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In fuzzy logic, implications are generally performed

QL-Implications on a finite chain

M. Mas
Dpt. de Materatiques i Inf.
Univ. de les llles Balears

dmimmgO@clust.uib.es

Abstract

This paper deals with a kind of implications
defined from t-norms, t-conorms and strong
negations on a finite chain, through the
expressionl (x,y) = S(N(x), T(x,y)), and
called QL-implications. We mainly study
those QL-implications derived from smooth
t-norms and t-conorms. It is characterized
when functions defined in this way are im-
plication functions, and their analytical ex-
pression is given. Some additional proper-
ties are studied like contrapositive symme-
try, the exchange principle and others. In
particular, it is proved that a QL-implication
satisfies the exchange principle if and only
if it is also an S-implication. Finally, some
QL-implications are also derived from non
smooth t-norms or t-conorms.

Keywords: t-norm, t-conorm, finite chain,
smoothness, implication operator, QL-
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Introduction

by suitable functions : [0,1]? — [0, 1], called impli-

cation operators, derived from t-norms, t-conorms an
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i) 1(x,y) =S(N(x), T(x,y)) for a given t-normr, a
t-conormS and a strong negatioN, calledQL-
implications

All three cases are extensively studied in the frame-
work of [0,1], (see [2], [3], [4], [11], [12]), character-
izing in particular those that satisfy some additional
desired properties.

On the other hand, the study of operators defined on a
finite chainL is an area of special interest (see [1], [5],
[6], [7], [10]), mainly because the expert’s reasonings
are usually made through a set of linguistic terms or
labels which usually is a finite totally ordered det
This approach is important because numerical inter-
pretations of these labels can be avoided. Frequently,
most of the authors working in this line try to trans-
late well known operators on [0,1] (like t-norms and
t-conorms) to the case of a finite chdin Follow-

ing this idea, a lot of different classes of operators on
L are appearing. In particular, smooth t-norms and
t-conorms are classified in [10], t-operators and uni-
norms with a smooth condition dnare characterized

in [7] and non-commutative versions can be found in
[5] and [8].

Moreover, the first two kinds of implications, R-
implications and S-implications, are recently studied
in the framework ofL (see [9]). However, the third

Jind of implications, the QL-implications, is not yet

strong negations. The three most usual ways to defin§tudied orL, and the main goal of this paper is to deal
these implication operators are:

i) 1(x,y) =sup{z€ [0,1] | T(x,2) <y} foragiven

left-continuous t-nornT, calledR-implications

i) 1(x,y) =S(N(x),y) for a given t-conornBand a

strong negatiom, calledS-implicationsand

with them. It is characterized when QL-functions de-
fined from smooth t-norms and t-conorms, are actu-
ally border implications, their analytical expression
is given, and some of their properties are studied.
It is proved that such a QL-implication satisfies the
exchange principle if and only if it is also an S-

implication and, this is satisfied only in two cases.



2 Preliminaries such a t-norm is given by:

We recall here the smooth t-norms and t-conormk on T4 X]) = Xmaxii+ i) (3)
and their characterization, that will be used along theif there is an idempoten, € J such thatx, < X, Xj <
paper. From now on, consider the finite chain Xi.,,» and is given by

L={0=x0<X1 <...<Xny<Xny1=1} T (%, %)) = min{x,x; }
otherwise.
wheren > 1. Such arl can be understood as a set of
linguistic terms or “labels”. Smooth t-conorms have a classification theorem like
the above one for t-norms which can be easily de-
duced byN-duality. The expression of the only
Archimedean t-conorm oh is given by

S(Xi, Xj) = Xminfn4L,i+j} (4)

for all x;,xj € L. The following result follows imme-
diately from the previous proposition.

Let us also denote bix;,x;] the finite chain given by
the subinterval of alk € L such thai <k < j.

The following two definitions are adapted from [6].

Definition 1 A function f : L — L is said to be
smooth if it satisfies one of the following conditions:

e f is nondecreasing and(x) = x; implies that ~ Proposition 3 (See [10]). There are exactl2" dif-

f(X—1) =X« wherekis such thatf —1 <k < j. ferent smooth t-norms dn
e f is nonincreasing and (x;) = x; implies that Definition 3 A binary operatod : L x L — L is said
f(xi_1) = x wherek is such thatj <k < j+ 1. to be an implication operator, or an implication, if it
satisfies:

Definition 2 A binary operatorF onL is said to be

smooth if it is smooth in each place. ¢ | is nonincreasing in the first place and nonde-
creasing in the second one.

Although t-norms, t-conorms and strong negations are

usually binary operators on [0,1], they can be defined

as in [1] on any partially ordered set and, in particular,

onL. In this way, we have the following results: 1(0,0)=1(1,1) =1 and I(1,0)=0.

e The restriction ofl to {0,1}? coincides with the
classical implication. That is:

Proposition 1 There is only one strong negation on From the definition it follows that(x;,1) = 1 for all
L that is given by X € L whereas the symmetrical valug4, x;) are not

determined in general.
N(X) =Xnr1-i forall x € L. (1)

Definition 4 We will say that an implicatioh : L x
L — L is a border implication if it satisfies(1, %) = X;

From now onN will always denote the negation @n
for all x; € L.

given by (1).

Proposition 2 (See [10]).There is one and only one 3 QL-Implications
Archimedean smooth t-norm argiven by
Let us begin this section by introducing the operators

T (X, X)) = Xmax{0,i+j—(n+1)} (2)  that will be studied in the paper.

Moreover, given any Subsét Of L Containing o’ l, Deﬁnition 5A binary Operatorl . L2 — L iS Ca.”ed
there is one and only one smooth t-norm lotthat ~ & QL-operator when there are a t-norih and a t-
hasJ as the set of idempotent elements. In factig conormSonL such that is given by

the set |(Xi,Xj):S(N(Xi),T(Xi,Xj)) (5)

J={0=Xj, <X, <...<Xi, , <X, =1} for all x;,x; € L.



Definition 6 A binary operatod : L> — Lis calleda for all Xi,Xj, X € L, and contrapositive symmetry
QL-implication when it is both a QL-operator and an
implication. 1%, %)) =T(N(xj),N(x))

Note that any QL-operatdralways satisfies(1,x) = for all x,xj € L, are not satisfied in general for QL-
x; for all x; € L and consequently, any QL-implication implications. In this way, we have:

is in fact a border implication.
P Theorem 1 Let T be a smooth t-norm and’ the

The following proposition characterizes the QL- corresponding QL-implication. I satisfies the ex-
operators obtained from smooth t-norms and smootithange principle then it also satisfies contrapositive

t-conorms that are actually QL-implications. Note symmetry. Moreover, the following statements are
that in the case of [0,1] only some necessary and sufequivalent:

ficient conditions were proved in [12], but no charac-

terization was shown. i) 1T satisfies the exchange principle.

Proposition 4 LetT be a smooth t-norn§a smooth i) T=minorT isthe Archimedean t-norm.
t-conorm, and the QL-operator given by (5). Then _
| : L2 L is a QL-implication if and only iSis the i) There is some smooth t-noffti such that

Archimedean t-conorm given by (4). IT(Xi,xj) — N(T06,N(X)))
From this proposition, a QL-implication given by ex-
pression (5) is determined by the t-nofimand thus,
it will be denoted byl T from now on. The general ex-
pression of thesk' is stated in the next proposition.

for all ;,x; € L. Thatis,IT is an S-implication
whereSis the t-conornmN-dual of T'.

Note that,
Proposition 5 LetT; be the only smooth t-norm with
set of idempotents e whenT = min, the corresponding t-norm’ in
Theorem 1 is the Archimedean one, obtaining
J={0=1Xi; < Xi; < ... <Xy, <X, =1} then the Lukasiewicz implication:
Then the QL-implicatioh™ is given by |T(Xi,Xj) = Xmin{n+L,n+1+j—i}
1004, %)) = . .
e whenT is the Archimedean t-norm, the corre-
_ [Xmaxnivii-intari-in) 11T € ikl o sponding t-nornT’ in Theorem 1 is min, obtain-
| X 1—iming,j) otherwise. (6) ing then the Kleene-Dienes implication:

. L 1T (X, Xi) = max{Xns1_i, Xj
Let us point out also that the smoothness condition is (%,%3) Parai i

reserved by QL-implications.
P y QL-mp 4 Some other properties

Proposition 6 Let T be a smooth t-norm, then the

corresponding QL-implicatioh’ is smooth also. In this section we deal with some other properties
that are many times required for implications, de-

Remark 1 Itis clear from its definition that any QL- pending on the context. For instance, since any QL-
operatorl| satisfies the following property: implication is in fact a border implication it is easy to
show that
I(xi,0) =N(x) forallx L.
IT(x,x;) >x;  forall x,x €L.
Unfortunately, other important properties for implica-
tions, like the exchange principle On the contrary, the QL-implicatiori$ satisfy some
other properties only for some special t-norms
(X, (X, %)) = 1(Xj, 1 (X, %)) Namely:



Proposition 7 LetT be a smooth t-norm and the
corresponding QL-implication. The following state-
ments are equivalent:

i) 1T(x,x)=1forall x; € L.
i) 17(x;,x;) = 1if and only ifx < x;.

jii) T is the t-normmin, i.e. |7 is the Lukasiewicz
implication.

Proposition 8 LetT be a smooth t-norm and the
corresponding QL-implication. The following state-
ments are equivalent:

i) 1T satisfies the "generalized modus ponens”,
T(Xi7IT(Xi7Xj)) < X
i) 1T (x,N(x))

i) T is the Archimedean t-norm, i.elT is the
Kleene-Dienes implication.

forall x,xj€L.

N(x) for all x; € L.

Note that we have limited our study to smooth t-norms

and t-conorms but, from non smooth ones, we can also

derive QL-implications:

Example 1 Let S be the nilpotent maximum and
the minimum. Then the operator given by

(%, %) = SIN(X;), T (X, %))
for all x;,xj € L is a QL-implication. Moreover, this
implication| is the well knowrRy-implication:
By x) if X < Xj
1%, %) = Ro(xi, X)) = { otherwise.

Xn+1
maxX(Xnt1-i,X;)

Note that theRg-implication given in the example
above was extensively studied in the framework of
[0,1] in [11].

Proposition 9 Let T be any t-norm andS any t-
conorm. If the corresponding QL-operatbis a QL-
implication thenS satisfies:

S(xi,N(x)) =1 (7)

However, in this case condition (7) is not sufficient to
have a QL-implication. For instanceTifis the drastic
t-norm anch > 2, there is no t-conorr® such that the
corresponding QL-operator is a QL-implication.

forall x,xj€L.
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