDWLVIDFWLRQ
RI� WKH� LPSOLFDWLRQ� ZKHQ� WKH� DQWHFHGHQW� S
H[FHHGV� WKH� FRQFOXVLRQ� T�� 7KH� LPSOLFDWLRQV� RI
*|GHO� �S� → ��� � T�  � �� LI� S� ≤� T�� T� RWKHUZLVH��
*RJXHQ� �S�→ ��� �T�  � �� LI�S�≤�T�� T�S� RWKHUZLVH�
DQG�/XNDVLHZLF]��S�→ �� �T� ���LI�S�≤�T����±�S���T
RWKHUZLVH�� DUH� WKH� WKUHH� PRVW� XVHG� 5�
LPSOLFDWLRQV�� 7KH� SULQFLSOH� RI� WKH� VR�FDOOHG
TXDOLWDWLYH�DSSUR[LPDWH�LQFOXVLRQ�LV�WR�LQWURGXFH
D�WROHUDQFH�RQ�WKH�LPSOLFDWLRQ�YDOXHV�� WKDW�WDNHV
LQWR� DFFRXQW� WKH� JDS� EHWZHQ� WKH� PHPEHUVKLS
GHJUHHV� WR�(� DQG� WR�)� UHVSHFWLYHO\�� IRU� D� JLYHQ
HOHPHQW�[��0RUH�SUHFLVHO\�� LW� LV� FRQVLGHUHG� WKDW
WKH�VLWXDWLRQ�ZKHUH�µ� �[��H[FHHGV�µ! �[�� LV�PRUH
RU�OHVV�DFFHSWDEOH�DV�ORQJ�DV�WKH�GLIIHUHQFH�µ� �[�
±�µ! �[��LV�LQ�D�JLYHQ�LQWHUYDO�
7KH�SUR[LPLW\�EDVHG�WROHUDQW�LQFOXVLRQ�SURSRVHG
KHUH� FDQ� EH� FDOOHG� TXDOLWDWLYH� WRR�� EXW� LQ� D
GLIIHUHQW�ZD\�WKDQ�WKDW�RXWOLQHG�DERYH��,Q�>�@��DQ
H[FHSWLRQ� [� LV� LJQRUHG� GHSHQGLQJ� RQ� WKH
PHPEHUVKLS� GHJUHHV� DWWDFKHG� WR� [� LQ� (� DQG� )
UHVSHFWLYHO\� ZKHUHDV� LQ� WKH� SUR[LPLW\�EDVHG
DSSURDFK� LW� ZLOO� EH� LJQRUHG� GHSHQGLQJ� RQ� WKH
YDOXHV� SUHVHQW� LQ� WKH� VHWV� �DQG�RQ� WKH� WROHUDQFH
LQGLFDWRU�=���$�FRQVHTXHQFH�RI�WKLV�GLIIHUHQFH�LV
WKDW� WKH�SUR[LPLW\�EDVHG�DSSURDFK�FDQ� DSSO\� WR
FULVS� VHWV� ZKLOH� WKH� TXDOLWDWLYH� DSSUR[LPDWH
LQFOXVLRQ� GHVFULEHG� LQ� >�@� FDQQRW��2Q� WKH� RWKHU
KDQG�� WKH� SUR[LPLW\�EDVHG� DSSURDFK� LQ� LWV� IRUP



GHVFULEHG� KHUH� LPSRVHV� WKDW� WKH� GRPDLQ� EH
QXPHULF��1HYHUWKHOHVV��LQ�FDVH�RI�D�QRQ�QXPHULF
GRPDLQ� 8�� WKH� DSSURDFK� FDQ� VWLOO� EH� DSSOLHG
SURYLGLQJ� WKDW� D� GLVWDQFH� G� EH� GHILQHG� RYHU� 8
7KHQ�� (�X�� Y�� FDQ� EH� GHILQHG� DV� =�G�X�� Y��
LQVWHDG�RI�=�X�±�Y��
$V� WR� SUR[LPLW\�EDVHG� PRGLILHUV�� WKH� PRVW
VLPLODU� ZRUN� WR� RXU� SURSRVDO� LV� WKH� UHFHQW� RQH
GRQH�E\�'H�&RFN�DQG�.HUUH�LQ�>�@��,Q�WKDW�ZRUN�
WKH� DXWKRUV� LQWURGXFH� WKH� WZR� IROORZLQJ� IX]]\
PRGLILHUV�

5♣�$��\�� �VXS� " ∈ # �I�5�[��\���$�[���
5∇�$��\�� �LQI� " ∈ # ���5�[��\���$�[���

ZKHUH�$�LV�D�IX]]\�VHW�RQ�WKH�XQLYHUVH�;��I�LV�D
FRQMXQFWRU����DQ�LPSOLFDWRU�DQG�5�[��\��D�IX]]\
UHODWLRQ�� ,W�KDV�EHHQ�VKRZQ� WKDW�ZHDNHQLQJ�DQG
LQWHQVLI\LQJ�OLQJXLVWLF�KHGJHV�FDQ�EH�PRGHOHG�E\
VXFK� IX]]\� PRGLILHUV�� 7R� GR� VR�� WKH� DXWKRUV
PDNH�XVH�RI�D�SDUWLFXODU�VXLWDEOH�IX]]\�UHODWLRQ�
,W� LV� H[SUHVVHG� E\� D� SVHXGR�PHWULF� EDVHG
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