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Abstract

Conventional approach to mathematical de-
scription of experiments applies probabil-
ity theory. Here, another approach is used
to express uncertainty based on probability,
fuzzy sets, and evidence theory. The pa-
per presents a new reliability model of an
element working in different environmental
and stress conditions. Fuzzy and probabil-
ity descriptions are combined together us-
ing evidence theory to describe failure rate
of an element. The method presented in the
paper is more general, not limited to relia-
bility problems only.
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1 Introduction

Probability apparatus is in common use in the con-
ventional approach to reliability. The knowledge of
degradation processes is steaming from the results of
testing as well as from our general experience. The re-
sults of testing undergo an easy mathematical process-
ing and it seems unquestionable. However, the test-
ing is carried out in different conditions being fairly
far from expected environmental and stress condi-
tions. Thus, results of testing are not always valid.
The knowledge and experience, gathered in e.g. MIL
217 [6], can yield useful solutions to practical prob-
lems. Yet, it has nothing common with probability
theory and the relevant predictions are of the type of
”fortune-telling”. In the handbooks we have exact for-
mulas transforming e.g. basic failure density to that of

our working conditions, however, the results consti-
tute an approximation only. Such transformation can
be expressed in terms of fuzzy logic.
Conventionally, two methods are used to solve the
problem. First, very simple and popular, to calcu-
late the failure density of the element from a test or
estimate failure rate based on our experience, and ap-
ply transformation of the failure rate using [6]. Sec-
ond, to calculate the confidence interval for failure
rate from a test and find interval for the failure rate in
exploitation conditions, applying transformations for
upper and lower limits. Both solutions are not exact.
Moreover, second is not correct because uncertainty
of transformation is neglected, so it gives too narrow
interval. We have two different models in real situ-
ation: probabilistic, obtained usually from the accel-
erated test, and fuzzy for transformation of environ-
mental and stresses conditions. In the paper we try to
join both models with Dempster Shafer evidence the-
ory [2][5].

2 Probabilistic model

Suppose that a reliability test for elements was carried
out. N identical elements were tested during a time
t. d failures were observed. Assumption of the same
environmental and stress conditions for all elements
leads to estimation of failure rate in the form of

λ̂b =
d

N t
(1)

and to binomial probability distribution of failures

Pr{ν(t ) = k} =
(

N
k

)
pk(1− p)N−k (2)

whereν(t) denote random variable ofk failures ob-
served during timet. Hence, the failure rate during
test can be estimated as in (1).



3 Transformation of environmental
conditions

Consider now a transformation of the failure rate ob-
served in stress and environmental conditions during
the test to the rate expected in stress and conditions
of exploitation. It is a function with some parameters,
which depends on the type of the element. Typical
transformation for failure rate has the form of

λ = λ0[1+(
S
Sb

)n]exp(
Ea

kNT
Ta) (3)

whereλ0 - predicted value of base failure rate during
exploitation,S - stress during exploitation,Sb - stress
constant,n - power constant depending on the type
of element,Ta - exploitation temperature in◦K, NT -
temperature constant,Ea - activation energy,k - Boltz-
man constant. Here, a new constantKa = Ea/kNT is
put for simplicity. Of course, the formula (3) may be
used for test conditions also.

4 Fuzzy model of failure process

Uncertainty and lack of knowledge can be expressed
in the terms of fuzzy logic. There are some different
approaches. Author and technology expert proposed
one of them [7]. It is possible to build this model,
where all physical processes of degradation are taken
into consideration. Physical processes are superposed
in time. Accelerated tests were carried out. Four
physical processes were distinguished. Some fuzzy
rules were composed, which show when any process
is active, and fuzzy model of degradation process was
built. In any time, the weight of each process in to-
tal failure rate of the element can be found from rules,
and total failure rate was found as weighted mean us-
ing Sugeno method [11]. The weights of the model
vary with time. Fuzzy logic allows introducing our
knowledge about physical process of failures by the
choice of membership functions. Moreover, some
approximate relations, obtained for other similar el-
ements, can be used in the case of lack of experimen-
tal data. This idea is more natural then probabilistic.
However, large knowledge about the degradation pro-
cess is necessary to build the model. In lack of this
knowledge another solution described below is pro-
posed.

5 Fuzzy transformation of environmental
conditions

The results of the reliability test must be transformed
to exploitation conditions. It was always a real prob-
lem. In transformation (3), or a similar one, there are
some constants. None of them are known exactly, so
we have large uncertainty of the result obtained. This
uncertainty can be easily expressed in terms of fuzzy
numbers. In [1] the author of this paper proposed to
replace the constants by fuzzy numbers. Thus, fuzzy
numbersλ0, n, Ka are introduced in equation (3).

Theorem If λ0, n, Ka are fuzzy numbers with
membership functionsµλo, µn, µKa, then failure rate
defined as

Λ = λ0 [1+(
S
Sb

)]n exp(KaTa) (4)

is a fuzzy number with the membership function

µΛ(Λ) = sup
λ0,n∈R

min{µλ0(λ0), µn(n),

µKa [(Ta)−1 ln(
Λ
λ0

[1+(
S
Sb

)n]−1)]} (5)

The theorem may be easily proved directly from
Zadeh’s extension principle [13].

If the membership functions for the parametersλ0, n,
Ka have triangular shapes, then these memberships
give, in an easy way, a center value, and lower and
upper limits for possible values of the failure rate.

6 Probability-possibility transformation

The probability model in (2) describes the test re-
sults. Stress and environmental conditions transfor-
mation is a fuzzy function. How to join both de-
scriptions together? The problem can be solved ap-
plying probability-possibility transformation [14] [3]
[4]. Sudkamp [10] showed that there is no transfor-
mation that preserves basic second order properties,
but we are interested in information arising from the
test. Klir [4] proposed a transformation, preserving
uncertainty in the form of

E = − ∑
A∈F

m(A) log2Pl(A) (6)

introduced before by Yager [12] wherem(A) is de-
gree of evidence, so called basic probability assign-
ment [8],Pl(A) is plausibility measure, andF is fo-
cal set of fuzzy setA. Probability measures are a



special case of plausibility measures if focal sets of
m(A) contain only singletonsAk, i.e. only crisp sets.
Thenm(Ak) = p(Ak), wherep(Ak) denotes the proba-
bility assigned to the setAk, and plausibility measure
is equalPl(Ak) = p(Ak). Thus, the measureE(m) be-
comes conventional entropy - Shannon measure of in-
formation [9]

H = − ∑
k

p(Ak)log2 p(Ak) (7)

which expresses uncertainty related with{p(Ak)}.
Entropy satisfy all Lebegue axioms of measure the-
ory and some others related with properties of infor-
mation. It can be treated as expected value of uncer-
tainty associated with distributionp(Ak). Moreover,
the measure of nonspecifityV in probability assign-
mentm(A) defined as

V = ∑
A∈F(m)

m(A) log2 |A| (8)

where |A| denotes the cardinality of the setA, be-
come, in the crisp case, generalization of Hartley mea-
sure of information (see [9])

I = log2 |A| (9)

The setAk can be viewed as theα-cut of the fuzzy set
A defined on spaceX by membership functionµA(x).
Nonspecifity can be rewritten in a simple form

V = ∑
k

(µk−µk−1) log2|Ak| (10)

whereµk are ordered monotonically0 ≤ µ1 ≤ µ2 ≤
... ≤ µk ≤ ... ≤ 1. Resuming, the nonspecifity is pos-
sibilistic measure of uncertainty, and Shannon entropy
is probabilistic measure of uncertainty.

Now, let us transform probability distribution into
possibility distribution preserving this uncertainty
putting

µk =
Pr{ν(t ) = k}

supk Pr{ν(t ) = k} (11)

SetAk can be considered asα-cut on the levelµk and
contains integersxl satisfying

Ak = {xl ∈ [0,N] |µ(xl )≥ µk} (12)

The valuesAk and membershipsµk define fuzzy set -
number of possible failuresA. Now, it is necessary to
fulfill the condition of equal uncertaintyH(ν) =V(D)

whereD = cA is a fuzzy number with similar mem-
bership shape asA, µD(Dk) = µA(Dk/c) , but modi-
fiedα-cutsDk = cAk. Entropy of binomial distribution
may be estimated as

Ĥ(ν) = −
(

N
k

)
p̂k(1− p̂)N−k ln[

(
N
k

)
p̂k ·

· (1− p̂)N−k] (13)

Uncertainty of the numberD equals

V(D) =
N

∑
k=1

[µk(Dk)−µk−1(Dk−1)] log2 |Dk| (14)

Comparing right sides of (13) and (14) the value of
constantc can be calculated numerically by iterations
to satisfy equality.

ValuesS, Sb, n, Ka, Ta are constant during the test.
Thus, uncertainty ofD is related only with valueΛ
andλ0, because binomial distribution (2) depends on
d andN only. Therefore

Λ = D/N t λ0 = D/N t1 (15)

where

t1 = t [1+(
S
Sb

)n]exp(KaTa) (16)

is recalculated value of the timet resulting from the
model (3). The fuzzy numberλ0 has membership
function

µλ0
(λ0) = µD(λ0Nt1) = µA(λ0Nt1/c) (17)

Applying fuzzy transformation of the test conditions
on exploitation conditions the fuzzy failure rateΛ in
exploitation conditions may be found

Λ = λ0 [1+(
S
Sb

)]n exp(KaTa) (18)

where membership function is described by (5).

Example. Consider a sample ofN=100 elements
tested in the timet=500h. Two failures (d=2) were
observed. Suppose the fuzzy model is described by
(4) and fuzzy numbersn, Ka have triangular mem-
bership functions with parametersKa = (4 ·10−3;5 ·
10−3;6·10−3), n = (2.1;3.0;3.9). Let the valueSb be
known and constantSb=0.4. The membership func-
tions, Fig. 1 and Fig. 2, are calculated from (17) and
(5) in exploitation conditions: temperatureTa=3080K
and electrical stressS=0.5.



Figure 1: Membership function forλ0

Figure 2: Membership forΛ in exploitation condi-
tions

7 Conclusion

Presented method is general and may be applied not
only to reliability problems. The method may be
used to join probabilistic description with fuzzy de-
scription when human experience and some empirical
knowledge must complete measurement data. The ev-
idence theory supported by information theory may
solve such problems.
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