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Abstract

The idea, how to generate modifiers by
placed functions defined d@, 1]" are con-
sidered. The subject matter of modifiers are
fuzzy sets, i.e. membership functions de-
fined on intervall = [0,1]. The definition

of modifiers is given and the case, how
placed generator functions fit together with
the definition. Some few properties of mod-
ifiers are considered. Some examples of
generator functions and modifiers generated
by them are given. The examples illus-
trate how graded modifier systems can be
created. The place numberof a genera-
tor function takes effect to the strength of a
modifier.
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1 Basic Concepts

the modifier adds information to another element in
the sentence (Frances Peckerms of use Univer-
sity of Ottawa). Also some fuzzy logic blocs altering
the behavior of PID controllers are called modifiers,
too.

The author has considered modifiers and modifier
logics in several situations (see e.g. J. K. Mattila
[6, 7, 8]). Some considerations about modifiers gen-
erated by t-norms and t-conorms are done in [8]. Af-
ter this work Dr. dzsef Dombi suggested the author
to study modifiers generated by n-placed functions in
the way to use some t-norms and t-conorms general-
ized for several variables. Some results from these
studies are [10] and [11].

The aim is to consider maodifiers as operators for mod-
ifying fuzzy sets. We refer to Kortelainen’s concept
modified sets His operators are set functions modi-
fying at first hand ordinary sets. We concentrate here
upon modifiers generated by n-placed functions, n =
2,3, ..., especially using t-norms and t-conorms and
their generalizations for more than two-placed cases
as basic tools.

We choose the range of fuzzy sets (i.e. membership
functions) to be the unit interval= [0, 1], as usually.

The concept of 'modifier’ appears in many ways in Thys the set of all fuzzy sets of a non-empty Xé

the scope of fuzzy logic. For example, Prof. L. A. {he setiX (including the usual power-setJi.e. the
Zadeh used this term already in the early theory ofet of ail characteristic functions of the usual subsets
fuzzy logic. The author has studied modifiers and ¢ X) as a special case). It is also a well-known fact
their logics from modal logical point of view and cre- hat| and1X are partially ordered sets. In fact, they

ated some logical systems for modifiers basing on reéyre ais0 completely distributed complete lattices and
lational Kripke structures of graded modalities (seegrouwerian lattices (see e.g. Lowen [5]).

e.g. Mattila [9]). Kortelainen’s [3] concephodified N _ N

setsis one example about the use of this term. In the ' N€S€é modifiers we consider here ammposition|
linguistic view, a modifier can be an adjective, or an P€cause when we apply a modifier to a fuzzy set we
adverb, or a phase or clause acting as an adjective dPM & composition of two functions.

adverb. In every case, the basic principle is the same:



Definition 1 (Modifier). We say that a mapping M It is easy to see that modifiers have following proper-
IX — 1X is (i) a substantiating modifigf for any fuzzy  ties. Suppos#l is a substantiating modifier. Then we

set pe 1%, have
vx e X, M(u(x)) < p(x), @ M(Ox) = Ox. (7)
i} . o M*(1x) = Ix, (8)
(ii) a weakening modifieif for any pe 1%, (MY (X)) = M(UX) @)
VX € X, i(X) < M(U(X)), (2)  where0y and 1y are the constant functior@ = O

andly = 1 forallx € X.
(iii) an identity modifier if for any pe 1%, X
In addition to Def.1, if the kernels qf andM o p are

VX € X, M(U(X)) = J(X). (3)  the same then we have the following result.

i . . i ) Proposition 2 Suppose M is a weakening modifier
Identity modifiers are identity mappings of. They such that kefyl) = ker(M o ), then
are sometimes needed as links between substantiating ’

and weakening modifiers in some logical structures of M(1x) = 1x. (10)

modifiers.

A given modifier we can associate with the dual mod-Proof. We haveker(u(x)) = ker(M(u(x))) = X by the

ifier according to the following supposition. From this fact the result follows immedi-
ately.

Definition 2 (Dual Modifier). Let M and M« be
modifiers. We say that Mis the dual modifieras-
sociated with M, if for any fuzzy setqu X,

In addition to Def.1, if the supports pfandM o are
the same then we have the following result.

. Proposition 3 Suppose M is a substantiating modifier
vx € X, M*(H(x)) = n(M(n(K(x)))), (4)  such that supfu) = supgM o ), then

where n is a strong negation. M(Ox) = Ox. (11)

Proposition 1 If M is a substantiating modifier then Proof. We havesup(ii(x)) — SUpEM o 1)(x) — 0
s dual M" s aweakening modifieand vice versa. by the supposition. From this fact the result follows
The proof is given in [10] immediately.

The condition 2 The idea of generalizing modifiers using

Wx € X, M*(1(x)) = n(M(n(i(x)))) 5) n-ary functions

The simplest idea using-ary functions for generat-
ing modifiers for fuzzy sets is to replace every vari-

ifiers with strong negation form classes called DeMor—able with the membership function of a fuzzy set to
gneg be modified. To illustrate the idea, we proceed in the

gan classes of operators ([1]). Originally, DeMorgan following way. We put the same argumexin every

classes used to consist of a t-norm, corresponding t- . . .
: place in then-tuple of arguments in the functioh.
conorm, and negation.

Thus we have the generating formulas for substantiat-

in the previous proof says that the operatbtsM*,
andn satisfy DeMorgans law. Thus dual pairs of mod-

We denoten-level set of a fuzzy sat, as usually, ing, weakening and identity modifiers, respectively,
={xe X|ux) > a,a €l
Ha = { WO = ! f(XX,...,X) <X (12)
Thus thea-level set ofM () is if f generates a substantiating modifier, and

(Mop)q(X) ={xe XIM(u(x)) >a,aecl}. (6) f(X,X,...,X) >X (13)



if f generates a weakening modifier.

An identity operator is generated by any functibn
such that

(14)

Basing on the formulas (12), (13), and (14) it follows
immediately that for alk € [0, 1],

Let f : [0,1)" — [0,1] be any n-ary function
then f generates aubstantiating modifier &) =
f(X,X,...,x) if for all x3,%p,...,%, € [0,1] the condi-
tion
f(XlaX27"'aXn) é min(xl>x25"'7xn) (15)

holds for allx; € [0,1]. f generates weakening modi-
fier H(x) = f(x,x,...,x) if for all x3,x2,...,%, € [0,1]
the condition

f (X1, X2, ..., Xn) > MaxXXy, X2, ..., Xn) (16)
holds for allx; € [0,1]. Afunction f generates aiden-
tity modifier b = f(x,x,...,x) ifforall xg,xg,...,%n €
[0,1] the condition

min(xg, X2, ..., Xn) < f(X1,X2,...,%Xn) <maxXy, X2, ..., %n)

(17)
holds for allx € X.

Example 2 The formula

n
f(X1,X2,..., %) =1— rl(l—xi), Vi,x € [0,1],
i=

(20)
generates a weakening modifier

Hn-1(H(X) = 1 (1—p(x)",

because it clearly satisfies the condition (16). To see
this, let a delivery of values from the interjal 1] be
such that x,1 < k < n, has the greatest value. In this
situation we can write mdxy,Xo,...,X,) = X. Thus

we havel — x, > 1—x;,1 <i <n, and this implies

veX  (21)

=}

(1-x)">T1(1-x)

which implies
n
1-T1(1—x>1—(1—x)"
]

From this it clearly follows thatl — (1 —x)" > 1—
(1—xx) = X = maxXy, X, ..., Xn) by the suppoaition
of the delivery of values. The special case-ri
gives the idetity modifier $g{pu(x)) = p(X)Vx € X, as
it should be.

Example 3 In addition to the special cases of pre-
vious examples,consider some generators for identity
modifier. The formula

Itis easily shown that the formulas (15), (16), and (17)
are in accordance with those in Def.1 when we replace
x with the membership function of a fuzzy set to be

modified. Thus we can use these formulas as the con-

o . : e enerates identity modifier,
ditions forn-ary functions for generating modifiers. glearly y

1
f(xl,xz,...,xn):ﬁ(x1+xz+...+xn), (22)

because (14) holds

Example 1 The formula Another way for generating identity modifier is to use

the function
n

f(xl,xz,...,xn):rlxi, Vi, x €10,1], (18)
i=

n
f(X1, %2, ., %) = ) AiX. (23)
n i; 1M

generates a substantiating modifier

Itis easy to show that this function satisfies the condi-
tion (14).

Fa-1(K(x)) = (K(x))",

) Also maxxy, Xz, ..., %) and mir(xg, Xz, ..., X,) gener-
because it clearly satisfies the condition (15), i.e.at€ identity modifiers, because the operators max and
f (X, %0, ..., %) < MIN(X1, Xz, ..., %,). The bigger nis Min do not have any modifying effect.
the more substantiating modifier we have. Thus we . I ,
can have a graded system of modifiers. Especially, iﬁ C?ﬁ;d(l:g%;?ﬁzif'z’ thelualofa modifierF is defined
n =1, we have the identity modifiep & u, that have y

no substantiating effect.

vxe X, (29)

(24)



wherenis a negation function. This also means that if
F is substantiating theR* is weakening, and iH is
weakening therH* is substantiating, by Proposition
1.

Example 4 The modifiers given in Examples 1 and
2 are duals of each others whetx € X,n(u(x))
1—p(x). The modifiers (19) and (21) are basing on
extensions of the t-normlgebraic producand the t-
conormalgebraic sumrespectively.

3 Some Concluding Remarks

One purpose for studying modifiers is to create some
concrete tools for manipulating fuzzy numbers so that

[5] R. Lowen, Fuzzy Set Theory. Basic Concepts,
Techniques and Bibliographiluwer Academic
Publishers, 1996

[6] J. K. Mattila, Modeling fuzziness by Kripke
structures, in: T. Terano, M. Sugeno, M.
Mukaidono, K. Shigemasu (edsfuzzy Engi-
neering toward Human Friendly Systersl. 2,
Proc. of IFES '91, Nov. 13 - 15, 1991, Yoko-
hama, Japan

[7] J. K. Mattila, On modifier logic, in: L. A. Zadeh,
J. Kacprzyk (eds.}uzzy Logic for Management
of Uncertainty John Wiley & Sons, Inc., New
York, 1992

we can have arithmetic operations easilly used. How- [8] J. K. Mattila, Reasoning with graded chains

ever, these operations should be in accordance with

those defined by extension principle. Also the study
of logical systems of modifiers is very interesting.
From this study we can draw connections to topologi-

cal properties of fuzzy systems (see e.g. Kortelainen’s

paper [3] and his other papers, too).

According to the substance itsetfary functions be-

ing extensions of some Archimedean t-norms and t-

conorms are very interesting for generators of mod-
ifiers, as we already had a short view in the form
of Examples 1 — 4 above.

have modifying effects (see e.g. Mattila [8]).
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