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Abstract

In the paper, a new optimal learning algo-
rithm for a neo-fuzzy neuron (NFN) is pro-
posed. The algorithm is characteristic in
that it provides online tuning of not only
the synaptic weights, but also the member-
ship functions parameters. The proposed al-
gorithm has both the tracking and filtering
properties, so the NFN can be effectively
used for prediction, filtering, and restora
tion of non-stationary noisy stochastic and
chaotic signals. A special feature of the pro-
posed algorithm is its computational sim-
plicity in comparison with the other learn-
ing procedures for neuro-fuzzy systems.

1 Introduction

Artificial neura networks (ANN) and fuzzy inference
systems (FIS) have been widely used in recent years
to solve a wide range of problems such as data min-
ing and processing of signals of different nature under
a priori and current uncertainty. Hybrid neuro-fuzzy
systems emerged as a synergism of these two mgjor
directions in computational intelligence. The neuro-
fuzzy systems possess the learning capabilities simi-
lar to those of neural networks, and provide the inter-
pretability and “transparency” of results, inherent to
the fuzzy approach. The disadvantages of the neuro-
fuzzy systems are related to the slow convergence of
the gradient-based learning procedures. The use of the
second-order optimization methods is limited by their
computational complexity and “the curse of dimen-
sionality”, which arises when the number of inputs

is large. Certain problems may arise in the process-
ing of non-stationary signals, since the second-order
procedures with exponential forgetting can be numeri-
caly instable. To overcome these difficulties, aneuro-
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Figure 1: Neo-fuzzy neuron

fuzzy structure called “neo-fuzzy neuron” (Fig. 1) was
proposed in [13, 11, 7]. The architecture of NFN is
quite close to the conventional n-input artificial neu-
ron, however, instead of usual synaptic weightsit con-
tains nonlinear synapses NS, i=1,2,...,n.

When avector signal x(k) = (% (K),%2(K), ..., Xa(K))T
(wherek=1,2,... isdiscrete time) is fed to the input
of the neo-fuzzy neuron, the output of that neuron is
determined by both the membership functions 1; and



the tunable weights wj; (k):
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On the one hand, the NFN is similar to a 0-th order
Sugeno fuzzy system [10], in which only one input
is included in each fuzzy rule, and to a radial basis
function network (RBFN) [4] with scalar arguments
of basis functions, on the other hand. Taking into
account the functional equivalence between FIS and
RBFN [5], as well as their universal approximation
properties [8, 12], we can hope that the neo-fuzzy
neuron could be successfully applied to various prob-
lems. The authors of the NFN note [11], among its
most important advantages, the high rate of learning,
computational simplicity, the possibility of finding the
globa minimum of the learning criterion in real time.

le (1

The learning criterion is the standard quadratic error
function

E(k) = 5 (d(k) —y(k)* = S€*(K) 2

minimized via the conventional gradient descent pro-
cedure, resulting in the following weight update algo-
rithm

wji(k+1) = wji(k) +ne(k)w;i(xi(k), (3

where d(k) is the target value of the output, n is the
scalar learning rate which determines the rate of con-
vergence and is chosen empirically.

Since the membership functions are triangular (as
shown in Fig. 2) and the sum of activation levels
of the membership functions in each NFN is unity
ZJ 1Hi(xi (k) =1,i =1,2,...,n, the standard NFN
does not require a special normalization layer. Our
goal isto improve the learning speed and the approxi-
mation properties of the standard NFN viathe optimal
choice of the learning rate and tuning the membership
functions themselves in the learning process.

2 Optimal learning algorithm

Let us introduce (hx1) vectors M(x,( ))
(M (% (K)) i (% (K)) - Mo (6 (K))) T
(Wli(k),WZi(k), ...,Whii(k)) s Ei = (1, 1, ,l)T and
re-write the expression (1) as

Cli= Ximin -~ Ca; 3 %K) ¢

Figure 2: Triangular membership functions of a stan-
dart neo-fuzzy neuron

which holds only if E"(x (k) = 1. If thisis not the
case, the output signal must be defuzzified as

_ e W (K (% (K))
9= 2 Eux0) ®
By the substitution of variables
ROX9) = 2y ©

we obtain the following expression
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similar to (4).

Minimization of the error function (2) viathe gradient
descent-based procedure yield the following learning
algorithm for the i-th nonlinear synapse NS:

Wi (k+1) = wi(k) — rl(k)Dw. ()

Introducing the extended (hx1) vectors ff (x(k)) =
(FT (x.(K)), T (x2(K)); ..., Tl (% (K))) , and wT (k) =
(W] (k),wJ (K),...,w} (K)) , we obtain the learning al-
gorithm for all the weights of the neo-fuzzy neuron

= w(k) +n(kle(k)pxk)),  (9)

=W (K)P(x(K)).

Multiplying  (9) by f'(x(k)) from the left-hand
side and subtracting both parts of the resulting ex-
pression from d(k), we obtain &k + 1) = e(k)(1—
n(K) [[fix(k))||?, where &k+ 1) is the a posteri-
ori learning error after one step of parameter update.
Squaring both parts of (??) and solving the differen-
tial equation 0&(k+-1)/0n = 0, we obtain the optimal

w(k+ 1)

whereh= 3L, hi, and y(k)



value of thelearning rate n (k) = ||Fi(x(k))|| "2, and the
corresponding learning algorithm
wikct 1) = (k) + LK) )
A (k) |

which is a variety of the well-known Widrow-Hoff
procedure [4].

For smoothing properties, let us re-write (10) as the
following exponentially weighted modification

w(k+ 1) = w(k) + e(k) () (),

a%(k+1) = aa” (k) + [fk+ 1)1,
0<a<1

(11)

(where a is the forgetting factor), similar to the
Goodwin-Ramadge-Caines stochastic approximation
procedure of [3].

3 Neo-fuzzy neuron with tunable
member ship functions

Let us introduce a neo-fuzzy neuron with quadratic
membership functions, shown in Fig. 3. These func-
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Figure 3: Quadratic membership functions

tions can be defined analyticaly as
Wi (6) = (1= (cji —%)?d;%)3ji.

if |Cji —
5ji =
else 0.

After differentiating, we can derive a gradient
descent-based learning procedure for the weights and
membership functions as

— i () + " (Ke(k)yi (K),
J et ty=s - (Ko 0 (

(12)
where

X| < dj (13)

'Wji(k—i— 1)

dii2(k+1) = di;?(k) — n°(k)e(k)3;i (K)-
y - (cji(K) — % ()3,

where ;i (k) = (1 - (i (k)

5i(K) = {” o

—x(k))?d;i (k) 72)8;i(K),

=% (K] <diji(k),1
else0,

n¥(k), n°(k), n%(k) are scalar learning rates for the re-
spective variables. It should be noted that with the tun-
able membership functlons the sum of memberships
will not be unity, i.e. ZJ 1 Mji (X (k), k) # 1, This does
not affect the approximation properties of the NFN,
which operates similarly to aradia basis function net-
work. [If the constraint on the sum of memberships
should be observed, we can make the substitution ac-
cording to (6).

Introducing (hx1) vectors of variables of the i-th
nonlinear synapse

() = (i), b (), i )T
Cl(k) (Cll(k)7 2l( )7 7Chl(k)) ) 15
400 = (42006200, h200) .
8(K) = (83(K),8 (K) .- 5ni(K)"

d (hx1) vectors of all the variables of neo-fuzzy
neuron

W' (k) = (1 (K), 13 (K), -, 13 (K))
c' (k) = (¢] (K),c3(K),...,ch (K)),
d-2T (k) = (d 27 (k),ds 2T (K),...,d 2" (), (16)
X' (K) = (<1 (KE] )(KES ..., xa(K)Eq ),
8" (k) = (8] (k),8; (K),..., 5, (K)) ,

we obtain the learning algorithm
(- w(k+1) =w(k) +n"(K)e(k)u(k),
c(k+1) = c(k) —n°(k)e(k)d(k)w(k)®
X ©d"- 2’(k)®(C(k) x(K)),
d"? (k+1)=d"? (k) —n“ (k) e(k)3(K\W(K)©
( ® (c(k)—x(k)) © (c(k)—x(k)),

where ® isthe symbol of element-wise multiplication
(direct product).

(17)

The convergence speed can be increased via the use
of second order learning procedures, such asthe well-
known Levenberg-Marquardt algorithm [9]. Using the
following notation

(18)



we can derive thelearning procedure for the neo-fuzzy
neuron based on the Levenberg-Marquardt algorithm
as

—1

(w(k+1)=w(k)-+e(k) (U (K)+01) k),
o(k+1)= (u%mu3 )+ac1) “4E(K),
(19)
d- (k+1) “2(k)—e(k)-
k ((>u<m+ ) W,

where a", a®, a9 are positive regularizing additional
terms, | isthe unity matrix (hx h).
Using the Sherman-Morrison formulaand making ob-

vious transformations [1, 2], the algorithm (19) can
be re-written in the following simple form

O e v A
g SR el
clktd) = e~ et =M~ "ac
B a e( k) Hd (k) (20)
a7 (kD) = d k)~ S e
d
- d‘z)(k)—e(ak)ditzk()k),

which isanonlinear extension of the Widrow-Hoff al-
gorithm.

For filtering properties, the scalar parameters o (k),
ac(k), ad(k) in (20) can be recursively re-computed
asfollows:
a"(k+1) = ao™(k) + [Iu(k+ 1)[1%,
a®(k+1) = aa®(k) + [(k+1)|1%,
o’ (k+1) = aa’(k) + || (k+ 1)|I?,
0<a<l1.

(21)

The use of quadratic membership functions and the 2-
nd order learning algorithms does not complicate the
implementation of the neo-fuzzy neuron significantly,
but the convergence of the learning process of all the
parameters of the neo-fuzzy neuron is improved due
to the optimal choice of the learning rate.

4 Experimental results

The efficiency of the proposed algorithms was tested
in the problem of real-time forecasting with an adap-
tive predictor, trained in real time with different pro-
cedures.

The experiment consists in one-step forecasting of the
chaotic signal [6]

x(k+1) = 41— x(K)x(k), k=0,1,2,... (22)

Theinitia value of the chaotic process (22) was cho-
sen as X(0) = 0.01. The training data set contained
1500 values for k = 100, ...,1499, and the checking
data set contained 500 values for k = 1500,...,1999.
The neo-fuzzy predictor had 1 nonlinear synapse with
5 membership functions, with parametersn = 0.6 in
(3), a =0.5in optimal procedure (11) anda =0.6in
(20)- (22).

The absolute error on first 1000 steps of training pro-
cessin Fig. 4 shows that the optimal learning proce-
dure (11) has the fastest rate of convergence in com-
parison with the other two agorithms. Although the
application of the algorithm (20)- (21) resulted in
bigger error in the initial stage of learning, this algo-
rithm provided considerable improvement of the fore-
cast quality.

The normalized root mean squared error (NRM SE)
was used to estimate the forecast accuracy on the
checking data set. The numerical results are shown
in Table 1.

Table 1. Performance of a neo-fuzzy network in the
forecasting of the chaotic process (22)

Trainng procedure | NRM SEqn
Constant learning rate (3) 0.0787
Optimal (11) 0.0779
(20)—(22) 0.0234

5 Conclusions

Optimal learning algorithms and tunable membership
for the neo-fuzzy neuron were proposed. The algo-
rithm is simple in implementation and provides high
quality of signal processing in real time. Tuning of
membership functions improves the accuracy of mod-
eling of nonlinear processes. This was demonstrated
in the experiment of chaotic time series forecasting.
More experimental results will be presented at the
conference.
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