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Abstract

This paper presents a variety of cardinality
concepts offered by cardinality theory of tri-
angular norm-based fuzzy sets, including
the scalar and the "fuzzy" streams.

Keywords: Cardinality of a fuzzy set, Tri-
angular norm.

1 Introduction

One of the most fundamental mathematical charac-
teristics of a set and, simultaneously, a very impor-
tant information about it is its cardinality. Exactly the
same concerns fuzzy sets. This theoretical motivation
for undertaking the question of cardinalities of fuzzy
sets is enhanced by multiple applications. Computing
with words, communication with data bases and de-
cision making are simple examples of areas in which
satisfactory answers to soft cardinal queries are ex-
pected (see [2, 12, 13]). We mean queries like "How
many X's are p?" or "Are there more x's being p
than x's being g?", i.e. queries about cardinalities of
fuzzy sets or comparisons of such cardinalities; p, g -
generally imprecise properies. Simple instantiations
are "How many individuals in the database are rather
tall and about 30 years old?" and "In an urn contain-
ing balls of various sizes, are there more large balls
than small ones?".

Trying to define the notion of a cardinality | A| of
a fuzzy set A: M —[0,1], the main difficulty and
difference in comparison with sets is that to belong
to A is a matter of degree. Counting and cardinal
calculus under fuzziness thus become a task which is
more advanced and complicated than in the case of
sets. Contemporary fuzzy set cardinality theory offers
two main constructive general approaches:

(@) | A| = a generalized cardinal number, i.e.
a convex fuzzy set of usual cardinal
numbers or, in the finite case, a convex
fuzzy set in N={0, 1, 2, ... },

(b) | A| = asingle cardinal number or, in the finite
case, a single nonnegative integer or
real number.

The "fuzzy" approach in (a), offering the fuzzy per-
ception of cardinality, gives us the most complete
and adequate cardinal information about A at the
price of relatively high complexity, whereas the
approach (b) is scalar, nonfuzzy. The scalar optics of
cardinality is simple and convenient in every respect
and, therefore, is favoured by many practitioners
despite of its disadvantages. Various variants of the
approaches (a) and (b) for fuzzy sets with the stan-
dard operations are discussed in [1, 2, 8, 12]. In Sec-
tions 2 and 3, we like to present a variety of cardi-
nality concepts for fuzzy sets with triangular norms.
Our attention will be focused on finite fuzzy sets
which play the central role from the viewpoint of
applications. From now on, the phrase "fuzzy set"
means "finite fuzzy set" if not emphasized otherwise.
The family of all (finite) fuzzy sets in the universe
M will be denoted by FFS, whereas FCS symbolizes
the family of all finite sets in M.

Let us recollect those notions and facts concerning
triangular norms which will be useful in the main di-
scussion. Further details and references can be found
in [5, 6, 11].

One says that a binary operation t in [0,1] is a
triangular norm (t-norm) if t is commutative, associ-
ative, nondecreasing in each argument, and has 1 as
neutral element. An analogous operation s having 0
instead of 1 as neutral element is said to be a trian-
gular conorm (t-conorm). Triangular norms together
with triangular conorms will be called triangular op-



erations (t-operations). If asb=1-(1-a)t(1-b)
for each a and b, we say that sand t are associated,
and we write s=t*. Simplest instances of a t-norm
and the associated t-conorm are A~ = min and v = max.
Also, we shall refer to the following t-norms:
at,b = ab,
at,b=0v(a+b-1), (Lukasiewicz t-norm)
aty b =0v[L-((1-a)"+(1-b)?)*"], p>0,
(Yager t-norms)
ats b = [0v (aP+bP -], p>0,
(Schweizer t-norms)

(algebraic t-norm)

(A= 1) (A

_1)), 1£1>0.
A—1

(Frank t-norms)

atg, b =log, (1+

The associated t-conorms will be called and de-
noted in a similar way replacing the letter t by s,
e.g. s, =t * (bukasiewicz t-conorm) and sg , =tg *
(Schweizer t-conorm). Exceptional limit properties
of Frank t-operations allow ones to put t =,
1=t Eo=h So=v $:178 and § =5,
The extended families (t¢ ), c [0 . @Nd (St e o, o)
are called Frank families of t-operations.

A continuous t-norm t (t-conorm s, resp.) is
called Archimedean if ata<a (asa> a, resp.) for
ae(0,1). One says that an Archimedean t-operation
is strict if it is strictly increasing on (0, 1)?. Strict-
ly increasing and, in particular, strict t-norms do
not have zero divisors (a,b>0 = atb>0). Non-
strict Archimedean t-norms do have, which means
that they show some inertia in attaining positive
values: a positive argument <1 is still treated as
zero whenever the other is not sufficiently "large".
t, and t,, resp., are typical examples of a strict
t-norm and a nonstrict Archimedean t-norm, resp.

Theorem 1.1 (Ling [7]). (a) t is an Archimedean
t-norm iff there exists a strictly decreasing and
continuous g: [0, 1] — [0, ] such that g (1) =0 and

atb=g7'(g(0)~(g(a)+g(h)))

for each a, be[0,1]. tis strict iff g(0) = oo.

(b) s is an Archimedean t-conorm iff there exists a
strictly increasing and continuous h: [0, 1] — [0, <]
such that h(0) =0 and

asb=h"(h()A(h(a)+h(b)))

for each a, be[0,1]. sis strict iff h(1)=-co.

Generators of Archimedean t-operations, the func-
tions g and h from Theorem 1.1, are uniquely deter-
mined up to a positive constant factor. So, consider-
ing nonstrict Archimedean t-operations, we can re-
strict ourselves to their normed generators, i.e. to g
and h such that g(0)=1 and h(1)=1.

Theorem 1.2 (Frank [4]). A continuous t-norm t and
a continuous t-conorm s fulfil the functional equation

Va,be[0,1]: atb+asb=a+b

iff t=t¢ , and s=s; for some A€ [0, ] or t is the
ordinal sum of a family ((t: ,, [a, bk]))XeJc(O,w]’
whereas s is determined via the above equation.

Each nonincreasing function v:[0,1] — [0, 1]
with v(0) =1 and v(1) =0 will be called a negation.
The negation v, with v,(a)=0 for a>0 is thus the
smallest possible negation, whereas the largest pos-
sible one is v* such that v'(a) =1 for a<1. Strict-
ly decreasing and continuous negations are called
strict negations. One says that a negation v is
strong if it is strict and involutive (v(v(a))=a). A
typical example of a strong negation is the tuka-
siewicz negation v, with v,(a)=1-a. Let

vi(a)=V{ce[0,1]: atc=0}
v(a)=A{ce[0,1]: asc=1}

and

with a t-norm t, a t-conorm sand a<[0,1].

Theorem 1.3. (a) v, and v, are negations.
(b) If tis strict or t =, then v, =v,.
If sis strict or s=v, then vg=v".
(c) If tis a nonstrict Archimedean t-norm and g is
its generator, then the negation v, is strong and

Vae[0,1]: v(a) =g (g (0)-g(a)).

If s is a nonstrict Archimedean t-conorm with a
generator h, then v is strong and

Vae[0,1]: v(a) =h"X(h(1)-h(a)).

Strong negations v, and v generated by nonstrict
Archimedean t and s can be used to establish a
correspondence between t-norms and t-conorms
from that class via De Morgan-type expressions in-
volving v, and v

ateh = v(v(a) tv(bh)), as’h=vyvya)svyh)).



The binary operations t° and s°, resp., are then a
nonstrict Archimedean t-conorm and a nonstrict Ar-
chimedean t-norm, resp. One says that t and s are
complementary if s=1°. Instances of pairs of such
operations are (tg ,, Sy ,) and (ty ,, S p)-

Basic binary operations on (arbitrary) fuzzy sets
with t-norms and t-conorms will be denoted by u
M and x. A’ symbolizes the complement of A
induced by a negation v; AY(x) =v(A(x)). u=uU,,
Nn=nN,,x=x_,and =" with v=v, are the standard
operations. Let [A], = V{t: | A;| =k} with ke N and
A={x: A(X) >t} (t-cut set); A'={x:A(x)>t}
(sharp t-cut set). Throughout, n=|supp(A)| and
m = | core(A)|. Since we assume that A is finite,
[A], with O0<k<n is the kth element in the non-
increasingly ordered sequence of all positive values
A(X), including their possible repetitions.

2 Triangular norm-based generalized
cardinals

Generalized cardinals will be denoted by lowercase
letters o, B, ... from the beginning of the Greek al-
phabet. The equality oo =3 of two generalized cardi-
nals is understood in the usual pointwise way. If o
expresses the cardinality of A, we write o=|A]|.
Let us present three main classes of generalized car-
dinals of fuzzy sets with triangular norms ([10, 11]).

2.1 Generalized FGCounts

Let
a(k) =[Al; t[A]t... t[A]

with a t-norm t and ke N. « is then called the gen-
eralized FGCount of A (more precisely, the gene-
ralized FGCount of A generated by t). In the lan-
guage of many-valued logic, o(k) expresses a
degree to which A contains (at least) i elements for
each i<k with the quantification "for each" inter-
preted via t. If t=A, oo becomes the usual FGCount
of A from [12]. Put k, =14, iy With ke N.

Theorem 2.1. Let AeFFS and |A|=a with an
arbitrary t-norm t. We then have:

() o is normal and convex.

(b) (k) =1 for k<m, a(k)=0 for k>n.

(c) a=n, iff AeFCS.

Our further discussion will be restricted to the
class Atn* of Archimedean t-norms including the
t-norm . Stn" will denote its subclass composed of

strict t-norms and A, whereas Natn symbolizes the
family of nonstrict Archimedean t-norms.

Let te Atn, oo=|A| and B=|B| for A, BeFFS.
The equipotency relation ~ guaranteeing that o.=f
iff A~B is of the form

A~B < e(A)=e(B) & Vk<e(A): [Al,=[B],

with e(A) = V{ke N: [A],; t[A],t...t[A],>0}. The
equipotency A~B thus means that "large” mem-
bership values in A are identical to "large" mem-
bership values in B. In other words, t-cut sets
(sharp or not) of A with "large" t's are equipotent
to corresponding t-cut sets of B. Similarly to the
classical theory, the notation A~B can be replaced
by |A|=|B]|. If teStn", ~ becomes less liberal
and the dependence on t vanishes, namely we have

& Vte(0,1]: | A= | B,|
& Vte[0,1): | Al|=|B!|.

A partial ordering of generalized FGCounts with
te Atn® can be defined in the classical-like manner:

|A|<|B| & 3IB*cB: |Al=]|B*|,
|Al<|B] < |A|<|B| & [A|#]|B],
o<fB & JA B |Al=0 & |B|=B &
|Al<[B],
o<B & JAB: |Al=0 & |B|=B &
|Al<|B].

Both o< and o < 3 are well-defined inequalities as
they do not depend on the choice of A, BeFFS such
that | A|=o and | B| =f. If t=x, then

oasPB & acp.
For t# A,
oasPB = oacp.

The operations of addition and multiplication of
generalized FGCounts o and B with teAtn® are
also defined in the classical-like way: if o =]A]
and B =|B| with A, BeFFS , we put

o+B=|AuUB| provided that AnB =1,
off =|AxB].

Neutral elements of those operations are 0, and 1,,
respectively. Again, the sum o+ and the product
o3 are well-constructed as they do not depend on



the choice of A and B such that |A|=a and
| B| =B. o+ can be equivalently computed via the
t-norm-based extension principle, namely

(a+B)(k) = V{a(i)tB(j): i+j=k},

ke N. In the case of the product a3, that principle
can be used only if t= . The valuation property

VA, BeFFS: |AnB|+|AUB|=|A|+]|B|

is satisfied by generalized FGCounts with te Atn"
iff t=~ and s=v.

Theorem 2.2. Let o, B, v and & denote generalized

FGCounts generated by te Atn*. We then have:

@ aB+y) =af+ay, (distributivity)

(b) (<P & ¥<d) = (a+y<P+d & ay<Po),

(monotonicity)
© o,pz22, = a+B<af,
d) a+P=a+y=pB=y if teStn",
of=oay=B=y if a>1, and teStn".

(cancellation laws)

Modifications of the thesis (d) with = replaced by
< or < are also valid. Finally, in contrast to the
classical-like properties listed in Theorem 2.2, one
should emphasize that o<y = 3B: a+P =7. This
failure of the compensation property does form
one of the most important differences between the
arithmetic of ordinary cardinals and the arithmetic
of generalized FGCounts.

2.2 Generalized FLCounts

Define the generalized cardinal o=|A| of a
fuzzy set AeFFS in a dual way as

oK) = V([ Alen) tV([ Alle) .
= V([ Alep) tV([Alle) t o V(AL

for ke N with a triangular norm t and a negation v.
o is now called the generalized FLCount of A (gen-
erated by t and v). o k) is a degree to which A con-
tains at most i elements for each i>Kk. Putting t=x
and v=v,, a collapses to the classical FLCount of A
(see [12]). Let K =15,y 3 With keN.

Theorem 2.3. Let t and v, resp., denote a t-norm
and a negation, resp. The generalized FLCount o of
A FFS fulfils the following properties:

(d) o is normal and convex.
(b) (k) =1 for k=n, o(k) =0 for k<m.
(c) ao=n" if AeFCS.

Restrict our discussion to teAtn® and veSng,
where Sng denotes the class of all strict negations.
The equipotency relation ~ corresponding to gene-
ralized FLCounts is then of the form

A-B o e*(A)=e*(B) &
Vk>e*(A): [Al,=[BI]

with e*(A) = A{keN: v([A] ) tV([Al ) t...t
V([ A],) > 0}. If teNatn, bottom membership values
in A and B and their identity are thus essential for
having A~B (cf. Subsection 2.1). For teStn", the
above definition collapses to

A~B & VkeN: [Al =[B],.

Order and basic operations on generalized FL-
Counts with teStn® are defined as in Subsec. 2.1.
Theorem 2.2 with k, replaced by k* remains valid
for these generalized FLCounts.

2.3 Generalized FECounts

For a t-norm t and a negation v, the formula

oK) = [Al; t .. t AL V([ Alap) t . tv([A],)

with ke N defines the generalized FECount of A
(generated by t and v). It is the intersection in-
duced by t of the generalized FGCount and the
generalized FLCount of A. In symbols,

FECount, ,(A) = FGCount,( A) ~FLCount, ,(A).

If t=A and v=v,, o becomes the usual FECount
of A ([12]). t=A and v=V" lead to generalized
cardinals due to Dubois ([2]). Put k= 1g,.

Theorem 2.4. For AeFFS, a t-norm t and a ne-
gation v, the generalized FECount o= | A| satis-
fies the following:

() o is convex.

(b) o(k) =0 for each k<m and k>n.

(c) a=n iff AeFCS.

(d) If veSng with a fixed point a*< (0, 1), then

oK) < o | A ) = o | A +1) =... = (| Aga ).



If teStn" and veSng, the equipotency relation
corresponding to generalized FECounts is again of
the form A~B < VkeN: [ A], =[ B],. Equipotency
of two fuzzy sets thus means equipotency of their
corresponding t-cut sets. In particular, equipotent
fuzzy sets have equipotent cores as well as equipo-
tent supports. Inequalities between as well as addi-
tion and multiplication of generalized FECounts with
te Stn® and ve Sng are defined as in Subsection 2.1.
Properties of these operations, having O and 1 as
neutral elements, are identical to those from Theorem
2.2 with k, replaced by k.

The situation is quite different if te Natn. t then
has zero divisors and an equipotency relation similar
to that for teStn" cannot be constructed. What is
more, we can have o(k)=0 for each k, which
means that A is totally dissimilar to any set of any
cardinality. Details concerning such singular fuzzy
sets are presented in [3].

3 Scalar cardinalities of fuzzy sets with
triangular norms

3.1 Cardinal numbers of t-cut sets

One of the simplest concepts of a scalar cardinality
of A lies in defining that cardinality as the cardinal
number of a t-cut set of A. By Theorem 2.4(d), if v
is a strict negation with a fixed point a*< (0, 1), the
generalized FECount of A generated by a t-norm t
and v attains its maximum on [| A%, | A,.|]. Each
cardinal from the interval [| A%, | A,|] is thus an
equally good candidate for scalar cardinality of A.
For v =v,, this interval collapses to [| A%®|, | Ays|].

3.2 Generalized sigma counts

Let us introduce the following axiomatic definition
of scalar cardinalities of fuzzy sets ([9, 11]).

Definition 3.1. A function 6: FFS — [0, <) is called
a scalar cardinality if for each a,be[0,1], x,yeM
and A, BeFFS the following axioms are satisfied:

(Al) o(1/x)=1,
(A2) a<b = c(a/x)<o(bly),
(A3) AnB=1z= c(AuB)=0c(A)+c(B).

One says that 6(A) is a scalar cardinality of A
whenever o satisfies (A1)-(A3). The following prop-
erties are simple consequences of the axioms:

6(A)=n if AeFCS,
6(A)<c(B) if AcB,
m< o(A)<n.

(coincidence)
(monotonicity)
(boundedness)

Scalar cardinalities from Definition 3.1 do have a
convenient characterization described below.

Theorem 3.2. ¢ is a scalar cardinality iff there ex-
ists a nondecreasing function f: [0, 1] — [0, 1] such
that f(0)=0, f(1)=1 and

6(A) = Zicsupprr) FIA(X)) for each A.

Consequently, scalar cardinalities from Defini-
tion 3.1 can be called generalized sigma counts as
they are natural generalizations of the sigma count
SC = Zye supp(a) A(X) of A (see [2, 12]). Each func-
tion f satisfying the conditions of Theorem 3.2 is
said to be a cardinality pattern. It expresses our
understanding of the (scalar) cardinality of a sin-
gleton. Let us list some basic examples.

(@) fy (@) =(1 if a=t, else 0) with te(0,1]. Then
G(A) = A

(b) f,;(a)=(1if a>t, else 0) with te[0,1). Now
c(A)=|AY.

(c) f3 , (@) =aP with p>0. Then

Y ( A) = ersupp(A) ( A( X)) P.

(d) By definition, normed generators of nonstrict
Archimedean t-conorms are cardinality patterns.
The usual sigma count is thus a scalar cardinality
obtained by applying the normed generator of s, .

The outlined axiomatic approach brings together all
scalar cardinality concepts used in the literature
and, moreover, offers infinitely many new options
(see [9, 11]). Very different values of o(A) can be
generated by various specific cardinality patterns.
The choice of a suitable f is problem-dependent.

Theorem 3.3. The valuation property
VA,BeFFS: 6(AnB)+c(AugB) = 6(A)+c(B)

holds true for a t-norm t, a t-conorm s, and a car-
dinality pattern f iff

Va, be[0,1]: f(ath)+f(asb) = f(a)+f(b).



Let us present a few examples of triples (f, t, s) sat-
isfying the valuation property:

(@) (f, A, v) with any cardinality pattern f,

(b) (id, tr ;, s 5) with A€[0, ] (id - the identity
function), which follows from the Frank theorem,
(c) (h,s° 9), s- a nonstrict Archimedean t-conorm
with normed generator h, e.g. (f; ;, ts ,, Sy p)-

Theorem 3.4. The cartesian product rule
VA, BeFFS: 6(AxB) =c(A)-c(B)
is satisfied iff f and t are such that
Va, be[0,1]: f(ath)=f(a) f(b).

The following are thus examples of pairs (f, t) ful-
filling the cartesian product rule:

(a) if t=A, then the cartesian product rule holds
true iff f=f1’t or f=f2’t,

(b) (€79, t) with a strict t generated by g, e.g. (id, t,)
(c) if t=t,, the criterion in Th. 3.4 collapses to the
Cauchy functional equation. Its unique continuous
solutions are the cardinality patterns f=f; .

Theorem 3.5. Assume M is finite and v denotes a
negation. The complementarity rule

VA€eFFS: 6(A)+c(AY)=| M|
is fulfilled iff f and v satisfy the condition
Vae[0,1]: f(a)+f(v(a))=1.

So, instances of pairs (f, v) satisfying the comple-
mentarity rule are:

(@ (f,vy) with any cardinality pattern f having
(0.5,0.5) as a symmetry point of its diagram,

(b) (h,vy), where s is a nonstrict Archimedean
t-conorm with normed generator h.

A unique nontrivial quadruple (f,t, s, v) guarantee-
ing a simultaneous fulfilment of the valuation
property and the cartesian product and comple-
mentarity rules seems to be (id, t, s, v,). (€79, te
S0 Vi) With A = 5.934 satisfies the cartesian prod-
uct rule and leads to an approximate fulfilment of
the valuation property and the complementarity
rule; g denotes the generator of t, (see [11]).
Generalized sigma counts are a good basis for
defining relative scalar cardinalities in a flexible
way as o(A|B)=c(AnB)/c(B); t - a t-norm.
They can be treated as conditional probabilities.

3.3 Triangular norm-based generalized
sigma counts

There exists an obvious connection between the
sigma count of A and FGCount( A):

sc, = Zp-; FGCount( A)(K).

Replacing FGCount(A) by FGCount(A), we get
the following generalization of sc,:

SCa 1= Zpeg [Al t[AL t. t[A].

It leads to two variants of triangular norm-based
generalized sigma counts:

o (A) =2 F([AL t[AL L. t[A]Y,
o (A) =T F[Al) tT[AD) L. tT([ALY)

with a cardinality pattern f. Conversely, the con-
cept of the FGCount can be generalized as follows:

FGCount, (A)(K) =f([A]),
FGCount; (A)(k) = f([Al, t[Al,t... t[A]y),
FGCount, ((A)(K) = F([AI) tf([AL)t ...t F([AT).
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