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Abstract In our analysis of this situation we start from the ob-
servation that a linguistic description describes some

An important notion of inconsistency occur- functional dependence and that varialean assume
ring in the theory of IF-THEN rules is dis- only one value at a given time. Our definition is mo-
cussed. We propose a definition of it in the tivated by the classical requirement which a relation
frame of fuzzy logic deduction and show has to fulfil in order to be a function.
some properties. The basis for our analysis #izzy logic in narrow
Keywords: IF-THEN rules, deduction, in- sense with evaluated syntf8]. We consistently dis-
consistency. tinguish three levels of study: linguistic, syntactic and

semantic. The meaning of a linguistic expressidn
(calledintension) is expressed on syntactic level by a

1 Introduction set of evaluating formulas

In this contribution we will discuss one important no- Int(A2) = Ay = {&/Adt] [teM,a €L}

tion occurring in the theory of linguistic descriptions, \yhereA is a formula with one free variable assigned

i.e. sets .Of IF-THEN rules. The situation we want {5 the linguistic expressiol, M is a set of closed
to study is as follows: there are several IF-THEN {arms — names for real numbers from inter{@ll]

rules with identical (or similar) antecedents and dif- | g 5 set of truth values, identified with the setl),

ferent consequents. We call such a linguistic descripanga,t] is the closed formula arisen from formuta
tion inconsistentbecause given an observation, SeV-with the termt is substituted for the variabke

eral rules can be used to deduce conclusions which are o o

incompatible. For example, let a linguistic description Meanings of the linguistic description and the obser-

which describes some control process include two IFVation are represented on syntactic level by formal

THEN rules fuzzy theoriedl) andT’, respectively. Another theory
Tp is obtained as a union df andT’. The conclusion
R :=IF Xy is medium AND X; is big is then obtained by means of a formal proving inside
THENY is big, the theoryTp. On semantic level, the concept mds-
R 5= IF Xq is medium AND X, is big sible worldis introduced as a special structure which

support is a real interval. Then the meaning of a lin-
guistic expression on semantic level is the satisfaction
fuzzy set

THENY is small,

whereX;, Xo andY are variabl_es denoting_ tempera- Ext,(4) = {’V(Ax[V])/v| vev}
ture, pressure and control action, respectively. Then,

when medium temperature and big pressure are meavhere?’ is a possible worldy is its supporty is the
sured, both rule®; andR® » can be used and we arrive closed term — name of the real numlyasn syntactic
at the conclusion that the control action should be afevel and?/(Ay[v]) truth value of formula[v] in the
the same timesmall andbig. possible world? .



2 Preliminaries Theorem 1 (Completeness)

2.1 Logical preliminaries ThaA iff TgaA

holds for every formul# € Fy .ty and every consistent

The formal system diuzzy logic in narrow sense with
y yod fuzzy theoryT .

evaluated synta§-Ln) we are working in is based on

tukasiewicz MV-algebra of truth values _ _ L
Fuzzy theory with fuzzy equality contains in its lan-

L=(L,®,®,7,0,1) guage binary predicate which should fulfil the rele-

where the set of truth valuds= [0,1], and®,&,~  vantaxioms (cf. [6]).
are tukasiewicz-norm, tukasiewicz-conorm and _ o o
the involutive negatiomx = 1 — x, respectively. 2.2 Linguistic preliminaries

Let A(Xq,..., %) be a formula andh, ... t, be terms A general surface structure of fuzzy IF-THEN rule is
substitutable int@\ for the variablexy, . .., x,, respec-

tively. By Ay, . x[tr,-..,tn, We denote an instance IF (noun1 is 4 THEN (noun)z is B. (2)
of A resulting from it when replacing all the free oc-
currences of the variables, ..., x, by the respective
termsty, ..., t,.

Itis a conditional statement characterizing relation be-
tween linguistic expressions of the form

A fuzzy theoryT is a fuzzy set of formula$ C Fy) (noun is 4. 3
(J(T) is the predicate language of the thedryand . _ o _
Fyir) is the set of all well-formed formulas d(T)) We will call expressions (3) .thG.nngtIC predica-
given by the tripleT = (LAx,SAx,R) where LAXC tions Exgmples of such predlcapons desmperature
Fyr) is @ fuzzy set of logical axioms, SAX Fy(r) is a is quite high ang{e of the wheel is negative very big
fuzzy set of special axioms arRlis a set of inference ~ (breaking) force is more or less smac.

rules which includes the rules modus poneng},  For the purpose of modeling using fuzzy logic, we
generalizationr(z) and logical constant introduction usually are not interested in the objects denoted by
(rc) (see [8], Section 4.3.1). nouns occurring in the linguistic predications. In the

The semantics is defined by the generalization of the?ractice, they are replaced by numbers. Therefore, we

classical definition of the semantics of predicate logic."ePlace(noun in (2) by some variableX,Y; ... etc.
A structurefor the languagd is Consequently, the general surface structure of fuzzy

IF-THEN rule considered further is

rV:<V,fr,/,...,I:)q/,...,Uq/,...> (1)
where f,, : V" — V are n-ary functions onV as-
signed to the function symbolt € J, P,, C V" are
n-ary fuzzy relations otV assigned to the predicate A Special case of the expressions occurring in the lin-
symbolsP € J andu,, € V are designated elements guistic predications arevaluating linguistic expres-
assigned to the object constants J. If the concrete ~ sions(cf. [8, 5]). Among them, we distinguistomic
symbolsf,,, Py, u,, ... are unimportant for the expla- evaluating expressionshich include any of the ad-
nation then we will simplify (1) only tol/ = (V,...).  Jectivessmall medium or big.

We say that the structur®’ is a modelof the fuzzy ~ Simple evaluating expressioase expressions of the
theory T and write? |= T if SAX(A) < V(A) holds ~ form
for every formulaA € Fyt).

IF X is A THEN Y is B. (4)

(linguistic hedgé(atomic evaluating expressipn
The concept of the provability degree as a general-

ization of the classical provabilitf 5 A and truth  The linguistic hedges are special adjectives modifying
degree€T =4 A can be introduced (for the precise defi- the meaning of the adjectives before which they stand.
nitions and a lot of properties of them — see [8]). Let In general, we speak about the linguistic hedges with
us stress that the provability degree coincides with thenarrowing effect(very, highly, etc.) and those with
truth degree due to the completeness theorem. widening effec{more or lessroughly; etc.).



If Z4in(3)is an evaluating expression then (3) is calledthe concept opossible worlds understood as a spe-
the evaluating linguistic predication|f 4 is simple cial structure?’ for J

then (3) is called thesimple evaluating predication

Examples of simple evaluating predications are, e.g. V=NMPy,....).
temperature is very higkherehigh is taken instead Definition 2

of big), pressure is roughly smagtc. Let 4 be a natural language expression and let it be

Definition 1 assigned a formulA(x).

A linguistic descriptionis a finite set LD' =

{5’{'1 Klz R'} of the conditional clauses (i) The intension of4 is a set of evaluated for-
bl P I

mulas (also calledhultiformulg

I . :
i =IF4 THEN B, i=212,....r 5
i A v e ®) Int(A) =Any = {&/Alt][teM,a € L}.
whereZ;, B; are evaluating predications. If all evalu- (6)
ating predications?;, B; are simple then also the lin- (i) The extension of4 in the possible worldl
guistic descriptionz. D' is called simple. is the satisfaction fuzzy set
2.3 The meaning of linguistic expressions Exty(4) = { ‘V(Ax[V])/v‘ Ve V} . (N

A linguistic expression may in general be understood
as a name of some property. In the linguistic the-
ory, we speak about itstension(instead of property
named by it). Furthermore, we have to considpoa-
sible world (cf. [10]), which can be informally un-
derstood as “a particular state of affairs”. For us, the

. . . ) of simple evaluating linguistic expressions from Sub-
possible world is a set of objects, which may carry the . ov
o : . . _section 2.2 by formal theory®" called thetheory of
properties in concern. Hence, the intension of the lin-

guistic expression determines in each possible world® xalruan?g ngsreszlé)niF()rr e\:egi/ S'tmplen?t\ghiﬁtmg
its extensioni.e. a grouping of objects having the ?hglzisl?e?%d 'I?e‘?) of tjh:o?/ Pl_g, 'I(':r?eisgn intensic;n
given property. Since there can exists infinite num- guags( yr= '

3 Theories of evaluating expressions

Due to the lack of space, we can only briefly sum-
marize main ideas of our approach (for details, see
[2]). We propose to capture the meanings of the class

A ev;
ber of possible worlds, one intension may lead to aof A In TS
class of extensions. Int(2) = {aGi (t)/Gixlt] |t e MvTeV"dei - Gi7x[t]}
We will formalize these concepts using the means of (8)

predicate FLn with evaluated syntax. The level of for- wheredg, : M — L is a function calledntensional
mal syntax is identified with the syntax of FLn and mapping We propose several axioms which such a
the semantic level is identified with the semantics oftheoryT®¥ should fulfil in order to characterize prop-
FLn. In the sequel, we suppose some fixed predicaterly the meanings of simple evaluating linguistic ex-
language). pressions (see [2], Definition 4). We e.g. require that

To define the mathematical model of timensionof functionsdg, should be unimodal.

a linguistic expressiorfl, we start by assigning some Because it holds that the truth degree of a formAila
formula A(x) € F; to 4. However, this is not suffi- in a model? of a theoryT (denoted byl/(A)) is, in
cient since this does not grasp inherent vagueness @feneral, greater or equal than its provability degree in
the property represented b¥. This can be accom- T, it can be advantageous to restrict the range of truth
plished in FLn using the concept evaluated for- degrees of formula&y[t] from above by introducing
mula Namely, if A(x) is a formula with one free the axioms of the form

variable t_hen the evaluated form@aA,[t] means that {BG (t)/—-Gx[t] te M}
some object represented by the térmas the property

Ain the degree at leaste L.

9)

whereBg(t) : M — L, andg(t) < —dg(t) holds for
The extensioris characterized on the semantic level, all t € M. We call the resulting theory thextended
which is identified with the semantics of FLn. Hence, theory of evaluating expressioasd denote it byl €V,



Given a linguistic descriptiomi)' and theoriesT?¥  Therefore, the theorf’ cannot be completely arbi-
and T3V (or TP and T;") for antecedent and con- trary and should fulfil some special conditions (see
sequent part of IF-THEN rules, respectively, we can[2]).

construct a theory; called thetheory of linguistic de-

scription Its axioms have the form Theorelm 2 ) ] o o
Let LD' be a simple linguistic description and the the-
Oa=g (t,S) /A X[t]= Biy[g (10) oryTo =Ty UT’ be constructed as above. Then it is

consistent and we may derive a conclus®n= {B; |
where A, Bi are formulas corresponding to simple i € K} where the intensior] are
evaluating expressiong;, B, respectively, from the

i-th IF-THEN rule IFX is 4 THENY is B, andt € B/ — {G’Bi (3)/Biyls | s€ My, i € K} (15)

M1, s € My, whereM;, M, are sets of closed terms

from the language of theoridg", T, respectively. where

4  Fuzzy logic deduction 05 ()= \ (@a(1) @0asp(ts)  (16)
teMy

The basic schema of fuzzy logic deduction is the fol-and alldg, (s) in B[, i € K are maximal.

lowing: We have a fuzzy theorfj composed of impli-

cations of the form (10) and a fuzzy thedry which  prooFR The proof proceeds in a similar way as the
represents an observation. From these theories Wgroof of Theorem 6.1 in [8], page 249. 0
form a theoryTp = Ty UT’. The theoryT, expresses

a relationship between antecedent and succedent vari- _ o o o
ables. The general form af is 5 Inconsistencies in linguistic descriptions

T ={Al|iel} (11) It can be shown (see [2], Theorem 5) that the theory
T, of a linguistic descriptionz. D! is consistent. It is
a natural result, because it is not possible to derive a
L EL (1) /A contradictipn fr_om implicgtigns only. However, _there
Ai = { A /A',Xm [te Ml}' 12) e some linguistic descriptions which behave “incon-
sistently.” By this is meant that for some observation
there are derived conclusions, whose interpretations
are at the same time “small” and “big”. A typical ex-
B = {B!|i K} (13) ample of “inconsistent” linguistic description is

wherel C {1,2,...,r} and

If the theoryTp = Ty UT’ is consistent then we can
derive aconclusion

where
B/ = {a.(9)/Biyls | s€ M} (14) Ry :=IF X is medium THEN'Y is big,

anddi (s) = ciff Tp ¢ Biy[s]. The theoryT’, in gen- Rz :=IF Xis medium THEN Y IS small,

eral, can contain several multiformul&$s and hence,

the conclusiorB’ may be composed of several parts.

The index set$ andK are identical ifi # j implies  Here, if the observation isl' = medium, we cannot

A # A for all i,j € 1. Note thatT’ can be empty. decide between rulef; and X > and we should use
Then we puB’ = 0, i.e. we obtain an empty conclu- both rules and, consequently, deduce ¥ big and
sion. This is in accordance with the principle of logic Y is small at the same time. If we understaidas
deduction, saying that the deduction is performed onlythe (precisely of imprecisely known) value of some
when there is enough evidence for doing it. variable, then there is a contradiction in the fact, that

In the most frequent case, the thedryrepresents a Y is atthe same time “small” and *big”.

single observation. This can be either a crisp numbeiTo characterize this type of inconsistency of the theory
or a linguistic expression, which characterizes (pre-Tp = T’ UT;, we propose to capture the fact thvats
cisely or vaguely) a position on an ordered scale.a variable and therefore cannot have more than one



value at a given time, (or, for one observation) by the~-inconsistency can become too sensitive. It means

provability of some formulas. We use fuzzy equality that T5* can prove thak % y for x andy which are

predicatex to express this property. Let us denote by “close” to each other (in standard metric on [0,1]) but

TS the fuzzy theory are distinguished by some predicae in the sense
that

5 =ToUTy (17 TG Gi(x) # Gi(y) (21)

where and, consequentlyl;’ - x # y. To be able to prove

formulas such as (21), we have to work with the ex-
tended theory of evaluating expressions. As a possi-

wheres; # s, is an abbreviation for(s; ~ s,) and ble solution we can use some subthedpyof T®%
d(s1,s,) is a provability degree of formuls, % s, in i.e. a theory which includes axioms of the form (8)
some theoryl,, i.e. d(sy,sp) = diff ToFg s1 % S, and and (9) for some subset of the set of simple eval-
T, is some subtheory of the theory of evaluating ex-Uating expressions.  The structure of this set (see
pressionsT2” i.e. the extended theory of evaluating Subsection 2.2) can give us a clue which evaluating

T ={d(s1,%) /s; £ 5, | 51,9 € M2} (18)

expressions with fuzzy equality. expr(_assions s_hould be chos_en. We can choosg e.g.
predicates which model atomic evaluating expressions
Definition 3 small medium and big or predicates which model

The theoryTy” = T'UT, UT;® is ~-inconsistent in the  some wider evaluating expressions for every subset
degreex if for some theoryT’ which represents a sin- of evaluating expressions with the same atomic one,
gle observation (see [2], Definition 9) the thediy such asoughly small roughly mediumand roughly

proves big.

T5 bk (3y1)(3y2) (Y1 Z Y2) & Bi(y1) & Ba(y2). Lemma 1

. _ _ 19) If there are closed ternss ands, € Mo such thafip -
If K =1thenTs is called~-inconsistent Bi,[s1] andTp - B y[sz] and
The previous definition is motivated by the classical To b Byy[S1] & Buy[s2] (22)
requirement which a relation has to fulfil in order to ’ ’
be a function: for somei,j € 1,2,...,r and somek € K, then the
theoryT5 is ~-inconsistent.
() (W) (V2) (y=f(X) & z=f(x))=(y=2). P

Negation of this formula is logically equivalent to PROOF Omitted due to the lack of space. n
((F)(F) (y=f(x) & z=f(x) & z#y). (20)
Theorem 3

BecauseB; (y1) andBy(y2) from (19) express a value Let LD' be a simple linguistic description which
of variableY for some single observation character- includes rules ®; and Ry such that Rj =
ized by the theoryl’, formula (19) expresses in our [F 4 THEN Bj andRy := IF A THEN B. Let the
formalism the same property as formula (20) in the theories of evaluating expressiong”* and T;¥* are
classical case. Let us stress that the above-definesluch that the theoﬂ/'P“ =T'UTpUT, (17), whereT’
notion of ~-inconsistency is dependent on the inten- has the forn’ = {dA(t)/Ax[t] |t € M1} and it holds
sional mapping$ig of predicate symbol§. Thisis  that there is somig € M1 such thati,(to) = Ga(to) =
the reason why we defined the inconsistency of theoryl, proves for somes;,s, € M, that T3 + Bjy[s1],
T5 and not the inconsistency of the linguistic descrip- T5* - By y[sp], and

tion D', If we include into the theory;* axioms

of the formd(s1,%) /s, # s, with degreesd(s;,s,) T - (3y)(Bj(y) ¢ Bk(Y)) (23)
computed from the whole theoi®¥ i.e. the the-

ory which describes the intensions of the whole set ofwhere T, C T2 Then the theoryTy is ~-
simple evaluating expressions, then the definition ofinconsistent.



PROOFE We have to show that from (23) it follows include two rules with identical antecedents and dif-
that there exist closed ternss ands, from M, such  ferent succedents are indeedinconsistent. The al-
thatTo F s, # S (and, consequentlf 5 Fsa# ) and  ternative definition of the inconsistency of linguistic
in the same time thalis" - B; y[sa] andT5" + By y[sy)]. descriptions will be the topic of a subsequent paper.

From (23) and the Completeness Theorem it followsAcknowledgements
that for somes € M, either a)T, - B y[s] and T, F-
—Byy[s], or b) T> - —Bj y[s] and T, - By y[s|. Suppose
a). Then for some,, s, € M either a) To - Bj y[Sal,
ToFBrylso) and To 53 <5, o Fs< s, or &)
ToF Bjylss) ToF Biys] andTa - s< s, To-sp<s.  References
Suppose g. From assumptions a) ang)at also fol-
lows that
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