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Abstract

This paper is devoted to clarify the only the-
oretical result included in the controversial
work of C. Elkan “The paradoxical success
of fuzzy logic” (1994), by offering both a
short proof of it and a larger one that tries to
show the structural reasons of such result.
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1 Introduction

1.1. In [2] Charles Elkan considered a systden
consisting of a 5-tupléX,-,+,’,=) and a function
t: X — [0,1] where:

- X is supposed to be a set of assertions;

- the operation mimics conjunction+ mimics dis-
junction, ” mimics negation, ands mimics logical
equivalence;

- the functiort verifiest(a-b) = min(t(a),t(b)), t(a+

b) = maxt(a),t(b)), t(a) =1—t(a) and “If a=b,

thent(a) =t(b)".

Then, provided the lawa-b')’ = b+a - b’ holds in

such a system, Elkan concluded in [2] th&ian only
take as much as two values.

1.2.1tis clear that the hypothesis thétis a set of as-

sertions is not essential, and Elkan did a tedious proof
of his result that contributed to prevent its full under-
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and false elements), it was not captured that in the 5-
tuple the existence of true and false assertions was not
supposed. Possibly, this is the reason why Elkan did
not consider a law lika-a = falsefor allac X, from
which his result would have follow immediately, since

it translates into mift(a),1—t(a)) = t(false = 0

and thert(a) € {0,1}.

1.3. As itis t(X) C [0,1], there exist numbers=
inft € [0,1] ands=supt € [0,1] such that <t(x) <s
for all x e X. Of course, numbelisands can or cannot
correspond to values dof i.e., they can or cannot be
the minimum and the maximum of In any case, as
i<t(@d)<s/itisi<l-t(a)<sorl-s<t(a)<1l-i
for allae X. Hence, itis :-s<iands<1-i, that
is, i +s=1, and thereforé < 1/2 < s. In addition,
sincet(a’) = 1—t(a) for alla€ X, the only admissible
constant functionist(a) = 1/2 for alla € X.

1.4. It should be pointed out that the equivalence

in E; is not necessarily the equivalence moduiio X,
defined as~ b if and only ift(a) = t(b). In general,
relation= is included in=, but they are not coinci-
dental. Hence, Elkan reached his result by avoiding
false elements, true elements and the equivalence

There have been many reactions to the mentioned
Elkan’s paper, analyzing his result from different
points of view. Most of them appeared short after
Elkan’s ideas were first published (see the reference
[2] for 15 different responses), while others have been
published more recently (see for example [6], [3],[7]).

n what follows we will first offer a very simple and
purely arithmetical proof of Elkan’s result, and, after-

standing. Even more, as Elkan presented the result 85,,4s, an algebraic proof that, notwithstanding it is
a failure of fuzzy logic (where there are always trueé qre sophisticated, reflects pretty well where the rea-
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son of the result structurally lies.



2 Adirect and simple proof

Given a systemk;, if (a-b) =b+4a -b holds
for any a,b € X, this means that ((a-b'))
t(b+a-b), and, therefore, mdkb),1—t(a)) =
max(t(b),min(1 —t(a),1 —t(b))). Taking into ac-
count that 1-t(a) < maxt(b),1—t(a)) and that
max(t(b),min(1 — t(a),1 — t(b))) < maxt(b),1 —
t(b)), we get 1-t(a) < maxt(b),1—t(b)), or, equiv-
alently, mir(t(b),1—t(b)) <t(a) foranya,be X. But
the later means that functiagrhas necessarily a min-
imum value, let us say, and that for any € X it is
min(t(b),1—t(b)) =i, from which it follows that for
anyb € X it is eithert(b) =i (the minimum element
oft) ort(b) = 1—i (the maximum element @j. Note
that these two values coincide wheis the constant
function given byt(x) = 1/2 for anyx € X.

The above is a simple proof of Elkan’s theorem, con-

firming that the law(a-b’) =b+& - b, as many other
laws of propositional logic, cannot hold in a multiple-
valued logic.

We end this section by illustrating this result with
a real example. Let us consider a syst&n=
(X,-,+,,=) whereX is the set of assertiods{ isr :

r € IR} over a univers€, and where the operations of
the system are defined as follows:

(Xisry)-(Xisrp) = (X is min(ry,rz))
(Xisry)+(Xisrp) = (X is maxri,ra))
(Xisr) =(Xis —r)
(Xisry)=(Xisry) ifandonlyifry=ry
Now, lett : X — [0, 1] be defined ag X isr) =1/(1+
exp—r)). This function, which is continuous, strictly

=exp—r)/(expg—r)+1)=1-t(Xisr)

(iv) Finally, from the definition of=, together with the
continuity and strict monotonicity df it follows that
if (Xisry) = (Xisrp)thent(Xisry) =t(Xisry).

It is easy to see that, under these conditions,
Elkan’s law, that may be written asmin(rq, —rz) =
max(rz,min(—rl,—r2)), cannot hold for anyr,r».
Indeed, it suffices to take, for example, values,
such thatr; < r, < 0. Notice that, in this example,
equivalencess and= are coincidental.

3 Anindirect algebraic proof

In this section we will show how Elkan’s result can be
indirectly proved by applying to the quotient sétt
some general results regarding lattices and Boolean
algebras. We first deal with what we will cl)e Mor-

gan latticesthat is, structureéL, -, +,") such that:

1. (L,-,+/) is alattice.

2. (L,-,+,") is apseudo-complementésttice, i.e.,
'L — L is a unary operation, called@seudo-
complementverifying:

2.1. Foranya,be L, if a<bthenb <4&.
2.2. Foranyael, (&) =a.

The operations and + verify the distributivity
laws i.e., for anya,b,ce L itis a+ (b-c) =
(a+b)-(a+c)anda-(b+c)=(a-b)+(a-c).

The operations-, - and’ verify theDe Morganor
duality lawsi.e., foranya,beL, (a+b) =a -t
and(a-b) =a +b.

increasing and has a supremum and an infimum but
has neither a maximum nor a minimum, is closely re- _ ,
lated to the well-known logistic function used as an Ve first recall the following elementary result:

activation function in artificial neural networks. In our
context, it verifies, in addition, all the requirements
stated in [2] and repeated in the introduction:

() t{(X isr1)- (X isr2)] =t[X is min(ry,r2)]
=1/(1+exp—min(ry,r2)))
= minft(X isry),t(X isry)]

(i) t[(Xisr1) + (X isr2)] =t[X is maxry,ra)]

= 1/(1+exp(—maxry,r2)))
= maxt(X isry),t(X isrp)]

(i) t{(Xisr)]=t(Xis —r)=1—t(Xisr), since
t(Xis —r)=1/(14+exqr))

Lemma3.11If (L,-,+,) is a pseudo-complemented
lattice, then either L has a minimum 0 and a maxi-
mum 1 verifyind’ = 1 or none of them.

Proof. Let us suppose thdt has a minimum ele-
ment, i.e., there exists @ L such that 0< a for any
a€ L. Then, applying property 2.1. of the pseudo-
complement operation, it 8 < 0’ for anya € L. This
will be true, in particular, fom= b/, so(b')’ < 0 for
anyb € L, which is equivalent, due to property 2.2.,
tob < 0 for anyb € L. The later means that @ L is
the maximum element df. If we suppose thdt has



a maximum element & L, a similar proof shows that [a] + [b] = max[a],[b]) = {x € X : t(x) =
then 1 € L is necessarily the minimum elementlol ~ max(t(a),t(b)) =t(a+b)} =[a+b]

Note that De Morgan lattices having a minimum and aproposition 3.2 Given a system (£ the chain
maximum are precisely the so-called De Morgan alge-(x /t. . +), equipped with the unary operatioh:
bras. The verification of the lava-b/)’ =b+a"-b'in  x /t . X/t defined aga)’ = [&] for any ac X is a
De Morgan algebras was already studied in [5], con-pe Morgan chain.

cluding that the only De Morgan algebras in which

this law holds are those that are Boolean algebras. IfProof. The operations- and- verify the distributiv-
the following we show that the same result is obtainedity laws since any chain is trivially distributive. There-
when considering the more general structure of a Ddore, we have to prove that the operatiosa pseudo-
Morgan lattice. complement and that the De Morgan laws hold in this

structure:
Theorem 3.1 Let (L,-,+,") be a De Morgan lattice.

Thenthe lawa-b/)’ =b+a-b holds foranyabe L * foranya,b e X, if [a] < [b] then[b]' < [a]'

if and only if L is a Boolean algebra. If [a] < [b], thent(a) <t(b), and therefore +t(b) <
1—t(a). But this means tha(b’) <t(d), i.e.,[b] <
Proof. [], or, equivalently[b]’ < [a]’.

= Due to the properties of the operations and’ in 4 for anyac X, ([a') =[a

L, the law is equivalentte’ + b= (a' +b) - (b+b'), o _ "

which impliesa’ +b < b+ b/, and, thereforeb- b/ — The/ z:lbove equ?llty is equivalent {(&)'] = [a], but
(b+b) < (d+b)=a-b <aforanyabelL. But H((@))=1-1@)=1-(1-t(a))=t(a).

this means that has necessarily a minimum element o for anya,b € X, ([a] - [b])’ = [a)’ + [b]’ and ([a] +
0 (and also, due to lemma 3.1, a maximum eIemen[b])/ = [a’ - [o]

1 such that 0= 1), and thatb- b’ = 0 for anyb e L
(which implies, by duality, thalb+ b’ = 1 for anyb €
L). Consequentlyl. is a Boolean algebra.

The first equality is equivalent tda-b)'] = [a +b/].
But the later is obviously true sincg(a-b)’) =
1—t(a-b) =1—min(t(a),t(b)) = max1—t(a),1—
< If L is a Boolean algebra, it has necessarily a min—t(b)) = maxt(d),t(t')) =t(@ +b’). The second
imum element 0 and a maximum element 1 such thakquality is proven in a similar wab.

a-a =0 anda+a =1 for anya e L, and then the

. Y :
given law is clearly verified, since: Since the structureX/t, -, +,") is a De Morgan lattice,

we can now apply the result obtained in theorem 3.1

o (a-b)=a+(b)=4a+h. in order to obtain Elkan’s theorem:
eb+d b= (b+d)-(b+b)=(b+d)-1=b+a =
a+b. 1 Theorem 3.2 Given a systemiEif (a-b') =b+a-b/

holds for any ab € X, then function t can have as

Given an Elkan’s systetf, we now consider the quo-  ,.,ch as two values.

tient setX/t = {[a] : a€ X}, where foranya € X it is
[a ={xeX:t(x)=t(a)}. Proof. According to Elkan’s definition, ifa-b')’ =
b+a-b thent((a-b')) =t(b+a-b). But this
Proposition 3.1 Given a systemEthe set(X/t,<),  means thaf(a-b')] = [b+a - b, or, equivalently,
where[a] < [b] if and only ift(a) <t(b) foranyabe  ([a]. [b]') = [b] +[a]’ - [0]. We are therefore work-
X, is achainwith associated operations+ : X/t x ing in a structurgX/t,-,+,’) which is a De Morgan
X/t — X/t given byla] - [b] = [a-b] and [a] +[b] = chain (proposition 3.2) and where the l4ja] - [b]')’ =
[a+b]. [b] + [a]’ - [b]’ holds for anya,b € X. Then, applying
theorem 3.1X/t must necessarily be a Boolean alge-
bra. Finally, the fact thakX/t is both a chain and a
Boolean algebra implies that it cannot have more than
two elements. Indeed, it is clear that the only Boolean
[@ - [b] = min(fa,[b])) = {x € X : t(x) = algebral,-,+,,0,1) thatis a chain i = {0,1}. To
min(t(a),t(b)) =t(a-b)} =[a-b see it, let us suppose that there exasts L such that

Proof. The relation< is trivially a total order relation
on X/t, so(X/t,=) is a chain. In addition, for any
abeXitis:



a#0,1. Thenitis alsc& € L —{0,1}, since if it sometimes use precise rules for describing systems’
wasa =0 itwillbe (&) =a=0 =1, and ifitwas behaviour.

a =1litwillbe (&)’ =a=1 =0. On the other hand,
sincel is a chain, itis eithea< a ora < a. Ifitis
a<ad, thena-a=a<a -a=0, and therefora=0,
which is absurd. In a similar way, if it wag < a,
thena -a =a <a-a =0, i.e.,a =0, which is also
absurd. (Note that whetis a constant function, i.e,
t= % the structureX/t has only one class and may
not be considered a “standard” Boolean algebla).

4.3. Reproducing the results in [2] but supposing
that E; has truths and falsities and thatverifies,
for all a,b € X, t(a-b) = T(t(a),t(b)), t(a+b) =
S(t(a),t(b)), andt(a’) = N(t(a)), with T a continuous
t-norm,Sa continuous t-conorm ard a strong nega-
tion function, it can be shown ([8]) that the lajw]
does hold if and only if = ¢~*oProdo (¢ x ¢), S=
dtoW o(dpx¢)andN=¢to(1—1d)od, where
¢ is an order automorphism of the unit intery@J1],
4  Final comments Prod s the product t-nornProd(x,y) = x.y andwW* is
the Lukasiewicz t-conoriv*(x,y) = min(1,x+Yy).

4.1.What Elkan proved is only the negative statementThat is, there are uncountable many fuzzy logics ver-
that no systenk; where the lawa-b') =b+a - tf ifying the law [«], although they do not verify neither

[*] holds can be a proper multiple-valued system. the laws of duality nor the law of non-contradiction,
. . but verify the excluded-middle principle. If Elkan had
The tYVO proof S presented_ in this paper S.hOW thatsupposed the laws of duality and strong-negatjeh,
Elkan’s result is only meaningful when functiorat- I !

X " . would have beea’ +b=b+a -b'.
tains a minimum value. The first proof shows that the
one made by Elkan in [2] is unnecessarily long and4.4. This last comment concerns the structurg:gf
complicated, since the result follows from an elemen-In fuzzy logics,(a- b')’ is nothing else than a hidden
tary reasoning completely presented in a few linesmaterial implication. In fact, within fuzzy set the-
The second proof is nothing else than a variant ofories, the fuzzy sefu-o’)’ = NoTo(uxNoag) is
the proof of a well-known theorem of logic ([4]), and Svo (Nopx o) = | + 0 by defining the operation
shows how deeply the laf¥] is linked with the strong by means oy =NoT o (N x N). Both in De Morgan
structure of Boolean algebras. and orthocomplemented lattices it(&- b') = a +b.

SystemsE; are rather curious “formal systems” (as The second memberp + & - b/, is the so-called
Elkan called them in [2]), whose actual form (inter- Dishkantimplicatiora —p b of orthomodular lattices
nal laws and inference rules) is unknown and where (typical of Quantum logics), and it should be noticed
in principle, there are neither truths nor falsities. Eventhatb’ —p & = & +a-bis the well-known Sasaki’s ar-
more rare is to add to systerfs a law that, among rowa—sb that inspired the so-called Q-implications
De Morgan algebras and orthomodular lattices, is onlyin fuzzy logics, given byd(x,y) = S(N(x),T(x,y)).
characteristic of Boolean algebras (see [5]). Hence, [+] can be written aga-b’)’ =a —p b, an
identification that seems to be only possible in the
framework of Boolean algebras, that is, of classical
bivaluated logic, since-p verifies the Modus Ponens
inequalitya- (a —p b) < b whereaga-b')’ does not
verify such inequality (in orthomodular lattices).

The logistic function in section 2 shows a syst&m
where ift has no minimum (and hence no maximum)
the law x| cannot hold, thus corroborating that is
characteristic of bivaluated systems.

4.2. It can be claimed that Elkan did not understood
what fuzzy logic is for. Fuzzy logic is for representing
knowledge, both precise and imprecise, by means of. Moraga is on leave of absence from the University
fuzzy sets. Hence, provided a syst&nhad some- of Dortmund, Germany. His work was partially sup-
thing to do with fuzzy logic, the sefa € X :t(a) € ported by the Spanish State Secretary of Education
{i,s}} should not be empty and should be a Booleanand Universities of the Ministry of Education, Cul-
algebra contained iB; in which elements such that  ture and Sports (Grant SAB2000-0048), and by the
t(a) =i are falseand elements such thatt(a) = s Social Fund of the European Community. This work
are true Any type of fuzzy logic should contain clas- was also partially supported by the Spanish research
sical bivaluated logic because, for example, expertgrojects TIC00-1420 and TIC2000-1370-C04.
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