Free MV-algebras

Antonio Di Nola
Dipartimento di Matematica e Informatica
University of Salerno
e-mail: adinola@unisa.it

Abstract

We describe n-generated free M V-algebras as
MV-algebras having the lattice reduct which
is a direct limit in the category of distributive
lattices.
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1 Preliminaries

We recall that an algebra A = (A4;0,1,®,-,~), [1], is
said to be an MV -algebra iff it satisfies the following
equations:
L (z0y)@z=20(ydz2);
S TRY =YD,
. 0=ux;
.xdl=1;
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5. ~0=1;
6. ~1=0;
T.x-y=~(~zd~y);
8

(v @y Dy =~ (~vydo) D

Henceforth we shall write ab for a - b and a™ for
a-----a, for given a,b € A. Every MV-algebra has
———

n times
an underlying ordered structure defined by

r<yiff ~zpy=1.

(4;<,0,1) is a bounded distributive lattice. Moreover,
the following property holds in any MV -algebra:

zy<rzAy<zVy<zdy.

The unit interval of real numbers [0, 1] endowed with
the following operations: x®y = min(l,z+vy),z -y =
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max(0,z +y — 1),~ = 1 — z, becomes an MV-
algebra. Let @) denote the set of rational numbers, for
(0 A)m € w we set S, = (Sp; ®, -, ~,0,1), where

1 -1
sm:{o,7...,m,1}.
m m

Recall that an algebra A € K is said to be a free
algebra in a variety K, if there exists a set Ag C A such
that Ay generates A and every mapping f from Ag to
any algebra B € K is extended to a homomorphism
h from A to B. In this case Ag is said to be the set
of free generators of A. If the set of free generators
is finite then A is said to be a finitely generated free
algebra .

2 Representation of n-generated
MYV -algebras

Let us denote by DL the category, and the variety as
well, of distributive lattices, named by D L-algebras in
the sequel, and lattice homomorphisms.

Notice that any MV-algebra is bounded distributive
lattice and the lattice operations V and A are definable
by means of MV -algebra operations @, - and ~. So,
any MV-algebra is a DL-algebra with respect to the
operations V, A.

Let (A, ®,-,~,1,0) be an MV-algebra. Define a func-
tor D transforming MV-algebra (A, ®,-,~,1,0) into
D L-algebra in the following way:

D((A’ &, -~ 1, O)) = (Aa Vv, /\)'

Then we have functor from the category of MV-
algebras MV to the category DL.

Let Fy, (m) be the m-generated free MV-algebra in
the variety V,, = V({S1, ..., Sn}). We can consider any
MYV -algebra as (unbounded) distributive lattice (with
lattice operations V and A). It is clear that Fy, (m) is
embedded into Fy,, (m) as MV-algebra and, conse-
quently, as a lattice.



Let gln), ...,gg)
Fvn(m).

Let us define the injective mapping

€ Fy,(m) be free generators of

En(n+1) * D(FV“ (m)) - D(FVn+1 (m))
for any n € w/{0} in the following way:

g g g gt for any n € w/{0}.

It is clear that in the case when n = 1, g?), ...,g}ﬁ)

generate Fy, (m) (= ng) = D(Fy,(m))) using only

operations V, A and ~. Then 512(951)) = gl@), for i =

1,...,m, and generate the algebra Dém) inside Fy,(m)

by means of gf), ey g,(,f) using only operations V, A and

~. It easy to check that Dém) is isomorphic to ng) (=
D(Fy,(m))). e1a(xVy) = e12(x) Vera(y), era(zAy) =
e12(x) A e12(y).

In particular, if m = 1, then £12(1) = g%z)\/ ~
g (# 1) and e15(0) = gi”'A ~ gi¥ (# 0). Ob-
serve that £12(D(FYy, (1))) generates Fy, (2) using M'V-
algebra polynomials containing operations V, A, ~ and
MYV -algebra operation @ (or -) only one time. It is
enough, since in V5 holds the axiom 2z = 3z (and 2z
is a Boolean element). Indeed, by means of the gen-
erator g{z) using V, A, ~ and polynomials containing
operation @ (or -) only one time, we obtain elements
(0,1,1),(1,0,1),(1,1,0),(1,0,0),(0,1,0),(0,0,1) and,
hence, any element of Fy,(2) by means of V,A and
ggz)’ ~ 952). Notice, that the embedding £15 is
not MV -algebra embedding, it is D L-algebra embed-
ding. So, we define a functor Lo transforming DL-
algebra D(Fy, (1)) into MV-algebra Fy,(1). Further,
623(952)) = 953) and close {953)} by means of opera-
tions V, A, ~. Then we obtain D L-algebra Dél) which
is isomorphic to D(Fy,(1)). Analogically, as in the
previous case, close Dgl) using V, A, ~ and polynomi-
als containing operation @ (or -) only one time. Then
we obtain D L-algebra ea3(D(Fy, (2))) which is isomor-
phic to D(Fy, (2)). Further, close e12(D(Fy, (2))) using
V, A, ~ and polynomials containing operation @ (or -)
only not more than on two places. Then we obtain
the algebra D(Fy, (3)). So, we can define a functor L3
transforming D L-algebra D(Fy, (1)) into MV-algebra
Fy,(1). And so on.

Analogically it is shown in general case when m > 1.

Further, 612(9(2)) = 953)

; , for i = 1,...,m, and gen-

erate the algebra Dém) inside Fy,(m) by means of
g§3), ...,gfqi’) using only operations V, A and ~. It easy
to check that Dém) is isomorphic to Fy,(m) (as a

lattice with involution). Moreover, ng) generates

Fy,(m), if we use the M V-algebra operations ~ and @®
only two times. In other words, for generating Fy, (m)
we use polynomials containing the operation ~ and @
only in not more than two places. It is enough, since
in V3 holds the axiom 3z = 4x.

Let us consider the direct system
(D(Fvn (m))agn(nJrl))nEw/{O}- Let D(F(m))
be the direct limit of the direct system
(D(Fv,, (m)), €n(n+1))necw/{0}- The elements of

D(F(m)) are infinite sequences (a;,a;i1,Qit2,...)
for i € w such that a; € D(Fy,(m)) and a; has no
inverse image with respect to £(;_1);, and, moreover,
€iy(i1+1)(ai;) = aj, 41 for any iy > i. Now we define
the operation @ on D(F(m)) in the following way.

Let a = (ai, Ai4 1,042, ), b= (bj, bj+1, bj+27 ) and
a,b € F(m), and ¢ < j. It is clear that a; (respec-
tively, b;) represented by a valuation of an MV -algebra
polynomial containing operation @ only on i — 1 (re-
spectively, 7 — 1) places. Then we consider elements
max(i,j) ANd Dpaz(sz)- 1t is clear that they belong
to D(Fv,,,...,,(m)). Choose the least number k >
max(i, ) such that apaz(i ) + bmax(i,;) € P(Fv, (m)).
Then a ® b = (ak + by, ap41 + bk+1,ak+2 + bg2, )
Then we convert D(F(m)) into M V-algebra which we
denote by Fasy(m).

Theorem 2.1. The MV -algebra Fary(m) is m-
generated free MV -algebra.
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