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Abstract

We investigate in this paper the set of k-
additive capacities dominating a given capac-
ity, which we call the k-additive core. We
study its structure through achievable fam-
ilies, which play the role of maximal chains
in the classical case (k = 1), and show that
associated capacities are elements (possibly a
vertex) of the k-additive core when the capac-
ity is (k+1)-monotone. As a particular case,
we study the set of k-additive belief functions
dominating a belief function. The problem
of finding all vertices of the k-additive core is
still an open question.

Keywords: k-additive capacity, core, belief
function

1 Introduction

The core of a capacity or a game is a fundamental
concept, both in decision making theory and in coop-
erative game theory. In decision making, it is the set
of probability measures which are coherent with the
information given by the capacity in the representa-
tion of uncertainty [15]. In game theory, it is the set
of imputations (additive games) that can be given to
players so that no subcoalition of the grand coalition
has interest to form.

The properties of the core are well known, most of
them have been shown by Shapley [13]. In many cases,
it happens that the core is empty. A sufficient and
necessary condition for nonemptiness is known for ca-
pacities and games, which is called balancedness. In
particular, convex capacities have a nonempty core.

Since having an empty core is not a favorable situ-
ation, either in decision making or in game theory, it
may be an alternative solution to look for more general
concepts. For example, since the core contains addi-

tive capacities or games, we may relax additivity to a
weaker notion: k-additivity, proposed by Grabisch [5].
We may call this new notion the k-additive core.

Some studies on the k-additive core have already been
done by the authors, see, e.g., [6, 11]. It happens that
the structure of the k-additive core is much more com-
plex than the one of the classical core. In particular,
the set of its vertices is not known. The aim of this
paper is to provide new insights in this direction, and
to complete results shown in [9].

2 Background

Throughout the paper, we consider a finite universal
set X , with |X | = n. We use indifferently 2X or P(X)
to denote the set of subsets of X , and the set of sub-
sets of X containing at most k elements is denoted by
Pk(X), while Pk

∗ (X) := Pk(X) \ {∅}. A set function
on X is a function µ : 2X → R.

Definition 1 [3, 14] A fuzzy measure or capacity µ

on X is a nonnegative set function on X such that
µ(∅) = 0, and µ(A) ≤ µ(B) whenever A ⊆ B (mono-
tonicity). A capacity is normalized if µ(X) = 1.

We assume in this paper that capacities are normal-
ized. The set of capacities (or fuzzy measures) on X is
denoted by FM(X). For any A ∈ 2X \ {∅}, the una-
nimity game centered on A is defined by uA(B) = 1 iff
B ⊇ A, and 0 otherwise.

Definition 2 A capacity µ on X is said to be:

(i) additive if µ(A ∪ B) = µ(A) + µ(B) whenever
A ∩ B = ∅;

(ii) convex if µ(A ∪ B) + µ(A ∩ B) ≥ µ(A) + µ(B),
for all A, B ⊆ X;

(iii) k-monotone for k ≥ 2 if for any family of k sub-



sets A1, . . . Ak, it holds

µ(
k
⋃

i=1

Ai) ≥
∑

K⊆{1,...,k}
K 6=∅

(−1)|K|+1µ(
⋂

j∈K

Aj)

(iv) totally monotone if it is k-monotone for all k ≥ 2.

Totally monotone capacities are also called belief func-
tions [12]. By extension, we define 1-monotone ca-
pacities as monotone capacities. We will denote the
set of belief functions on X by BEL(X). Remark
that k-monotonicity implies k′-monotonicity for all
2 ≤ k′ ≤ k. Also, for n > 3, (n − 2)-monotone ca-
pacities are totally monotone [1].

Definition 3 Let µ be a set function on X. The
Möbius transform of µ is a set function m : 2X → R

defined by:

m(A) :=
∑

B⊆A

(−1)|A\B|µ(B).

The Möbius transform is invertible since one can re-
cover µ from m by:

µ(A) =
∑

B⊆A

m(B).

If µ is an additive capacity, then m is non null only for
singletons, and m({i}) = µ({i}). The Möbius trans-
form of uA is given by m(A) = 1 and m is 0 otherwise.

Definition 4 A set function µ vanishing at the empty
set is said to be k-additive for some integer k ∈
{1, . . . , n} if m(A) = 0 whenever |A| > k, and there
exists some A such that |A| = k, and m(A) 6= 0.

Clearly, 1-additive capacities are additive measures,
and a k-additive set function needs only

∑k
i=1

(

n
i

)

− 2
values to be defined. The set of capacities on X being
at most k-additive is denoted by FMk(X). Similarly,
we denote by BELk(X) the set of belief functions being
at most k-additive.

We recall the fundamental following result.

Proposition 1 [2] (i) Let µ be a set function on X

such that µ(∅) = 0. Then monotonicity is equivalent
to

∑

i∈L⊆B

m(L) ≥ 0, ∀B ⊆ X, ∀i ∈ B.

(ii) Let µ be a capacity. Then for 2 ≤ k ≤ n, k-
monotonicity is equivalent to

∑

A⊆L⊆B

m(L) ≥ 0, ∀A ⊆ B ⊆ X, |A| ≤ k.

Clearly, a totally monotone capacity has a non non-
negative Möbius transform.

3 The core of capacities

Definition 5 Let µ be a capacity on X. The core of
µ is defined by:

C(µ) := {ν ∈ FM1(X) | ν ≥ µ},

where ν ≥ µ means ν(A) ≥ µ(A) for all A ⊆ X.

A maximal chain in 2X is a sequence of subsets A0 :=
∅, A1, . . . , An−1, An := X such that Ai ⊂ Ai+1, i =
0, . . . , n−1. The set of maximal chains of 2X is denoted
by M(2X).

To each maximal chain C := {∅, A1, . . . , An = X}
in M(2X) corresponds a unique permutation σ on X

such that A1 = σ(1), A2 \A1 = σ(2), . . . , An \An−1 =
σ(n). The set of all permutations over X is denoted
by S(X). Let µ be a capacity. To each permutation
σ (or maximal chain C) we assign a marginal worth
vector pσ (or pC) in R

n defined by:

pσ
σ(i) := µ({σ(1), . . . , σ(i)}) − µ({σ(1), . . . , σ(i − 1)})

or
pC

σ(i) := µ(Ai) − µ(Ai−1)

with the above notation. Any marginal worth vector
forms a probability distribution over X , and hence de-
fines an additive capacity. The following is immediate.

Proposition 2 Let µ be a capacity on X, and C a
maximal chain of 2X . Then

pC(A) = µ(A), ∀A ∈ C.

Theorem 1 The following are equivalent.

(i) µ is a convex capacity

(ii) all marginal worth vectors pσ, σ ∈ S(X) belong
to the core of µ

(iii) C(µ) = co({pσ}σ∈S(X))

(iv) ext(C(µ)) = {pσ}σ∈S(X),

where co(K) and ext(K) denote respectively the convex
hull and the extreme points of some convex set K.

(i) ⇒ (ii) and (i) ⇒ (iv) are due to Shapley [13], while
(ii) ⇒ (i) was proved by Ichiishi [10].

4 The k-additive core of capacities

Definition 6 [6] Let µ be a capacity on X, and 1 ≤
k ≤ n − 1. The k-additive core of µ is defined by:

Ck(µ) := {ν ∈ FMk(X) | ν ≥ µ}.



Note that C1(µ) = C(µ). Similarly, we introduce
BCk(µ) the set of k-additive belief functions dominat-
ing µ.

Let us start introducing some notations. For a given
k, 1 ≤ k ≤ n, we define

Λk
∩ := {λ : P(X) × Pk

∗ (X) → R | ∀B ∈ P(X),
∑

A∩B 6=∅

λ(B, A) = 1, λ(B, A) = 0 if A ∩ B = ∅}.

From this set and for a given capacity µ, we define a set
of k-additive set functions MΛk

∩
(µ) := {µλ | λ ∈ Λk

∩},
with µλ defined by its Möbius transform mλ:

mλ(A) =
∑

B∈P(X)

λ(B, A)m(B).

Similarly, we can define Λk
⊆ and Λk

⊇, from which we can
derive the corresponding sets MΛk

⊆
(µ) and MΛk

⊇
(µ),

by replacing ∩ by ⊆,⊇. When λ is restricted to non-
negative values (then it becomes a weight function),
we will use the notations Λk

∩,+, Λk
⊆,+, Λk

⊇,+, and the
corresponding MΛk

∩,+
(µ),MΛk

⊆,+
(µ) and MΛk

⊇,+
(µ).

Given a capacity µ, the problem of obtaining the set
of all probability measures dominating µ has been ad-
dressed by several authors [2, 4]. Chateauneuf and
Jaffray proved in [2] the following result:

Theorem 2 [2] Let µ be a capacity on X, m its
Möbius transform, and suppose P ∈ C1(µ). Then,
P ∈ MΛ1

⊆,+
(µ).

Dempster has shown the same result in [4] and also
Shapley in [13], but both of them only for belief func-
tions. In general, C1(µ) ⊆ MΛ1

⊆,+
(µ), and equality

holds when µ ∈ BEL(X).

Grabisch has extended Theorem 2 for the k-additive
case in [8].

Theorem 3 [8] Let µ be a capacity, and suppose that
µ∗ ∈ Ck(µ), for some 1 ≤ k ≤ n−1. Then, necessarily,
µ∗ belongs to MΛk

∩
(µ).

As shown in [11], Ck(µ) ⊆ MΛk
∩
(µ), and equality holds

only for the unanimity game centered on X. The fol-
lowing can be proved.

Theorem 4 [11] Let µ be a belief function, and sup-
pose µ∗ ∈ BCk(µ). Then, necessarily µ∗ belongs to
MΛk

∩,+
(µ).

Remark that MΛk
∩,+

(µ) generalizes MΛ1
⊆,+

(µ) for the

general k-additive case. However, similarly as Theo-
rem 3, Theorem 4 provides a very large class of func-
tions, as shown by the following result.

Proposition 3 Let µ be a capacity. Then,
MΛk

∩,+
(µ) ⊆ BCk(µ) if and only if µ(A) = 0, ∀A 6= X.

Thus, as pointed out in [11], it is not possible to gen-
eralize the good properties obtained for probabilities
in [2]. For Λk

⊆,+, the following can be proved.

Proposition 4 [7] If µ ∈ BEL(X) and µ∗ ∈
MΛk

⊆,+
(µ), then µ∗ ∈ BCk(µ).

On the other hand, it can be seen that this set does
not cope in general with the set of all dominating k-
additive measures [7] (k > 1), i.e., the conditions on λ

given in Theorem 4 cannot be strengthened. Then, if
µ is a belief function,

MΛk
⊆,+

(µ) ⊆ BCk(µ) ⊆ MΛk
∩,+

(µ),

where inclusion is strict in general. Next result shows
that all k-additive belief measures dominating another
belief function µ can be generated from MΛk

⊆,+
(µ).

Theorem 5 [11] Let µ be a belief function, and sup-
pose that µ∗ ∈ BCk(µ). Then, there exists µ′ ∈ BCk(µ)
such that µ′ belongs to MΛk

⊆,+
(µ) and µ∗ belongs to

MΛk
⊇,+

(µ′).

This result is explained in Figure 1 for |X | = 3 and
k = 2. m, m′, and m∗ are respectively the Möbius
transforms of µ, µ′, and µ∗.

1 2 3 1,2 1,3 2,3 1,2,3

1 2 3 1,2 1,3 2,3

1 2 3 1,2 1,3 2,3

m

m’

m*

Figure 1: Illustration of Theorem 5.

5 Vertices of the k-additive core

We put N(k) :=
(

n
1

)

+ · · · +
(

n
k

)

. A first fact is the
following.

Proposition 5 For any capacity µ, Ck(µ) and
BCk(µ) are closed convex (N(k)−1)-dimensional poly-
topes.



We denote by ≺ a total (strict) order on Pk
∗ (X), �

denoting the corresponding large order.

Definition 7 For any B ∈ Pk
∗ (X), we define

A(B) := {A ⊆ X | A ⊇ B, ∀K ⊆ A, K ∈ Pk
∗ (X), K � B}

the achievable family of B.

For example, taking n = 3, k = 2 and the order 1 ≺
2 ≺ 12 ≺ 13 ≺ 23 ≺ 3, we get:

A(1) = {1}, A(2) = {2}, ,A(12) = {12},

A(13) = ∅, A(23) = ∅, A(3) = {3, 13, 23, 123}.

It is easy to see that {A(B)}B∈Pk
∗ (X) is a partition of

P(X) \ {∅}.

A total order ≺ on Pk
∗ (X) is said to be compatible if

for all i, j ∈ X , i ≺ j implies S ∪ i ≺ S ∪ j, for any
S ∈ Pk−1(X), i, j 6∈ S. It is said to be ⊆-compatible if
A ⊆ B implies A ≺ B. Lastly, ≺ is said to be strongly
compatible if it is compatible and ⊆-compatible, and
weakly compatible if only compatible.

Proposition 6 Assume ≺ is compatible. For any
B ∈ Pk

∗ (X) such that A(B) 6= ∅, A(B) endowed with
inclusion is a Boolean lattice with bottom element B.
The top element is denoted by B̌.

⊆-compatibility is a sufficient and necessary condition
for the nonemptiness of all achievable families.

Let µ be a capacity on X , m its Möbius transform,
and ≺ some total order on Pk

∗ (X). We define µ≺ by
its Möbius transform as follows:

m≺(B) :=

{

∑

A∈A(B) m(A), if A(B) 6= ∅

0, else
(1)

for all B ∈ Pk
∗ (X), m≺(∅) := 0. Since achiev-

able families form a partition of 2X , m≺ satisfies
∑

B⊆X m≺(X) = 1, hence µ≺(X) = 1. The follow-
ing can be shown.

Proposition 7 If ≺ is compatible, then for any
nonempty achievable family A(B), µ≺(B̌) = µ(B̌).

(see the analogy with Prop. 2).

Proposition 8 Let µ be a capacity on X. Then µ≺

is a belief function for any compatible order ≺ if and
only if µ is k-monotone.

The following propositions are analogous to the
Shapley-Ichiishi theorem above.

Proposition 9 Let µ be a capacity on X. Then µ≺ ∈
Ck(µ) for all compatible orders ≺ if and only if µ is
(k + 1)-monotone.

Proposition 10 Let µ be a (k + 1)-monotone capac-
ity. Then

(i) If ≺ is strongly compatible, then µ≺ is a vertex of
Ck(µ).

(ii) If ≺ is compatible, then µ≺ is a vertex of BCk(µ).

However, there are many vertices that are not belief
functions. Experiments conducted with the PORTA
software finding vertices and facets of polyhedra show
that, for example, the set of vertices of C2(µ) of the
following 3-monotone capacity µ with n = 3

A 1 2 3 12 13 23 123
m(A) 0 0.1 0.2 0.1 0 0.2 0.4
µ(A) 0 0.1 0.2 0.2 0.2 0.5 1

has 48 elements, whose only 3 are belief functions.

( 1) 0 1/10 1/ 5 1/10 0 3/ 5

( 2) 0 1/10 1/ 5 1/10 2/ 5 1/ 5

( 3) 0 1/10 1/ 5 1/ 2 0 1/ 5

( 4) 0 1/10 1/ 2 1/10 2/ 5 -1/10

( 5) 0 1/10 1/ 2 1/ 2 0 -1/10

( 6) 0 1/10 9/10 1/10 0 -1/10

( 7) 0 1/ 5 1/ 5 0 0 3/ 5

( 8) 0 1/ 5 1/ 5 0 1/ 2 1/10

( 9) 0 1/ 5 1/ 2 0 1/ 2 -1/ 5

( 10) 0 1/ 2 1/ 5 0 1/ 2 -1/ 5

( 11) 0 1/ 2 1/ 5 1/ 2 0 -1/ 5

( 12) 0 1/ 2 1/ 2 0 1/ 2 -1/ 2

( 13) 0 1/ 2 1/ 2 1/ 2 0 -1/ 2

( 14) 1/10 1/10 1/ 5 0 -1/10 7/10

( 15) 1/10 1/10 1/ 2 0 2/ 5 -1/10

( 16) 1/ 5 1/10 1/ 5 -1/10 -1/10 7/10

( 17) 1/ 5 1/10 1/ 5 -1/10 2/ 5 1/ 5

( 18) 1/ 5 1/10 1/ 5 0 -1/ 5 7/10

( 19) 1/ 5 1/10 1/ 5 1/ 2 -1/ 5 1/ 5

( 20) 1/ 5 1/10 2/ 5 -1/10 2/ 5 0

( 21) 1/ 5 1/10 9/10 -1/10 -1/10 0

( 22) 1/ 5 1/ 5 1/ 5 -1/ 5 0 3/ 5

( 23) 1/ 5 1/ 5 1/ 5 -1/ 5 1/ 2 1/10

( 24) 1/ 5 1/ 5 3/10 -1/ 5 1/ 2 0

( 25) 1/ 5 1/ 5 4/ 5 -1/ 5 0 0

( 26) 1/ 5 3/10 1/ 5 1/ 2 -1/ 5 0

( 27) 1/ 5 4/ 5 1/ 5 0 -1/ 5 0

( 28) 3/10 1/10 1/ 5 -1/10 -1/ 5 7/10

( 29) 3/10 3/10 1/ 5 -3/10 1/ 2 0

( 30) 3/10 1/ 2 1/ 5 -3/10 1/ 2 -1/ 5

( 31) 2/ 5 1/10 2/ 5 1/ 2 -2/ 5 0

( 32) 2/ 5 1/10 1/ 2 1/ 2 -2/ 5 -1/10

( 33) 1/ 2 1/ 2 1/ 2 0 0 -1/ 2

( 34) 4/ 5 1/10 1/ 5 -1/10 -1/ 5 1/ 5

( 35) 4/ 5 1/ 2 1/ 5 -3/10 0 -1/ 5

( 36) 4/ 5 4/ 5 1/ 5 -4/ 5 0 0

( 37) 9/10 1/10 1/ 2 0 -2/ 5 -1/10

( 38) 9/10 1/10 9/10 0 -9/10 0

( 39) 0 1/ 5 1 0 0 -1/ 5



( 40) 0 1 1/ 5 0 0 -1/ 5

( 41) 1/10 1/10 1 0 -1/10 -1/10

( 42) 4/ 5 1 1/ 5 -4/ 5 0 -1/ 5

( 43) 9/10 1/10 1 0 -9/10 -1/10

( 44) 1 1/10 2/ 5 -1/10 -2/ 5 0

( 45) 1 1/10 9/10 -1/10 -9/10 0

( 46) 1 3/10 1/ 5 -3/10 -1/ 5 0

( 47) 1 4/ 5 1/ 5 -4/ 5 -1/ 5 0

( 48) 0 1 1 0 0 -1

Let us examine more precisely the vertices induced by
strongly compatible orders. In fact, there are much
fewer than expected, since many strongly compatible
orders lead to the same µ≺ (hence the experimental
result above). We can show the following.

Proposition 11 The number of vertices of Ck(µ)
given by strongly compatible orders is at most n!

k! .

We examine the case of weakly compatible orders.

Proposition 12 Suppose µ is a (k+1)-monotone ca-
pacity which satisfies µ({i}) > 0 for all i ∈ X. Then
no weakly compatible order can produce a vertex of
Ck(µ).

Weakly compatible orders can produce vertices if
µ({i}) = 0 for some i ∈ X . It suffices that it exists
B ∈ Pk

∗ (X) such that A(B) = ∅, and i ∈ B such that
µ({i}) = 0, and all subsets C such that i ∈ C ⊂ B sat-
isfy m≺(B) = 0. The above example with 48 vertices
illustrates this. By Prop. 11, we know that 3 vertices
are produced by the strongly compatible orders, with
corresponding sequences of B̌’s:

1, 2, 3, 12, 13, 123 (this is vertex 1)

2, 1, 3, 12, 23, 123 (this is vertex 2)

3, 1, 2, 13, 23, 123 (this is vertex 3).

Take the weakly compatible order 1 ≺ 12 ≺ 2 ≺ 3 ≺
13 ≺ 23. Then achievable families are:

A(1) = {1}, A(12) = ∅, A(2) = {2, 12},

A(3) = {3}, A(13) = {13}, A(23) = {23, 123}.

This gives

A 1 2 3 12 13 23
m≺(A) 0 0.2 0.2 0 0 0.6

which is vertex 7.

6 The case of belief functions

Let us now assume that µ is a belief function. We try
to derive results on the vertices BCk(µ). We stress the
fact that even if BCk(µ) ⊆ Ck(µ), a vertex of BCk(µ)
is not necessarily a vertex of Ck(µ).

As shown in the previous section, for a compatible or-
der ≺, the measure µ≺ determines an extreme point of
BCk(µ) (Proposition 10). However, not all the vertices
can be obtained this way.

Example 1 Take |X | = 4 and consider a belief func-
tion µ whose Möbius transform is given by:

m(i) = 0.1, m(i, j) = 0.1, m(A) = 0 otherwise.

Consider the capacity whose Möbius transform is given
by

m∗(1) = 0.1, m∗(2) = 0.2, m∗(3) = 0.1, m∗(1, 3) = 0.2,

m∗(4) = 0.4, m∗(A) = 0 otherwise.

We will show below (Proposition 14) that this is the
Möbius transform of an extreme point of BC2(µ). How-
ever, it can be checked that this capacity cannot be ob-
tained through a compatible order ≺.

Remark that this example does not invalidate Conjec-
ture 1, which is only concerned with vertices of Ck(µ).

On the other hand, it can be shown that if ≺ is not
compatible, the belief function obtained is not neces-
sarily an extreme point:

Example 2 Consider |X | = 4 and the capacity whose
Möbius transform is defined by

m(i) = 0.1, m(i, j) = 0.1, ∀i, j = 1, 2, 3, 4, i 6= j.

Let us consider the 2-additive case and the order ≺
given by

{1} ≺ {1, 2} ≺ {2} ≺ {1, 3} ≺ {2, 3} ≺

{3} ≺ {3, 4} ≺ {4} ≺ {1, 4} ≺ {2, 4}.

For this order, the corresponding Möbius transform ob-
tained through Equation (1) is:

m∗(1) = 0.1, m∗(2) = 0.2, m∗(3) = 0.3, m∗(4) = 0.2,

m∗(1, 4) = 0.1, m∗(2, 4) = 0.1, m∗(A) = 0, otherwise.

However, this measure is not an extreme point of
BC2(µ). It suffices to consider µ1, µ2 given by the fol-
lowing Möbius transforms:

m1(4) = 0.1, m1(1, 4) = 0.2, m1(A) = m
∗(A), otherwise.

m2(4) = 0.3, m2(1, 4) = 0, m2(A) = m
∗(A), otherwise.

It is clear that m∗(A) =
m1(A) + m2(A)

2
, ∀A ⊆ X.

Moreover, they both dominate µ, whence the result.



This leads us to look for an alternative assignment. For
a given order ≺, let us define recursively the following
set function:

m≺(B) := max
A∈A(B)

{µ(A) −
X

K⊆A,K∈Pk
∗ (X),K≺B

m≺(K), 0}

(2)

if A(B) 6= ∅, being 0 otherwise.

Proposition 13 If ≺ is compatible, then the set func-
tions defined in Equations (1) and (2) coincide.

Let us study the properties of µ
≺

, the inverse trans-
form of m≺. Remark that µ

≺
≥ µ by construction of

µ
≺

. Moreover, as m≺ is non-negative, µ
≺

is monotone.
However, µ

≺
is not necessarily a capacity, as it could

be the case that µ
≺

(X) > 1 (see next example).

Example 3 Let |X | = 4 and consider µ ∈ FM(X)
whose Möbius transform is given by:

m(i) = 0.1, m(i, j) = 0.1, m(A) = 0 otherwise.

Consider the order ≺ defined by:

1 ≺ 1, 2 ≺ 2 ≺ 3 ≺ 2, 3 ≺ 1, 3 ≺ 2, 4 ≺ 4 ≺ 1, 4 ≺ 3, 4.

Then,

m≺(1) = 0.1, m≺(1, 2) = 0, m≺(2) = 0.2, m≺(3) = 0.1,

m≺(2, 3) = 0, m≺(1, 3) = 0.2, m≺(2, 4) = 0, m≺(4) = 0.1,

m≺(1, 4) = 0.2, m≺(3, 4) = 0.2

Therefore, µ
≺

(X) =
∑

A⊆X m≺(A) = 1.1.

However, this procedure always leads to a belief func-
tion for compatible orders (Proposition 8).

Proposition 14 Suppose that µ
≺

, whose Möbius

transform m≺ is obtained through Eq. (2), is a nor-
malized measure. Then, µ

≺
is an extreme point of

BCk(µ).

If the order is compatible, this proposition is just
Proposition 10. However, there are vertices of BCk(µ)
that cannot be obtained by this procedure, as shown
in the following example.

Example 4 Let |X | = 4 and consider µ ∈ BEL(X)
whose Möbius transform is given by

m(1, 2) = 0.3, m(1, 3) = 0.2, m(1, 4) = 0.2, m(1, 2, 3) = 0.1,

m(1, 2, 4) = 0.1, m(1, 3, 4) = 0.1, m(A) = 0 otherwise.

Consider µ∗ whose Möbius transform is given by:

m
∗(1, 2) = 0.35, m

∗(1, 3) = 0.25, m
∗(1, 4) = 0.25,

m
∗(X) = 0.15, m(A) = 0 otherwise.

Thus, µ∗ ∈ BEL(X). Moreover, µ∗ ≥ µ. Let us now
prove that µ∗ is a vertex of BC4(µ). For this, let us
suppose that there are µ1, µ2 ∈ BC4(µ) satisfying

µ∗ = αµ1 + (1 − α)µ2, α ∈ (0, 1).

As µ1, µ2 and µ∗ are belief functions, it follows that
m1(A) = m2(A) = 0 when m∗(A) = 0. Therefore, the
only subsets that can attain non-null Möbius inverse
for µ1 and µ2 are {1, 2}, {1, 3}, {1, 4} and X.

On the other hand, as µ∗ = µ for {1, 2, 3}, {1, 3, 4}
and {1, 2, 4}, so are µ1 and µ2. But this implies that
µ1 and µ2 are in the set of capacities whose Möbius
transform m′ satisfies:

m′(1, 2)+ m′(1, 3) = 0.6
m′(1, 2)+ m′(1, 4) = 0.6
m′(1, 3)+ m′(1, 4) = 0.5

.

Since the determinant of the system is non-null, there
is only one solution for the values of m′(1, 2), m′(1, 3)
and m′(1, 4), and this solution is given by the values
of m∗.

Finally, as
∑

A⊆X m1(A) =
∑

A⊆X m2(A) =
∑

A⊆X m∗(A) = 1, we conclude that m1(X) =
m2(X) = m∗(X) = 0.15. Hence, µ∗ is an extreme
point of BC4(µ).

However, there is no order ≺ on P4
∗ (X) such that µ∗ =

µ
≺

. First, remark that if such an order exists, then X

is the last subset in the order ≺, as m∗(X) 6= 0.

The other subsets which need nonempty achievable
families are {1, 2}, {1, 3} and {1, 4}. On the other
hand, if the achievable family is nonempty, then there
is a subset A in it such that µ

≺
(A) = µ(A) by construc-

tion. For µ∗, the equality µ∗(A) = µ(A) is attained at:

Supersets of {1, 2} → {1, 2, 3}, {1, 2, 4}, X
Supersets of {1, 3} → {1, 2, 3}, {1, 3, 4}, X
Supersets of {1, 4} → {1, 2, 4}, {1, 3, 4}, X.

Suppose for example that {1, 2} ≺ {1, 3} ≺ {1, 4}.
In this case, neither {1, 2, 3} nor {1, 2, 4} belong to
A(1, 2), and µ∗ cannot be recovered. The same can be
done for the other possibilities. Therefore, µ∗ cannot
be obtained by this procedure.

7 Some results on the derivation of

vertices of BCk(µ) from the core

Let us now treat the problem from a different point of
view. Based on the results of Section 4, the following
can be proved:

Proposition 15 Let µ′ ∈
⋃

µ∗∈M
Λk
⊆,+

(µ) MΛk
⊇,+

(µ∗).

Then, there exists P ∈ MΛ1
⊆,+

(µ) such that m′ ∈

MΛk
⊇,+

(P ).



Corollary 1 Let µ′ be in the conditions of Proposition
15. Then,

µ′ ∈
⋃

P∈C1(µ)

MΛk
⊇,+

(P ).

Corollary 2 Suppose µ′ ∈ BCk(µ). Then, µ′ ∈
⋃

P∈C1(µ) MΛk
⊇,+

(P ).

However, it is not true that any extreme point of
BCk(µ) can be obtained through Λk

⊇,+ from a suitable
extreme point of the core, as next example shows.

Example 5 Let us consider |X | = 4 and the belief
function µ whose Möbius transform is given by:

m(i) = 0.1, m(i, j) = 0.1, ∀i, j ∈ X,

and m(A) = 0 otherwise. Consider now µ∗ whose
Möbius transform is given by

m∗(i) = 0.2, ∀i ∈ X, m∗(X) = 0.2,

and m∗(A) = 0 otherwise. It is easy to check that µ∗ ≥
µ. Note that µ∗ cannot be generated by any extreme
probability, as if P is a vertex of BC1(µ), we know that
P is determined by a permutation σ on X. If i is the
first element according to σ, it is P (i) = m(i) = 0.1,

and then, m∗(i) = 0.2 cannot be generated from m(i).

Finally, it can be shown that µ∗ is a vertex of BC4(µ).
To see this, it suffices to remark that if µ∗ = αµ1 +
(1 − α)µ2, for some µ1, µ2 ∈ BC4(µ), it follows that
m1(A) = m2(A) when m∗(A) = 0. Moreover, µ∗(A) =
µ(A) if |A| ≥ 3, and thus, so are µ1 and µ2. However,
the only measure satisfying these two conditions is µ∗.

Consider µ ∈ BEL(X). We already know by Corollary
2 that any µ∗ ∈ BCk(µ) can be obtained from the set
of dominant probabilities. On the other hand, as re-
marked in Section 4, BC1(µ) = MΛ1

⊆,+
(µ). Moreover,

this set is a convex polytope whose vertices are the
marginal worth vectors. We can obtain some vertices
of BCk(µ) through the following result:

Proposition 16 Let µ∗ be the Möbius transform of
an extreme point m∗ of MΛk

⊇,+
(P ) ∩ BCk(µ), with P

an extreme point of BC1(µ). Then, µ∗ is an extreme
point of BCk(µ).
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