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Abstract

Several meta-theorems are proposed
which state that certain inequalities sat-
isfied by cardinalities of ordinary sets,
are preserved under fuzzification.
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1 Introduction

The task of measuring similarity occurs in a va-
riety of disciplines such as numerical taxonomy,
chemistry, information retrieval, .... The most
frequently used similarity measures are the ones
based on cardinalities of the sets involved. By far
the most popular of these similarity measures is
known as Jaccard’s coefficient [2]. Another well-
known similarity measure is the so-called simple
matching coefficient [6].

Fuzzy relations can have certain properties, such
as reflexivity, symmetry, T-transitivity, ... Simi-
larity measures (resp. fuzzy similarity measures)
can be seen as fuzzy relations on P(X) (resp.
F(X)) and since they are based on cardinali-
ties (resp. fuzzy cardinalities), fulfilment of these
properties translates into inequalities on these
cardinalities. In this paper, we want to propose
an intelligent way to verify when these proper-
ties, or equivalently, these inequalities on (fuzzy)
cardinalities, are fulfilled.

We first recall some basic definitions in Section 2.
In Section 3 we introduce the Bell inequalities, we
rewrite them in terms of cardinalities in Section 4
and formulate necessary and sufficient conditions
for the corresponding inequalities for fuzzy cardi-
nalities in Section 5. Having expounded several
meta-theorems in Section 6, we then present a

parametrized family of cardinality-based similar-
ity measures in Section 7 and investigate under
what conditions the corresponding family of fuzzy
similarity measures shows the same transitivity
behaviour as in the crisp case.

2 Conjunctors and quasi-copulas

As usual, we define the intersection of two fuzzy
sets A and B on a universe X pointwisely, i.e.
ANB(x) = I(A(x), B(x)), by means of an appro-
priate function I that generalizes Boolean con-
junction. Since in this paper we will intersect at
most two fuzzy sets at the same time, it suffices to
consider as suitable I a commutative conjunctor.

Definition 1 A binary operation I : [0,1]?> —
[0,1] is called a conjunctor if it satisfies for any
z €0,1]:

(i) Neutral element 1: I(x,1) =I(1,2) = z.

(ii) Monotonicity: I is increasing in each vari-
able.

Note that any conjunctor I coincides on {0,1}2
with the Boolean conjunction and satisfies for any
x €[0,1]:

(I’) Absorbing element 0: I(x,0) = I(0,z) =0.

Moreover, any conjunctor I is bounded from
above by T, i.e. I(z,y) < min(z,y).

Definition 2 [1] A binary operation C : [0,1]* —
[0,1] is called a quasi-copula if it satisfies for any
x,T1,%2,Y1,Y2 € [0,1]:

(i) Neutral element 1: C(z,1) =C(l,z) ==x.
(i) Absorbing element 0: C(z,0) = C(x,0) =0.

(ii) Monotonicity: C' is increasing in each vari-
able.



(iii) 1-Lipschitz property:
[C(z1,91) — C(@2,92)| < |21 — 22| + |11 — Y2l

For any quasi-copula C' it holds that 171, < C <
Tnm (with Ty (z,y) = max(z +y — 1,0)).

3 Bell inequalities

The Bell inequalities originate from quantum me-
chanics and are, from a mathematical point of
view, strongly related to Kolmogorovian proba-
bility theory.

The probability of a single random event A; is de-
noted by p; = P(A;) and the probability of the
intersection of a pair of random events is denoted
by pij = P(A; N A;). Since p; and p;; are proba-
bilities, the following properties should hold:

pi+pj—pij < 1.
Pitowsky also suggested a geometrical interpre-
tation [5]. The above inequalities represent the

faces of a closed convex polytope with vertices
(a,b, min(a, b)), where (a,b) € {0,1}2.

In the case of random experiments concerning
three events whereby at most two events are in-
tersected at the same time, Pitowsky found the
following set of inequalities, which he called the
Bell-Wigner inequalities:

0 < pi — pij — Pik + Pjk
Di +Dj + Pk — Pij — Pik —Pjk < 1,

for every i # j # k # 1.

4 Bell inequalities in terms of
cardinalities

Since the Bell inequalities apply in particular to
classical probabilities, we can rewrite them also in
terms of cardinalities. Consider a finite universe
X with dimension n, then the classical probability
P(A) is given by |A|/n and the Bell inequalities
can be rewritten in the following form:

| Al + [B| =n < |[AN B| < min(|4],|B]),

0<|Al—|ANB|-|ANC|+|BnNnC|,
|Al+ |B|+|C|—|ANB|—|ANC|—|BNC| <n,
for any A, B,C € P(X). Note that the vertices of
the polytope now correspond to the extreme cases

A,B,C € {0, X}. We can prove the following
theorem.

Theorem 1 All linear inequalities with real coef-
ficients of the form.:

al\A] —|—a2]B\ —i—le‘AﬂB‘ +c>0

a1] A| + az| B| + as|C]
—|—b12|AﬂB| —l—b13|AﬁC| +b23|BﬂC| +c>0

hold for all ordinary sets A, B,C in a finite uni-
verse X if and only if these inequalities hold for
all A,B,C €{0,X}.

5 Bell-type inequalities in fuzzy logic

We can rewrite the above Bell inequalities in the
following way. Let A; and A; be fuzzy sets in
a finite universe X with arbitrary dimension n.
The fuzzy probability P(A;) is usually defined as
>, Ai(u)/n. Starting from the inequality

we can write the following, with 4; N A; modelled
by means of a commutative conjunctor [

0 < ZAW  E A ¥ I(Ai(w), A;(w)

n n n

<1.

This inequality is fulfilled when
0<A;(u)+ Aj(u) —I(Ai(u), Aj(u) <1
for any u € X, which is in turn equivalent with
0<z+y—I(z,y) <1

for any (z,y) € [0, 1]2.

The Bell-type inequalities for commutative con-
junctors are necessary and sufficient conditions for
the corresponding Bell-type inequalities for fuzzy
probabilities to hold for any dimension n. In this
way, we can write the Bell-type inequalities as fol-
lows:

L:Ty <I<Tm
I3:0<x—I(x,y) —I(z,2) + I(y,2)
]g’:CL’+y+Z—I((L’,y)—I(.I,Z)—I(y,Z) <1

for any z,y,z € [0,1].

Remark that the double Bell-type inequality I3
is fulfilled for any commutative conjunctor which
is bounded from below by 7%, in particular for
any commutative quasi-copula. Inequality Ig is
fulfilled for any commutative quasi-copula, while
inequality I3 holds only for certain t-norms [4].



6 Meta-theorems

In this section we present several theorems which
state that certain inequalities satisfied by cardi-
nalities of ordinary sets, are preserved under fuzzi-
fication.

Theorem 2 Consider a finite universe X with
dimension n. Let a, b and u denote the fuzzy car-
dinalities of respectively A, B and AN B. Con-
sider an inequality of the form

H(a,b,u,n) >0, (1)

where H denotes a continuous function which is
homogeneous in its arqguments. Then, if this in-
equality holds for all n and all crisp sets A and
B, the same inequality also holds for all n and all
fuzzy sets A and B if 13 is satisfied.

From the proof of Theorem 2, which will be pub-
lished elsewhere, we obtain

Theorem 3 Under the assumptions of Theo-
rem 2: if (1) holds for all n and all crisp sets A
and B, and if H does not depend explicitly upon
n, then (1) also holds for all n and all fuzzy sets
A and B.

We can use Theorem 3 to conclude that any in-
equality of the following form :

a1z + agy + b2 (z,y) > 0

which holds for the extreme cases (z,y) € {0,1}2,
als holds for any (x,y) € [0,1]? and any commu-
tative conjunctor I. Furthermore, we can prove
the following theorem.

Theorem 4 Consider an inequality of the fol-
lowing form which holds for the extreme cases

(z,y) € {0,1}2:
a1z + agy + bl (z,y) +¢ > 0.
Then, only in the case:
a1 <0 A ay <0 A big >0,

the condition Ty, < I is explicitly needed in order
to guarantee the above inequality.

We can repeat the same reasoning for three fuzzy
sets.

Theorem 5 Consider a finite universe X with
dimension n. Let a,b,c,u,v and w denote the
fuzzy cardinalities of respectively A, B,C, A N

B,ANC and BN C. Consider an inequality of
the form

H(a,b,c,u,v,w,n) >0, (2)

where 'H denotes a continuous function which is
homogeneous in its arguments. Then, if this in-
equality holds for allm and all crisp sets A, B and
C, the same inequality also holds for all n and all
fuzzy sets A, B and C if I3, I3 and I3 are satis-
fied.

Again, from the proof of Theorem 5, which will
also be published elsewhere, we obtain

Theorem 6 Under the assumptions of Theo-
rem 5: if (2) holds for all n and all crisp sets
A, B and C, and if H does not depend explicitly
upon n, then (2) also holds for all n and all fuzzy
sets A, B and C if I} and I3 are satisfied.

We can use Theorem 6 to conclude that any in-
equality of the form:

a1T + a2y + asz
+ b2 (z,y) + b1zl (x, 2) + bazl(y,z) > 0

which holds for the extreme cases (z,y,z) €
{0,1}3, holds for any (z,y,2) € [0,1]> and any
commutative conjunctor I that satisfies inequal-
ities I3 and I§. Furthermore, we can prove the
following theorem

Theorem 7 Consider an inequality of the fol-
lowing form which holds for the extreme cases

(z,y,2) € {0,1}3:

a1T + asy + asz
+ b1l (2, y) + bisl(z,2) + basl(y,2) + ¢ > 0.

Then, only in the case:

(a1 <0 A az <0 A ag <0)

/\(b12>0/\513>0/\b23>0)

A [(—a1 2[)12 N —as 21)12 N —as >C—b12)
V(—a1 >big N —az >c—biz N —az > bi3)
V (—a1 >c—bay AN —ag > bz N —az > ba3)],

inequality I3 is explicitly needed in order to guar-
antee the above inequality.

7 A parametrized family of similarity
measures

The similarity measures considered so far do not
cover the wide variety of comparison coefficients



encountered in practice. Also, it may be use-
ful to have at ones disposal parametrized families
of similarity measures, so that one can progress
continuously between two specific measures and
thereby investigate the variation of certain prop-
erties. Previously we have introduced a family of
similarity measures for crisp sets [3] in the form
of a rational expression solely based on the cardi-
nalities of the sets involved:

x(AA,B) + y(sA,B + 2v4,B (3)
ml(AA,B) +ydaB+2vaB ’

in which Ay p = |[AAB|, dap = |AN B| and
vap = |(AU B)°|. The parameters z,y,z and z’
are positive and real. In particular, for z = z = 0,
2’ =y = 1, we obtain Jaccard’s coefficient. The
choice x = 0, 2’ = y = 2z = 1, yields the simple
matching coefficient, and for x = 2 = 0, 2/ = 1
and y = 2 we retrieve the Dice coefficient.

S(A, B) =

In order to use our meta-theorems we have to
rewrite the expression (3) only in terms of |A|, |B|
and |A N B|. The resulting expressions are then
fuzzified leading to a family of fuzzy similarity
measures.

Next we want to investigate what are the condi-
tions to be imposed upon the parameters x,y, z
and 2’ of family (3), in order to obtain respec-
tively Tp-transitive and Tp-transitive similarity
measures for fuzzy sets. The Ty-transitivity con-
dition for (fuzzy) similarity measures S is given
by

1+ S(A,C) — S(A,B) — S(B,C) >0. (4)

Note that the Tp-transitivity condition for (fuzzy)
similarity measures S is given by

S(A,C) — S(A,B)S(B,C)>0.  (5)

Theorem 8 The 1Ti,-transitive members of the
family of fuzzy similarity measures are for any
commutative quasi-copula characterized by:

(' =2z) vV (' >x A2 > max(y,z)). (6)

First, we have proven that (4) holds identically
for all n and all crisp sets A, B, C, if and only if
the parameters satisfy (6). For fuzzy sets A, B, C,
the left-hand side of (4) is a homogeneous func-
tion of n,a,b,c,u,v,w. If all Bell-type inequali-
ties are fulfilled, we can use Theorem 5 to con-
clude that inequality (4) also holds for all fuzzy
sets A, B, C' under the same parameter conditions
(6). When z = 0, the homogeneous function on
the left-hand side of (4) is then independent of
n and using Theorem 6 we can conclude that in-
equality (4) also holds for all fuzzy sets A, B,C

under the same parameter conditions (6), even if
Ig is not fulfilled. For the remaining case where
the quasi-copula does not satisfy inequality I3 and
the parameter z is not zero, we have established
a direct algebraic proof. Details of the complete
proof will be published elsewhere.

Theorem 9 The Tp-transitive members of the
family of fuzzy similarity measures are for any
commutative quasi-copula characterized by:

(' =) V (' >z Azz’ >max(y? 2%)). (7)

8 Conclusions

In this paper, we have proposed several meta-
theorems, which find their application in proving
transitivity properties of a parametrized family of
fuzzy similarity measures.
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