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Abstract

A Sugeno and a Choquet integrals are com-
monly used fuzzy integrals for aggregation.
As a generalization of both integrals, the
twofold integral is induced. The twofold in-
tegral enables us to interpret two measures
from a different semantics viewpoint. One
corresponds to the Choquet integral and the
other corresponds to the Sugeno integral.
Our work is about building models for the
twofold integrals from examples.

In this work, we formulate the problem of
learning measures from examples, and pro-
pose a method for obtaining the two fuzzy
measures used in twofold integrals. This
method is based on an alternate optimiza-
tion.

Keywords: Twofold integral, Fuzzy mea-
sure, Model building, Optimization

1 Introduction

Modeling user decisions is an essential step in the pro-
cess of building decision making applications. Aggre-
gation operators are the basic tools for achieving such
modeling. These operators, from a general perspec-
tive, combine data from different sources to build an
aggregated value. In the case of decision making, they
are usually applied to compute an overall assessment
of a given alternative taking into account several (pos-
sible quite different) criteria.

Choquet integral and Sugeno integral are powerful
aggregation operators that are specially appropriate
when criteria are not independent but there exist some

interaction between them. These operators combine
the information taking into account a fuzzy measure.
This measure permits to express the interaction (re-
dundancy / complementariness) between the criteria.

Recently, Torra[12] proposed the twofold integral that
generalizes both Choquet and Sugeno integrals. This
new operator combines the evaluation of each crite-
ria with respect to two fuzzy measures. One measure
corresponds to the Choquet integral and the other cor-
responds to the Sugeno integral. The rationale of this
generalization is that both measures have a different
underlying semantics and thus a generalization using
both is meaningful and useful. In fact, the measure
in the Choquet is considered as more probability-like
and the one in the Sugeno integral is considered more
fuzzy-like.

Besides of the need of new aggregation operators, an
important aspect for building decision making appli-
cation is the process of constructing real models with
these operators. One of the approaches considered for
such modeling is parameter determination from exam-
ples. In this paper we work in this direction. We con-
sider the process of parameter learning from examples
for the twofold integral.

The structure of the paper is as follows. In Section
2, we describe a Choquet, a Sugeno, and a twofold
integrals. Then in Section 3, we describe our approach
for fuzzy measures determination. The paper finishes
in Section 4 with some conclusions and future work.

2 A Choquet integral, a Sugeno integral and
a twofold integral

We give the definition of three kind of integrals, a
Choquet integral, a Sugeno integral, and a twofold in-



tegral. At first, we define a fuzzy measure because
these integrals are defined by using a fuzzy measure.

Definition 1 Let X � �x1� � � � �xp� be a finite set of cri-
teria or attributes, and let F be the family of all subset
of X. A fuzzy measure µ on the finite set X is a set func-
tion µ : F � �0�1� satisfying the following conditions:

1. µ� /0� � 0�µ�X� � 1 (boundary condition)

2. A � B implies µ�A� � µ�B� for all A�B � F
(monotonicity)

To determine a fuzzy measure onX , we must iden-
tify 2p�2 coefficients satisfyingp2p�1 conditions. In
practical situations, these determination is not easy.
To solve this drawback, some approach have been
proposed to reduce the number of parameters to be
determined[6, 10]. In this paper, we use a Sugenoλ-
measure defined as follows:

Definition 2 Let µ be a fuzzy measure, then µ is a
Sugeno λ-measure if there exists λ ��1 such that

µ�A�B� � µ�A��µ�B��λµ�A�µ�B� (1)

holds for all A�B � F .

It is to be noted that, for a Sugenoλ-measure,

p

∏
j�1

�1�λµ��xj��� � 1�λ (2)

holds because of the boundary condition. In [11], it
is shown that a Sugenoλ-measure is completely de-
termined by the measures of singleton,µ��xi��� i �
1� � � � � p, as

µ�A� �
1
λ
�∏

x j�A

�1�λµ��xj����1� (3)

for all A � F .

The Choquet and the Sugeno integrals integrates a
function f with respect to a fuzzy measure.

Definition 3 Let µ be a fuzzy measure on X, then a
Choquet integral CIµ� f � and a Sugeno integral SIµ� f �
of a function f : X � �0�1� with respect to the fuzzy
measure µ are defined by

CIµ� f � �
p

∑
j�1

� f �xs� j��� f �xs� j�1���µ�As� j��

and

SIµ� f � �
p�

j�1

� f �xs� j��	µ�As� j���

respectively, where f �xs�i�� indicates that the indices
have been permuted so that 0 � f �xs�1�� � �� � �
f �xs�p��� 1, As� j�� �xs� j�� � � � �xs�p�� and f �xs�0�� � 0.

For detail of these two integrals, see[1, 3, 5, 10].

As a generalization of the Choquet and the Sugeno in-
tegrals, Murofushi and Sugeno[8] defined a t-conorm
integral. It is built through the unification of the oper-
ations addition and maximum in terms of t-conorms,
and product and minimum in terms of a product-like
operation. Additionally, it is important to underline
that the fuzzy measure present in both integrals is con-
sidered the same measure and, therefore, the t-conorm
integral considers a single fuzzy measure.

A twofold integral, defined in [12], is a completely
different generalization, because the cornerstone of a
construction is to consider fuzzy measures in Sugeno
and Choquet integrals as completely different from a
semantics point of view. In particular, we consider
Sugeno’s measure as denoting fuzziness and Cho-
quet’s measure as denoting randomness.

From this assumption, it is natural to infer that a
twofold integral has to be an expression that contains
the two measures. Then, naturally, particularizations
of the measures should lead either to the Choquet in-
tegral or the Sugeno integral. When nothing is known
about the membership ofX but only information about
randomness is known, then the integral to be used is
Choquet’s one. Instead, when nothing is known about
the probability distribution but only the fuzziness then
the integral to be used is Sugeno’s one.

The following is the definition of a twofold integral.
Let µC be a fuzzy measure in the Choquet integral and
let µS be one in the Sugeno integral, then the twofold
integral which is denoted byTIµS�µC� f �, is defined as
follows:

Definition 4 Let µC and µS be two fuzzy measures on
X, then the twofold integral of a function f : X � �0�1�
with respect to the fuzzy measures µS and µC is defined
by:

TIµS�µC� f � �
p

∑
j�1

��
j�

k�1

f �xs�k��	µS�As�k���


�µC�As� j���µC�As� j�1����



where f �xs� j�� indicates that the indices have been
permuted so that 0 � f �xs�1�� � �� � � f �xs�p�� � 1,
As� j� � �xs� j�� � � � �xs�p��, As�p�1� � /0.

For detail of a twofold integral, see [12].

3 Fuzzy measures identification problem
with a twofold integral

We propose a method for obtaining two fuzzy mea-
sures from example. Lety1� � � � �yN be global eval-
uations ofN objects (or byN individuals), and let
f1�x j�� � � � � fN�x j�� j � 1� � � � �M� be their evaluations
of criterion xj. Our aim is to determine measuresµC

andµS on X � �x1� � � � �xp� such that they minimize

g�µS�µC� �
N

∑
i�1

�yi� ŷi�
2
� (4)

where

ŷi � T IµS�µC� fi��

In this study, we use a Sugenoλ-measure asµS. Thus,
the number of coefficients to be determined is 2p �
p�2, and the model ˆyi becomes

ŷi �
p

∑
j�1

��
j�

k�1

fi�xi�s�k��	µS�Ai�s�k���


�µC�Ai�s� j���µC�Ai�s� j�1���� (5)

where fi�xs� j�� indicates that the indices have been
permuted so that 0� fi�xi�s�1��� �� � � fi�xi�s�p��� 1,
Ai�s� j� � �xi�s� j�� � � � �xi�s�p��, Ai�s�p�1� � /0, andµS is a
Sugenoλ-measure.

To obtain the optimum measuresµS andµC, we pro-
pose an alternate optimization method because it is
not easy to simultaneously obtain both measures. The
proposed algorithm is as follows:

Step 0 : (Initialization) Setµ�0�S ��x j�� for all xj � X

such that 0� µ�0�S ��x j�� � 1 as an initial values of
a Sugenoλ-measure, and setk :� 0. Also setδ �

0 which is used for evaluation of convergence of the
algorithm.

Step 1 : (Calculation of the Sugenoλ-measure) Ob-
tain λ satisfying the equation (2), and calculateµ�A�
for all A � X according to the equation (1). The ob-
tained measure is denoted byµ�k�1�

S .

Step 2 : (Determination ofµC) Determine the measure
µC underµ�k�1�

S being fixed, and the obtained measure

is denoted byµ�k�1�
C .

Step 3 : (Determination ofµS��x j��) Determine mea-

sures of singletonµS��x j��� j � 1� � � � � p underµ�k�1�
S

being fixed, and the obtained measures is denoted by
µ�k�1�

S ��x j��� j � 1� � � � � p. Also calculate

ŷ�k�1�
i � TI

µ�k�1�
S �µ�k�1�

C
� fi��

Step 4 : (Evaluation of convergence) If

��ŷ�k�1�
i � ŷ�k�i ��� δ

then end the algorithm, else setk :� k �1 and goto
Step 1.

Step 2 and Step 3 are executed as follows.

In Step 2, onceµS is fixed, the equation (5) becomes

ŷi �
p

∑
j�1

��
j�

k�1

f �xi�s�k��	µS�Ai�s�k��

�
j�1�

k�1

f �xi�s�k��	µS�Ai�s�k���µC�Ai�s� j����

This is the problem of a fuzzy measure identification
with the Choquet integral, and we can use the method
of the algorithm for the problem [4, 6, 9]. To con-
struct algorithms, we need to know the properties of
the solution set, for example, shown in [6, 7].

Since this optimization problem is a convex quadratic
programming problem, the complementary pivot al-
gorithm can be applied[9]. In [6], a method based
on alternate convex projections[2] is proposed. In our
implementation, we use the method based on alternate
convex projections.

In Step 3, we can not use a usual gradient method to
obtain the optimum measureµS, because the objective
function is not differentiable at finite points.

SinceµC is fixed, the objective function (4) is a func-
tion of µS. Moreover, since we use a Sugenoλ-
measure asµS, the objective function is a function of
v1� � � � �vp. Thus, we rewrite the objective function in
this step as follows.

Let v � �v1� � � � �vp� wherevj � µS�x j�, thenµS�A��A�
F is the function ofv by the equation (3), which is



denoted byQ�v�, and the objective function (4) with
fixed µC, which is regarded as the function ofv, is
denoted by

g�v�µC� �
N

∑
i�1

�yi� ŷi�
2
�

Thus the sub-algorithm is as following :

Step 3.0 : Set ε � 0, which is sufficiently small,
and let µC�A� :� µ�k�C �A��A � X , v j :� µ�k�S �x j�� j �
1� � � � � p.

Step 3.1 :Calculate

∆�
α � g�v1� � � � �vα � ε� � � � �vp�µC��g�v�µC��

∆�α � g�v1� � � � �vα � ε� � � � �vp�µC��g�v�µC�

and set∆α � min�∆�
α �∆�α �0�.

Step 3.2 : Solve the one dimensional optimization
problem, which is to minimize the function

g�v� t�∆1� � � � �∆p��µC��

Let
t� � argmin

t�0
g�v� t�∆1� � � � �∆p��µC��

andv�α � vα � t��∆1� � � � �∆p�

Step 3.3 : If t� � δ, then setµ�k�1�
S �x j� :� v�j � j �

1� � � � � p and exit the sub-algorithm, else setvj :�
v�j � j � 1� � � � � p and gotoStep 3. 1.

4 Conclusions and future work

A twofold integral is a generalization of both a Sugeno
and a Choquet integrals. In this paper, we formulated
the problem of identification of fuzzy measures in de-
cision making with a twofold integral. In addition, we
proposed a optimization method, which is a kind of al-
ternate optimization technique, to identify these fuzzy
measures.

The proposed method has been practically applied to
the iris data in the UCI repository. These experiments
are not reported here because of the lack of space.
Preliminary results show that the method is promis-
ing although additional experimentation and a more
detailed analysis are required.
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