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Abstract

The paper deals with two methods of a
fuzzification of the Borel field of events
and too the probability measure. The first
approach generalizes the Zadeh definition
of a crisp probability of fuzzy event. The
second method is based on the Yager defi-
nition of a fuzzy probability of fuzzy event.
The theoretical results obtained can be ap-
plied to modeling stochastic phenomena
with uncertain character.
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1 Introduction

The basic notion in the theory of probability is a
random event (a subset of the basic space), which
may or may not occur depending on the implementa-
tion of a random experiment. We assume that, for a
particular implementation, we can decide whether
this event has or has not occurred. However, in prac-
tice, this requirement may not be complied with in a
simple way. Such events may be suitably interpreted
by fuzzy sets [11]. On the other hand, the expression
of a probability value itself may be of a vague na-
ture. These inaccurate values may also be described
by a fuzzy sets and fuzzy numbers [8].

The following general symbols are employed, as
needed, throughout the text: R : the set of all real
numbers; N : the set of all natural numbers; ®, ©,
®: the extended arithmetic operations with fuzzy
real numbers.
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2 Zadeh-type fuzzy probability

The first fuzzification is based on Zadeh’s definition
[11] of the probability of fuzzy event 4:

P(4)= J.ﬂédp
e
where P is a probability measure, and 4 = (R’”, 7 4)

is a fuzzy set. In this section, this definition is gener-
alized by means of Zadeh's extension principle [2].

Definition 2.1. Let Q = be a universal set (basic
space). A fuzzy random event is the fuzzy set 4=

= (Q, Y7, 4) with the membership function z,:Q—
—[0;1]. Q is the certain event (yé{ = 1) and @ is

the impossible event ( My = O). A fuzzy random

event 4 with a Borel measurable membership func-
tion u, is called a fuzzy event.

Definition 2.2. A nonempty set X of fuzzy events
Az(Q, 7 4) is called a fuzzy Borel field of fuzzy

events over the universal set Q2 if X has the following
properties [4]:
Iy (o)=aVoeQVac|0l]= 4eX.

2. AeX = 4ex.

3. Aidy..€T = (J4ex.
i=1

4. 4,4, X = 4-4cX.

Definition 2.3. Let Q=R" where m €N be a uni-
versal set, X a crisp Borel field of events over
Q, IT a nonempty set of probability measures P on

(Q,2), T a fuzzy Borel ficld of fuzzy events on



Q,and 4= (Q,,ud) € X a fuzzy event. Let, further,
Ez(H, /”E) be such a fuzzy bunch on IT that

3P eIl and p,(P)=1. Then the fuzzy bunch P is

called a fuzzy probability measure on Q and the
Sfuzzy probability of a fuzzy event A is the fuzzy set

B(4)=([0;1],y}_,(4)) where
H(a)(P)= sup 41y (P)
J‘,u_f,dP:p

for Vp €[0;1]. If no measure P eIl exists such that

J.,uészp, we put ,uP(A)(p)zo. The triplet

(]R’",Z,B) is called a fuzzy probability space on R" .

Theorem 2.1. For any fuzzy event 4 € X, we have:
0 P(2)={0}. P(©)={1.

b) P(4)={1}oP(4) for V4eX,
©) ty(5)(P) =ty (1= p) for vpe[0i1],
d) P( ) fuzzy number = P( ) fuzzy number.

Theorem 2.2. For any set of fuzzy events 4 €X,
i=1,...,n,we have:

e
s 5]

Definition 2.4. Fuzzy events A4,Be€X are inde-
pendent if, for VP eIl ,

Iyédesz‘yédP-IquP,
Q Q Q

Fuzzy events 4, €X, i=1,...,n, are mutually inde-
i} {l....,n}, VPell,

IﬁyéidezﬁIyétde.

Q Jj=l J=l o

pendent if, for V{i,,...,

Theorem 2.3. If fuzzy events 4,B
pendent, then the fuzzy events 4,B;

also independent.

Theorem 2.4. For any set of mutually independent
fuzzy events 4, €X, i=1,...,n, we have:

3 Yager-type fuzzy probability

The second fuzzification is based on Yager’s defini-
tion [10] of the fuzzy probability of fuzzy event A4:

P(4)=|J a{P(4,)}

ae[O;l]
is the
a—cut of fuzzy set 4. In this section, this definition

where P is a probability measure and A4,

is generalized and the necessary fuzzy structures are
described [9]. Let U be a universal set, F(U) the

system of all fuzzy sets on U.

Definition 3.1. The system of fuzzy sets M <
c ]—"(U) is called a fuzzy set ring if, for V4 M,
ieN, M has the following properties:

I 4ud;eM.

2. A-4;eM.

3. |Jdem.
ieN

Definition 3.2. The system of fuzzy sets M c
cF (U ) is called a fuzzgy set o—algebra if, for

V4 e M, ieN, M has the following properties:

l. 4ud,eM.

2. U-4eM.

3. | Jdem.
ieN

Definition 3.3. Let a fuzzy set 4€ F(U) have the
finite support supp A . Let U be a complete ordered
set with < as the ordering relation. The fuzzy set 4

is called a quasi-convex if a—cut A, has, for
‘v’ae(O;l], the following property: if x,,x,€4,,

x <x,, x #x,, then, for Vyesupp 4 and
x,<y<x,, we have ye4,. A convex or quasi-
convex fuzzy set A4 is called a pseudo-convex fuzzy
set.

The reason for introducing the term quasi-convex

is the demand for proper definition of convexity on a



discrete universe. We need this for random variables
with discrete distribution laws.

Definition 3.4. The normal and pseudo-convex
fuzzy set g = (R, /Jg) is called a generalized fuzzy
number. The set of all generalized fuzzy numbers

we denote by A”".
Definition 3.5. Let M c F (U) be a fuzzy set

o-ring on U. A fuzzy set function /j:A;[ - A" is

called a fuzzy measure on M if 1 has the follow-
ing properties:
1. suppxj(zjl) cR, for V4 e M.

2. For VAe M where i eN
{Ual-Uata)
ieN ieN
3. A(9)={0}.
Let M be a fuzzy set o-algebra on U. A finite
fuzzy measure P such that P(U)={l} is called a

fuzzy probability measure.

Theorem 3.1. Let M be a set o—algebra on U,
a; e (0;1)} a finite
set of real numbers with the following property:
ae a(M) = (l—a) € a(M) .Let 4 bea sequence
of sets A= {A(z’) € M|A(i) cA(i-1)sie {1,...,n}}.
Then the family of fuzzy sets

W ={4|4, = 4(i); 4(i) e 4

a(M)={0=a0<a1<~~<an

generated by the system of sequences Adisa fuzzy
set o—algebra. We say that the fuzzy set o—algebra
M is generated by the set c—algebra M.

Now we can ask if and when we are able to gen-
erate a crisp set o—algebra from a fuzzy set o—alge-
bra. One interesting class of fuzzy set o-algebras
that are able to generate a crisp o—algebra is given
by the following definition.

Definition 3.6. Let 4 F (U ) be a fuzzy set. 4 is

called a step fuzzy set, if the set
a({l) = {a € [O;l]‘ﬂx € U;,ué1 (x) = a} ,
is finite. The set r(4) is called a set of member-

ship degrees of the fuzzy set 4.

Definition 3.7. A family of step fuzzy sets M is
called complete if has the following properties:

1. The set a(M) = U a(4) is finite.

AeM
2. If 4e M and B are fuzzy sets such that, for
Va,ea(d),a,>0, we have 4, =B, , then
Be M.
3. If Ae M and B are fuzzy sets such that, for
Va,ea(d),a,>0, we have 4, =B, , then
Be M.
Theorem 3.2. Let M be a complete fuzzy set o—al-
gebra on U. Then the set
Mz{AgU‘EI/jleA;I,aea(]\;l);A:Aa}
is a set o—algebra.

Theorem 3.3. Let M be the fuzzy set o—algebra
generated by a set o—algebra M, P probability meas-

ure on M. The fuzzy set function P: M — A" where

o) ()= sup {alae[0:1]

is a fuzzy probability measure. We say that P is
generated by P.

Definition 3.8. Let (U,M,P) be a probability

space, M the fuzzy set c—algebra generated by the
set o—algebra M, P the fuzzy probability measure on

M generated by the probability measure P. The
triplet (U M ,E) is a fuzzy probability space, and
(U,M ,13) is generated by the probability space
(U,M,P). A fuzzy set AeM is called a fuzzy
random event. A fuzzy number P(4) is called a
fuzzy probability of the fuzzy random event 4.

Definition 3.9. Let 4 be a fuzzy set on a universal
set U, u, the membership function. A function
1 :[0:1] > U (if it exists) where 1 (a)=x, iff
My (x)za, is called a quasi-inverse membership

function of the fuzzy set 4.

Theorem 3.4. For V4,Be M, Ac B, Vae[01],

we have u;(é) ()< ,uz,(é,)(a).

Theorem 3.5. For VAde M, Va e [0;1], we have:
a) Hpy(a)=P(4,),



b) ppy ()= supa .

Hp()(@)=p
Definition 3.10. Fuzzy random events 4,B € M are

independent if random events 4,,B, are independ-

ent for Va,f € [0;1] . Fuzzy random events 4, € M s
i=1,...,n, are mutually independent if random
events A,

1

e[01], i=1,...,n.

are mutually independent for V¢, €

Theorem 3.6. If fuzzy random events A,BeM

where M is a complete fuzzy set c—algebra are
independent, then the fuzzy random events A4,B;

A4,B; 4,B are also independent.

Theorem 3.7. For any two independent fuzzy ran-
dom events 4,BeM and for any set of mutually
independent  fuzzy random events 4 e M,
i=1,...,n, we have:

a) P(4nB)=P(4)®P(B),
b) P(ﬂ j =Qr(4).
4 Examples
Example 4.1. (Zadeh-type fuzzy probability)
We have a fuzzy probability (fuzzy bunch) P on

the universal set I1={R,P,,P,P,} with the mem-
bership function:

P A P, P, P,

1

mp(B) | 06 0.8 10 | 05

where probability measures P, for i =1,2,3,4 on the

basic space Q ={1,2,3,4,5} are given:

;

- 1 2 3 4 5
P
B 0.20 0.20 0.20 0.20 0.20
P, 0.30 0.25 0.20 0.15 0.10
P, 0.10 0.15 0.20 0.25 0.30
P, 0.28 0.18 0.08 0.18 0.28

Let fuzzy events 4, for k =1,2,3 have the member-
ship functions:

;

1 2 3 4 5
4
4, 1.0 0.5 0.0 0.0 0.0

0.0 0.5 1.0 0.5 0.0
0.0 0.0 0.0 0.5 1.0

13
8]

13
w

The calculated fuzzy probabilities of fuzzy events
are:

i 'UP(P:) Pz(‘fll) Pz(‘flz) Pz(‘~43)
1 0.6 0.300 0.400 0.300
2 0.8 0.425 0.400 0.175
3 1.0 0.175 0.400 0.425
4 0.5 0.370 0.260 0.370

A plot of the membership function of fuzzy prob-
ability P(4,) is shown in Fig. 4.1.

1 L
A8
0.8 < »
06 *
u »

0.4
0.2

0

0 02 04 06 08 1
p
Fig. 4.1

A plot of the membership function of fuzzy prob-
ability 13(41) is shown in Fig. 4.2.
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A plot of the membership function of fuzzy prob-
ability P(4,) is shown in Fig. 4.3.
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Example 4.2. (Yager-type fuzzy probability)

Suppose a fair coin is flipped ten times. Let A4, be
the random event "head faces up i-times",
i=0,..,10. The random event A, has the probabil-

ity
P

from the binomial distribution Bi(10;1/2):

A Ay A 4, A;

P 210 102719 | 452" | 1200279
4, Ay As As As

P | 21027 | 252(27"% | 2102 | 120279
A Ay Ao Aro

P | 4527 | 102" 210

Let fuzzy random events:
B : “head faces up seldom”,

C : “head faces up sometimes”,
D : “head faces up many times”,
have the membership functions on the universal set

U={4y,.... Ay} :

Ai

Ao 4, 4> 43
Y7
Hg 1 1 0.9 0.7
Hc 1 1 1 0.9
Hp 0 0 0 0

Ai

Ay As Ag 45
Y7,
Hg 0.4 0 0 0
He 0.6 0.2 0 0
Hp 0 0 0 0.3
Ai

A8 A9 A 10
Y7
Hy 0 0 0
He 0 0 0
Hp 0.8 1 1

The calculated fuzzy probabilities P(B), P(C),

and P(D) have the membership functions:

p 112719 | 56(27'%) [176(27'%) | 386(27'%)
Hp(p) 1 0.9 0.7 0.4
p 56(27"% 1176(27'%) |386(27'%) | 638(27'%)
Hp(c) 1 0.9 0.6 0.2
p 1127 | 562" | 176(27'%)

Hp(p) 1 0.8 0.3

The membership functions of the fuzzy probabilities

P(B),P(C)and P(D) are plotted in Fig. 4.4.
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5 Conclusion

We have presented two different fuzzy probability
models. As compared to the second model, the first
one can also deal with possible uncertainty precari-
ous information about the observed probability dis-
tribution. The first fuzzification is based on the ex-
pected value of the membership function of a fuzzy
event with respect to the fuzzy bunch of probability
measures [2]. The second fuzzification, on the con-
trary, assumes only one probability measure and its
concept is nearer the classical theory of probability.
The first model is relatively flexible and has already
been implemented on a PC to calculate reliability [3,
4]. The second model is intensively examined [9]
and we expect its major application to reliability
calculation as well.
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