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Abstract

The computation of latest starting times and
floats of activities in networks with uncer-
tain durations, represented by means of in-
terval and fuzzy numbers, is investigated.

Keywords: Scheduling, intervals, fuzzy in-
tervals, critical path analysis.

1 Introduction

The critical path method (CPM) is one of the most
frequently used tools in Operations Research. It is
applied to the analysis of complex projects from the
point of view of the planning and control of their real-
ization in time. The essence of the CPM is the repre-
sentation of the project by an activity network, where
activities with given duration times are related to each
other by means of precedence constraints. Determin-
ing, in such a network, many project characteristics,
with the most important such as: earliest and lat-
est starting times of activities, floats of activities and
the minimum project duration, is an important task in
practice. When the durations of activities are precisely
known, these project characteristics are easy to com-
pute in the network by means of the CPM. In case
of ill-known activity duration times, the problem be-
comes more complicated even if their estimations are
modeled by intervals. Namely, floats can no longer be
recovered from the intervals containing earliest and
latest starting times, and critical paths may no longer
exist. Several works tried to cope with this problem
(see [2] for a survey). The first attempt to obtain a�
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correct solution has been made in [1]. There has been
provided thepossibilistic representation of the prob-
lem of determining fuzzy latest starting times of ac-
tivities and their floats, its difficulty has been pointed
out, but without proposing any solution methods.

In this paper we investigate the determination of latest
starting times and floats of activities in networks with
duration intervals. Then we extend the results to net-
works with fuzzy duration times. So far, these prob-
lems have been completely solved when networks are
series parallel (see [8], [6]). Here, we propose new al-
gorithms for latest starting times in general networks.
We also present complexity results for floats (the com-
putation of floats is probably intractable) and describe
some polynomially solvable cases.

2 Latest starting times and floats of
activities in a network with duration
intervals

A network G ��V�A � being a project activity-on-
arc model, is given.V is the set of events,

�
V
� � n,

andA is the set of activities,
�
A
� � m. The network

G is a directed, connected and acyclic graph. Activ-
ity durations�i � j � 	A are to be chosen from intervals
Ti j � 
t i j �t i j �, two nodes are distinguished as the ini-
tial and final node, respectively. We introduce some
additional notations. LetT denote a configuration of
activity durationsti j 	Ti j , �i � j � 	A, while ti j �T � de-
notes the duration of activity�i � j � in configurationT.
We use� to denote the set of possible configurations
of the activity durations, i.e.� is the Cartesian product
of corresponding intervalsTi j , �i � j � 	A. SUCC�i � j �
(resp. PREC�i � j �) stands for the set of all arcs that
come after (resp. before)�i � j � 	A. �s�x�, x 
0, is the
Cartesian product of time intervalsTs

i j �x�, �i � j � 	A,



given as follows:

Ts
i j �x� �

��
�


t i j �t i j � for �i � j � 	SUCC�k�l ��

x�x� for �i � j � � �k�l ��

t i j �t i j � otherwise�

and�s�x� is the Cartesian product ofT
s
i j �x�, �i � j � 	A,

given as follows:

T
s
i j �x� �

��
�


t i j �t i j � for �i � j � 	SUCC�k�l ��

x�x� for �i � j � � �k�l ��

t i j �t i j � otherwise�

We study two problems which have been originally
stated in [8], [6]. The first one is that of determining
the intervalT l

kl (bounds) of possible values of latest
starting timest l

kl for a given activity�k�l � 	A, i.e. the
interval T l

kl � 
t l
kl �t l

kl � formed by thet l
kl � mint l

kl �T �
and t l

kl � maxt l
kl �T �, where min and max are taken

over the set of possible configurations�. t l
kl �T � is

the latest starting time of activity�k�l � in configura-
tion T. The latest timet l

kl �T � is computed by means
of the formulat l

kl �T � � t l
l �T ��tkl �T �, wheret l

l �T � is
the latest moment of occurrence of eventl in con-
figuration T. The second problem is that of deter-
mining the intervalFkl (bounds) of possible values of
floats fkl for a given activity�k�l � 	A, i.e. the inter-
val Fkl � 
f

kl
� f kl � formed by thef

kl
�min fkl �T � and

f kl �max fkl �T �, where min and max are taken over
all possible configurations of the activity durations�.
fkl �T � is the float of activity�k�l � in configurationT.
Float fkl �T � is determined by means of the formula
fkl �T � � t l

l �T ��te
k �T ��tkl �T �, wherete

k �T �andt l
l �T �

are the earliest and the latest moments of occurrence
of eventsk 	V and l 	V, respectively, in configura-
tion T.

2.1 Determination of bounds on latest starting
times of an activity

We first describe a problem closely related to the one
of computing a lower bound on latest starting times of
an activity: that of evaluatingpossible criticalityof an
activity.

An activity (a path) ispossibly critical in G if and
only if there exists a configuration of timesT 	 �,
such that the activity (the path) is critical in the usual
sense inG. The possible criticality have been thor-
oughly investigated in [3], [4]. The problem of the

possible criticality for a path is polynomially solv-
able. Unfortunately, the one for an activity turned
out to be stronglyN P -complete for general networks
and remainsN P -complete even when a network is
restricted to be planar (see [5]). In [8] a polynomial
algorithm has been provided only in case of series-
parallel networks. This problem is polynomially solv-
able for general networks, under the assumption that
activities �i � j � 	PRECC�k�l � or �i � j � 	SUCCC�k�l �
have precise duration times, where�k�l � 	A is an ac-
tivity whose possible criticality is evaluated.

Algorithm 1 Asserting whether an activity is possibly
critical
Require: A network G ��V�A �, a specified activity	

k�l 
 �A, time intervalsTi j � �t i j �t i j 
, 	i � j 
 �A.
Ensure: A configurationT ��s	tkl 
, PossCritical� true

if
	
k�l 
 is possibly critical,f alseotherwise.�PHASE 1:

1: te
1 �0; label

	
1
 � f alse;

2: for j � 2 to l �1 do
3: for all i �Prec

	
j 
 do

4: ti j � t i j
5: end for
6: te

j �max�ti j �i �Prec
	
j 
�; label

	
j 
 � f alse

7: end for
8: tkl � tkl;
9: te

l �max�ti j �i �Prec
	
l 
�; label

	
l 
 � f alse;

10: if te
l �� te

k �tkl then
11: PossCritical� f alse; exit
12: end if�PHASE 2:
13: label

	
l 
 � true;

14: for j � l �1 ton do
15: for all i �Prec

	
j 
 do

16: if label
	
i
 � true then

17: ti j � t i j

18: else
19: ti j � t i j
20: end if
21: end for
22: te

j �max�ti j �i �Prec
	
j 
�;

23: if �i �i �Prec
	
j 
�label

	
i
 � true�te

j � te
i � ti j � �� /0

then
24: label

	
j 
 � true

25: else
26: label

	
j 
 � f alse

27: end if
28: end for
29: PossCritical� label

	
n
;

Consider the case�i � j � 	 PRECC�k�l � have precise
duration times. The logic of the algorithm (Algo-
rithm 1), which can distinguish whether an activity



�k�l � is possibly critical, is to construct a configura-
tion T 	�s�tkl � in which �k�l � is critical in the usual
sense. To findT, node labeling is performed with con-
veniently setting activity durations. If such a configu-
ration is successfully determined then�k�l � is possibly
critical, otherwise not. The running time of the algo-
rithm is O �m�.
An algorithm, which can distinguish whether an ac-
tivity �k�l � is possibly critical inG with activities
�i � j � 	 SUCC�k�l � having precise duration times, is
identical to Algorithm 1. It is enough to reverse arcs in
networkG and carry out the computations from node
n down to 1.

We now present an algorithm for determiningt l
kl of

a given activity�k�l � 	A. Let us recall an important
result, given by Dubois et al. [6], that allows to reduce
the set of configuration�.

Proposition 1. t l
kl � minT��s�tkl � t l

kl �T �. Moreover,
the minimum tlkl �T � is attained on the vertices of the
hyper-rectangle�s�tkl �.
The key lemma for constructing the algorithm for
computingt l

kl (Algorithm 2) is the following one.

Lemma 1. Let f�kl be the minimal nonnegative real
number such that�k�l � with a duration timetkl �
f �kl becomes possibly critical. Then te

k � f �kl �
minT��s�tkl � t l

kl �T �, where tek is the earliest moment
when event k occurs.

Proof. Let us observe thatt l
kl �T � � te

k � fkl �T � for all
T 	 �s�tkl �. This follows from the fact thatte

k �T �
is equal tote

k for all T 	 �s�tkl �. Thus to prove
te
k � f �kl � minT��s�tkl � t l

kl �T �, we only need to show
that f �kl � minT��s�tkl � fkl �T �. Assume to the con-
trary that f �kl

�� minT��s�tkl � fkl �T �. Let us consider
two cases. Case 1:f �kl

�minT��s�tkl � fkl �T �. The re-
sult is minT��s�tkl � fkl �T � �0 and consequently�k�l �
with duration timetkl � f �kl is not critical for allT 	
�s�tkl � f �kl �. This contradicts possible criticality of
�k�l �. Case 2: f �kl �minT��s�tkl � fkl �T �. Hence there

exists a configurationT � 	 �s�tkl � such that f �kl �
fkl �T � �. Let us increase duration time of�k�l � from
tkl to tkl � fkl �T � � in T �. For this new configuration,
say T ��, T �� 	 �s�tkl � fkl �T � ��, �k�l � is critical and
therefore it is possibly critical. This contradicts the
assumption thatf �kl is the minimal number such that
�k�l � with duration timetkl � f �kl becomes possibly
critical.

Algorithm 2 Computing the minimal latest starting time
of an activity
Require: A network G ��V�A �, a specified activity	

k�l 
 �A, time intervalsTi j � �t i j �t i j 
, 	i � j 
 �A
Ensure: The minimal latest starting time of

	
k�l 
, t l

kl .
1: fkl � 0;�Check possible criticality of

	
k�l 
..

2: call Algorithm 1;
3: while not PossCriticaldo
4: if label

	
l 
 then

5: ∆ �min�te
j �te

i �ti j �label
	
i
 � true�label

	
j 
 �

f alse�
6: else
7: ∆ � te

l �te
k �tkl

8: end if
9: te

l � te
l �∆;

10: fkl � fkl �∆;�Check possible criticality of
	
k�l 
 with implicitly� increased durationtkl � fkl.

11: call only PHASE 2 of Algorithm 1
12: end while
13: t l

kl � te
k � fkl;

� fkl equals f�kl

The idea of Algorithm 2 is based on Lemma 1. It con-
sists in finding the minimal nonnegative real number
that added to the upper bound of duration interval of
a specified�k�l � makes it possibly critical. In each
iteration of the algorithm the duration time of�k�l � is
conveniently increased (row 9) and possible criticality
of �k�l � for such an increased duration is tested. The
testing is reduced to applying the algorithm for assert-
ing the possible criticality of�k�l � (Algorithm 1). This
process is repeated until the activity becomes possibly
critical. Then from Lemma 1, we immediately obtain
the minimal latest starting time of�k�l �. It is worth
noticing that in row 11 only PHASE 2 of Algorithm 1
is called, because the earliest moments of occurrence
of eventste

i , node labelslabel�i�, and duration times
ti j , for i � j 	 l , computed in the first call (row 2) re-
main unchanged. The entire complexity of the algo-
rithm is O �mn�.
We now pass on to the problem of computing an up-
per bound on latest starting times of an activity. We
first examine a problem closely related to it: that of
evaluatingnecessary criticalityof an activity.

An activity (a path) isnecessarily criticalin G if and
only if for every configuration of timesT 	 �, the
activity (the path) is critical inG in the usual sense.
See [2] for a detailed study of the necessary criti-
cality. The problem of the necessary criticality for



a path can be solved in polynomial time. Unfortu-
nately, the one for an activity does not seem to be
such. The question of proving this fact is still open.
In [8] a polynomial algorithm has been provided only
for series-parallel networks. However, this problem
is polynomially solvable for general networks, un-
der the assumption that activities�i � j � 	PRECC�k�l �
or �i � j � 	 SUCCC�k�l � have precise duration times,
where �k�l � 	A is an activity whose necessary criti-
cality is evaluated.

Algorithm 3 Asserting whether an activity is necessarily
critical
Require: A network G ��V�A �, a specified activity	

k�l 
 �A, time intervalsTi j � �t i j �t i j 
, 	i � j 
 �A.

Ensure: A configurationT ��s	
tkl 
, NecCritical� true

if
	
k�l 
 is necessarily criticalf alseotherwise.�PHASE 1:

1: te
1 �0; label

	
1
 � true;

2: for j �2 to l �1 do
3: for all i �Prec

	
j 
 do

4: ti j � t i j

5: end for
6: te

j �max�ti j �i �Prec
	
j 
�; label

	
j 
 � true

7: end for
8: tkl � tkl ;
9: te

l �max�ti j �i �Prec
	
l 
�; label

	
l 
 � true;

10: if te
l �� te

k �tkl then
11: NecCritical� f alse; exit
12: end if�PHASE 2:
13: label

	
l 
 � f alse;

14: for j � l �1 ton do
15: for all i �Prec

	
j 
 do

16: if label
	
i
 � true then

17: ti j � t i j

18: else
19: ti j � t i j
20: end if
21: end for
22: te

j �max�ti j �i �Prec
	
j 
�;

23: if �i �i �Prec
	
j 
�label

	
i
 � f alse�te

j � te
i �ti j � �� /0

then
24: label

	
j 
 � f alse

25: else
26: label

	
j 
 � true

27: end if
28: end for
29: NecCritical� not label

	
n
;

Consider the case�i � j � 	 PRECC�k�l � have precise
duration times. The main idea of an algorithm (Algo-
rithm 3) which can evaluate the necessary criticality of
activity �k�l � is to find a configurationT 	�s�tkl � in

which �k�l � is not critical in the usual sense. If such a
configurationT is successfully determined then�k�l �
is not necessarily critical, otherwise it is. The algo-
rithm is similar in spirit to the one for the possible
criticality of an activity. The running time of the algo-
rithm is O �m�.
An algorithm, which can assert whether an activity
�k�l � is necessarily critical inG with activities �i � j � 	
SUCC�k�l � having precise duration times is identical
to Algorithm 3. It is sufficient to reverse arcs in net-
work G and carry out the computations from noden
down to 1.

Here, we describe an algorithm for computing the
maximal latest starting time of an activity. Let us re-
call an important result, given by Dubois et al. [6], that
allows to reduce the set of configuration�.

Proposition 2. t l
kl � maxT��s�tkl � t

l
kl �T �. Moreover,

the maximum tlkl �T � is attained on the vertices of the
hyper-rectangle�s�tkl �.

Algorithm 4 Computing the maximal latest starting time
of an activity
Require: A network G ��V�A �, a specified activity	

k�l 
 �A, time intervalsTi j � �t i j �t i j 
, 	i � j 
 �A

Ensure: The maximal latest starting time of
	
k�l 
, t l

kl .
1: fkl � 0;�Check necessary criticality of

	
k�l 
.

2: call Algorithm 3;
3: while not NecCriticaldo
4: if label

	
l 
 then

5: ∆ � te
l �te

k �tkl

6: else
7: ∆ �min�te

j �te
i �ti j �label

	
i
 � f alse�label

	
j 
 �

true�
8: end if
9: te

l � te
l �∆;

10: fkl � fkl �∆;�Check necessary criticality of
	
k�l 
with implicitly� increased duration tkl � fkl.

11: call only PHASE 2 of Algorithm 3
12: end while
13: t l

kl � te
k � fkl ;

� fkl equals f�kl

The construction of the algorithm for determiningt l
kl

of a given activity�k�l � 	A (Algorithm 4) is based on
the following lemma.

Lemma 2. Let f�kl be the minimal nonnegative real
number such that�k�l � with a duration time tkl �
f �kl becomes necessarily critical. Thente

k � f �kl �
maxT��s�tkl � t

l
kl �T �, where te

k is the earliest moment



when event k occurs.

Proof. Our proof starts with observation thatt l
kl �T � �

te
k � fkl �T �, for all T 	�s�tkl �. The observation fol-

lows from the fact thatte
k �T � � te

k, for all T 	�s�tkl �.
Hence in order to provete

k � f �kl �maxT��s�tkl � t
l
kl �T �,

it suffices to show thatf �kl �maxT��s�tkl � fkl �T �. Sup-
pose on the contrary thatf �kl

�� maxT��s�tkl � fkl �T �.
Then we should consider the following two case.
Case 1: f �kl

� maxT��s�tkl � fkl �T �. This implies that

there exists a configurationT � 	 �s�tkl � such that
f �kl

� fkl �T � �, which givesfkl �T � � �0. Consequently
�k�l � is not critical in T �. Let us increase the du-
ration time of �k�l � from tkl to tkl � f �kl in T �. For
this new configuration, sayT ��, T �� 	 �s�tkl � f �kl �,�k�l � is still not critical, which contradicts the as-
sumption that�k�l � is critical for all T 	�s�tkl � f �kl �.
Case 2: f �kl �maxT��s�tkl � fkl �T �. Thus �k�l � is criti-
cal with duration timetkl �maxT��s�tkl � fkl �T �, for all

T 	 �s�tkl �maxT��s�tkl � fkl �T ��, and therefore it is
necessarily critical. This contradicts the assumption
that f �kl is the minimal number such that�k�l �becomes
necessarily critical.

The main idea of Algorithm 4 is based on Lemma 2. It
consists in determining the minimal nonnegative real
number that added to the lower bound of duration in-
terval of a specified activity�k�l �makes it necessarily
critical. Namely, in each iteration the duration time
of �k�l � is suitably increased (row 9) and necessary
criticality of �k�l � for such an increased duration is
evaluated. The evaluation boils down to applying Al-
gorithm 3. This process is repeated until the activ-
ity becomes necessarily critical. Then Lemma 2 gives
the maximal latest starting time of�k�l �. It is worth
noticing that in row 11 only PHASE 2 of Algorithm 3
is called, because the earliest moments of occurrence
of eventste

i , node labelslabel�i�, and duration times
ti j , for i � j 	 l , computed in the first call (row 2) re-
main unchanged. The complexity of the algorithm is
O �mn�.

2.2 Determination of bounds on floats of an
activity

Here, we consider the problem of determining bounds
on floats, f

kl
and f kl , of a given activity �k�l � 	 A.

There are obvious connections between the notions of
criticality and bounds on floats. An activity�k�l � 	A

is possibly (resp. necessarily) critical inG if and only
if f

kl
� 0 (resp. f kl � 0). Accordingly, the prob-

lem of computing f
kl

is stronglyN P -hard for gen-
eral networks and remainsN P -hard even for pla-
nar networks (see [5]). This negative result encour-
ages us to look for approximation algorithms. It has
turned out that ifP

�� N P then it is not possible to
approximatef

kl
within a factor smaller than 1, even

when G is restricted to a planar network. Unfortu-
nately, the question, still unanswered, is whether the
problem of computingf kl is polynomially solvable.
In [6] some heuristic methods have been proposed.
At present, these problems are effectively solvable
in series-parallel networks (see [8]). However, under
the assumption that activities�i � j � 	PRECC�k�l � or
�i � j � 	SUCCC�k�l � have precise duration times, the
problems can be exactly solved in a polynomial time
for general networks.

Lemma 3. Assume that�i � j � 	PREC�k�l � have pre-
cise duration times and f�kl is the minimal nonnega-
tive real number such that�k�l � with a duration time
tkl � f �kl (resp. tkl � f �kl) becomes possibly (resp. nec-
essary) critical. Then f

kl
� f �kl (resp. f kl � f �kl).

Proof. It suffices to show thatf �kl �minT��s�tkl � fkl �T �
(resp. f �kl � maxT��s�tkl � fkl �T �). The proof of this
equality runs in the same manner as the one of
Lemma 1 (resp. Lemma 2).

To find the numberf �kl in Lemma 3, it is sufficient
to apply Algorithm 2 and Algorithm 4 for computing
bounds on latest starting times of�k�l �. From Lem-
mas 1 and 2 it follows that they implicitly compute
f �kl to determine bounds on latest starting times. Thus,
we obtainO �mn� algorithms for determining bounds
on floats.

If activities �i � j � 	SUCC�k�l � have precise duration
times, algorithms for bounds on floats are similar. It
is sufficient to reverse arcs in networkG and apply
Algorithm 2 and Algorithm 4.

3 Latest starting times and floats of
activities in a network with fuzzy
durations

Now we focus on the fuzzy case. All the elements
of the networkG are the same as in the interval case
except for activity duration times, which are deter-
mined by means of fuzzy numbers̃Ti j , �i � j � 	 A,



which imprecisely determine duration times of activi-
ties �i � j � 	A. Fuzzy number̃Ti j expresses uncertainty
connected with the ill-known activity duration time
modeled by this number. It generates possibility dis-
tribution for sets of values containing the unknown ac-
tivity duration. More formally, we say that the asser-
tion of the form “�i j is T̃i j ”, where �i j is a variable and
T̃i j is a fuzzy number, generates the possibility dis-
tribution of �i j with respect to the following formula
(see [6],[7]):Π��i j � x� �µT̃i j

�x�� x 	��.

Let T be a configuration of activity duration times
in the network with activity timesti j 	 ��, �i � j � 	
A. Thus, the (joint) possibility distribution over
configurations, induced by thẽTi j ’s is π�T � �
min�i � j ��AµT̃i j

�ti j �, T 	�m�. Hence, the possibility dis-
tribution describing possible values for latest starting
times�lkl (resp. float�kl) of an activity �k�l � is defined
in following way (see [6]):

µT̃ l
kl
�x� �Π��lkl � x� � supT:x�t l

kl
�T �π�T �� x 	�� �

µF̃kl
�x� �Π��kl � x� � supT:x� fkl

�T �π�T �� x 	�� �
wheret l

kl �T � (resp. fkl �T �) is the latest starting time
(resp. the float) of�k�l � in configurationT.

The above fuzzy quantities (possibility distributions)
can be determined via the use ofα-cuts. That is, a
method (in the interval case) computesα-cuts,T̃ l

kl �α�
and F̃kl �α�, of each fuzzy latest starting timẽT l

kl
and float F̃kl in a network with duration intervals
T̃i j �α� � 
t i j �α��t i j �α��, �i � j � 	 A. Then the fuzzy
quantities,T̃ l

kl and F̃kl, are reconstructed from their
α-cuts. This approach makes sense since intervals
T̃ l

kl �α� � 
t l
kl �α��t l

kl �α�� andF̃kl �α� � 
f
kl
�α�� f kl �α��

are nested. Such an approach has been proposed
in [8], [6] and corresponding polynomial algorithms
have been provided for networks having a special
topology, namely series-parallel ones. It is worth
pointing out that the main difficulty of determining
fuzzy project characteristics, when fuzzy numbers
represent ill-known processing times, does not lie in
the introduction of fuzzy sets. It is already present
when only usual intervals are involved. Solving the
interval valued case is the main difficulty. Thus, fuzzy
latest starting timẽT l

kl, i.e. itsα-cuts, in general net-
works can be determined by means of the algorithm
for computing bounds on latest starting times (Algo-
rithm 2 and Algorithm 4), described in Section 2.1.

As far as the determination of fuzzy floatF̃kl is con-
cerned, the problem does not seem to be easy, because

it is more general than the one, in the interval case, of
computing bounds on floats. Hence, the determina-
tion of F̃kl is N P -hard. However, in some cases one
can determinẽFkl, that is in cases in which computing
bounds on floats is polynomially solvable (see Sec-
tion 2.2).
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