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Abstract

The goal of this paper is to push forward the
development of the apparatus of the Fuzzy
Class theory. We concentrate on three ar-
eas: strengthening the universal quantifier,
formalizing the idea that ‘similar’ fuzzy sets
fulfill their properties to ‘similar’ degrees,
and embedding of classical crisp theories into
Fuzzy Class theory.
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1 Introduction

Fuzzy Class Theory has the aim to axiomatize the no-
tion of fuzzy set. A brief overview of FCT can be
found in Appendix A, where also all necessary defined
predicates of the theory, freely used in the following
sections, are introduced. For a detailed account of the
theory we refer the reader to the original paper [1] or
a freely available primer [2].

The goal of this paper is to advance the apparatus
of FCT in three ways. First, we introduce a class
of quantifiers strengthening the universal quantifier,
the so-called super-universal quantifiers (note that the
classical theory of generalized quantifiers studies just
‘weaker’ variants of universal quantifier, like ‘many’
or ‘almost all’; as in the classical logic the universal
quantifier is the only super-universal quantifier). The
usual motivations for studies of generalized quantifiers
are linguistical, but our motivation is purely ‘logical’
and ‘mathematical’. Recall that for any multiset M of
terms we can show:

(Vo) — /\ #(t)
teM

The most notable super-universal quantifier is the so-
called multiplicative quantifier. It is, roughly speak-
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ing, a quantifier Q such that for each multiset M of
terms holds:
(Qa)p — & (1)
teM

Observe that V clearly does not satisfy the above for-
mula, but the quantifier AV does, and so does some
other ones (e.g., the one assigning to each formula a
largest idempotent bellow all instances of ¢).

Then, in Section 3, we study the so-called weak con-
gruence property, generalizing the work of Bélohldvek
([4, Lemma 4.8]). There the author shows that if two
sets are ‘equal’ in the high degree, they share the same
properties, formally written as:

XY = (p(X) = oY)

The degree n depends on the complexity of formula
(property) . The generalization we offer is based on
the crucial observation that in FCT we can define the
following two different notions of set equality (both
used in fuzzy set theory papers):

A= B=y4 Vz)(zr € A~z €B)

AEBEdf(AgB)&(BgA)

By a finer syntactic analysis of the form of formula ¢
we manage to prove theorem of the form:

X &m0 Y S (p(X) © p(Y))
note that [4, Lemma 4.8] would give us just:
X AMY = (p(X) < ¢(Y))

We can show the following implication and non-
validity of the converse one:

AxmT" B — Ax™" B

Thus our result is indeed a non-trivial generalization.

Finally, in Section 4, we study how to embed classical
crisp theories into FCT. The results in this section are



not surprising, they are just thorough formalizations
of the fact that we can translate classical theories for-
malized in the classical type theory to FCT since FCT
‘contains’ classical simple type theory. The first step
of this formalization, the case of first-order theories,
was done already in the original paper [1].

2 Super-universal quantifiers

A unary quantifier is a fuzzy class of the second order
and a binary quantifier is a binary fuzzy relation of the
second order. We shall use the usual conventions to
write QX instead of X € Q. Here we restrict ourselves
to unary quantifiers, for simplicity, the more general
study of binary ones will be a subject of some future
papers. Let us now mention how the quantifiers, as we
defined them, relate to the ‘usual’ ones. We set:

(Qu)p =ar Q{z | ¢} (1)

Other way round, if Q is a ‘usual’ quantifier of (an ex-
tension of) FCT, we can write QX =q4¢ (Qz)(z € X).
In particular we have fuzzy class of fuzzy classes V de-
fined as VX =g4¢ (Vz)(z € X). Now we single out nat-
ural properties for “super-universal” quantifiers. Let
us, for now, work on the meta-level and understand
the following conditions as new axioms or rules added
to FCT.

1. from (¢ — ®) infer (Qx)p — (Qx)y

2. from ¢ infer (Qx)p
3. (Qr)p — (1)

Let us rewrite these conditions to the “class” form.

1. (XCY)— (QX — QY)
2. OV
3. 9CV

Recall the meaning of the super-universal quantifier
(Qz)p can be roughly described as: “closeness of the
class {z | ¢} to the universal class V7. The first con-
dition expresses monotonicity of this concept (“big-
ger” classes are closer to V than the “smaller” ones),
the second one expresses the fact that V is fully close
to itself. The final one is the condition of super-
universality: in classical logic it would lead to Q@ =V
and so this condition is always omitted when interpret-
ing universal-like quantifiers like ‘many’, ‘almost all’,
etc. Finally observe that if we would replace condition
1. with:
(XCY)— (QX — QY)

then by setting X =V we would get (by condition 2.)
that VY — QY’; thus together with condition 3. we
would get V = Q. Other feasible option would be to
replace condition 1. by:

(Qa)(¢p — ¢) — (Qr)p — (Qu)Y)

This condition (together with condition 2.) implies
the original condition 1. and so it would constitute an
interesting subclass of super-universal quantifiers, we
left the study of this class to some upcoming paper.

Let us step down from the meta-level of FCT and start
building a theory of super-universal quantifiers inside
FCT. We define a (third order) class SUQ:

SUQ™"*(Q) =qt
(VX,V)(XEY) — (QX — QY)))™
&(QV) & QcCuy

Let us recall the usual conventions:
SUQ™(Q) =4t SUQ™™™(Q) SUQ(Q) =4 SUQ'(Q)
Lemma 2.1 FCT proves:

Crisp(I) & I # 0 & (¥Q € [)(SUQ(Q)) — SUQ(N)
Crisp(I) & [ #£ 0 & (VQ € I)(SUQ(Q)) — SUQ(UT)

Obviously, in FCT we can prove, ASUQ(V),
ASUQ(Ker(V)), and Ker(V) = {V}. In fact we can

prove more:

Lemma 2.2 FCT proves:

v = J{Q|SUQ(Q)} = [ J{Q| ASUQ(Q)}
Ker(¥) = [ {Q | SUQ(Q)} = [ {Q | ASUQ(Q)}

Le. the universal quantifier is the largest (fully) super-
universal quantifier and its kernel is the least (fully)
super-universal quantifier.

Let us define other notable quantifiers, first the largest
idempotent super-universal quantifier:

S=(J{Q|ASUQQ) &Q=02nQ} (2

It can be easily shown that this quantifier corresponds
to the storage quantifier introduced in [8]. Clearly, as
Ker(V) = Ker(V) N Ker(V) we can use Lemma 2.1 to
get:

Lemma 2.3 FCT proves SUQ(S)

Semantically speaking we get:



Lemma 2.4 Let A be an MTLA-algebra and M an
A-model of FCT. Then ||SX|| is the largest idempo-
tent smaller than ||a € X|| for each a € M.

Lemma 2.5 Let ¢ be a formula, x a variable, M a
multiset of terms. Then in FCT we can prove:

(Sz)p — & ¢(t) 3)

(Sz)p — (Sz)p & (1) (4)

Now we define another ‘multiplicative’ quantifier.

M= J{Q| ASUQ(Q) &
A(((w e X - QX) - QX) v (QX < QX & QX) )}

(VX, x)

As clearly S fulfills the defining condition, we can use
Lemma 2.1 to get:

Lemma 2.6 FCT proves SUQ(M).

Now we show the semantical interpretation of quanti-
fier. Let A be an MTLa-algebra. We define for a set
B C A a ‘multiplication’ of B as:

&B = inf

neNay,...,an,€B

ar&... &ay, .

Notice that we do not assume that a; # a; (for i # j)
in the above definition, i.e., { B is the infimum of
products a1 & . . .&a,, for all finite sequences ay, ..., a,
of elements from B. Due to the space restriction we
have to skip the formal proofs of the following two lem-
mata, but the second one is a clear semantical conse-
quence of the first one.

Lemma 2.7 Let A be an MTLA-algebra and M an
A-model of FCT. Then

IMX|| = &{lla € X|| | a e M}

Lemma 2.8 Let ¢ be a formula, x a variable, and M
a finite multiset of terms. Then in FCT we can prove:

(Sz)p — (M) — & (1) ()

teM

Thus we can say that both M and S are ‘multiplica-
tive’ quantifiers. As the following lemma shows the
first implication cannot be reversed, i.e., M is ‘better’
multiplicative quantifier as it gives us a better bound

to & ©(t). In fact its semantics shows that M gives
teM
the best bound.

Lemma 2.9 In FCT we cannot prove

(Maz)p — (Sz)¢ (6)
Mz)p — (Maz)p & o(t) (7)

Proof: We just show the second claim, as the first one
is its simple consequence (taking in account the pre-
vious lemma and Lemma 2.5). We just construct an
MTLa-chain A which is a counterexample to the claim

that
&Bg (&B)&a,

where B C A and a € B. The construction of a partic-
ular model of FCT which refutes (Max)p — (Mz)p &
©(t) is then simple.

Let A’ = Z~ X Z~, where Z~ is the set of non-positive
integers. The set A’ is ordered lexicographically, i.e.,
(k,r)y < (m,s) iff k <mork=mandr <s. The
operations are defined as follows:

(kyr) & (m,s) = (k+m,r+s),

(0,0) if (k,r) < (m,s),
(m — k,min{0, s — r}) otherwise.

(k,r) = (m,s) :{

Then A’ = (4', &, —, <,(0,0)) is an integral commu-
tative residuated chain and the ordinal sum A = 2GA’
is an MTL-chain (where 2 is the two-element Boolean
algebra). The MTL-chain A can be clearly viewed as
an MTLA-chain.

Now, let B = {(0,—1)} C A. Then

& B= 1nf 1"

However (—1,0) & (0,—1) = (-1,-1) < (-1,0).
Q.E.D.

= (~1,0).

3 Weak congruence property

We define a notion of positive and negative occurrence
of a subformula ¢ in a formula ¢. Let us denote it by
o), € {+1,—1}. This notation is rather relaxed as the
subformula 1 can appear in ¢ several times. Let us
understand % is this notion as a subformula together
with its fixed occurrence rather than just a subfor-
mula. We define it by induction, let ¢ is a predicate
formula in the language of FCT, without the proposi-
tional connective < and % its subformula.

° oﬁ =41
o Oiox _ Oww - 05) for o € {&, A, V} and any for-
mula x
o2v — o\V2)e Fz)e _
0, o, =0, =0}
® 0y ¥ = o for any formula x
° 0;“0 = % X = —ow for any formula y

We say that an occurrence of subformula v of ¢ is
A-bound if it lies in the scope of A connective.



Lemma 3.1 Let p,1, x, 6 be formulas, § a subformula
of x, let us pick one occurrence of §. Let us define for-
mulas x(01¢) and x(8!) as formulas resulting from x
by replacing the chosen occurrence of 6 by ¢ (¥ respec-
tively). Finally, let x1,...x, be free variables of  and
¥ which become bound in x(0lp) or x(6l)

In first-order MTL A we can prove:

o (Vou,...xn)A(e — ) — (x('¢) — x(6%)) if

that occurrence is positive

o (Voi,...2,) A — @) — (x(dlp) — x(%)) if

that occurrence is negative

Furthermore if that occurrence is not A-bound we can
prove:

o (Vai,...2a)(p — ) — (X(0lp) — x(61)) if the
chosen occurrence is positive

o (Vai,...xn) (Y — @) — (x(0p) — x(6!)) if the
chosen occurrence is negative

The proof is almost straightforward but very tedious,
so we skip it.

Let us denote by x(d : ¢) the formula resulting from
x by replacing all occurrences of its subformula § by
. Finally by —|—i we denote the number of positive
occurrences of ¥ in ¢, if any of those occurrences is
A-bound define +7 = A (analogously we define —7
for negative occurrences). Recall the convention that

goA = Agp.

Corollary 3.2 Let ¢,,x,d be formulas, § a subfor-
mula of x. Let x1,...x, be free variables in ¢ and
¥ which become bound in x(§ : ) or x(6 : ¥). In
first-order MTL A we can prove:

(a1, an)(p = ) &

(V1. own) (@ = 9)) 78 = (X(§: ) = X(3: ¢))

Corollary 3.3 Let ¢, be sentences and x,d be for-
mulas, § a subformula of x. In first-order MTLA we
can prove:

(0 =) & (b — )75 — (x(8:9) — x(6:9))

As a corollary we obtain the main theorem of this sec-
tion. But first we define:

Definition 3.4 Let ¢ be a formula of FCT and A a
free variable of any order of p. We say that A is purely
extensional in @ if it occurs in @ just in subformulas of
the form X; € A for some object variables X;. Then

by +% we denote the number of positive occurrences
of formulas of the form X; € A in ¢ (analogously we
define =% ), again we set it as A\ if any of those occur-
rences if /A-bound.

Finally by ¢(A : X) we denote the formula resulting
from ¢ by replacing all occurrences of class term A by
term X of the same order as A.

Theorem 3.5 Let ¢ be a formula of FCT and A a
purely extensional free variable of . Then we can
prove:

Xt hy o (p(A: X) = p(A:Y))

Observe that if no occurrence of A is A-bound then
n = +% + —% is the number of occurrences of A in ¢
and as FCT trivially proves

XA"Y > X =thiy,
we get:
'Y - (p(A: X) = p(A:Y))

This form was proven already in [4, Lemma 4.8.] (in
a slightly different framework). Notice that our result
is indeed stronger as:

Lemma 3.6 FCT does not prove:
Xath i XanY
Example 3.7 In FCT, we can prove

e RC S — (Refl(R) — Refl(9))
e R= S — (Sym(R) — Sym(9))
e R~b2 S — (Trans(R) — Trans(S))

Compare with [/, Lemma 4.8], which would give us
only:

o R~ S — (Refl(R) — Refl(5))
* R~? S — (Sym(R) — Sym(S))
e R~3 S — (Trans(R) — Trans(9))

4 Containment of crisp theories

We define a notion of hereditary crisp set by induction
as:
HCrisp'® (X) =4¢ Crisp(X)

HCrisp "™V (X)) =q¢ Crisp(X) &
(VZ € X)(HCrisp™(2))



Sometimes we write just HCrisp(X) when the type is
known. Notice that {X | HCrisp" ™ (X)} is indeed a
fuzzy class of the (n 4 1)-st order.

Since FCT contains the classical theory of classes (for
classes which are crisp), we can introduce all concepts
which are definable in classical class theory (i.e., in
classical simple type theory, or Boolean higher-order
logic). The only thing we need to do is adding new
predicate and functional symbols of the appropriate
sorts and axioms saying that all predicates and func-
tions appearing in the theory are crisp.

Definition 4.1 Let T be a higher-order language and
T a T'-theory. We define the language FCT(T') as the
language of FCT extended by I'. We define translation
" of T-formulas and terms into FCT(T)-formulas and
terms in the following way:

o t' =t for each term t

o ' = ¢ for each atomic formula ¢
o (po) =@ ot foro e {&,—, A}
(VX) ()
(BX) (@)

= (VX)(HCrisp(X) — ¢')
) & ')

= (3X)(HCrisp(X

We define the theory FCT(T') in the language FCT(T)
as the theory with the following axioms:

e The azioms of FCT
e The axioms of the form ¢ for each p € T

e HCrisp(Q) for each predicate symbol Q € T

The proof of the following lemma is almost straight-
forward.

Lemma 4.2 Let T be a higher-order language, T o T'-
theory, L an MTLa-algebra. If M is an L-model of
FCT(T), then the classical model M€ in the language
T with the domain M and Sye = Swm for each S €
I, is a model (in the sense of classical Henkin style
higher-order logic) of the theory T. Vice versa, for
each classical model M of T there is an L-model N
of FCT(T) such that N¢ is isomorphic to M.

Therefore, T & ¢ iff FCT(T) F ¢', for any T'-formula
@ (where the first provability is in classical Henkin
style higher-order logic and the second in FCT).

Example 4.3 Let 7 be a constant for a class of classes
and T the theory with the axioms:

e HCrisp(7)

e e
e Ver
(VX)(HCrisp(X) - (X CT—-UX 1))

(VX,Y)(HCrisp(X) & HCrisp(Y) —
(Xer&Yer—-XnYen))

Then in each L-model of the theory T, the constant T
is represented by a classical topology on the universe
of objects.

A Fuzzy Class Theory

In this section, we present an overview of Fuzzy Class
Theory (FCT) in order to provide the reader with the
necessary background. Note that this is only a brief
introduction to the most basic concepts of FCT with
the aim to keep the paper self-contained. Readers who
want to understand all details should not expect to find
all necessary material in this paper. Instead, they are
referred to the freely available primer [2].

In the first paper [1], FCT was based on the logic LII
[6]. In this paper, we use the logic MTLA; obviously
all definitions and basic results of [1] can be transferred
from LII to MTLA. For an introduction to MTL A, see
[5]; a more detailed treatment on first-order MTLA
with crisp equality can be found in [7]).

Definition A.1 Fuzzy Class Theory (over MTLA) is
a theory over multi-sorted first-order logic MTL A with
crisp equality. We have sorts for individuals of the ze-
roth order (i.e., atomic objects) denoted by lowercase
variables a,b,c,,y, z,...; individuals of the first or-
der (i.e., fuzzy classes) denoted by uppercase variables
A,B,X,Y,...; individuals of the second order (i.e.,
fuzzy classes of fuzzy classes) denoted by calligraphic
variables A,B,X,),...; the individuals of the n-th
order denoted by X, Individuals &, ...,& of each
order can form k-tuples (for any k& > 0), denoted by
(&1, ..., &k); tuples are governed by the usual axioms
known from classical mathematics (e.g., tuples equal
if and only if their respective constituents equal). Fur-
thermore, for each variable x of any order n and for
each formula ¢ there is a class term {z | ¢} of order
n+ 1.

Besides the logical predicate of identity, the only prim-
itive predicate is the membership predicate € between
successive sorts (i.e., between individuals of the n-th
order and individuals of the (n 4 1)-st order, for any
n). The axioms for € are the following (for variables
of all orders):

(el) y e {z| o)} < o(y), for each formula ¢
(comprehension axioms)



(€2) (Vz)A(x € A x € B) — A= B (extension-
ality)

Moreover, we use all axioms and deduction rules of
first-order MTLA. Theorems, theories, proofs, etc.,
can be defined completely analogously.

Observation A.2 Since the language of FCT is the
same at each order, defined symbols of any order can
be shifted to all higher orders as well. Since further-
more the axioms of FCT have the same form at each
order, all theorems on FCT-definable notions are pre-
served by uniform upward order-shifts.

Convention A.3 For better readability, let us make
the following conventions:

o Weuse (Vz € A)yp, (3z € A)p as abbreviations for
(Vz)(z € A — ¢) and (3z)(x € A & @), respec-
tively.

e We use the notation {z € A | ¢} as abbreviation
for {x |z € A& p}.

e We use {(x1,...,2r) | ¢} as abbreviation for
{z| Bx1)... Fzg)(z = (x1,...,21) & @)}

e The formulae ¢ & ... & ¢ (n times) are abbrevi-
ated ¢"; instead of (x € A)™, we can write x €™ A
(analogously for other predicates).

e Furthermore, ¢ A is shorthand for —(x € A);
analogously for other binary predicates.

e We use Ar and Rx;...z, synonymously for
x € Aand (x1,...,2,) € R, respectively.

e A chain of implications of the form ¢; — ¢,
Y2 = P3,...,Pn—1 — @n Will for short be written
as g1 — g — -+ — ,; analogously for the
equivalence connective.

Definition A.4 In FCT, we define the following ele-
mentary fuzzy set operations:

0 =ar A{z]0}
V. =a {.’L‘|1}
{a} =ar {z|z=4a}
Ker(A) =4 {xz|A(xze A)}
ANB =4 {$|$€A&£B€B}
ANB =4 {xz|xz€eAANzeB}
AUB =4 {z|xze€AVvVzeB}

Definition A.5 In FCT, we define basic properties of
fuzzy relations as follows:

Reﬂ(R) =df
Sym(R) =ar
TI'&HS(R) =4r

(Vz)Rxx
(Va,y)(Rry — Ryx)
(Vx,y, z)(Raxy & Ryz — Rxz)

Definition A.6 Further we define in FCT the follow-
ing elementary relations between fuzzy sets:

Crisp(4) =ar (Vx)A(z€e AVa¢A)
ACB =4 (Wz)(reA—zeB)
A=B =g (Vr)(x€ A x€B)
At B =g (AC" B)& (BC™A)

Let us recall the standard conventions:

AR™ B=4 AX™™ B AxB=4 A='B
Definition A.7 The union and intersection of a class
of classes are functions defined as

UA =a {2 CBAcA)(zeA)}
A =a {z] (VA€ A)(z e A)}

The models of FCT are systems (closed under defin-
able operations) of fuzzy sets (and fuzzy relations) of
all orders over some crisp universe U, where the mem-
bership functions of fuzzy subsets take values in some
MTLA-chain. Intended models are those which con-
tain all fuzzy subsets and fuzzy relations over U (of
all orders); we call such models full. Models in which
moreover the MTL a-chain is standard (i.e., given by a
left-continuous t-norm on the unit interval [0,1]) cor-
respond to Zadeh’s [10] original notion of fuzzy set;
therefore we call them Zadeh models.

FCT is sound with respect to Zadeh (or full) models;
thus, whatever we prove in FCT is true about real-
valued (or L-valued for any MTLa-chain L) fuzzy sets
and relations. Although the theory of Zadeh models
is not completely axiomatizable, the axiomatic system
of FCT approximates it very well: the comprehension
axioms ensure the existence of (at least) all fuzzy sets
which are definable (by a formula of FCT), and the
axioms of extensionality ensure that fuzzy sets are de-
termined by their membership functions. This axiom-
atization is sufficient for almost all practical purposes;
it can be characterized as simple type theory over fuzzy
logic (cf. [9]) or Henkin-style higher-order fuzzy logic.
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