A logic determined by commutative residuated lattices
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Abstract

We give an axiom system of a logic CRL
which is characterized by the class of com-
mutative residuated lattices. It has as ax-
iomatic extensions well-known logics, UL by
Metcalfe and Montanga (ML by Hohle, MTL
by Esteva and L.Godo, BL by Hajek). More-
over we show that in any CRL algebra, the
following four conditions (PL), (C1) + (Cs),
(EY) and (E3) are equivalent to each other in
CRL. This is a generalization of the results
proved in [5] and [6].

Keywords: commutative residuated lattice,
MTL, BL, UL

1 Introduction

Residuation is a fundamental concept of ordered struc-
tures and categories. So far algebraic researches with
residuations have done and are doing now for many
logics. This is a hot research field in many-valued logic,
especially. Many logics are characterized by the class
of algebras based on lattices which have residuations.
For example, propositional logic, intuitionistic logic,
Héjek’s BL (basic logic) and Lukasiewizc’s MV (many-
valued logic) are determined by the class of Boolean
algebras, Heyting algebras, BL-algebras and of MV-
algebras, respectively. All of these algebras have a
common base as algebras, lattices with residuations.
Thus, it is very important to develop logics in the view
point of residuations. Here we propose an axiom sys-
tem called CRL which completeness theorem will be
proved by the class of commutative residuated lattices.
The axiom system of the logic CRL has naturally in-
terpreted axioms, that is, all algebraic properties of
commutative residuated lattices are reflected directly
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to axioms of CRL. Thus, it is easy to prove the com-
pleteness theorem. Also it gives a uniform treat of
many other logics based on commutative residuated
lattices, in particular UL by Metcalfe and Montanga
([4]), ML by Héhle ([2]), MTL by Esteva and Godo
([1]), BL by Hajek ([3]), uniform based logic ([7]) and
SO on.

2 Logic CRL

We define a logic CRL here, which is determined by
the class of all commutative residuated lattices. Thus,
we name it CRL. The logic has a following language.

Propositional variables : pg, p1,p2, - -
Constants : F, L
Logical symbols : A,V,—, 0

A formula of CRL is defined as follows:

(1)
(2) Each constant is a formula;
)

(3) If A and B are formulas, then so are
ANB,AVB,A— B,AoB.

Every propositional variable is a formula;

Let ® = {po,p1,p2,--- } U{E, L} and ® be the set
of all formulas of CRL. A logical system CRL has the
following axioms and rules of inference:

Axioms

(Al) A-> AVB
(A2) AVB—-BVA
(A3) ANB— A
(Ad) ANB—-BAA
(A5) AoB—+BoA
(A6) Ao E — A
(A7) A—> AoE



(A8) L= A
(A9) A—-B)—»((B—=>0C)—>(A—=0))

Rules of inference

A-CB—->C A—-BA->C
) V550 B a5 EAC
A— (B—C0C) AoB—=(C
R B Y A =Y = e
A A—- B
MP) —F—

A formula A is called provable in CRL when there
is a finite sequence A, As,---,A(= A) (n > 1) of
formulas such that, for every i (1 <i < n),

(1) A; is an axiom;
(2) A;is deduced from A;, Ay (j,k < i) by
one of the rules of inference above.

By Forr A, we mean that A is provable in CRL. We
note that A — (L — 1) is provable for every for-
mula A in CRL. Thus we use a new symbol T as an
abbreviation of the formula 1 — L. Thus for every
formula A we have Fogrp A — T. It is easy to prove
the following.

Proposition 1. For all A,B,C € ®, we have

A—-B B-—C
(1) A—=C

(2) FA— A
(3) FAo(A— B)—> B

E— A A
(4) A 7 E—-A

(5) F(AoB)o(C — Ao (Bo()

(6) FAo(BoC)— (AoB)oC
A— B

(7) ANC - BAC

A— B

(8 AvC —-BvC

A— B
(9) AoC = Bo(C

A—B
(B—=>C)—=(A->0O)

(10)

A— B
N i e Ty

3 CRL algebra

We define an algebraic semantics of the logic CRL,
which gives a completeness theorem of CRL. By CRL
algebra (X,A,V,-,—,0,¢e,1), we mean the following
algebra

(1) (X,A,V,0,1) is a bounded lattice
(2) (X,-,e) is a commutative monoid with

unit element e

(3) For all z,y,2z € X, -y < z if and only if
T<y—z.

As to properties of CRL algebras, we have the follow-
ing.

Proposition 2. Let X be a CRL algebra.
x,y,z € X, we have

For all

(1)z<y < e<z—=yY

(2)x-(x—=y)<y

(8)x<y = z-2<y- 2, 231x<2>y, y—>2<
Tz

(4)e—z==

(5)x—>1=1

6)l -z<z

(7)e<0—zx

(8)1-1=1

(9) (xVy) z=(z-2)V(y-2)

Let X be a CRL algebra. A map v : &9 — X is called
a valuation on X and it can be extended uniquely to
the set @ of all formulas as follows:

(1) v(AAB)=v(4A
(2) v(AvB)=v(4
(3) v(A— B)=v(A) = v(B)
(4) v(AoB)=wv(A) - -v(B)

We denote the extended valuation v by the same sym-
bol v. It is easy to show that v(L) = 0,v(E) = e and
v(T) = 1. The following is easy to prove.

Lemma 1 (Soundness Theorem). For every formula
A, if Forr A then v(A) > e for any valuation v on
any CRL algebra X.

We use the well-known method called Lindenbaum-
Tarski algebra to prove the converse direction (Com-
pleteness Theorem) of the above. At first we define
a relation = on the set ® of formulas of CRL : For
A, Bed,

A=B < terr A— Band tgrr B— A



As to the relation =, we see directly from the propo-
sition 1 that

Lemma 2. = is a congruence on ®, that is, it is an
equivalence relation and satisfies the substitution prop-
erty : If A= B and C = D, then

ANC=BAD, AVC=BVD,
A—-C=B—-D, AocC=BoD

Since = is the congruence, we can define operations on

&/ =: For A, B € &, we define
[A]N[B] =[AA B],
[AJu[B] =[AV B],
[A] o [B] = [A 0 B],
[A] = [B] =[A — B],
0= [J-]a €= [E]) 1= [T]
Lemma 3. (®/ =,N,U,0,—,0,e,1) is a CRL alge-
bra.

We note that if Fogrp, A — B then [A] <
e < [4] — [B] in the CRL algebra ®/ =.

We define a valuation V* : &y — ®/ = as V*(p) = [p],
then we have V*(A) = [4] for every formula A of CRL.

Lemma 4. For any formula A € ®,

[B], that is,

Ferr A <= V*(4) >e in®/=

Proof. If - A, since - Ao E — A, then we have - A —
(E — A). It follows from assumption that - £ — A.
This means that e < [A].

Conversely, e < [A] implies F E — A. It follows from
proposition 1 that - A. O

From the above, we can prove the next theorem.

Theorem 1 (Completeness Theorem). Let A € ®.

Then we have

Forr A if and only if v(A) > e for every
valuation v : ®9 — X on any CRL algebra
X.

Proof. Suppose that v(A) > e for every valuation v :
&y, — X on any CRL algebra X. Thus, in particular,
we have V*(A) > e for the valuation V* on the CRL
algebra ®/ =. From the lemma above it follows that
A O

Next we consider relations between our logic and other
familiar logics, MTL, ML, UL and so on. The following
is the axiom system of MTL according to [4]:

Axioms:

(A— B) -~
AoB— A
AoB -3 BoA
AANB — A

( (B—=C)—
(
(
(
(MTL5) AAB—BAA
(
(
(
(
(

) (4—=0))
)
)
)
)
)

MTL6) Ao(A— B)— AAB

MTL7a) (A— (B—C)) > (AoB — ()
MTL7b) (AoB—C)— (A— (B—C(C))

MTL8) ((A— B)—=>C)—= (((B—A4) - C)—0C)
MTL9) L — A

Rules of inference
A A—- B
B

It is easy to prove that our logic CRL is equivalent
to the system MTL without (I) A — (B — A) and
(PL1) (A - B)Vv (B — A). That is, MTL is an
extension of our logic CRL with two axioms (I) and
(PL1). More accurately, we take CRL+(I)+(PL1) as
a logic which has extra axioms (I) A — (B — A) and
(PL1) (A — B)V(B — A) besides those of CRL. Then
we can show without difficulty that MTL is equivalent
to the logic CRL + (I) + (PL1), that is,

(MP)

|_MTL A if and Only if |_CRL+(I)+(PL1) A.

4 Extension of CRL logic

By adding some extra axioms to CRL according to
[5] and [6], we can consider interesting subvarieties of
the variety of commutative residuated lattices. We list
axioms to be added to CRL.

(I) A= (B~ A)
(PL1) (A — B)V (B — A)

(PL2) (EA(A— B))V(EA (B — A))

(C1) E = (A= B)V (B — A)

(C;) EA(AVB)—= (ENA)V(EAB)

(E,) (AAB—=C)— (A= C)V (B — ()
(E2) (A= BVC)— (A= B)V(A—C)
(PL) E = (EA(A— B))V(EA (B — A))

(Ef) (ANB - C)NE - (A - C)NE)V
C)NE)
(E3) (A—-> BVC)ANE - (A= B)ANE)V
C)ANE)

(B —

(A —

These axioms are correspond to the following condi-
tions, respectively.



I) e is the greatest element, that is, e = 1.
PL1) (a—=b)V(b—a)=1

PL2) (enN(a—Db)V(eA(b—a)) >e
Ci)e<(a—=bV(b—a)
Cy)eN(aVd) <(eAa)V
E)) (anb—c)<(a—c)V
E;) (a—=bVve)<(a—b)V
PLye<(eA(a— b))V
Ef) (anb—c)he<((a—c)Ae)V

(e AD)

) e
)
) (b—c)
)

(a —c)
(e A(b—a))

(b—=c)Ae)
N (a—=bVe)he< ((a—=b)Ae)V ((a—c)Ae)

(
(
(
(
(
(
(
(
(
(E
As the similar argument above, we see that the
monoidal logic ML (]2]) is the CRL logic with the extra
axiom (I), the monoidal t-norm logic MTL ([1]) is the
CRL logic with (I) and (PL1) and the uninorm logic
UL [4] is one with (PL2). We represent such situation
by the following informal form.

ML = CRL + (I)
MTL = CRL + (I) + (PL1)
UL = CRL + (PL2)

As to these axioms we have the following fundamental
result.

Proposition 3. For all formulas A, B, we have ForL
A= (B— A) ifand only if rorr, T — E .

From the above we see that ;7 A if and only if A is
valid on the class of all CRL algebras with the condi-
tion that e is the largest element, that is, e = 1 in the
lattice. It is similar to the other logics. Thus we have
completeness theorems of these other logics.

Theorem 2. Let A€ ® and o, -+ -
ditions {(I),(PL1),---
Then we have

, B be some of con-
, (EY), (E3)} described above.

FoRrL4{a,- 3} A if and only if v(A) > e for every
valuation v : &g — X on any CRL algebra X with the
corresponding conditions a, -+ , 3.

For the case of MTL (or UL) algebra, it is known ([5])
that all subdirectly irreducible MTL (UL)-algebras are
totally ordered. Thus it follows that the logic MTL
(UL) is characterized by the totally ordered MTL
(UL)-algebras, that is,

Furr A (Fur A) if and only if v(A) =1 (v(A) >e)

for every valuation v : &y — X on any totally ordered
MTL (UL) algebras X.

Moreover the class MTL of all MTL algebras is the
least distributive variety containing the class WL of
all CRL algebras with (Cy) (x = y)V (y — x) >

e. Indeed, let V be the class of all distributive CRL
algebras containing W.L. Since any algebra A in MT L
is distributive, it satisfies the condition (C3) e A (a V
b) = (e Aa) V (e Ab). Thus A satisfies (Cy) and (Cs).
It follows from the result in [5] that MTL C V.

As to the other conditions above, it is proved that

e Three conditions (C1), (E1) and (E2) are equivalent
to each other in CRL with (I) ([6]) ;

e Three conditions (C1), (E1) and (E,) are equivalent
to each other in CRL with (C2) ([5]).

We now show that

Theorem 3. The following four conditions (PL),
(Cy1) + (C2), (Ef) and (E}) are equivalent to each
other in CRL.

Proof. We only show that (PL) implies (EY). Since
the class of all CRL algebras with (PL) is the variety
whose subdirectly irreducible members are just totally
ordered CRL algebras ([5]), it is enough to show that
any totally ordered CRL algebra satisfies the condition
(E5). Simple calculation yields to the desired result.

O
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