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Abstract

The paper presents experimental comparison of
several resolution strategies for reasoning in
Fuzzy Description Logic based on Fuzzy Pred-
icate Logic with evaluated syntax. Resolution-
based reasoning is established on previous
works concerning non-clausal resolution prin-
ciple both theoretical and application-oriented
(FPLGERDS inference engine).
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1 Introduction

Description logic (DL) has been intensively studied and it
forms an interesting formalism for knowledge representa-
tion [3]. Its expressive power is sufficient for applications
like semantic web. On the other hand DL is relatively sim-
ple in contrast to the full First-order Logic (FOL) bringing
some significant properties like decidability. Fuzzy Pred-
icate Logic with Evaluated Syntax (FPL) [12] is a well-
studied and wide-used logic capable of expressing vague-
ness. It has a lot of applications based on robust theoretical
background. The knowledge representation itself doesn’t
lead to full applicable deductive system. It also requires an
efficient formal proof theory. Since DL is semantically a
subclass of FOL it may use various proved techniques like
tableaux algorithm. However the most widely applied res-
olution principle [4] brings syntactically several obstacles
mainly arising from normal form transformation. FPL is
associating with even harder problems when trying to use
the resolution principle. The solutions to these obstacles
based on the non-clausal resolution [2] were already pro-
posed in [8] and [7].

In this article we would like to present a natural integra-
tion of these two formal logical systems into Fuzzy De-
scription Logic (FDL). It leads to the refutational resolu-
tion theorem prover for FDL (RRTPFDL). FDL has been

presented in a simple form in [13] and in more general form
in [11] with strong computability and time complexity re-
sults. The article refers to some definitions from cited refu-
tational resolution theorem provers for DL (RRTPDL) and
FPL (RRTPFPL).

Another issue addressed in the paper concerns to the ef-
ficiency of presented inference strategies developed origi-
nally for the proving system. We show their perspectives
in combination with standard proof-search strategies. The
main problem for the fuzzy logic theorem proving lies in
the large amount of possible proofs with different degrees
and there is presented an algorithm (Detection of Conse-
quent Formulas - DCF) solving this problem. The algo-
rithm is based on detection of such redundant formulas
(proofs) with different degrees.

2 General resolution and unification
extensions for existentiality

For the purposes of (RRTPFPL) we will use generalized
principle of resolution, which is defined in the research re-
port [1]. There is a propositional form of the rule defined
at first and further it is lifted into first-order logic. We will
introduce the propositional form of the general resolution.

General resolution - propositional version
F [G] F ′[G]

F [G/⊥] ∨ F ′[G/>]
(1)

where the propositional logic formulas F and F ′ are the
premises of inference and G is an occurrence of a subfor-
mula of both F and F ′. The expression F [G/⊥]∨F ′[G/>]
is the resolvent of the premises on G. Every occurrence of
G is replaced by false in the first formula and by true in the
second one. It is also called F the positive, F’ the negative
premise, and G the resolved subformula.

The proof of the soundness of the rule is similar to clausal
resolution rule proof. Suppose the Interpretation I in which
both premises are valid. In I, G is either true or false. If G
(¬G) is true in I, so is F ′[G/>] (F [G/⊥]).



Revised version of the paper which forms the core of the
handbook [2] is closely related with notion of selection
functions and ordering constraints. By a selection func-
tions we mean a mapping S that assigns to each clause C
a (possibly empty) multiset S(C) of negative literals in C.
In other words, the function S selects (a possibly empty)
negative subclause of C. We say that an atom A, or a lit-
eral ¬A, is selected by S if ¬A occurs in S(C). (There are
no selected atoms or literals if S(C) is empty.) As an usual
ordering can be used lexicographic path ordering over a to-
tal precedence. But in this case the ordering is admissible
if predicate symbols have higher precedence than logical
symbols and the constants > and ⊥ are smaller than the
other logical symbols. It means the ordering is following
A �≡�⊃� ¬ � ∨ � ∧ � > � ⊥. The handbook also
addresses another key issues for automated theorem prov-
ing - the efficiency of the proof search. This efficiency is
closely related with the notion of redundancy.

If we want to generalize the notion of resolution and lift
it into first-order case we have to define first the notion of
selection function for general clauses. General clauses are
multisets of arbitrary quantifier-free formulas, denoting the
disjunction of their elements. Note, that we can also work
with a special case of such a general clauses with one ele-
ment, which yields to a standard quantifier-free formula of
first-order logic. A (general selection) function is a map-
ping S that assigns to each general clause C a (possibly
empty) set C of non-empty sequences of (distinct) atoms
in C such that either S(C) is empty or else, for all inter-
pretations I in which C is false, there exists a sequence
A1, ..., Ak in S(C), all atoms of which are true in I . A
sequence A1, ..., Ak in S(C) is said to be selected (by S).

We have to define the notion of polarity for these reasons
according to the handbook [2]. It is based on the follow-
ing assumption that a subformula F ′ in E[F ′] is positive
(resp. negative), if E[F ′/>] (resp. E[F ′/⊥]) is a tautol-
ogy. Thus, if F ′ is positive (resp. negative) in E, F ′ (resp.
¬F ′) logically implies E. Even it should seem that deter-
mining of the polarity of any subformula is NP-complete
(hard) problem, we can use syntactic criteria for this com-
putation. In this case the complexity of the algorithm is
linear (note that we base our theory on similar syntactic
criteria below - structural notions definition).

When trying to refine the general resolution rule for fuzzy
predicate logic and description logic, it is important to de-
vise a sound and complete unification algorithm. Standard
unification algorithms require variables to be treated only
as universally quantified ones. We will present a more gen-
eral unification algorithm, which can deal with existentially
quantified variables without the need for those variables
be eliminated by skolemization. It should be stated that
the following unification process doesn’t allow an occur-
rence of the equivalence connective. It is needed to remove
equivalence by rewrite rule: A ↔ B ⇔ [A → B] ∧ [B →

A].

We assume that the language and semantics of FOL is stan-
dard. We use terms - individuals (a, b, c, ...), functions
(with n arguments) (f, g, h, ...), variables (X, Y, Z, ...),
predicates(with n arguments) (p, q, r, ...), logical connec-
tives (∧,∨,→,¬), quantifiers (∃,∀) and logical constants
(⊥,>). We also work with standard notions of logical and
special axioms (sets LAx, SAx), logical consequence, con-
sistency etc. as they are used in mathematical logic.

Definition 1 Structural notions of a FOL formula
Let F be a formula of FOL then the structural mappings
Sub (subformula), Sup (superformula), Pol (polarity) and
Lev (level) are defined as follows:

F = G ∧H Sub(F ) = {G, H}, Sup(G) = Sup(H) = F
or F = G ∨H Pol(G) = Pol(F ) = Pol(H)
F = G → H Sub(F ) = {G, H}, Sup(G) = Sup(H) = F

Pol(G) = −Pol(F ), Pol(H) = Pol(F )
F = ¬G Sub(F ) = {G}, Sup(G) = F

Pol(G) = −Pol(F )
F = ∃αG Sub(F ) = {G}, Sup(G) = F
or F = ∀αG Pol(G) = Pol(F )
(α is a variable)

Sup(F ) = ∅ ⇒ Lev(F ) = 0, Pol(F ) = 1,
Sup(F ) 6= ∅ ⇒ Lev(F ) = Lev(Sup(F )) + 1
For mappings Sub and Sup reflexive and transitive clo-
sures Sub∗ and Sup∗ are defined recursively as follows:
1. Sub∗(F ) ⊇ {F}, Sup∗(F ) ⊇ {F}
2. Sub∗(F ) ⊇ {H|G ∈ Sub∗(F ) ∧ H ∈ Sub(G)},
Sup∗(F ) ⊇ {H|G ∈ Sup∗(F ) ∧H ∈ Sup(G)}

Example: A → B - Pol(A) = −1, Pol(B) = 1,
Lev(A) = 1

These structural mappings provide framework for assign-
ment of quantifiers to variable occurrences. It is needed
for the correct simulation of skolemization (the informa-
tion about a variable quantification in the prenex form).
Subformula and superformula mappings and its closures
encapsulate essential hierarchical information of a formula
structure. Level gives the ordering with respect to the scope
of variables (which is also essential for skolemization sim-
ulation - unification is restricted for existential variables).
Polarity enables to decide the global meaning of a variable
(e.g. globally an existential variable is universal if its quan-
tification subformula has negative polarity). Sound unifica-
tion requires further definitions on variable quantification.
We will introduce notions of the corresponding quantifier
for a variable occurrence, substitution mapping and signif-
icance mapping (we have to distinguish between original
variables occurring in special axioms and newly introduced
ones in the proof sequence).

Definition 2 Variable assignment, substitution and sig-
nificance
Let F be a formula of FOL, G = p(t1, ..., tn) ∈ Sub∗(F )
atom in F and α a variable occurring in ti. Variable map-
pings Qnt(quantifier assignment), Sbt (variable substitu-
tion) and Sig(significance) are defined as follows:



Qnt(α) = QαH,whereQ = ∃ ∨ Q = ∀,H, I ∈
Sub∗(F ), QαH ∈ Sup∗(G),
∀QαI ∈ Sup∗(G) ⇒ Lev(QαI) < Lev(QαH).
F [α/t′] is a substitution of term t′ into α in F ⇒ Sbt(α) =
t′.
A variable α occurring in F ∈ LAx ∪ SAx is significant
w.r.t. existential substitution, Sig(α) = 1 iff variable is
significant, Sig(α) = 0 otherwise.

Example: ∀x(∀xA(x) → B(x)) - Qnt(x) = ∀xA(x), for
x in A(x) and Qnt(x) = ∀x(∀xA(x) → B(x)), for x in
B(x).

Note that with Qnt mapping (assignment of first name
matching quantifier variable in a formula hierarchy from
bottom) we are able to distinguish between variables of the
same name and there is no need to rename any variable. Sbt
mapping holds substituted terms in a quantifier and there
is no need to rewrite all occurrences of a variable when
working with this mapping within unification. It is also
clear that if Qnt(α) = ∅ then α is a free variable. These
variables could be simply avoided by introducing new uni-
versal quantifiers to F. Significance mapping is important
for differentiating between original formula universal vari-
ables and newly introduced ones during proof search (an
existential variable can’t be bounded with it).

Before we can introduce the standard unification algo-
rithm, we should formulate the notion of global universal
and global existential variable (it simulates conversion into
prenex normal form).

Definition 3 Global quantification
Let F be a formula without free variables and α be a vari-
able occurrence in a term of F .

1. α is a global universal variable (α ∈ V ar∀(F )) iff
(Qnt(α) = ∀αH
∧Pol(Qnt(α)) = 1) or (Qnt(α) = ∃αH ∧
Pol(Qnt(α)) = −1)

2. α is a global existential variable (α ∈ V ar∃(F )) iff
(Qnt(α) = ∃αH
∧Pol(Qnt(α)) = 1) or (Qnt(α) = ∀αH ∧
Pol(Qnt(α)) = −1)

V ar∀(F ) and V ar∃(F ) are sets of global universal and
existential variables.

Example: F = ∀y(∀xA(x) → B(y)) - x is a global exis-
tential variable, y is a global universal variable.

It is clear w.r.t. skolemization technique that an existential
variable can be substituted into an universal one only if all
global universal variables over the scope of the existential
one have been already substituted by a term. Skolem func-
tors function in the same way. Now we can define the most
general unification algorithm based on recursive conditions
(extended unification in contrast to standard MGU).

Definition 4 Most general unifier algorithm
Let G = p(t1, ..., tn) and G′ = r(u1, ..., un) be atoms.
Most general unifier (substitution mapping) MGU(G, G’) =
σ is obtained by following atom and term unification steps
or the algorithm returns fail-state for unification. For the
purposes of the algorithm we define the Variable Unifica-
tion Restriction (VUR).

Variable Unification Restriction

Let F1 be a formula and α be a variable occurring in F1,
F2 be a formula, t be a term occurring in F2 and β be a
variable occurring in F2. Variable Unification Restriction
(VUR) for (α,t) holds if one of the conditions 1. and 2.
holds:

1. α is a global universal variable and t 6= β, where β is
a global existential variable and α not occurring in t
(non-existential substitution)

2. α is a global universal variable and t = β,
where β is a global existential variable and ∀F ∈
Sup∗(Qnt(β)), F = QγG, Q ∈ {∀,∃}, γ is a global
universal variable, Sig(γ) = 1 ⇒ (Sbt(γ) = r′) ∈
σ, r′ is a term (existential substitution).

Atom unification

1. if n = 0 and p = r then σ = ∅ and the unifier exists
(success-state).

2. if n > 0 and p = r then perform term unification for
pairs (t1, u1), . . . , (tn, un); If for every pair unifier
exists then MGU(G, G′) = σ obtained during term
unification (success state).

3. In any other case unifier doesn’t exist (fail-state).

Term unification (t′, u′)

1. if u′ = α, t′ = β are variables and Qnt(α) =
Qnt(β) then unifier exists for (t′, u′) (success-state)
(occurrence of the same variable).

2. if t′ = α is a variable and (Sbt(α) = v′) ∈ σ then
perform term unification for (v′, u′); The unifier for
(t′, u′) exists iff it exists for (v′, u′) (success-state for
an already substituted variable).

3. if u′ = α is a variable and (Sbt(α) = v′) ∈ σ then
perform term unification for (t′, v′); The unifier for
(t′, u′) exists iff it exists for (t′, v′) (success-state for
an already substituted variable).

4. if t′ = a, u′ = b are individual constants and a = b
then for (t’,u’) unifier exists (success-state).

5. if t′ = f(t′1, ..., t
′
m), u′ = g(u′1, ..., u

′
n) are function

symbols with arguments and f = g then unifier for
(t′, u′) exists iff unifier exists for every pair (t′1, u

′
1),

..., (t′n, u′n) (success-state).



6. if t′ = α is a variable and VUR for (t′, u′) holds then
unifier exists for (t′, u′) holds and σ = σ∪ (Sbt(α) =
u′) (success-state).

7. if u′ = α is a variable and VUR for (u′, t′) holds then
unifier exists for (t′, u′) holds and σ = σ∪ (Sbt(α) =
t′) (success-state).

8. In any other case unifier doesn’t exist (fail-state).

MGU(A) = σ for a set of atoms A = {G1, . . . , Gk}
is computed by the atom unification for (G1, Gi), σi =
MGU(G1, Gi),∀i, σ0 = ∅, where before every atom unifi-
cation (G1, Gi), σ is set to σi−1.

With above defined notions it is simple to state the general
resolution rule for FOL (without the equivalence connec-
tive). It conforms to the definition from [1].

Definition 5 General ordered resolution with selection
for first-order logic (GRFOL)

F [G1, , ..., Gk] F ′[G′
1, ..., G

′
n]

Fσ[G/⊥] ∨ F ′σ[G/>]
(2)

where σ = MGU(A) is the most general unifier (MGU)
of the set of the atoms A = {G1, . . . , Gk, G′

1, . . . , G
′
n} ,

G = G1σ. For every variable α in F or F ′, (Sbt(γ) =
α) ∩ σ = ∅ ⇒ Sig(α) = 1 in F or F ′ iff Sig(α) = 1 in
Fσ[G/⊥]∨F ′σ[G/>]. F is called positive and F’ is called
negative premise, G represents an occurrence of an atom.
The expression Fσ[G/⊥] ∨ F ′σ[G/>] is the resolvent of
the premises on G.
and
(i) either G is selected by S in F ′, or else S(F ′) is empty,
G is maximal in F ′, (ii) atom G is maximal in F , and (iii)
F does not contain a selected atom.

Note that with Qnt mapping we are able to distinguish vari-
ables not only by its name (which may not be unique), but
also with this mapping (it is unique). Sig property enables
to separate variables, which were not originally in the scope
of an existential variable. When utilizing the rule it should
be set the Sig mapping for every variable in axioms and
negated goal to 1. We present a very simple example of ex-
istential variable unification before we introduce the refu-
tational theorem prover for FOL.

3 Fuzzy Predicate Logic and refutational
proof

The fuzzy predicate logic with evaluated syntax is a flex-
ible and fully complete formalism, which will be used
for the below presented extension [12]. In order to use
an efficient form of the resolution principle we have to
extend the standard notion of a proof (provability value

and degree) with the notion of refutational proof (refuta-
tion degree). Propositonal version of the fuzzy resolution
principle has been already presented in [6]. We suppose
that set of truth values is Łukasiewicz algebra. There-
fore we assume standard notions of conjunction, disjunc-
tion etc. to be bound with Łukasiewicz operators. It
is important that we assume that for every subformula
Sub, Sup, Pol, Lev, Qnt, Sbt, Sig and other derived prop-
erties defined in section 2 hold (where the classical FOL
connective is presented the Łukasiewicz one has the same
mapping value).

Definition 6 Evaluated proof, refutational proof and
refutation degree
An evaluated formal proof of a formula A from the fuzzy
set X ⊂∼ FJ is a finite sequence of evaluated formulas
w := a0

/
A0, a1

/
A1, ..., an

/
An such that An := A

and for each i ≤ n, either there exists an m-ary inference
rule r such that
ai

/
Ai := revl(ai1 , ..., aim

)
/
rsyn(Ai1 , ..., Aim),

i1, ..., im < n or ai
/
Ai := X(Ai)

/
Ai.

We will denote the value of the evaluated proof by
V al(w) = an.
An evaluated refutational formal proof of a formula A
from X is w, where additionally a0

/
A0 := 1

/
¬A and

An := ⊥. V al(w) = an is called refutation degree of A.

Definition 7 General ordered resolution with selection
for fuzzy predicate logic (GRFPL)

rGR :
a
/
F [G1, , ..., Gk], b

/
F ′[G′

1, ..., G
′
n]

a⊗ b
/
Fσ[G/⊥]∇F ′σ[G/>]

(3)

where σ = MGU(A) is the most general unifier (MGU)
of the set of the atoms A = {G1, . . . , Gk, G′

1, . . . , G
′
n} ,

G = G1σ. For every variable α in F or F ′, (Sbt(γ) =
α) ∩ σ = ∅ ⇒ Sig(α) = 1 in

F or F ′ iff Sig(α) = 1 in Fσ[G/⊥] ∨ F ′σ[G/>]. F
is called positive and F’ is called negative premise, G
represents an occurrence of an atom. The expression
Fσ[G/⊥]∇F ′σ[G/>] is the resolvent of the premises on
G.
and
(i) either G is selected by S in F ′, or else S(F ′) is empty,
G is maximal in F ′, (ii) atom G is maximal in F , and (iii)
F does not contain a selected atom.

Lemma 1 Soundness of rGR

The inference rule rGR for FPL based on LŁ is sound i.e.
for every truth valuation D,

D(rsyn(A1, ..., An)) ≥ revl(D(A1), ...,D(An)) (4)

holds true.

Definition 8 Refutational resolution theorem prover
Refutational non-clausal resolution theorem prover for



FPL (RRTPFPL) is the inference system with the infer-
ence rule GRFPL and sound simplification rules for ⊥, >
(standard equivalencies for logical constants). A refuta-
tional proof by definition 6 represents a proof of a formula
G (goal) from the set of special axioms N. It is assumed that
Sig(α) = 1 for ∀α in F ∈ N ∪¬G formula, every formula
in a proof has no free variable and has no quantifier for a
variable not occurring in the formula.

Definition 9 Simplification rules for ∇,⇒

rs∇ :
a
/
⊥∇A

a
/
A

and rs⇒ :
a
/
>⇒A

a
/
A

Lemma 2 Provability and refutation degree for GRFPL

T `a A
iff a =

∨
{V al(w)| w is a refutational proof of A from LAx∪

SAx}

Theorem 1 Completeness for fuzzy logic with rGR, rs∇,
rs⇒ instead of rMP

Formal fuzzy theory, where rMP is replaced with rGR, rs∇,
rs⇒, is complete i.e. for every A from the set of formulas
T `a A iff T |=a A.

4 Resolution principle for Fuzzy
Description Logic

In this section we will naturally build up the Refutational
Resolution Theorem Prover for Fuzzy Description Logic
RRTPFDL based on resolution rule for FPL. Whole the
theory is based on mapping FDL formulas into FPL for-
mulas and hence the properties of interpretation and res-
olution are preserved. The paper works with standard in-
terpretation structures and rules of FPL [12] and also for
ALC-like FDL [11] based on Łukasiewicz algebra. We
use atomic concepts to be bound with unary predicates
A1, ..., An and atomic roles are bound with binary pred-
icates R1, ..., Rm. Terms are constants a1, ..., al or vari-
ables x1, ..., xk. There is also top and bottom concepts
(>,⊥). Concepts may be constructed using negation ¬,
conjunction &, disjunction ∇, implication →, restricted
quantification ∀R.C bounded with ∀y(R(x, y) → C(y)),
∃R.C bounded with ∃y(R(x, y) &C(y))). Instances of
concepts could be written in the form C(t), where t is a
term. When speaking about instances of quantified con-
cepts its meaning in FPL is equivalent to replacing the oc-
currence of x variable by t. For the purposes of the prover
we extend the notion of roles. At first we enable to use the
atomic role negation ¬R, which is equivalent to its FPL
representation and in semantic meaning it relates to com-
plement operation on the extent of R. We also enable to use
negation, conjunction and disjunction of roles and we in-
troduce notion of full role (>R) and empty role (⊥R). We
call formulas of FDL - FDL formulas.

Definition 10 Embedding of structural notions into FOL
Let D be a DL formula. We call a formula F of FOL
equivalent embedding formula by the following mapping
Emb(D) = F (embedding). All the above defined notions
for FOL holds also for Emb(D). Additionally we define
a mapping Ext (extension) for D, which returns an explicit
form of DL-formula with terms assigned to atomic concepts
and roles.

Let C,D be concepts, R,S be roles, t, t1, t2 be terms, x, y
be variables:
Recursive definiton of Ext:
Ext(C) = C(x), Ext(R) = R(x, y), Ext(C(t)) = C(t),

Ext(R(t1, t2)) = R(t1, t2) (for atomic concepts and roles)

For every • ∈ {u,t,→} it holds:

Ext(C •D) = (C •D), Ext(R • S) = (R • S)

Ext(¬C) = ¬C, Ext(¬R) = ¬R

For every Q ∈ {∀, ∃} it holds:

Ext(QR.C) = QR.C,

Recursive definiton of Emb:

Let C, D be concepts and R, S be roles:

Emb(C(t)) = C(t), Emb(R(t1, t2) = R(t1, t2)), Emb(A) = A(x),

Emb(R) = R(x, y)) (atomic concept and role)

Emb(C uD) = C ∧D, Emb(C tD) = C ∨D , Emb(C → D) = C →

D, Emb(¬C) = ¬C, Emb(R u S) = R ∧ S, Emb(R t S) = R ∨ S,

Emb(R → S) = R → S, Emb(¬R) = ¬R,

Emb(∀R.C) = ∀y(X), where Emb(R.C) = X = R(x, y) → C(y),

Emb(∃R.C) = ∃y(X), where Emb(R.C) = X = R(x, y) ∧ C(y),

Emb(>) = >, Emb(⊥) = ⊥, Emb(>R) = >, Emb(⊥R) = ⊥.

For every DL formula D or DL formula part R.C = D, a
variable y occurring in D or R.C, where Emb(D) = F ,
and formula mappings
Map ∈ {Sub, Sup, Sub∗, Sup∗, Pol, Lev} , it holds
Map(D) = Map(F ). For a variable y in an atomic con-
cept or role (C or R) and F it holds Qnt(y) = Qnt(α),
where α is a variable occurring in Emb(C) or Emb(R).
Sig and Sbt mappings could be defined subsequently. If
not stated otherwise Sig(α) = 0. No free variables should
occur in Emb(D).

Example 1 Examples of structural mappings
Let C → ∃R.C ′ be a DL formula D. Then there are some
notions (not all possible) holding for D:
Ext(D) = C(x) → ∃R(x, y).C′(y) and

Pol(D) = 0, Pol(C) = −1, Pol(∃R.C′) = 1, Pol(C′) =

1, Lev(D) = 0, Lev(∃R.C′) = 1, Lev(R.C) = 2, Lev(R) =

3, Sub(∃R.C′) = R(x, y) → C′(y), Sub∗(∃R(x, y).C′(y)) =

{R(x, y) → C′(y), R(x, y), C′(y)},

Sub(D) = {C(x), ∃y(R(x, y) → C′(y))}, Sup(C′(y)) = R(x, y) →

C(y)

For y in C′(y) Qnt(y) = ∃y(R(x, y) → C(y))

Definition 11 General ordered resolution with selection
for Fuzzy Description Logic (GRFDL)
Let D and D′ be DL formulas projected by ExtMax,



Gi, G
′
i be an atomic concept or role (a subformula of D,

D′).

rGR :
a
/
D[G1, , ..., Gk], b

/
D′[G′

1, ..., G
′
n]

a⊗ b
/
Dσ[G/◦]∇D′σ[G/•]

(5)

where σ = MGU(A) is the most general unifier (MGU)
of the set of the atoms, A = {G1, . . . , Gk, G′

1, . . . , G
′
n} ,

G = G1σ. For G being an atomic concept ◦ = ⊥, • = >,
for G being an atomic role ◦ = ⊥R, • = >R. For every
variable α in D or D′, (Sbt(γ) = α)∩σ = ∅⇒ (Sig(α) =
1 in D or D′ iff Sig(α) = 1 in Dσ[G/◦]∇D′σ[G/•].
and
(i) either G is selected by S in F ′, or else S(F ′) is empty,
G is maximal in F ′, (ii) atom G is maximal in F , and (iii)
F does not contain a selected atom.

Definition 12 Refutational resolution theorem prover for
FDL
Refutational non-clausal resolution theorem prover for
FDL (RRTPFDL) is the inference system with the in-
ference rule GRFDL and sound auxiliary simplification
rules. A refutational proof of the goal G from the set
of axioms N = {A1, ..., Am} is a sequence of DL for-
mulas with full terms on atoms (max. atomic extension)
w := a0

/
A0, a1

/
A1, ..., an

/
An, a

/
⊥, where Di is an

axiom from N , ¬G or a resolvent from premises Dk and
Dl (k, l < i); simplification rules apply to the resolvent. It
is assumed that Sig(α) = 1 ∀α variable in N ∪ ¬G.

Example 2 Proof of child’s happiness by rGR

Consider the following knowledge (significantly simplified
in contrast to the reality) about child’s happiness. We sup-
pose that a child is happy in the degree 0.8 if it has mother
and father. It can be expressed in compact FDL-formula
form:
0.8

/
[∃child.female ∧ ∃child.male]⇒happy

Further we suppose that a child is happy in the degree 0.5
if it has a lot of toys (we suppose parents are a bit more
important for children). We will present proofs and then
we mark the best provability degree from the following
axioms. According to the definitions FDL-formulas
are projected by ExtMax. It was used the automated
theorem prover of the author for classical logic [5].
Xa. steps represent application of simplification rules.

Common proof members (axioms):

1. 0.8
.

[∃child(X, Y ).female(Y )

∧∃child(X, Y ).male(Y )]⇒happy(X) (happy with parents - 0.8)

2. 0.5
.

toys(X)⇒happy(X) (happy with toys - 0.5)

3. 1
.

child(johana, hashim) (clear crisp fact)

4. 1
.

child(johana, lucie) (clear crisp fact)

5.1
.

male(hashim) (clear crisp fact)

6.1
.

female(lucie) (clear crisp fact)

7.0.9
.

toys(johana) (johana has a lot of toys - 0.9)

8.1
.
¬happy(johana) (negated goal - is johana happy?)

Proof 1:

9. 0.9⊗ 0.5
.
⊥ ∨ [>⇒happy(johana)]

9a. 0.4
.

happy(johana) (rGR on 7.,2., X = johana)

10. 1⊗ 0.4
.
⊥ ∨ ¬>

10a. 0.4
.
⊥ (rGR on 9.,8.)

(happy(johana) is provable in 0.4)

Proof 2:

9. 0.8⊗ 1
.

[[∃child(johana, Y ).female(Y )

∧∃child(johana, Y ).male(Y )]⇒⊥]∇¬>
9a. 0.8

.
¬[∃child(johana, Y ).female(Y )

∧∃child(johana, Y ).male(Y )] (rGR on 1.,8., X = johana)

10. 0.8⊗ 1
.
¬[∃child(johana, lucie).>

∧∃child(johana, Y ).male(Y )]]∇⊥
10a. 0.8

.
¬[∃child(johana, lucie).>

∧∃child(johana, Y ).male(Y )] (rGR on 6.,9., Y = lucie)

11. 0.8⊗ 1
.
¬[∃child(johana, lucie).>

∧∃child(johana, hashim).>]∇⊥
11a. 0.8

.
¬[∃child(johana, lucie).>

∧¬child(johana, hashim).>] (rGR on 5.,10., Y = hashim)

12. 0.8⊗ 1
.
¬[∃>R.>

∧∃child(johana, hashim).>]∇⊥
12a. 0.8

.
¬[∃child(johana, hashim).>] (rGR on 4.,11.)

13. 0.8⊗ 1
.
¬∃>R.>∇⊥

13a. 0.8
.
⊥ (rGR on 3.,12.)

(happy(johana) is provable in 0.8)
We have stated two different proofs and it is clear that
several other proofs could be constructed. Let us note
that these proofs either consist of redundant steps or they
are variants of Proof 1 and Proof 2, where only the order
of resolutions is different. So we can conclude that it is
effectively provable that Johana is a happy child in the
degree 0.8.

The proof of soundness and completeness of the RRTPDL

is straightforward. Since the FPL embedding is semanti-
cally equivalent to the interpretation of FDL formulas, all
the properties of RRTPFPL holding for FPL should also
hold for RRTPFDL.

5 Implementation and efficiency

The author also currently implements the non-clausal the-
orem prover into fuzzy logic and description logic as an
extension of previous prover for FOL (GEneralized Res-
olution Deductive System - GERDS) [5]. Experiments
concerning prospective inference strategies can be per-
formed with this extension. The prover called Fuzzy Pred-
icate Logic GEneralized Resolution Deductive System -
FPLGERDS provides standard interface for input (knowl-
edge base and goals) and output (proof sequence and re-
sults of fuzzy inference, statistics).

There are already several efficient strategies proposed by
author (mainly Detection of Consequent Formulas (DCF)
adopted for the usage also in FPL). With these strategies
the proving engine can be implemented in "real-life"



Figure 1: Fuzzy Predicate Logic GEneralized Resolution
Deductive System

applications since the complexity of theorem proving in
FPL is dimensionally harder than in FOL (the need to
search for all possible proofs - we try to find the best
refutation degree). The DCF idea is to forbid the addition
of a resolvent which is a logical consequence of any pre-
viously added resolvent. For refutational theorem proving
it is a sound and complete strategy and it is emiprically
very effective. Completeness of such a strategy is also
straight-forward in FOL:

(Rold ` Rnew) ∧ (U,Rnew ` ⊥) ⇒ (U,Rold ` ⊥)

Example: Rnew = p(a), Rold = ∀x(p(x)), Rold ` Rnew.

DCF could be implemented by the same procedures like
General Resolution (we may utilize self-resolution). Self-
resolution has the same positive and negative premise and
needs to resolve all possible combinations of an atom. It
uses the following scheme:

Rold ` Rnew ⇔ ¬(Rold → Rnew) ` ⊥

Even the usage of this teachnique is a semidecidable prob-
lem, we can use time or step limitation of the algorithm and
it will not affect the completeness of the RRTPFOL.
Example: Rnew = p(a), Rold = ∀x(p(x)),
¬(∀x(p(x)) → p(a))
MGU: Sbt(x) = a, Res = ¬(⊥ → ⊥)∨¬(> → >) ⇒ ⊥
We have proved that Rnew is a logical consequence of
Rold.

In FPL we have to enrich the DCF procedure by the limita-
tion on the provability degree. if U `a Rold ∧ U `b Rnew

∧ b ≤ a then we can apply DCF. DCF Trivial check per-
forms a symbolic comparison of Rold and Rnew we use the
same provability degree condition. In other cases we have

to add Rnew into the set of resolvents and we can apply
"DCF Kill" procedure. DCF Kill searches for every Rold

being a logical consequence of Rnew and if U `a Rold ∧
U `b Rnew ∧ b ≥ a then Kill Rold (resolvent is removed).

We will now show some efficiency results concerning
many-valued logic both for Fuzzy Predicate Logic and
Fuzzy Description Logic. We have used the above
mentioned application FPLGERDS and originally devel-
oped DCF strategy for FPL. It is clear that inference in
RRTPFPL and RRTPFDL on general knowledge bases
is a problem solved in exponential time. Nevertheless as
we would like to demonstrate the need to search for every
possible proof (in contrast to the two-valued logic) will not
necessarily in particular cases lead to the inefficient theory.
We have devised knowledge bases (KB) on the following
typical problems related to the use of fuzzy logic.

We have performed experimental measurements concern-
ing efficiency of the presented non-clausal resolution prin-
ciple and also DCF technique. This measurements were
done using the FPLGERDS application [9]. Special test-
ing knowledge bases were prepared and several types of
inference were tested on a PC with standard Intel Pentium
4 processor as described below.

Fuzzy Description Logic redundancy-based inefficient
knowledge bases

As it was shown above in the theorem proving example the
problem of proof search is quite different in FPL and FDL
in comparison with the two-valued logic. We have to search
for the best refutation degree using refutational theorem
proving in order to make sensible conclusions from the in-
ference process. It means we cannot accept the "first suc-
cessful" proof, but we have to check "all possible proofs"
or we have to be sure that every omitted proof is "worse"
that some another one. The presented DCF and DCF Kill
technique belong to the third sort of proof search strate-
gies, i.e. they omit proofs that are really "worse" than some
another (see the explication above). Proofs and formulas
causing this could be called redundant proofs and redun-
dant formulas. Fuzzy logic makes this redundancy dimen-
sionally harder since we could produce not only equivalent
formulas but also equivalent formulas of different evalua-
tion degree.

Example 3 Redundant knowledge base
Consider the following knowledge base (fragment):
...,

0.51
.

a ∧ b1⇒z,0.61
.

a ∧ b1 ∧ b1⇒z,

0.71
.

a ∧ b1 ∧ b1 ∧ b1⇒z,0.81
.

a ∧ b1 ∧ b1 ∧ b1 ∧ b1⇒z,

0.91
.

a ∧ b1 ∧ b1 ∧ b1 ∧ b1 ∧ b1⇒z, 1
.

b1,

...,

0.52
.

a ∧ b2⇒z,0.62
.

a ∧ b2 ∧ b2⇒z,

0.72
.

a ∧ b2 ∧ b2 ∧ b2⇒z,0.82
.

a ∧ b2 ∧ b2 ∧ b2 ∧ b2⇒z,

0.92
.

a ∧ b2 ∧ b2 ∧ b2 ∧ b2 ∧ b2⇒z, 1
.

b2,

...,



Goal: ?− a⇒z

Searching for the best proof of a goal will produce a lot of
logically equivalent formulas with different degrees. These
resolvents make the inference process inefficient and one of
the essential demands to the presented refutational theorem
prover is a reasonable inference strategy with acceptable
time complexity.

We have compared efficiency of the standard breadth-first
search, linear search and modified linear search (starting
from every formula in knowledge base) and also combina-
tions with DCF and DCF-kill technique [9]. We have pre-
pared knowledge bases of the size 120, 240, 360, 480 and
600 formulas. It has been compared the time and space ef-
ficiency on the criterion of 2 redundancy levels. This level
represents the number of redundant formulas to which the
formula is equivalent (including the original formula). For
example the level 5 means the knowledge base contain 5
equivalent redundant formulas for every formula (including
the formula itself). The basic possible state space search
techniques and DCF heuristics and their combinations are
presented in the following tables.

Table 1: Proof search algorithms
Search method Description
Breadth B Level order generation, start - special axioms + goal
Linear L Resolvent⇒ premise, start - goal
Modified-Linear M Resolvent⇒ premise, start - goal + special axioms

We use standard state space search algorithms in the
FPLGERDS application - Breadth-first and Linear search.
Breadth-first method searches for every possible resolvent
from the formulas of the level 0 (goal and special axioms).
These resolvents form formulas of the level 1 and we try
to combine them with all formulas of the same and lower
level and continue by the same procedure until no other
non-redundant resolvent could be found. Linear search per-
forms depth-first search procedure, where every produced
resolvent is used as one of the premises in succeeding step
of inference. The first produced resolvents arises from the
goal formula. Modified linear search method posses the
same procedure as linear one, but it starts from goal and
also from all the special axioms.

Table 2: DCF heuristics
DCF Method Description
Trivial T Exact symbolic comparison
DCF DC Potential resolvent is consequent (no addition)
DCF Kill DK DCF + remove all consequent resolvents

DCF methods for reduction of resolvent space are basically
three. The simplest is trivial DCF method, which detects
redundant resolvent only by its exact symbolic comparison,
i.e. formulas are equivalent only if the are syntactically the

same. Even it is a very rough method, it is computation-
ally very simple and forms necessary essential restriction
for possibly infinite inference process. The next method
of DCF technique enables do detect the equivalency of a
formula (potential new resolvent) by the means described
above. DCF Kill technique additionally tries to remove ev-
ery redundant resolvent from the set of resolvents.

Table 3: Inference strategies
Search DCF Code Description
Breadth Trivial BT Complete
Breadth DCF BDC Complete
Breadth DCF Kill BDK Complete
Mod. Linear Trivial MT Incomplete (+)
Mod. Linear DCF MDC Incomplete (+)
Mod. Linear DCF Kill MDK Incomplete (+)
Linear Trivial LT Incomplete
Linear DCF LDC Incomplete
Linear DCF Kill LDK Incomplete

We have built-up 9 combinations of inference strategies
from the mentioned proof search and DCF heuristics. They
have different computational strength, i.e. their complete-
ness is different for various classes of formulas. Fully
complete (as described above) for general formulas of FPL
and FDL are only breadth-first search combinations. Lin-
ear search strategies are not complete even for two-valued
logic and horn clauses. Modified linear search has gen-
erally bad completeness results when an infinite loop is
present in proofs, but for guarded knowledge bases it can
assure completeness preserving better space efficiency than
breadth-first search.

We have tested presented inference strategies on the sam-
ple knowledge bases with redundancy level 5 with 20, 40,
60, 80 and 100 groups of mutually redundant formulas (the
total number of formulas in knowledge base is 120, 240,
360, 480 and 600). At first we have tested their time ef-
ficiency for inference process. As it could be observed
from figure 2, the best results have LDK and LDC strate-
gies. For simple guarded knowledge bases (not leading
to an infinite loop in proof search and where the goal it-
self assures the best refutation degree) these two methods
are very efficient. DCF strategies significantly reduces the
proof search even in comparison with LT strategy (stan-
dard), therefore the usage of any non-trivial DCF heuris-
tics is significant. Next important result concludes from
the comparison of BDK and MDK, MDC strategies. We
can conclude that MDK and MDC strategies are relatively
comparable to BDK and moreover BDK preserves com-
pleteness for general knowledge bases.

Space complexity is even more significantly affected by the
DCF heuristics. There is an interesting comparison of triv-
ial and non-trivial DCF heuristics in figure 3. Even BDK
strategy brings significant reduction of resolvents amount,
while LDK, LDC, MDK, MDC strategies have minimal
necessary amount of kept resolvents during inference pro-
cess.



Figure 2: Time complexity for redundancy level 5 (sec-
onds)

Performed experiments shows the significance of originally
developed DCF strategies in combination with standard
breadth-first search (important for general knowledge bases
- BDK). We also outlined high efficiency for linear search
based strategies (mainly LDK). Even this strategy is not
fully complete and could be used only for guarded frag-
ment of FDL, this problem is already known in classical
(two-valued) logic programming and automated theorem
proving. We also use these highly efficient linear search
strategies, even they are not complete.

6 Conclusion, further research and
applications

The Non-clausal Refutational Resolution Theorem Prover
forms a powerful inference system for automated theorem
proving in fuzzy description logic. The main advantage in
contrast with other inference systems lies in the possibility
to utilize various inference strategies for effective reason-
ing. Therefore it is essential for practically successful the-
orem proving. The recent idea of fuzzy description logic
is suitable for further extensions with the presented infer-
ence rules [11] and also reflects real situations as it could
be observed from the example.

Figure 3: Space complexity for redundancy level 5 (resol-
vents)

The Detection of Consequent Formulas algorithms fam-
ily brings significant improvements in time and space ef-
ficiency for the best proof search. We have shown re-
sults indicating specific behavior of some combinations
of the DCF and standard proof search (breadth-first and
linear search). DCF strategies (BDC, BDK) have inter-
esting results even for fully general fuzzy predicate logic
with evaluated syntax, where the strategy makes the in-
ference process practically manageable (in contrast to un-
restricted "blind" proof-search). However it seems to be
more promising for practical applications to utilize incom-
plete strategies with high time efficiency like LDK (even
for large knowledge bases it has very short solving times).
It conforms to another successful practical applications
in two-valued logic like logic programming or deductive
databases where we also use efficient incomplete strategies
for fragments of fully general logics.

We have briefly shown some efficiency results for
the presented automated theorem prover and infer-
ence strategies. They show the significant reduction
of time and space complexity for the DCF technique.
There is also prepared the experimental applica-
tion FPLGERDS, which is obtainable from URL:
http://www1.osu.cz/home/habibal/files/gerds.zip. The
package contains current version of the application, source



codes, examples and documentation.
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