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Abstract

We study the notion of conditional rela-
tive importance in a quantitative framework.
This is an important notion in the context of
the Choquet integral since this latter is usu-
ally motivated by this decisional behavior. A
systematic investigation on generalizations of
the Choquet integral is performed. The de-
termination of the utility function is central
in this analysis.

Keywords: Multiple criteria analysis, Cho-
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1 Introduction

In Multiple Criteria Decision Aiding (MCDA), it is
very seldom that an option dominates the other ones
over all or most of the decision criteria. The selection
of the best option is often performed by prioritizing the
criteria. However, the semantics of the prioritization
depend on the framework that is considered. We are
interested here in options that are a good compromise
between the criteria. More precisely, we look for com-
pensation between criteria, that is that well-satisfied
criteria can compensate ill-satisfied ones. It is well-
known that quantitative Multi-Attribute Utility The-
ory (MAUT) [11] models such as weighted sums are
the best suited for representing compensation. The
prioritization of the criteria is then performed, based
on the notion of “relative importance” of one or several
criteria compared to other ones.

Yet, simple models such as the weighted sum are not
always sufficient. The decision model has indeed to be
rich enough to model the decisional behaviors of the
decision maker. This view tends to imply the use of
very elaborate models. Two trends have been recently
observed. Linear aggregation functions are often not
satisfactory, in particular due to the existence of inter-
action between criteria. Veto or favor are examples of
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extreme interaction. This has lead to the introduction
of the Choquet integral as an aggregation function in
MCDA. Another complexity is the possible existence
of a special element on the scale, called neutral ele-
ment, such that the decision behaviors are quite dif-
ferent for values above or below this element. Bipolar
aggregation functions must then be used in such situ-
ations.

Bi-capacities have been introduced in MCDA for tak-
ing into account both interaction between criteria and
bipolarity. More generally, bi-capacities are supposed
to represent bipolar decision strategies, i.e. decision
strategies which are not the same when the value of
an attribute is above or below the neutral element.

We investigate in this paper two particular decision be-
haviors: bipolar conditional relative importance, and
bipolar veto. Such strategies are very interesting for
two reasons. The first one is that these behaviors are
usually easier to obtain from a decision maker than
quantitative preferential information. In some cases,
the decision maker can naturally express statements
of this kind. The second one is that we want to make
an in-depth analysis of bipolar conditional relative im-
portance and investigate its close link with interaction
between criteria.

The two decision strategies that are considered here
are described in Section 2 and motivated by examples.
The qualitative and quantitative notion of indepen-
dence and conditional relative importance are given
in Section 3. The definition of bipolarity and of the
Choquet integral is recalled in Section 4. The repre-
sentation of the first bipolar behavior, which is con-
ditional relative importance, is investigated in Section
5. A general analysis of this behavior under piecewise
linear aggregation is performed. We present a general
framework for the construction of utility functions. It
is shown that the bipolar conditional relative impor-
tance cannot be strictly satisfied by any piecewise lin-
ear aggregation function. However, by relaxing this
decision behavior, the non-representation result disap-



pears. It turns out that the Choquet integral w.r.t. a
bi-capacity can represent that relaxed decision behav-
ior, whereas the Choquet integral w.r.t. a usual capac-
ity cannot. Finally, Section 6 presents an analysis of
the bipolar veto decision behavior.

2 Two examples of decision strategies

2.1 Bipolar conditional relative importance

Consider the situation of financial analysts in a bank
that would like to decide on customers credit grant-
ing. Three factors have been retained: the debt ratio
(denoted by D) given in %, an indicator P reflecting
the behavior of the customer in the past (for instance
the number of late payments) and the capital contri-
bution ratio (denoted by C) given in %. The main
factor (i.e. the most important one) is the debt ratio
D. However, the preference of the analysts over P
and C is not so simple. For a customer that has an
attractive debt ratio, the contribution rate is not so
important so that P is more important than C. On
the other hand, for a customer that has a bad debt ra-
tio, there is relative substitutability between D and P
so that the analysts hopes at least that the contribu-
tion ratio is good. Hence, C' becomes more important
than P.

Let us give another example. Consider the director of
a university that decides on students who are applying
for graduate studies in Economics on the basis of an as-
sessment of their skills in Mathematics (M), Statistics
(S) and Languages(L). The director feels that Math-
ematics is the most important criteria. However, his
preference over S and L is not that simple. There is a
relative substitutability between M and S. Hence, for
an applicant good in Mathematics, the director prefers
if he is furthermore good in L than if he is also good
in S, so that L is more important than S in this case.
On the contrary, for candidates bad in Mathematics,
the director hopes they are at least good in S since the
director basically looks for applicants with strong sci-
entific background. Hence, S becomes more important
than L.

The previous two examples exhibit the same decisional
pattern, in which the relative importance of one at-
tribute £+ compared to another one k= may depend
on the value of a third attribute k& being good or bad.
This type of behavior is called “conditional relative
importance”. One can express the statement of this
behavior as follows.

(S1): If the value w.r.t. criterion k is very
well-satisfied, then criterion &% is more im-
portant than criterion £~. If the value

w.r.t. criterion k is very ill-satisfied, then cri-
terion kT is less important than criterion k~.

Such statements are often intuitive for actors. The
Choquet integral has been shown to represent this type
of statement [7]. The relative importance of criteria
kT and k™ is specified in statement (S1) only for the
two extreme levels of performance (very good and very
bad respectively) on criterion k. One wonders what
happens for intermediate values on criterion k. One
should whenever possible specify the preferences be-
tween criteria k¥ and k= for all values of criterion
k. A generalization of statement (S1) is the following
one :

(S2):
satisfied”, then criterion k* is more impor-
tant than criterion k~. If value w.r.t. crite-
rion k is “ill-satisfied”, then criterion kT is
less important than criterion k™.

If value w.r.t. criterion k is “well-

In the previous statement, the values judged as well-
satisfied and ill-satisfied are supposed to form a par-
tition of the scale. There thus exists on attribute k£ a
particular element called “neutral element” such that
better elements are considered as well-satisfied and
worse elements are considered as ill-satisfied for the
actor. Hence, the scale underlying the criterion k is of
bipolar nature. The classical Choquet integral fails to
represent (S2) [8, 14].

2.2 Bipolar veto

The engineering of complex systems is a difficult task
since all components of the system interact together
in a hard-to-predict way. An analysis of each compo-
nent separately is not enough. There are many con-
sequences that have to be analyzed when considering
a system as a whole. Some of these aspects concern
the measure of the performance on the system. This
often requires large simulations run on several scenar-
ios. The indicators on which the analysis of the re-
sults of the simulations is performed are called metrics.
They correspond to the so-called functional criteria.
On the other hand, there are also non-functional crite-
ria, i.e. criteria that can be assessed without the use of
these simulators. One can mention for instance, acqui-
sition and possession costs, and the technical readiness
levels of the components of the system.

The functional criteria often correspond to fuzzy re-
quirements given by the customer. Hence, if the
functional criteria are ill-satisfied, then the customer
will be ill-satisfied whatever the value on the non-
functional attributes. This means that the functional
criteria behaves like a veto. Now, when the functional
criteria are well-satisfied, the customer now seeks for



systems that also have good figures in non-functional
parts. Hence there is compensation between the func-
tional and the non-functional criteria. Assuming that
the functional criteria have been gathered in one at-
tribute denoted by z g, and that all non-functional cri-
teria have been gathered in one attribute zxpr, we ob-
tain the following rule.

(R1): If the value w.r.t. criterion kp is “ill-
satisfied”, then criterion kp is a veto. If the
value w.r.t. criterion kp is “well-satisfied”,
then criterion kyp can compensate kp.

3 Representation of the preferences

3.1 Construction of the preferences on each
attribute

Consider a problem of selecting one option among sev-
eral, where each option is described by several at-
tributes. N = {1,...,n} is the set of attributes and
the set of possible values of attribute i € N is denoted
by X;. Options are thus elements of the product set
X := X1 X -+ x X,,. The preferences of the DM over
the options can be described by a preference relation
= over X. For x,y € X, x = y means that z is at least
as good as y according to the DM.

Considering two acts z,y € X and S C N, we use the
notation (xg,y_g) to denote the compound act w € X
such that w; = x; if i € S and y; otherwise. Likewise,
options (zg, yr, 2—sur) denotes the compound act w €
X such that w; = x; ifi € S, w; = y; if i € T, and
w; = z; otherwise.

Representing > by a numerical or graphical model
demands to address two issues: the preferences over
each attribute and the aggregation of these prefer-
ences. Speaking of a preference relation focusing only
on one attribute implies that the other attributes could
have been removed. The existence of a preference re-
lation on each attribute classically relies on weak sep-
arability [12].

Definition 1 A relation = is said to be weakly sep-
arable if for every i € N, and for all z;,x} € X,,
YNGR Y iy € XN\
(i, y—i) = (2}, y—i)
= (zi,y) = (¢h, ) -

Then, for ¢ € N, the marginal preference relation »;
on attribute ¢ is defined on X; as follows

Ti mi Y =
Vangy € Xy s (@i 2-) = (Y, 2—4) -

This property can be interpreted as a weak indepen-
dence between attributes. This assumption is essen-
tial for quantitative models based on an overall utility
function. From [12], = can be represented by functions
u;: X; —Rand F:IR" - IR :

rry < Ur)>U(y) (1)

where

U(z) = F(ui(z1), - -, un(zn)) (2)
iff > is a weak order, is weakly separable and satisfies
a technical topological assumption.

There are representations in which the weak-
separability assumption is relaxed. Weak separability
implies that the elements of an attribute can be ranked
independently of the values w.r.t. the other attributes.
One can indeed say that z; € X is preferred to z} € X;
“everything else being equal’ (or “Ceteris Paribus”),
that is if (2;,y-) = (2}, y—:) for any yn\ iy € Xn\(a)-
However, it may happen that the partial preferences
over an attribute ¢ € N are conditional on the value
of some other attributes. This leads to generalizing
Definition 1, yielding the notion of partial preferential
independence [11].

Definition 2 Let S C N. Attribute 1 C N s
said to be conditionally preferentially independent
of N\ (S U {i}) for S if for all x;,2; € X,

3

YN\(SULN Y (sugiy) € Xn\sugy) and zs € X,

(i, 25, Y—(suah) = (@5, 28, Y—(sugip))
— (zh'ZS»y/_(SU{i})) = (xévz&y/_(SU{i})) .

Given an attribute ¢, we denoted by Pa(i) C N \ {i}
the attributes under which the partial preferences over
an attribute i € N depend. We note tfp"‘(i) on X; as
follows
T ifpa(i) Yi

VEN\(Pa(i)u{i}) € XN\(Pa(i)u{i})

(4, 2Pa(i), t—(Pa(i)ufi})) = Wis 2Pa(i), t—(Pa(i)ufi}))

A Conditional Preference network (CP-net in short) is
a network of conditional preferences on the attributes.
It is defined as follows [1].

Definition 3 A CP-net over attributes N is a di-
rected graph G over N whose nodes are annotated with
conditional preference tables. For a node i € N, Pa(i)
is the set of all antecedents of i in the graph. The
conditional preference table for i is composed of the
conditional preferences =; " over X; for all zp, €
XPafi)-

This defines a qualitative representation of > that is
compact.



3.2 Aggregation of the preferences on each
attribute

From a knowledge of only the preferences with respect
to each attribute separately, one is interested in all the
preference relation compatible with this a priori infor-
mation. If > is assumed to satisfy weak separability,
the least specific preference relation compatible with
>, is the Pareto ordering relation

T Zpareto Y > VIEN, =y

Most of the interesting couples of options of X are in-
comparable according to the ordering. In CP-nets, one
looks for the preference relations that are compatible
with a given CP-net. Depending on the graph struc-
ture, usually there are also many couples of options
that are incomparable.

In order to reduce the number of incomparabilities in
the preference relation, information on how to com-
bine several attributes together must be added. Look-
ing at Definition 2, one sees that it is not sure that
an actor can compare two options that are not equal
on all attributes except one. This is quite restrictive.
This is why CP-nets have been extended to allow more
general preference representations than conditionally
preferentially independence. The extension is called
Tradeoff CP-nets (TCP-nets in short) [3]. The notion
of qualitative importance between two attributes is in-
troduced in this formalism. Attribute i € N is said to
be more important than attribute j € N (we note i)
iff

Vwn iy € Xa\figy > Vi, ¥ € Xy, Vz4,t5 € X

. w i
with x; - NA\{i,j} Yi

(T, 25, W\ (ij}) = (Wi b, W fi5} )

In other words, when ¢ is more important than j,
this implies that, for two options differing only on at-
tributes ¢ and j, one prefers the options that has the
preferred value on attribute ¢ whatever the value on
attribute j.

An attribute can be more important than an another
one, depending from the value w.r.t. some other at-
tributes. This leads to the notion of conditional rela-
tive importance between attributes. Attributei € N is
said to be more important than attribute j € N given
vs € Xg (we note i >¥S j), with SN {i,5} =0, iff

Ywa (sufi,j}) € XN\(su{ig)) » VTi, ¥i € X5,
VZj,tj S Xj Wlth €Z; EEUS’wN\(SU{i‘j})) Yi
(T4, 25, V5, W_(sU{i5})) = (Yir b, Vs, W_(sUL4,5}))

One can have for instance i >YS j for some vg € Xg
. / .
and j>Ys ¢ for some other vy € Xg.

There is no compensation in the previous qualita-
tive notion of relative importance. For instance, if
1>2p>--->n, then > is the lexicographic ordering. In
a quantitative setting, the relative importance of a cri-
terion in an aggregation function F' is clearly defined
when F is a weighted sum F(s1,...,8,) = Y p_; WkSk,
where all weights wy are non-negative and they sum
up to one. The importance of criterion k is then its
associated weight wy. More generally, if F' is contin-
uous piecewise linear, then there exists a partition of
IR" such that F' is a weighted sum on each domain of
the partition. The importance of a criterion is thus de-
fined in each domain as its relative weight. Since any
smooth function can be approximated by continuous
piecewise linear functions, this leads to defining the
importance of criterion k at point s € IR" as the par-
tial derivative %(3) (since the weight of criterion k
in the continuous piecewise linear approximation con-
verges to %(s) when the size of the mesh describing
the approximation tends to zero). Yet, this interpre-
tation is not so simple for an actor.

So, we will stick to continuous piecewise linear aggre-
gation functions so that the notion of relative impor-
tance clearly makes sense to the DM. He can indeed
elicit a statement such as (S2) only if the notion of
relative importance is clear to him. From a mea-
surement standpoint [12], piecewise linearity is derived
from the property of invariance to linear changes of the
scales [14]. The weight of criterion [ at point s € Q is
denoted by w;(s):

F(s) = Zwl(s) sy,

leN

where w;(s) is piecewise constant. These weights are
said to be normalized if, for any s, they are non-
negative and sum up to one.

A piecewise linear function F is characterized by a
partition ®(F) of IR™ on which F' is a weighted sum
on each element of the partition. Hence

B(F) = {@},...,@ﬁ‘”}

where forall [ € {1,...,¢(F)}, there exists normalized
1 L
weights wf)F, . ,wg}F such that one has, for all s €
1
L, F(s) =Y jen w;fF sk. The partition is unique if
each subset ®%. is connected and

e l 4

L NP £ — FkeN, wr £w, " . (3)
Criterion ¢ is said to be more important than j rela-
tively to point v € IR™ if

o, oL
w; > U)j

l
where v € ®F.



4 Bipolarity and Choquet integral

In this paper, we are interested in the quantitative
model (1). The notion of relative importance in quan-
titative models implies that the attributes must be
made comparable. Let us consider indeed the follow-
ing relation

(‘,Eiayé'a Z*{l,‘]}) ~ (l’;,y],zf{l,]})

where z; # z} and y; # y;. The previous relation
expresses that the change from x; to z} on attribute
i is similar to the change from y; to y; on attribute
j. In order to be able to say that the criteria ¢ and
j have the same importance, the change from z; to
a} on attribute ¢ shall represent the same difference of
satisfaction as the change from y; to y; on attribute j.
In other word, one can define the notion of importance
of criteria only once the attributes have been make
commensurable.

Since the aggregation functions we use are based on
sums, the utility functions must be constructed as in-
terval scales [12].

4.1 Bipolar and unipolar scales

It may exists in X} a particular element or level Oy,
called neutral level, such that if xp > Ok, then xj is
considered as “good”, while if xp <j O, then xj is
considered as “bad” for the actor.

Such a neutral level exists whenever relation >=; cor-
responds to two opposite notions of common lan-
guage. For example, this is the case when =; means
“more attractive than”, “better than”, etc., whose
pairs of opposite notions are respectively “attractive-
ness/repulsiveness”, and “good/bad”. By contrast, re-
lations “more satisfactory than”, “more allowed than”,
“belongs more to category C' than” do not clearly ex-
hibit a neutral level.

A scale is said to be bipolar if X contains such a
neutral level. A wunipolar scale has no neutral level.
As an example, preference statement (S2) implies that
criterion 7 is of bipolar nature.

4.2 Aggregation of unipolar scales

A capacity [4], also called fuzzy measure, is a set func-
tion v : 2V — TR satisfying v(0) = 0, v(N) = 1, and
A C B implies v(A4) < v(B). In MCDA, v(A) is in-
terpreted as the overall assessment of the binary act
(14,0_4).

The Choquet integral [4] defined w.r.t. a capacity v

has the following expression :
»8n) = SW(I)V(N)JFZ (8r(i) = Sx(i-1)) ¥ (Ar())

i=2
(4)
< Sem)s A =
., 5n € IRy. We also have

CU(Sl,...

Where 57‘-(1) S 37‘_(2) S
{m(i), -+ ,7(n)} and s1,..

CU(S) = Z 577(1’) [V(Aﬂ.(i)) — V(Aw(i—i-l))] .

Clearly, the Choquet integral w.r.t. a capacity is con-
tinuous piecewise linear. Moreover, one has

o (Cy) = {Qr , ™ permutation on N}

where Qr = {s € R™, 57(1) < Sx(2) <+ < Sy }-

4.3 Aggregation on bipolar scales

The Choquet integral has a natural extension to bipo-
lar scales. The limitation of the Choquet integral
w.r.t. capacities is that the overall evaluation at any
point is computed from information coming only from
the attractive part (i.e. the parameters of the capac-
ity correspond to the overall assessment of the positive
binary acts (14,0_4)). Hence, the notion of capacity
is not suited to deal with real bipolar scales. The idea
is thus to generalize the notion of capacity. Let

O(N) = {(A,B) e P(N) x P(N) | AN B =0} .

A bi-capacity [8, 14] is a function p : Q(N) — R
satisfying u(0,0) = 0, u(N,0) = 1, p(@,N) = —1,
A C A" implies u(A, B) < p(A4’, B), and B C B’ im-
plies u(A, B) > pu(A, B’). The last two properties de-
pict increasing monotonicity. In MCDA, u(A, B) is
interpreted as the overall assessment of the ternary
act (1a,—15,0_4uB)-

The Choquet integral w.r.t. a bi-capacity p proposed
in [8] is now given. For any A C N, s € X4,

BCu(s) :==Cy (sa,—s-a) = Cy (|s])

where v(C) = p(CNAC\A) and X4 =
{s€R" ,s4 >0,s_4 <0}. Let 7 be a permutation
such that [s; ()| < ... <[sy|, and

Aj(i) ={r(@),---,7(n)}NA
={7(j) , j > iand s,(; > 0} ,

Ay = {70+ 7} A (V' A)
= {7'(_]) , j > 1and Srj) < 0} .



Then one can write

n

BCy(s) :Z |ST(i)|
=1
(AT Ay) = ATy A )

Clearly, the Choquet integral w.r.t. a bi-capacity is
continuous piecewise linear. Moreover, one has

®(BC,) ={Q4,r, AC N and 7 permutation on N}

where Q4 = {s €Za, s,y < ... < [srm}-

5 Representation of Statement (S2)
by an aggregation function

5.1 Construction of the utility functions

As we have seen in Section 4.1, statement (S2) clearly
exhibits a bipolar behavior on criterion k. Due to
commensurateness between the criteria, all criteria are
considered as bipolar. Statement (S2) shows that
there are interaction between criteria in preference
relation over options. The construction of the util-
ity functions wu; is thus more complex than for the
case where all criteria are independent (see for in-
stance the wtility independence assumption [11]). Util-
ity functions w; have a priori no intrinsic meaning,
and only make sense through the overall utility U
thanks to (2). When all criteria are independent,
U(zi,z—i) = F(ui(z;),u_i(2—;)) and u;(z;) are two
equivalent interval scales for any z_; € X_; fixed. This
relation gives a sense to u;. In this relation, the pres-
ence of z_; is not essential so that u; can be considered
as a utility representation of a preference relation over
attribute X; all else being equal (i.e. the value w.r.t. the
other attributes being fixed to any value). The util-
ity functions can thus be considered and constructed
separately.

When there are some interactions among criteria, the
“all else being equal” assumption does not hold any-
more. The choice of the reference z_; from which the
utility function is constructed becomes essential. For
a given z_;, if the following assumption

ANe{l,....o(F)}, Vo, € X;
(ui(zi),u—i(2—;)) € D% (6)

holds then the utility function u; can be constructed
as for the weighted sum since the options used in the
construction of u; remain in the same domain ®4, of
linearity of F. Hence F' does not alter the perception
of w; through U(z;, z—;). For instance, if F' is a Cho-
quet integral w.r.t. a capacity, z_; is considered at ei-
ther the lowest or the highest satisfaction level on each

attribute ! # 4 [13]. These two extreme values corre-
spond to two reference levels. If F' is a Choquet inte-
gral w.r.t. a bi-capacity, the attractive and repulsive
parts of u; must necessarily be constructed separately
in order to have (6) (see the end of Section 4.3). The
neutral level becomes an essential point in the con-
struction of utility functions. Apart from the neutral
level, one reference level is required on the attractive
part and the repulsive one in order to normalize the
scale. Hence three reference levels are necessary [14].

The actor is first asked to identify on each attribute X;
a neutral element 0; that is considered as neither good
nor bad [16]. Since statement (S2) clearly relies on the
existence of such level on attribute k, one can assume
that the actor who provides (S2) can identify the value
of 0i. We assume here that this neutral element can
also be identified on the other attributes. It is assumed
furthermore that there exists an element denoted by
1; that is considered as good and completely satisfac-
tory, even if more attractive elements could exist on
this point of view [13]. The existence of such reference
level comes from the theory of satisficing bounded ra-
tionality [17]. We assume finally that there exists an
element denoted by —1; that is considered as bad and
unsatisfactory. Element —1; is somehow symmetric
to 1;. More precisely, —1; corresponds to the same
level of appreciation in the repulsive scale than 1; in
the attractive scale. All levels have the same absolute
meaning throughout the criteria, so we impose:

Ul(fll) = = Un(f]-n) =-1 3
ul(Ol) = :Un(on) =0,
ui(ly) =+ =uy(l,) =1

Since the attractive and repulsive values refer to dif-
ferent affect stimuli [18], it may be more appropri-
ate to construct separately the positive and the neg-
ative parts of the partial utility functions in order to
make the actor compare attractive values with repul-
sive ones. If F' satisfies for all 1 € N

3l€{1,,¢(F)}, Vslzo (si,O,i)GCI)% 7

then one can construct the utility function w; from

U(Ii, 071) .

U
Vo, =3 0;, ui(x;) = 7

Va; =i 0;, ui(x;) =

Relation (7) is satisfied by the Choquet integral w.r.t. a
bi-capacity.

5.2 General analysis of rule (S2)

Rule (S2) can be stated in the more precise form



(S2°): If the value w.r.t. criterion k is attrac-
tive (i.e. zx = Of) then criterion kT is more
important than criterion k~. If the value
w.r.t. criterion k is repulsive (i.e. z <j Of)
then criterion k7 is less important than cri-
terion k.

Aggregation functions are henceforth assumed to be
continuous since a slight modification in the argument
shall also result in a slight change in the overall util-

ity [6].

Theorem 1 shows that statement (S2”) cannot be thor-
oughly modeled in all situations. Some restrictions will
thus be made. One can show the following result.

Theorem 1 There does not exist any continuous and
piecewise linear aggregation function F, for which
statement (S2°) is satisfied.

Let R, ={seR", 5, >0}, R"; ={s € R", s; <
0} and Ryy; = {s € R™, s; = 0}. More precisely, let
&t &~ € ®(F) such that d+ C R"}; and &~ C IR",.
Assume that T := @+ N®— £ . IfT C R, is parallel
to the azis of criteria k™ and k™, then statement (S2)
cannot be satisfied in both ®T and ®~.

Under the condition of the previous theorem, the vari-
ables sp+ and si- are free on the boundary I', even
though criterion k vanishes. The following Corollary
provides a special case of this relation between criteria
k kv k™.

Corollary 1 Assume that the domains of ®(F') corre-
spond to that of a bi-capacity, i.e. ®(BC). If criterion
k is the one closest to the neutral level among criteria
k,kT, k™, then the weights of criteria k= and k* are
not conditional on the fact that criterion i is attractive
or repulsive (i.e. statement (S2°) cannot be satisfied).

The result of Theorem 1 is not true when F' is not con-
tinuous piecewise linear. Consider indeed the following
nonlinear aggregation function

1+ s

Fls) = —

1
X8k++§><8k—.

Then the weight of criterion ;¥ is 8‘2%(3) = L5k and
oF

that of criterion k™ is 52— (s) = 1. Hence, statement,
A
(S2?) is perfectly satisfied by F.

Theorem 1 can be interpreted in the following way.
This result states that when x;, is close to the neutral
level 0, (relatively to criteria k™ and k™), the relative
preference of the actor over criteria k* and k£~ is not
so clear. This is a hesitation area.

Let us show as an example that bi-capacities satisfy
to the restriction imposed by the previous corollary.
By (5), when the scores w.r.t. criteria are all different
in absolute value, the weight of criterion [ for an act
s € Q for a bi-capacity p is given by

wy(s) =
1% ({l} U Cl+<3)v Cli (5)) — K (CFL (S), Cf (3))
if s >0

1 (CH(s), {1} U Cr (5))
if ;<0

where

Cii(s)={m#1, sm >0and [s,] > |s|}
and

Cr(s) = {m #1, sm < 0and [su] = |sil} -

If |s;| < |si| theni & C;" (s)UC; (s). Hence, if criterion
k is the one closest to the neutral level among criteria
k, kT k™, then k ¢ C’,; (s)UC,;(s) and k ¢ C;,(s) U
Ck_,(s). This means that wy+(s) and wy-(s) do not
depend on whether s > 0. Henceforth, (S2’) cannot
be modeled in this case. Now when |s;| > |s;|, then
i€ Cf(s)ifs; >0andi e O (s)if s; <0. Hence,
the weight w;(s) can change between the two cases
s; > 0 and s; < 0. As a consequence, one cannot
model (S2’) with a bi-capacity whenever criterion &

is the one closest to the neutral level among criteria
kkT k™.

We restrict (S2°) according to Theorem 1:

(S3): If the value w.r.t. criterion k is attrac-
tive (> 0), and k is not the one closest to the
neutral level among criteria k, kT, k™, then
criterion kT is more important than criterion
k—. 1If the value w.r.t. criterion k is repul-
sive (< 0), and k is not the one closest to the
neutral level among criteria k, kT, k™, then
criterion kT is less important than criterion
k™.

Let us give the requirements on a bi-capacity imposed
by the previous statement (S3). One has the following
lemma.

Lemma 1 There exists a bi-capacity such that the
corresponding Choquet integral satisfies to (S3).

We have shown in this section that the general state-
ment (S2) cannot be satisfied by a continuous piece-
wise linear aggregation function. We introduce then



a restriction of (S2) - namely (S3). Finally we have
seen that (S3) can be thoroughly fulfilled at least by
the Choquet integral w.r.t. some bi-capacity. It turns
out that there is no capacity such that its associated
Choquet integral satisfies statement (S2).

6 Representation of Statement (R1)
by an aggregation function

Consider Rule (R1). Rule (R1) becomes

wNF(UFaUNF) =0 ifup <O (8)
wNF(uFauNF) >0 ifup >0 (9)

The previous two relations cannot be satisfied when F'
is the Choquet integral w.r.t. a capacity. Indeed, if (8)
is satisfied with a Choquet integral, then (8) is satisfied
for all ur € IR such that up < unyp. A similar result
is obtained with (9).

Theorem 2 There does not exist any continuous and
piecewise linear aggregation function F, for which
statement (R1) is satisfied.

Moreover, one can show that the Choquet integral
w.r.t. a bi-capacity cannot do better than the Cho-
quet integral w.r.t. a capacity. Indeed, if (8) is satis-
fied with a Choquet integral w.r.t. a bi-capacity, then
(8) is satisfied for all up € IR such that up < unp.
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