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Abstract

An important notion of inconsistency occur-
ring in the theory of IF-THEN rules is dis-
cussed. We propose a definition of it in the
frame of fuzzy logic deduction and show
some properties.
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1 Introduction

In this contribution we will discuss one important no-
tion occurring in the theory of linguistic descriptions,
i.e. sets of IF-THEN rules. The situation we want
to study is as follows: there are several IF-THEN
rules with identical (or similar) antecedents and dif-
ferent consequents. We call such a linguistic descrip-
tion inconsistent, because given an observation, sev-
eral rules can be used to deduce conclusions which are
incompatible. For example, let a linguistic description
which describes some control process include two IF-
THEN rules

R 1 := IF X1 is medium AND X2 is big

THEN Y is big,

R 2 := IF X1 is medium AND X2 is big

THEN Y is small,

· · ·

whereX1, X2 andY are variables denoting tempera-
ture, pressure and control action, respectively. Then,
when medium temperature and big pressure are mea-
sured, both rulesR 1 andR 2 can be used and we arrive
at the conclusion that the control action should be at
the same timesmall andbig.

In our analysis of this situation we start from the ob-
servation that a linguistic description describes some
functional dependence and that variableY can assume
only one value at a given time. Our definition is mo-
tivated by the classical requirement which a relation
has to fulfil in order to be a function.

The basis for our analysis isfuzzy logic in narrow
sense with evaluated syntax[8]. We consistently dis-
tinguish three levels of study: linguistic, syntactic and
semantic. The meaning of a linguistic expressionA

(calledintension) is expressed on syntactic level by a
set of evaluating formulas

Int(A) = A〈x〉 =
{

at
/

Ax[t] | t ∈ M,at ∈ L
}

whereA is a formula with one free variable assigned
to the linguistic expressionA , M is a set of closed
terms – names for real numbers from interval[0,1],
L is a set of truth values, identified with the set[0,1],
andAx[t] is the closed formula arisen from formulaA
with the termt is substituted for the variablex.

Meanings of the linguistic description and the obser-
vation are represented on syntactic level by formal
fuzzy theoriesTI andT ′, respectively. Another theory
TD is obtained as a union ofTI andT ′. The conclusion
is then obtained by means of a formal proving inside
the theoryTD. On semantic level, the concept ofpos-
sible world is introduced as a special structure which
support is a real interval. Then the meaning of a lin-
guistic expression on semantic level is the satisfaction
fuzzy set

ExtV (A) =
{

V (Ax[v])
/

v | v∈V
}

whereV is a possible world,V is its support,v is the
closed term – name of the real numberv on syntactic
level andV (Ax[v]) truth value of formulaAx[v] in the
possible worldV .



2 Preliminaries

2.1 Logical preliminaries

The formal system offuzzy logic in narrow sense with
evaluated syntax(FLn) we are working in is based on
Łukasiewicz MV-algebra of truth values

L = 〈L,⊗,⊕,¬,0,1〉

where the set of truth valuesL = [0,1], and⊗,⊕,¬
are Łukasiewiczt-norm, Łukasiewiczt-conorm and
the involutive negation¬x = 1−x, respectively.

Let A(x1, . . . ,xn) be a formula andt1, . . . , tn be terms
substitutable intoA for the variablesx1, . . . ,xn, respec-
tively. By Ax1,...,xn[t1, . . . , tn], we denote an instance
of A resulting from it when replacing all the free oc-
currences of the variablesx1, . . . ,xn by the respective
termst1, . . . , tn.

A fuzzy theoryT is a fuzzy set of formulasT ⊂
∼

FJ(T)

(J(T) is the predicate language of the theoryT and
FJ(T) is the set of all well-formed formulas ofJ(T))
given by the tripleT = 〈LAx ,SAx,R〉 where LAx⊂

∼
FJ(T) is a fuzzy set of logical axioms, SAx⊂

∼
FJ(T) is a

fuzzy set of special axioms andR is a set of inference
rules which includes the rules modus ponens (rMP),
generalization (rG) and logical constant introduction
(rLC) (see [8], Section 4.3.1).

The semantics is defined by the generalization of the
classical definition of the semantics of predicate logic.
A structurefor the languageJ is

V = 〈V, fV , . . . ,PV , . . . ,uV , . . .〉 (1)

where fV : Vn −→ V are n-ary functions onV as-
signed to the function symbolsf ∈ J, PV ⊂

∼
Vn are

n-ary fuzzy relations onV assigned to the predicate
symbolsP ∈ J anduV ∈ V are designated elements
assigned to the object constantsu ∈ J. If the concrete
symbolsfV ,PV ,uV , . . . are unimportant for the expla-
nation then we will simplify (1) only toV = 〈V, . . .〉.

We say that the structureV is a modelof the fuzzy
theoryT and writeV |= T if SAx(A) ≤ V (A) holds
for every formulaA∈ FJ(T).

The concept of the provability degree as a general-
ization of the classical provabilityT `a A and truth
degreeT |=a A can be introduced (for the precise defi-
nitions and a lot of properties of them — see [8]). Let
us stress that the provability degree coincides with the
truth degree due to the completeness theorem.

Theorem 1 (Completeness)

T `a A iff T |=a A

holds for every formulaA∈ FJ(T) and every consistent
fuzzy theoryT.

Fuzzy theory with fuzzy equality contains in its lan-
guage binary predicate≈ which should fulfil the rele-
vant axioms (cf. [6]).

2.2 Linguistic preliminaries

A general surface structure of fuzzy IF-THEN rule is

IF 〈noun〉1 is A THEN 〈noun〉2 is B. (2)

It is a conditional statement characterizing relation be-
tween linguistic expressions of the form

〈noun〉 is A . (3)

We will call expressions (3) thelinguistic predica-
tions. Examples of such predications aretemperature
is quite high, angle of the wheel is negative very big,
(breaking) force is more or less small, etc.

For the purpose of modeling using fuzzy logic, we
usually are not interested in the objects denoted by
nouns occurring in the linguistic predications. In the
practice, they are replaced by numbers. Therefore, we
replace〈noun〉 in (2) by some variableX,Y, . . . etc.
Consequently, the general surface structure of fuzzy
IF-THEN rule considered further is

IF X is A THEN Y is B. (4)

A special case of the expressions occurring in the lin-
guistic predications areevaluating linguistic expres-
sions(cf. [8, 5]). Among them, we distinguishatomic
evaluating expressionswhich include any of the ad-
jectivessmall, medium, or big.

Simple evaluating expressionsare expressions of the
form

〈linguistic hedge〉〈atomic evaluating expression〉.

The linguistic hedges are special adjectives modifying
the meaning of the adjectives before which they stand.
In general, we speak about the linguistic hedges with
narrowing effect(very, highly, etc.) and those with
widening effect(more or less, roughly, etc.).



If A in (3) is an evaluating expression then (3) is called
the evaluating linguistic predication. If A is simple
then (3) is called thesimple evaluating predication.
Examples of simple evaluating predications are, e.g.
temperature is very high(herehigh is taken instead
of big), pressure is roughly small, etc.

Definition 1
A linguistic description is a finite set LD I =
{R I

1,R
I
2, . . . ,R

I
r} of the conditional clauses

R I
i := IF Ai THEN Bi , i = 1,2, . . . , r (5)

whereAi , Bi are evaluating predications. If all evalu-
ating predicationsAi , Bi are simple then also the lin-
guistic descriptionLD I is called simple.

2.3 The meaning of linguistic expressions

A linguistic expression may in general be understood
as a name of some property. In the linguistic the-
ory, we speak about itsintension(instead of property
named by it). Furthermore, we have to consider apos-
sible world (cf. [10]), which can be informally un-
derstood as “a particular state of affairs”. For us, the
possible world is a set of objects, which may carry the
properties in concern. Hence, the intension of the lin-
guistic expression determines in each possible world
its extension, i.e. a grouping of objects having the
given property. Since there can exists infinite num-
ber of possible worlds, one intension may lead to a
class of extensions.

We will formalize these concepts using the means of
predicate FLn with evaluated syntax. The level of for-
mal syntax is identified with the syntax of FLn and
the semantic level is identified with the semantics of
FLn. In the sequel, we suppose some fixed predicate
languageJ.

To define the mathematical model of theintensionof
a linguistic expressionA , we start by assigning some
formula A(x) ∈ FJ to A . However, this is not suffi-
cient since this does not grasp inherent vagueness of
the property represented byA . This can be accom-
plished in FLn using the concept ofevaluated for-
mula. Namely, if A(x) is a formula with one free
variable then the evaluated formulaa

/

Ax[t] means that
some object represented by the termt has the property
A in the degree at leasta∈ L.

The extensionis characterized on the semantic level,
which is identified with the semantics of FLn. Hence,

the concept ofpossible worldis understood as a spe-
cial structureV for J

V = 〈V,PV , . . . ,〉.

Definition 2
Let A be a natural language expression and let it be
assigned a formulaA(x).

(i) The intension ofA is a set of evaluated for-
mulas (also calledmultiformula)

Int(A) = A〈x〉 =
{

at
/

Ax[t]
∣

∣ t ∈ M,at ∈ L
}

.

(6)

(ii) The extension ofA in the possible worldV
is the satisfaction fuzzy set

ExtV (A) =
{

V (Ax[v])
/

v
∣

∣

∣
v∈V

}

. (7)

3 Theories of evaluating expressions

Due to the lack of space, we can only briefly sum-
marize main ideas of our approach (for details, see
[2]). We propose to capture the meanings of the class
of simple evaluating linguistic expressions from Sub-
section 2.2 by formal theoryTev called thetheory of
evaluating expressions. For every simple evaluating
expressionAi we add unary predicate symbolGi into
the languageJ(Tev) of theoryTev. Then, an intension
of Ai in Tev is

Int(Ai) =
{

α̃Gi (t)
/

Gi,x[t] | t ∈ M,Tev`α̃Gi (t)
Gi,x[t]

}

(8)
whereα̃Gi : M −→ L is a function calledintensional
mapping. We propose several axioms which such a
theoryTev should fulfil in order to characterize prop-
erly the meanings of simple evaluating linguistic ex-
pressions (see [2], Definition 4). We e.g. require that
functionsα̃Gi should be unimodal.

Because it holds that the truth degree of a formulaA
in a modelV of a theoryT (denoted byV (A)) is, in
general, greater or equal than its provability degree in
T, it can be advantageous to restrict the range of truth
degrees of formulasGx[t] from above by introducing
the axioms of the form

{

β̃G(t)
/

¬¬¬Gx[t] | t ∈ M
}

(9)

whereβ̃G(t) : M −→ L, andβ̃G(t) ≤¬α̃G(t) holds for
all t ∈ M. We call the resulting theory theextended
theory of evaluating expressionsand denote it byTevx.



Given a linguistic descriptionLD I and theoriesTev
1

and Tev
2 (or Tevx

1 and Tevx
2 ) for antecedent and con-

sequent part of IF-THEN rules, respectively, we can
construct a theoryTI called thetheory of linguistic de-
scription. Its axioms have the form

α̃Ai⇒⇒⇒Bi (t,s)
/

Ai,x[t]⇒⇒⇒Bi,y[s] (10)

where Ai , Bi are formulas corresponding to simple
evaluating expressionsAi , Bi , respectively, from the
i-th IF-THEN rule IFX is Ai THEN Y is Bi , andt ∈
M1, s∈ M2, whereM1, M2 are sets of closed terms
from the language of theoriesTev

1 , Tev
2 , respectively.

4 Fuzzy logic deduction

The basic schema of fuzzy logic deduction is the fol-
lowing: We have a fuzzy theoryTI composed of impli-
cations of the form (10) and a fuzzy theoryT ′ which
represents an observation. From these theories we
form a theoryTD = TI ∪T ′. The theoryTI expresses
a relationship between antecedent and succedent vari-
ables. The general form ofT ′ is

T ′ =
{

A′
i | i ∈ I

}

(11)

whereI ⊆ {1,2, . . . , r} and

A′
i =

{

α̃′
Ai

(t)
/

Ai,x[t] | t ∈ M1

}

. (12)

If the theoryTD = TI ∪T ′ is consistent then we can
derive aconclusion

B′ = {B′
i | i ∈ K} (13)

where
B′

i =
{

α̃′
Bi

(s)
/

Bi,y[s] | s∈ M2

}

(14)

andα̃′
Bi

(s) = c iff TD `c Bi,y[s]. The theoryT ′, in gen-
eral, can contain several multiformulasA′

i , and hence,
the conclusionB′ may be composed of several parts.
The index setsI andK are identical ifi 6= j implies
Ai 6= A j for all i, j ∈ I . Note thatT ′ can be empty.
Then we putB′ = /0, i.e. we obtain an empty conclu-
sion. This is in accordance with the principle of logic
deduction, saying that the deduction is performed only
when there is enough evidence for doing it.

In the most frequent case, the theoryT ′ represents a
single observation. This can be either a crisp number
or a linguistic expression, which characterizes (pre-
cisely or vaguely) a position on an ordered scale.

Therefore, the theoryT ′ cannot be completely arbi-
trary and should fulfil some special conditions (see
[2]).

Theorem 2
Let LD I be a simple linguistic description and the the-
ory TD = TI ∪T ′ be constructed as above. Then it is
consistent and we may derive a conclusionB′ = {B′

i |
i ∈ K} where the intensionsB′

i are

B′
i =

{

α̃′
Bi

(s)
/

Bi,y[s] | s∈ M2, i ∈ K
}

(15)

where

α̃′
Bi

(s) =
∨

t∈M1

(

α̃′
Ai

(t)⊗ α̃Ai⇒⇒⇒Bi (t,s)
)

(16)

and allα̃′
Bi

(s) in B′
i , i ∈ K are maximal.

PROOF: The proof proceeds in a similar way as the
proof of Theorem 6.1 in [8], page 249. ¤

5 Inconsistencies in linguistic descriptions

It can be shown (see [2], Theorem 5) that the theory
TI of a linguistic descriptionLDI is consistent. It is
a natural result, because it is not possible to derive a
contradiction from implications only. However, there
are some linguistic descriptions which behave “incon-
sistently.” By this is meant that for some observation
there are derived conclusions, whose interpretations
are at the same time “small” and “big”. A typical ex-
ample of “inconsistent” linguistic description is

R 1 := IF X is medium THEN Y is big ,

R 2 := IF X is medium THEN Y is small,

· · ·

Here, if the observation isA ′ = medium, we cannot
decide between rulesR 1 andR 2 and we should use
both rules and, consequently, deduce thatY is big and
Y is small at the same time. If we understandY as
the (precisely of imprecisely known) value of some
variable, then there is a contradiction in the fact, that
Y is at the same time “small” and “big”.

To characterize this type of inconsistency of the theory
TD = T ′∪TI , we propose to capture the fact thatY is
a variable and therefore cannot have more than one



value at a given time, (or, for one observation) by the
provability of some formulas. We use fuzzy equality
predicate≈ to express this property. Let us denote by
T≈

D the fuzzy theory

T≈
D = TD ∪T≈

2 (17)

where

T≈
2 = {d(s1,s2)

/

s1 6≈ s2 | s1,s2 ∈ M2} (18)

wheres1 6≈ s2 is an abbreviation for¬¬¬(s1 ≈ s2) and
d(s1,s2) is a provability degree of formulas1 6≈ s2 in
some theoryT2, i.e. d(s1,s2) = d iff T2 `d s1 6≈ s2, and
T2 is some subtheory of the theory of evaluating ex-
pressionsTevx

2≈ , i.e. the extended theory of evaluating
expressions with fuzzy equality.

Definition 3
The theoryT≈

D = T ′∪TI ∪T≈
2 is≈-inconsistent in the

degreeκ if for some theoryT ′ which represents a sin-
gle observation (see [2], Definition 9) the theoryT≈

D
proves

T≈
D `κ (∃y1)(∃y2) (y1 6≈ y2) & B1(y1) & B2(y2).

(19)
If κ = 1 thenT≈

D is called≈-inconsistent.

The previous definition is motivated by the classical
requirement which a relation has to fulfil in order to
be a function:

(∀x)(∀y)(∀z) (y = f (x) & z= f (x))⇒⇒⇒ (y = z).

Negation of this formula is logically equivalent to

(∃x)(∃y)(∃z) (y = f (x) & z= f (x) & z 6= y). (20)

BecauseB1(y1) andB2(y2) from (19) express a value
of variableY for some single observation character-
ized by the theoryT ′, formula (19) expresses in our
formalism the same property as formula (20) in the
classical case. Let us stress that the above-defined
notion of≈-inconsistency is dependent on the inten-
sional mappings̃αG of predicate symbolsG. This is
the reason why we defined the inconsistency of theory
T≈

D and not the inconsistency of the linguistic descrip-
tion LD I . If we include into the theoryT≈

2 axioms
of the form d(s1,s2)

/

s1 6≈ s2 with degreesd(s1,s2)
computed from the whole theoryTevx, i.e. the the-
ory which describes the intensions of the whole set of
simple evaluating expressions, then the definition of

≈-inconsistency can become too sensitive. It means
that T≈

D can prove thatx 6≈ y for x and y which are
“close” to each other (in standard metric on [0,1]) but
are distinguished by some predicateGi in the sense
that

Tevx` Gi(x) 6⇔6⇔6⇔Gi(y) (21)

and, consequently,T≈
D ` x 6≈ y. To be able to prove

formulas such as (21), we have to work with the ex-
tended theory of evaluating expressions. As a possi-
ble solution we can use some subtheoryT2 of Tevx,
i.e. a theory which includes axioms of the form (8)
and (9) for some subset of the set of simple eval-
uating expressions. The structure of this set (see
Subsection 2.2) can give us a clue which evaluating
expressions should be chosen. We can choose e.g.
predicates which model atomic evaluating expressions
small, medium and big or predicates which model
some wider evaluating expressions for every subset
of evaluating expressions with the same atomic one,
such asroughly small, roughly mediumandroughly
big.

Lemma 1
If there are closed termss1 ands2 ∈ M2 such thatTD `
Bi,y[s1] andTD ` B j,y[s2] and

T2 ` Bk,y[s1] 6⇔6⇔6⇔Bk,y[s2] (22)

for somei, j ∈ 1,2, . . . , r and somek ∈ K, then the
theoryT≈

D is ≈-inconsistent.

PROOF: Omitted due to the lack of space. ¤

Theorem 3
Let LD I be a simple linguistic description which
includes rules R j and R k such that R j :=
IF A THEN B j andR k := IF A THEN Bk. Let the
theories of evaluating expressionsTevx

1 and Tevx
2 are

such that the theoryT≈
D = T ′∪TD ∪T2 (17), whereT ′

has the formT ′ = {α̃′
A(t)

/

Ax[t] | t ∈ M1} and it holds
that there is somet0 ∈ M1 such that̃α′

A(t0) = α̃A(t0) =
1, proves for somes1,s2 ∈ M2 that T≈

D ` B j,y[s1],
T≈

D ` Bk,y[s2], and

T2 ` (∃y)(B j(y) 6⇔6⇔6⇔Bk(y)) (23)

where T2 ⊂
∼

Tevx
2≈ . Then the theoryT≈

D is ≈-
inconsistent.



PROOF: We have to show that from (23) it follows
that there exist closed termssa andsb from M2 such
thatT2 ` sa 6≈ sb (and, consequently,T≈

D ` sa 6≈ sb) and
in the same time thatT≈

D ` B j,y[sa] andT≈
D ` Bk,y[sb].

From (23) and the Completeness Theorem it follows
that for somes∈ M2 either a)T2 ` B j,y[s] and T2 `
¬¬¬Bk,y[s], or b)T2 ` ¬¬¬B j,y[s] andT2 ` Bk,y[s]. Suppose
a). Then for somesa,sb ∈ M2 either a1) T2 ` B j,y[sa],
T2 ` Bk,y[sb] and T2 ` sa ≤ s, T2 ` s < sb, or a2)
T2 ` B j,y[sa], T2 ` Bk,y[sb] andT2 ` s≤ sa, T2 ` sb < s.
Suppose a1). From assumptions a) and a1) it also fol-
lows that

T2 ` Bk,y[sb] 6⇔6⇔6⇔Bk,y[s],

and, due to provable inequalitiessa ≤ s, s < sb and
unimodality of functions̃αBk andβ̃Bk, also

T2 ` Bk,y[sa] 6⇔6⇔6⇔Bk,y[sb]

(see Figure 1). It can be deduced thatT2 ` sa 6≈ sb.
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Figure 1: Situationa1) from the proof of Theorem 3.

From the definition of theoryT≈
D it follows that also

T≈
D ` (sa 6≈ sb). BecauseT2 ` B j,y[sa], T2 ` Bk,y[sb],

it holds thatα̃B j (sa) = α̃Bk(sb) = 1. It can easily be
deduced that̃α′

B j
(sa) = α̃′

Bk
(sb) = 1. Hence, we have

shown thatT≈
D ` B j,y[sa], T≈

D ` Bk,y[sb] andT≈
D ` sa 6≈

sb, and it follows (using the fact thatAx[t]⇒⇒⇒ (∃x)A(x)
is provable in fuzzy predicate calculus and the Com-
pleteness Theorem) that

T≈
D ` (∃y1)(∃y2) (y1 6≈ y2)& B j(y1)& Bk(y2),

i.e. the theoryT≈
D is ≈-inconsistent. The cases b) and

a2) can be proved analogously. ¤

6 Conclusion

We defined in this paper≈-inconsistency and proved
a theorem showing that linguistic descriptions which

include two rules with identical antecedents and dif-
ferent succedents are indeed≈-inconsistent. The al-
ternative definition of the inconsistency of linguistic
descriptions will be the topic of a subsequent paper.
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[4] P. Hájek (1998). Metamathematics of Fuzzy
Logic.Kluwer, Dordrecht, 1998.

[5] V. Novák (2001). Antonyms and Linguistic
Quantifiers in Fuzzy Logic.Fuzzy Sets and Sys-
tems124, pages 335–351, 2001.

[6] V. Novák (2003). On fuzzy equality and approx-
imation in fuzzy logic.Soft Computing, in press.
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