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Abstract

We study in this paper the following sequen-
tial decision procedure. First, the mem-
bers of a group show their opinions on all
the members, regarding a specific attribute.
Taking into account this information, qua-
siarithmetic means and a family of thresh-
olds, a subgroup of individuals is selected:
those members whose collective assessments
(obtained through a quasiarithmetic mean)
reach a specific threshold. After that, only
the assessments of this qualified subgroup
are taken into account emerging a new sub-
group with the aggregation phase. We ana-
lyze when this recursive procedure converges
providing a final subgroup of qualified mem-
bers.

Keywords: Group decision making, Ag-
gregation operators, Quasiarithmetic means,
Qualification.

1 Introduction

Consider a group of experts that has to decide which
of its members should participate in a concrete task or
constituting a committee. In other fields of research
there are works where the problem arises in choosing
the members of the society satisfying a social identity
(see Kasher and Rubinstein [6]), with respect to a gen-
eral attribute (see Samet and Schmeidler [10]) or, in
a very different context, which elements of a society
should be considered to delimitate a social graph (see
Laumann, Marsden and Prensky [8]). In Ballester and
Garcia-Lapresta [1] a recursive procedure for selecting
a final group of individuals is introduced.

We examine in this paper the use of that sequential
procedure where in each stage a subgroup is selected,
and taking the opinions of this subgroup a new sub-
group emerges. This tries to reflect the idea that
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selected members have more valuable opinions. For
doing the selection, an aggregation operator and a
threshold are considered over the gradual opinions.

Aggregation operators allow us to generate a collec-
tive assessment to each individual of the group tak-
ing into account the individual opinions (see Fodor
and Roubens [4], Grabisch, Orlovski and Yager [5]
and Calvo, Kolesdrova, Komornikovd and Mesiar [3],
among others).

Among the large variety of aggregation operators that
we can use for our sequential procedure, the case
of OWA (“Ordered Weighted Averaging”) operators
(Yager [11]) have been widely discussed in Ballester
and Garcia-Lapresta [1]. In the present paper, we com-
plement that study by considering a different family
of operators that has attracted significant attention in
the literature, the class of quasiarithmetic means.

Quasiarithmetic means were characterized by Kol-
mogoroff [7] and Nagumo [9]. In Bullen, Mitrinovié
and Vasié [2] there is an exhaustive study on means
(chapters IV and VI are devoted to quasiarithmetic
means). See Fodor and Roubens [4, 5.5] and Calvo,
Kolesarova, Komornikova and Mesiar [3, 4.3] as well.

The paper is organized as follows. In Section 2 we
consider again the basic framework for developing the
group decision procedure. Section 3 briefly describes
the sequential procedure subject of analysis. Section
4 includes some important families of collective eval-
uation mechanisms suitable for the recursive decision
problem. In Section 5 we announce and describe the
results of the paper. Finally, Section 6 contains some
conclusions.

2 Preliminaries

Consider a finite set of individuals N = {1,2,...,n}
with n > 2. We use 2V to denote the power set of
N, i.e., the set of all the subsets of N, and |S| is the
cardinal of S.



A profile is an n X n matrix

pPix - DPij - DPin
P=1| pa - pij - Din
Pn1 " Pnj " Pnn

with values in the unit interval, where p;; is the as-
sessment with which the individual ¢ evaluates individ-
ual j as being qualified to belong to the committee in
question. The set of profiles is denoted by P. Given a
subset of individuals S C N, Ps denotes the |S| x n
submatrix of P composed by those i—rows with i € S.
Given j € N, we denote by PZ the j-th column vector
of Ps.

Definition 2.1 A Committees’ Evaluation Mecha-
nism (CEM) s a family of functions {vs}, with 0 #
S C N, where vg : P x N — [0,1] is a function
that, given P € P, assigns a collective assessment
vs(P,j) € [0,1] to each individual j € N in such a
way that vs(P,j) = vs(Q,j) for all P,Q € P satis-
fying P§ = Q%.

Implicit in the previous definition is the fact that the
collective assessment that the subgroup S provides to
individual j, vs(P,j), only depends on the individual
assessments of S on the individual j.

A very natural way to transform the gradual opinion
that the CEM provides into a dichotomic assessment
is by means of thresholds or quotas. Intuitively, an
individual is going to be qualified if the collective as-
sessment is above a fixed quota.

Definition 2.2 A family of values {ag}, 0 #S C N,
and ag € (0,1] for every S, is called a Threshold
Mechanism (TM).

Given o CEM {vs} and a TM {as}, the family of
functions {Vs}, with S C N, where Vg : P — 2N
is the function that, given P € P, qualifies a new
subgroup Vs(P) as follows:

{j €N|US(P7j) ZOZS},

VS(P):{® v S#0,

otherwise.

The family of functions {Vs} is called the Commit-
tees’ Qualification Mechanism (CQM) associated with

{as} and {vs}.

Definition 2.3 Given a CQM {Vs}, the sequence
{S:}, where S1 = N and Sit1 = Vs, (P), is called
committees’ sequence. A committees’ sequence is said
to be convergent if {S:} has a limit lim S; (and it is
also said that the sequence converges to lim S;). The
CQM is said to be convergent if for any P € P the
committees’ sequence generated is convergent.

As noted in Ballester and Garcia-Lapresta [1], since
the society is a finite set, chain convergence can also
be expressed as: there exists a positive integer ¢ such
that Sy = S, for every t > q.

3 An overview of the sequential
procedure

We present a brief description of the sequential proce-
dure introduced in Ballester and Garcia-Lapresta [1].
Consider a group of individuals that have to decide
which of its members are adequate for a particular
task or possess an attribute or ability. The sequential
procedure makes use of their opinions (the profile ma-
trix), the social ways to determine qualification (CEM
and CQM) in a sequential way (committees’ sequence).
The aim is to determine a final set of qualified individ-
uals (reason for which convergence is fundamental).

1. The society endows itself of a mechanism of deci-
sion, a CQM.

2. All the opinions are stated and the profile matrix
is obtained.

3. The whole society (S1), determines a initial set
of qualified members, S5, by using its associated
function Vy in the CQM.

4. The members in Ss have now special relevance,
as they are roughly considered the set of qualified
members. They determine, by using the function
Vs, in the CQM, who should be the set of qualified
members, S3.

5. The process is iterated until a limit set (or a cycle)
is attained. If the limit set is obtained, this is the
set of qualified members for the given profile of
opinions.

The problem is to determine mechanisms that, given
any possible social opinion, determine a final set of
qualified individuals (convergence). Notice that the
mechanism with which a society endows itself may be
useful for a large variety of situations and problems
and therefore, it has to be flexible enough to answer
positively to any plausible matrix of individual opin-
ions.

4 Describing families of CEMs

In this section, we focus our attention on how general
aggregation operators and classes of quasiarithmetic
means can be used in the recursive procedure intro-
duced in the previous sections.



4.1 The use of aggregation operators to
construct CEMs

Typically, aggregation operators are defined for a given
number of individual opinions. Notice however that for
our model to apply, we have to consider collections of
operators, one for each possible subgroup of individu-
als in society. Although the ways to afford this task are
unlimited, we reconsider in this paper the intuitive two
assumptions done in Ballester and Garcia-Lapresta [1].

SE Self-Exclusion: When an individual had to decide
on herself, she will exclude her opinion when pos-
sible (i.e., she is not the only reviewer).

CS Cardinality-Symmetry: When the same number
of opinions have to be aggregated, the same oper-
ator will be applied (independently of the names
of the reviewers).

Both of them could be eliminated without altering
significatively the results, but we consider this model
more natural.

4.2 Quasiarithmetic means

Definition 4.1 Let ¢ : [0,1] — [0,1] be an order
automorphism, i.e., ¢ is bijective and increasing. The
quasiarithmetic mean of dimension p associated with
@ is the function fL:[0,1]" — [0,1] defined by

flar,... ap) = ™! (Ww) +"'+<P(ap)) ‘

v P

It is natural to consider quasiarithmetic means that
use the same order automorphism ¢ across dimen-
sions. The construction of the associated CEM func-
tion {vg}, therefore, would be, for any ) £S5 C N:

]

1. The quasiarithmetic mean of dimension |S|, f,"',

applied to P, if j & S.

2. The quasiarithmetic mean of dimension |S| — 1,
S|—1 . j e .
glp =1 applied to Pé\{j}, if jeS5#{j}.

3. The quasiarithmetic mean of dimension 1, fé, ie.,
the identity, applied to P{]j} =p;;, if S={j}.
Notice that the average aggregator is indeed a quasi-
arithmetic mean simply considering the identity auto-
morphism.

Example 4.2 The root-power quasiarithmetic means
can be defined through the order automorphism
p(x) = x%, with ¢ a positive integer. The associated
CEM {rg} is described in Table 1.

Table 1: CEM associated with the root-power quasi-
arithmetic mean

Cases CEM: rg(P,j)
. 1)
1Lj¢s S| Zpij
i€S

1 q
2. j ; - ¢
jeS#{j} ( ST 1 _%{_}:%)
i J

3. S={j} Djj

The associated CQM {Rg} is defined by
j € Rs(P) & rg(P,j) > as.

Example 4.3 The  exponential  quasiarithmetic
means can be defined through the order automor-
phism
Br _ 1
e
A0 =1

with 8 # 0. The associated CEM {eg} is described
in Table 2.

Table 2: CEM associated with the exponential quasi-
arithmetic mean

Cases CEM: eg(P,j)
ks luBl
' B |5

Z ePPii
2. jeS#{j} %mf%$%f*
3. 5={j} Pij

The associated CQM {Eg} is defined by

j e Es(P) = GS(P,j) > ag.

5 The results

In this section we aim to provide some sufficient con-
ditions for the convergence of CQMs associated with
quasiarithmetic means.



Definition 5.1 Given an order automorphism
@ :[0,1] — [0,1], the function g, : (0,1] — (0,1]
is defined by

Lemma 5.2 Let ¢ be an order automorphism. If the
function g, is increasing, then x(y) > ¢(zy) for
all z,y €[0,1].

PRroOF: First of all, notice that the result is true if
x=0or y=0,and zy <y forall z,y € [0,1]. Since
g, is increasing, we have

w(yy) = 9o(y) = gp(zy) = wgfyy)

for all z,y € (0,1], equivalently, o(y) >
zo(y) 2 p(zy). ]

Proposition 5.3 Let {Vs} be a CQM associated
with a quasiarithmetic mean {ff} and a TM {as}.
If the following two conditions are satisfied:

1. The function g, is increasing,

2. For all non-empty sets U,V. C N such that
UCYV itholds \Ulay > (V] - 1) ay,

then {Vg} is convergent.

PROOF: Suppose conditions 1 and 2 hold. Given any
profile P, we prove by induction that the committee
sequence is decreasing, hence, convergent. Obviously,
So € S; = N. Suppose Sii1 € Sk is true for any
ke{l,...,t —1} (in particular S; C S;_1). In order
to prove Si11 C S; by way of contradiction, suppose
there exists an individual j € S;11 such that j & S;.
Consider the greatest integer m such that j € 5,,,
with m < ¢ — 1. Notice that this is well-defined, since
S1 = N. By the induction hypothesis, it must be that
St € Sy, and, consequently, Sy = S:\{j} C S\ {j}-

Therefore,
Yo oey) Y ei)
i€Sm\{j} i€S;
[Sm| =1 7 Sl =1~
Since ¢! is also increasing, we have
> epi) > e(pi)
_1 | i€Sm\ {5} _1 | i€s:
=emAayy > o | =
‘Sm|_1 =7 ‘Sm|—1
> elpij)
_ -1 |St‘ 1€S
|Sm| -1 ‘St|

By the fact that j € Siy1 = Vs, (P) and j ¢ S, we
know that

> elpij)

-1 i€S
S|

Being ¢ increasing, this is equivalent to

Z e(pi;)

1E€St

_ > g, ).
5 > p(as,)

Hence, substituting:

> i)

1 ISt|  ies,
|Sm| -1

1St -

S|
>t |5t .

Lemma 5.2 and the fact that ¢! is increasing guar-
antee that

1 |5 (as,) | > o~ |St| N
e o eles) |z el g es | )

Condition 2 ensures |S¢| as, > (|Sm| — 1) as,,. Then,

! <<p<|S7LS|t—1 O‘St>> > o Hplas,)) = as,,

Hence we obtain

Z ¢(pij)
-1 | €Sm\{4} >
[Sm| =1 B

m

or, equivalently, j € Vs, (P) = S,,41, leading to an
absurd and concluding the proof. [

Corollary 5.4 If for all non-empty sets U,V C N
such that U CV it holds |U|ay > (|V]|—1) ay, then
any associated CQM {Rg} is convergent.

ProoF: It is sufficient to take into account that the
function g, defined by

is increasing. [ ]



Corollary 5.5 Let {Vs} be a CQM associated with a
quasiarithmetic mean {f8} and a TM {as}. If ¢ is
convez and for all non-empty sets U,V C N such that
UCV itholds [Ulay > (V] = 1) ay, then {Vs} is
convergent.

PrROOF: We prove by way of contradiction that the
function g, is increasing. Suppose that there exist
z,y € (0,1] such that « < y but g,(z) > gx(y). In
this case,

@ > (yy) = p(z) > gw(y)

Since ¢(0) =0 and Te (0,1), we have
Y

@(i@ﬂr (1— z>0> =p(z) > gtp(y) =

= gwy) + (1 - x) ©(0).

This fact contradicts the hypothesis that ¢ was convex.
Thus, the function g, is increasing and the associated
CQM {Vs} is convergent. n

The previous corollary gives us a very simple result
about the convergence of exponential quasiarithmetic
means.

Corollary 5.6 If for all non-empty sets U,V C N
such that U C'V it holds |U|ay > (V| —1) ay, and
B > 0, then the associated CQM {Eg} is convergent.

PRrROOF: Given Corollary 5.5, the fact that the function

efr -1
el —1

p(r) =
is convex in (0, 1] for any 8 > 0, allows us to conclude
as desired. [

6 Concluding remarks

In this paper, we have analyzed the possibility of using
different aggregation operators in a previously intro-
duced sequential evaluation mechanism.

The main aim was to obtain results about the con-
vergence of the associated committees’ qualification
mechanisms. We have provided some sufficient condi-
tions for the convergence of mechanisms based on qua-
siarithmetic means, paying special attention to root-
power and exponential means and those generated by
convex order automorphisms.
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