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Abstract correct solution has been made in [1]. There has been
provided thepossibilisticrepresentation of the prob-

The computation of latest starting times and lem of determining fuzzy latest starting times of ac-
floats of activities in networks with uncer- tivities and their floats, its difficulty has been pointed
tain durations, represented by means of in- out, but without proposing any solution methods.
terval and fuzzy numbers, is investigated. In this paper we investigate the determination of latest
Keywords: Scheduling, intervals, fuzzy in- starting times and floats of activities in networks with
tervals, critical path analysis. duration intervals. Then we extend the results to net-

works with fuzzy duration times. So far, these prob-

lems have been completely solved when networks are
1 Introduction series parallel (see [8], [6]). Here, we propose new al-

gorithms for latest starting times in general networks.
The critical path method (CPM) is one of the most We also present complexity results for floats (the com-
frequently used tools in Operations Research. It isputation of floats is probably intractable) and describe
applied to the analysis of complex projects from thesome polynomially solvable cases.
point of view of the planning and control of their real-
ization in time. The essence of the CPM is the repre-,
sentation of the project by an activity network, where
activities with given duration times are related to each
other by means of precedence constraints. Determin-
ing, in such a network, many project characteristics, . . .
with the most important such as: earliest and lat-> netwoer =< V’A>_ being a project activity-on-
est starting times of activities, floats of activities and arc quel, Is given.V !S_ t.he set of eventgV| = n,
the minimum project duration, is an important task in anFjA |s-the set of activities|Al = m. The network _
practice. When the durations of activities are precisely_G IS a d!recte_d_, connected and acyclic graPh- Activ-
known, these project characteristics are easy to com? durations(i, j) € Aare to be_chose_n from mterva_lls_
pute in the network by means of the CPM. In case i = [tij,Tij], two nodes are distinguished as the ini-
of ill-known activity duration times, the problem be- tial and final node, respectively. We introduce some

comes more complicated even if their estimations areadd'tIonal notations. L€T denote a configuration of

modeled by intervals. Namely, floats can no longer be2CtVity durationst; € Ty, (i, j) € A, while t; (T) de-
in configurationT .

recovered from the intervals containing earliest and"°tes the duration of activity, j)

latest starting times, and critical paths may no IongerWe useT to denote the set of possible configurations

exist. Several works tried to cope with this problem of the activity o_Iura_tions, l.ex is_th_e Cartesian prp ‘?'“Ct
(see [2] for a survey). The first attempt to obtain aorfezorr(;zaé)n@r?g '2:::&3;'?% ,r (':1’1:3 ) seetA;)fSaL:IC:Sé’sthat
* This work was supported by grant no. 7T11F02120 from (resp. di, 1))

the State Committee for Scientific Research (Komitet BadanC0Me "’_mer (resp. befor@ J) €A T(x), X 2 O_’ is the
Naukowych). Cartesian product of time interval§; (x), (i, j) € A,
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given as follows: possible criticality for a path is polynomially solv-
able. Unfortunately, the one for an activity turned
out to be strongly\ P-complete for general networks
and remains\/P-complete even when a network is
restricted to be planar (see [5]). In [8] a polynomial
algorithm has been provided only in case of series-
parallel networks. This problem is polynomially solv-
able for general networks, under the assumption that
activities(i, j) € PRECGKk,I) or (i, j) € SUCCQK,I)
have precise duration times, whékel) € Ais an ac-

[l_:ijafij] for (i,j) € SUCQk,I),
[X, X] for (i,j) = (k1),

[ti, Lij] otherwise

T =

andZ°(x) is the Cartesian product ﬁfisj (x), (i, ])
given as follows:

eA

[ti;,Tij] for (i,)) € SUCQK,I),

T3 (%) xx  for (i,j) = (k1),

[fij ,fij ] otherwise

tivity whose possible criticality is evaluated.

Algorithm 1 Asserting whether an activity is possibly

We study two problems which have been originally critical

stated in [8], [6]. The first one is that of determining

the mtervaITkI (bounds) of possible values of latest ¢

starting tlmeskkI for a given activity(k,|) € A, i.e. the

interval T), = [tkl,tk,] formed by thet), = mint},(T)

andfl, = maxtl,(T), where min and max are taken 1
over the set of possible configuratiods tl,(T) is ;
the latest starting time of activitik,|) in configura- 4j
tion T. The latest timey, (T) is computed by means ¢
of the formulat) (T) =t/(T) —t(T), wheret/ (T) is .
the latest moment of occurrence of evénin con- 7:
figuration T. The second problem is that of deter- 8:
mining the interval (bounds) of possible values of 9
floats fy for a given activity(k,|) € A, i.e. the inter- 10
val Ry =[f, . Ty] formed by thef = min fy(T) and i;
fiy = maxfi(T), where min and max are taken over
all possible configurations of the activity duratichs  13:
fu(T) is the float of activity(k,|) in configurationT. 14

Float fy (T) is determined by means of the formula 15:
16:

fa (T )_tI(T)—tk(T)—tk|( ), wheretZ(T )andtl( )

are the earliest and the latest moments of occurrenc%sf

of eventsk € V andl € V, respectively, in configura-

. 19:
tionT. 20:
21:
2.1 Determination of bounds on latest starting 22:
23:

times of an activity

We first describe a problem closely related to the one24f

of computing a lower bound on latest starting times of 22
an activity: that of evaluatingossible criticalityof an
activity.

An activity (a path) ispossibly criticalin G if and

27
28:
29:

Require: A network G =< V,A >, a specified activity

(k,1) € A time intervalsTij = [t;;,Tij], (i,]) € A
ure: A configurationT € T5(fy ), PossCritical= true
if (k,1) is possibly critical,falseotherwise.

> PHASE 1:
+ 0; label(1) «+ false
. for j«2tol—1do
forall i € Preq(j) do
tij < j
end for
t7 < max{tij |i € Preq(j)}; label(j) « false
end for
ti < T
1° « max{tij |i € Preq])}; label(l) + falsg
if t° # td+tw then
PossCritical« false exit
end if
> PHASE 2:
label(l) «+ true;
for j<l+1tondo

forall i € Preq(j) do
if label(i) = truethen
tij < Tjj
else
tij < L
end if
end for
tf < max{tij |i € Pred(j)};
it {i|i € Predj),label(i) = true,tf = t¥+1tjj} # 0
then
label(j) + true
else
label(j) «+ false
end if
end for
PossCritical«+ label(n);

only if there exists a configuration of timés € ¥,

such that the activity (the path) is critical in the usual Consider the casé, j) € PRECGk,|) have precise

sense inG. The possible criticality have been thor- duration times.

The logic of the algorithm (Algo-

oughly investigated in [3], [4]. The problem of the rithm 1), which can distinguish whether an activity



(k,1) is possibly critical, is to construct a configura-
tion T € 3(f) in which (k,1) is critical in the usual
sense. To find', node labeling is performed with con-
veniently setting activity durations. If such a configu-
ration is successfully determined th@ql ) is possibly
critical, otherwise not. The running time of the algo-
rithm is O(m).

An algorithm, which can distinguish whether an ac-
tivity (k,1) is possibly critical inG with activities
(i,]j) € SUCAk,I) having precise duration times, is
identical to Algorithm 1. Itis enough to reverse arcs in
networkG and carry out the computations from node
ndown to 1.

We now present an algorithm for determinidg of
a given activity(k,1) € A. Let us recall an important

result, given by Dubois et al. [6], that allows to reduce

the set of configuratioff.

Proposition 1. ti; = minregsg,) ty (T). Moreover,
the minimum () is attained on the vertices of the
hyper-rectanglegs(fy).

The key lemma for constructing the algorithm for
computingﬂ(| (Algorithm 2) is the following one.

Lemma 1. Let f;; be the minimal nonnegative real
number such thatk,l) with a duration timety +
fy, becomes possibly critical.  Therf + ), =
Mintexs,) t (T), Where £ is the earliest moment
when event k occurs.

Proof. Let us observe tha},(T) =t + fi(T) for all

T € %(T). This follows from the fact that(T)

is equal totf for all T € £3(fq). Thus to prove
te -+ i = Minyegs(g,) t(T), we only need to show
that fg; = mincgs,) f(T). Assume to the con-
trary that g # minregs,) fu(T). Let us consider
two cases. Case Ify < minycgsg,,) f(T). The re-
sult is Minregsg,) fu(T) > 0 and consequentlgk, 1)
with duration timety, + fy; is not critical for allT €
(T + fy). This contradicts possible criticality of
(k,1). Case 2:fg; > minrcgsg,) fa(T). Hence there
exists a configuratioll € 5(fq) such thatf}; >
fu(T'). Let us increase duration time ¢k, 1) from
fi to Ty + fi(T') in T'. For this new configuration,
sayT', T' € (T + fu(T")), (k1) is critical and
therefore it is possibly critical. This contradicts the
assumption thafy; is the minimal number such that
(k,1) with duration timety + fj; becomes possibly
critical. O

Algorithm 2 Computing the minimal latest starting time
of an activity
Require: A network G =< V,A >, a specified activity
(k1) € A, time intervalsTij = [t;;, 1], (i,]) € A

Ensure: The minimal latest starting time ¢k 1), t},.

1: fq < 0O;

> Check possible criticality ofk,1)..

2: call Algorithm 1;

3: while not PossCriticaldo

4:  if label(l) then

5: A « min{tf — 7 —t;j [label(i) = true, label(j) =

false}
else
A(—t|e—t|f—tk|

end if
tf P+ A,

f T +4;
> Check possible criticality aofk, ) with implicitly
> increased duratiofy + fy.
11:  call only PHASE 2 of Algorithm 1
12: end while
13: thy + t&+ fia; > fig equals

[EnY
eex N

The idea of Algorithm 2 is based on Lemma 1. It con-
sists in finding the minimal nonnegative real number
that added to the upper bound of duration interval of
a specified(k,I) makes it possibly critical. In each
iteration of the algorithm the duration time @ 1) is
conveniently increased (row 9) and possible criticality
of (k,1) for such an increased duration is tested. The
testing is reduced to applying the algorithm for assert-
ing the possible criticality ofk, ) (Algorithm 1). This
process is repeated until the activity becomes possibly
critical. Then from Lemma 1, we immediately obtain
the minimal latest starting time dk,l). It is worth
noticing that in row 11 only RASE 2 of Algorithm 1

is called, because the earliest moments of occurrence
of eventst?, node labeldabel(i), and duration times
tij, for i, j <, computed in the first call (row 2) re-
main unchanged. The entire complexity of the algo-
rithm is O(mn).

We now pass on to the problem of computing an up-
per bound on latest starting times of an activity. We
first examine a problem closely related to it: that of
evaluatingnecessary criticalityof an activity.

An activity (a path) isnecessarily criticain G if and
only if for every configuration of timeg € %, the
activity (the path) is critical inG in the usual sense.
See [2] for a detailed study of the necessary criti-
cality. The problem of the necessary criticality for



a path can be solved in polynomial time. Unfortu- which (k,I) is not critical in the usual sense. If such a
nately, the one for an activity does not seem to beconfigurationT is successfully determined thék 1)
such. The question of proving this fact is still open. is not necessarily critical, otherwise it is. The algo-
In [8] a polynomial algorithm has been provided only rithm is similar in spirit to the one for the possible
for series-parallel networks. However, this problem criticality of an activity. The running time of the algo-

is polynomially solvable for general networks, un-
der the assumption that activiti@is j) € PRECGk, )

or (i, j) € SUCCQKk,l) have precise duration times,
where(k,l) € Ais an activity whose necessary criti-
cality is evaluated.

Algorithm 3 Asserting whether an activity is necessarily
critical
Require: A network G =< V,A >, a specified activity
(k1) € A, time intervalsTij = [t;;,Tij], (i, ]) € A.
Ensure: A configurationT € T°(t,), NecCritical = true
if (k,1) is necessarily criticaf alseotherwise.
> PHASE 1:
: 17 < 0; label(1) « true;
: for j«2tol—1do
forall i € Preq(j) do
tij < Tjj
end for
tf < max{tij |i € Preq(j)}; label(j) « true
end for
R (Y
9: t¥ « max{ti; |i € Preql)}; label(l) « true;

Nk whR

10: if tf # t¢+t then
11:  NecCritical<+ false exit
12: end if
> PHASE 2:
13: label(l) «+ false
14: for j«1+1tondo
15:  forall i € Predj) do
16: if label(i) = truethen
17: tij < Tjj
18: else
19: t” «— Lj
20: end if
21: end for
22:  t¥ < max{tj |i € Pred(j)};
23: it {i|i € Predj),label(i) = falset} =tZ+t;j} # 0
then
24: label(j) «+ false
25: else
26: label(j) + true
27: endif
28: end for

29: NecCritical«+ not label(n);

Consider the casé, j) € PRECGK,|) have precise

duration times. The main idea of an algorithm (Algo-
rithm 3) which can evaluate the necessary criticality of f;; becomes necessarily critical.

activity (k, 1) is to find a configuratiom € T _(t,) in

rithm is O(m).

An algorithm, which can assert whether an activity
(k,1) is necessarily critical is with activities(i, j) €
SUCQk,I) having precise duration times is identical
to Algorithm 3. It is sufficient to reverse arcs in net-
work G and carry out the computations from node
downto 1.

Here, we describe an algorithm for computing the
maximal latest starting time of an activity. Let us re-
call an important result, given by Dubois et al. [6], that
allows to reduce the set of configurati@n

Proposition 2. f'kl = max.reis(gkl)tl'(I (T). Moreover,
the maximum|{(T) is attained on the vertices of the
hyper-rectangl€z " (t,, ).

Algorithm 4 Computing the maximal latest starting time
of an activity
Require: A network G =< V,A >, a specified activity
(k1) € A, time intervalsTij = [t;;, 1], (i,]) € A
Ensure: The maximal latest starting time ¢%,1), k.
1. fly < 0O;
> Check necessary criticality ¢k, ).
2: call Algorithm 3;
3: while not NecCritical do

4:  if label(l) then
5: A<—t|e—tke_tk|
6: else
7 A+ min{t? —t°—t; |label(i) = falsglabel(j) =
true}
8: endif
9 P tP4A;
10:  fiy « fa+ 4
> Check necessary criticality ¢k, 1) with implicitly
> increased durationg + fi.
11:  call only PHASE 2 of Algorithm 3

12: end while
13: f'k| — tg+ fu; > fig equals §

The construction of the algorithm for determiniflg
of a given activity(k,l) € A (Algorithm 4) is based on
the following lemma.

Lemma 2. Let f;; be the minimal nonnegative real
number such thatk,l) with a duration time_ +
Théf+ f =
mayefs(ikl)tl'(,(T), wheref}, is the earliest moment



when event k occurs. is possibly (resp. necessarily) critical@if and only

if f,, =0 (resp. f = 0). Accordingly, the prob-
Proof. Our proof starts with observation trg(T) =  lem of computingf,, is strongly A(?-hard for gen-
T+ f(T), foral T € ?S(gkl). The observation fol-  eral networks and remain&/?-hard even for pla-
lows from the fact that®(T) =T, forall T € fs('gkl). nar networks (see [5]). This negative result encour-
Hence in order to provi + f}; = maxrefs@kl)tl'(, (T), ages us to look for approximation algorithms. It has
it suffices to show thaty = max; ¢=, ) fia(T). Sup-  turned out that if? # AP then it is not possible to
pose on the contrary thaly, # maX; .z, ) fi (T). approxm_1ateikI Wlthln a factor smaller than 1, even
Then we should consider the following two case.whenG is restricted to a planar network. Unfortu-

Case 1:f} < max; .z, ) fi(T). This implies that nately, the question, still unanswered, is whether the
u problem of computingf,, is polynomially solvable.

In [6] some heuristic methods have been proposed.
At present, these problems are effectively solvable
in series-parallel networks (see [8]). However, under

there exists a configuratioll ¢ fs('gd) such that
fi < fa(T'), which givesfy (T') > 0. Consequently
(k,1) is not critical inT . Let us increase the du-

ration time of (k,1) from t,; to t,, + f in T'. For . T
this new configuration, saJ", T" € T (ty + ), the assumption that activitigs, j) € PRECGQKk,I) or

(k,1) is still not critical, which contradicts the as- (i,J) € SUCCQk,!) have precise 'duration time_:s, t_he
sumption thatk, 1) is critical for all T € fS(LkI . problems can be exactly solved in a polynomial time

Case 2:f > maxq g3y, ) fia(T). Thus(k,1) is criti- for general networks. N
cal with duration timet, + max 5, fio(T), for all Lemma 3. Assume thati, j) € PREQK,|) have pre-

— o cise duration times and;’fis the minimal nonnega-
T € T (ty + max, ) (T)), and therefore it is K g

. N U ), . .__tive real number such thdk,l) with a duration time
necessarily critical. This contradicts the assumption, k1)

that f, is the minimal number such thék, |) becomes tek;:a:k') gﬁzgéﬁ';‘;‘# fbic?fn(?zspo?sm_lyfgr?sp. nec-
necessarily critical. O y ' K~ K P-Tw = T

o ) ) Proof. It suffices to show thatg = minrcgs,) fu (T)
The main idea of Algorithm 4 is based on Lemma 2. It (resp. fi = max <. fa(T)). The proof of this
2kl

consists in determining the minimal nonnegative realequality runs in the ‘Ssame manner as the one of
number that added to the lower bound of duration in-| o ma 1 (resp. Lemma 2). =
terval of a specified activityk, | ) makes it necessarily

critical. Namely, in each iteration the duration time 14 find the numberf; in Lemma 3, it is sufficient

of (k1) is suitably increased (row 9) and necessaryy, apply Algorithm 2 and Algorithm 4 for computing
criticality of (k1) for such an increased duration is pounds on latest starting times @€1). From Lem-
evaluated. The evaluation boils down to applying Al- a5 1 and 2 it follows that they implicitly compute
gorithm 3. This process is repeated until the activ- ¢+ 1o determine bounds on latest starting times. Thus,

ity becomes necessarily critical. Then Lemma 2 gives g obtainO(mn) algorithms for determining bounds
the maximal latest starting time ¢k,1). Itis worth 4 f0ats.

noticing that in row 11 only RASE 2 of Algorithm 3 o ) _
is called, because the earliest moments of occurrenc activities (i, j) € SUCQk,1) have precise duration
of eventst?, node labeldabel(i), and duration times times, algorithms for bounds on floats are similar. It
tj, for i, j <1, computed in the first call (row 2) re- is suf_ficient to reverse arcs in netwot and apply
main unchanged. The complexity of the algorithm is Algorithm 2 and Algorithm 4.
o(mn). o

3 Latest starting times and floats of

2.2 Determination of bounds on floats of an activities in a network with fuzzy
activity durations

Here, we consider the problem of determining boundsNow we focus on the fuzzy case. All the elements
on floats, f, and fi, of a given activity(k,I) € A.  of the networkG are the same as in the interval case
There are obvious connections between the notions oéxcept for activity duration times, which are deter-
criticality and bounds on floats. An activitk,]) € A mined by means of fuzzy numbefs, (i,j) € A,



which imprecisely determine duration times of activi- it is more general than the one, in the interval case, of
ties(i, j) € A. Fuzzy numbefﬁj expresses uncertainty computing bounds on floats. Hence, the determina-
connected with the ill-known activity duration time tion of Fa is A P-hard. However, in some cases one
modeled by this number. It generates possibility dis-can determindy, that is in cases in which computing

tribution for sets of values containing the unknown ac-bounds on floats is polynomially solvable (see Sec-

tivity duration. More formally, we say that the asser- tion 2.2).

tion of the form 't isTj;”, wheret; is a variable and

Tij is a fuzzy number, generates the possibility dis-References

tribution of tj; with respect to the following formula
(see [6][7]):M (4 = %) = i, (%), XE R,

Let T be a configuration of activity duration times
in the network with activity timesj; € Ry, (i,]) €

A. Thus, the (joint) possibility distribution over
configurations, induced by thdj’s is T(T)
Min ek, (tij), T € RT. Hence, the possibility dis-
tribution describing possible values for latest starting
timest}(I (resp. floaty) of an activity (k, 1) is defined

in following way (see [6]):

K (¥) =Nty =x) = SUBrx=tl, (1) n(T), xRy,
ME, (x) =MN(fu =%) = SUPBr x= i (T) m(T), Xxe Ry,

wheret},(T) (resp. fiu(T)) is the latest starting time
(resp. the float) ofk,l) in configurationT .

The above fuzzy quantities (possibility distributions)
can be determined via the use @fcuts. That is, a
method (in the interval case) computesuts, T, (a)

and Fg(a), of each fuzzy latest starting timg,

and floatRy in a network with duration intervals
Tij () = [t;; (), §ij(@)], (i,]) € A, Then the fuzzy
quantities,'f’k', and B, are reconstructed from their
a-cuts. This approach makes sense since intervals
Ty (@) = [thy (@), Ty ()] andRa (a) = [, (@), Fig ()]

are nested. Such an approach has been proposegg]

in [8], [6] and corresponding polynomial algorithms
have been provided for networks having a special
topology, namely series-parallel ones. It is worth
pointing out that the main difficulty of determining

fuzzy project characteristics, when fuzzy numbers [

represent ill-known processing times, does not lie in
the introduction of fuzzy sets. It is already present
when only usual intervals are involved. Solving the
interval valued case is the main difficulty. Thus, fuzzy
latest starting timd)),, i.e. itsa-cuts, in general net-

works can be determined by means of the algorithm
for computing bounds on latest starting times (Algo-
rithm 2 and Algorithm 4), described in Section 2.1.

As far as the determination of fuzzy flogy is con-

[1] J.J. Buckley, Fuzzy PERT, inApplications of
Fuzzy Set Methodologies in Industrial Engineer-
ing, ed. by G.W. Evans, W. Karwowski and
M.R. Wilhelm, Elsevier, Amsterdam-Oxford-
New York-Tokyo 1989, 103-114.

[2] S. Chanas, D. Dubois, P. Zielifiski, On the sure
criticality of tasks in activity networks with im-
precise durations]EEE Transactions on Sys-
tems, Man, and Cybernetics - Part B: Cybernet-

ics 32 (2002) 393-407.
(3]

S. Chanas, P. Zielifski, Critical path analysis in
the network with fuzzy activity time$;uzzy Sets

and System$22 (2001) 195-204.
[4]

S. Chanas, P. Zielihski, The computational com-
plexity of the criticality problems in a network
with interval activity timesEuropean Journal of

Operational Research36 (3) (2002) 541-550.

S. Chanas, P. Zielihski, On the hardness of eval-
uating criticality of activities in a planar net-
work with duration intervals,Operations Re-
search Letter81 (2003) 53-59.

[5]

D. Dubois, H. Fargier, V. Galvagnon, On latest
starting times and floats in activity networks with
ill-known durations,European Journal of Oper-
ational Researcii47 (2003) 266—-280.

7] D. Dubois, H. Fargier, P. Fortemps, Fuzzy
scheduling: Modelling flexible constraints vs.
coping with incomplete knowledg&uropean
Journal of Operational Researcth47 (2003)
231-252.

[8] H. Fargier, V. Galvagnon, D. Dubois, Fuzzy
PERT in series-parallel graph8;th IEEE Int.
Conf. on Fuzzy Systepfsan Antonio, TX, 2000

717-722.

cerned, the problem does not seem to be easy, because



