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Abstract mechanism to reason with these types of rules is in-

troduced. Thduzzy relational rulesllow us to obtain
fuzzy models with a good interpretability-accuracy
trade-off, since a fuzzy relational rule generates flex-
ible partitioning of the input space, and moreover,
the inclusion of fuzzy relations in the antecedent of
the rules can simplify the description of many sys-
tems. However, a learning algorithm of fuzzy rela-
tional rules must face the increase of the search in the
rule space, and therefore, the increase of the complex-
ity of the learning algorithm.

An inductive approach for learning fuzzy
relational rules is described. Fuzzy rela-
tional rules are rules in which fuzzy rela-
tions in the antecedent parts of the rules are
allowed. These rules allow us to use an
extended model of rule with a greather ca-
pability to represent knowledge in a simi-
lar human way, but with an additional com-

plexity in the search process.

On the basis of a previous learning algorithm, called

SLAVE [1, 2], we propose an extension that is able

to manage fuzzy relational rules. The complexity of

the inclusion of fuzzy relations in the antecedent of

the rules is limited by using Relation Indexhat con-

1 Introduction tain the relevant relations to be considered by the al-

gorithm.

System modelling with fuzzy rule-based systems hasin the next section we propose a formalism to define

been successfully applied in different problems andthe tuzzv relational rulzs an we show how to use

domains. The success of this application has to dq y . . .
. : . these rules. Section 3 describes the Relation Index,

with the research in algorithms able to learn fuzzy ; e . .

rules. Different types of fuzzy rules has been use mechanism to limit the complexity of using fuzzy

L . relations in rules. Next section outlines an extension
in this process, as Mamdani rules [5], DNF rules [2], f the learning algorithm SLAVE that is able to man
TSK rules [7].The use of a particular kind of rule (or ot the learning algo at1s able fo ma

in general the knowledge representation used) is re29€ fu_zzy relational rulels. Finally, section 5 shows the
lated with the competence of the modeling to expressber]"’wIour of the extension on several examples.
the behaviour of the real systems in a understandable
way (interpretability of the model) and the capabil-
ity to faithfully represent the system (accuracy of the

model).

Keywords: Learning, Fuzzy rules, Fuzzy
Relations, Genetic Algorithms.

Fuzzy Relational Rules

Tradicionally, fuzzy models are based on families of
fuzzy rules of the form:

The aim of this proposal consists of exploring a new . . .
model of fuzzy rule. In [8, 9] the idea of using fuzzy IF Xy is A andXz is Az and ... andX is Ay

relations in the antecedent part of the rules and a THENY isB

This work has been supported by the CICYT under ProjectWh_ere X1, X2, ... 7Xn_ are the antecedent Var'a_bles
TIC2002-04146-C05-02 defined on the universedi,U,,...,U,, and Y is



the consequent variable defined on the universe Mthe output value is
A1, Ao, ..., Ay and B are fuzzy subsets. The basic ef- .
fect of using this kind of rules can be seen as a rectan- B*(y) =TAB(Y)

gular partitioning of the input space. with T = R(x1,%2) A Az(x3) and A a t-norm like the

In [8] the use of fuzzy models with relational an- minumum operator. When several rules are used
tecedents is introduced. A fuzzy relational rule con-B*(y) is taken as the maximum value among the dif-
sists of a rule in which the antecedent requirementderentB*(y) for each rule.

involve the satisfaction of a relationship among dif-

: The aim of this work is to develop a learning algo-
ferent variables, for example,

rithm for fuzzy relational rules. However, the com-
plexity of the problem increases considerately, since
the possible binary relation between two selected vari-

where R is a fuzzy relation, that is, a fuzzy subset of2bles among the set of timeoriginal variables is ob-
U =U; xUp x ... x Un. An example of a fuzzy rela- Viously infinite, or in a practical case, too big. There-

IF (X1,Xa,...,%) is R THENY is B

tional rule is fore, a previous reduction of the relation candidates is
needed, and in the next section we address a formal-
IF Xy is about the same a§ THENY is B. ism to represent such reduction.

Obviously, this particular rule can be approximated3 Relation Index
by tradicional fuzzy rules, but the use of a fuzzy rela-

tional rule increases the interpretability of the knowl- The start point is a set of possible antecedent variables
edge, since it is described in a more similar humangx, x, ... X} defined on universet;,U,,...,U,
way, and moreover, it increases the simplicity of theegpectively, and a consequent variable Y defined on
model since only one rule is needed whereas to repreme universe V. We permit rules in which appear any
sent the same knowledge more rules are needed in thes these previous variables and additionally some bi-
previous model (at least one for each fuzzy value ofnary relationship between this variables. In order to
the variables). restrict the possible relation to be considered by the

The idea is to include fuzzy relations in order to im- learning algorithm we introduce a Relation Index in
prove the interpretability and simplicity of fuzzy mod- Which we include the relevant relations to be consid-
els but minimally extending the traditional model of €red in our problem. At this point, an expert definition
fuzzy rule, that is, using fuzzy relations only when of the relation index is needed, and it requires an ef-
there are a clear improvement of the model due of itfort for selecting relation candidates to be used by the
use. Moreover, in a first step, we only explore a re-learming algorithm.

strictive definition of the previous one, in which, we The Relation Index (RI) is really managed as a in-
only consider antecedent requeriments involving in-gex set. Let us suppose we numerate all the candi-
dividual variables or the satisfaction of relationships gates relation. Thus, we define the index set Rl as: if

between two variables, for example, {(%,X;) is R¢} is a relevant relation to be consider for
. : : the learning algorithm, then we put (i,j,k) in the index

IF (X1,X2) is R andX3 is A3 THENY is B set Rl
where now R is a fuzzy subsetdf=U; x U,. Using the RI set, the formalism for a fuzzy relational

. rule we man i
The use of fuzzy relational rules allows more general ule We manage 1S

partitions than the rectangular one, and obviously this”: X1 is ALA. . A Xy iSAn/\{/\(i i KeH [(%, X)) is R}
is an extension of the tradicional models. b ’

An interesting study of the use of these rules can be THENYIsB

found in [9]. In the general case, the reasoning withwhere A; are the antecedent valued,is the conse-
this kind of rules need complex calculus, but when wequent value andd C Rl is an index subset defining
use singletons as inputs the process is simpler. For atihe concrete relation participating in the rule. We de-
input like (X1, X2,X3) with X; € U; for the previous rule, note this rule aRg(A,H), with A= (A1,Az, ..., An).



Actually, we will manage an extended version of this GA is a target attribute, representing the consequent
rule where it is possible to assign a set of values fromvariable, the complete set of antecedent variables and
its domain to each antecedent variable of the rule, thathe set of examples, and the output is a single rule
is, that covers at least some of the Examples. The crite-

. . _ ria for selecting the best rule in SLAVE is based on
IFXpis AaA...AXais AnA{Ajien (X, X0) iISRd}  optaining a single rule that covers many of the posi-

THENY i tive examples and few of the negative examples. The
isB . , .

. idea is formulated through the consistency and com-
with Aj being a set of fuzzy values on univerSe  pleteness conditions for a rule [2]. The final criterium
The inference process associated to this rule is a simis the product of a consistency measure by the a com-
ple extension of the general case. For an inpat  pletness measure. The aim of this paper is to extend
(X1,%2,- .-, %), X € Uj the output is this algorithm to fuzzy relational rules. The structure
. ~ . of the algorithm is the same, and even the criterium

B*(y) =T(A1,....An,H) AB(Y) for selecting rules. But several particular aspects need
with to be adapted to the new kind of rule.

One important aspect to solve with this new represen-

T(AL-An H) = AN {AG jRen R X))} tation is the calculus of the number of positive and

and negative examples to a rule. This calculation is needed
A=A (x)A... ARAn(X) in the consistency and completeness definitions. It is
necessary to adapt these definitions to the new struc-
and ture of a rule.
A(X|) _ ma)qesAij (Xi) N
YT maxer n A (%) Given a fuzzy relational rulgg(A,H ), the number of

where the domain ofX is defined byn values positive examples of this rule is defined as the cardi-
|

~ ! | on a set of examples E of the fuzzy set of positive
i1,A2, ..., Ain. } andA; is defined by the set of val- na P y P
3@;’£a}ain’eﬁ;nlir}1 the inldex set S tha)llt is examples to the rule. This set is defined by given a

membership degree to each example about the con-
A= {Ajlj € S} cept of "be positive” to the rule. This membership

. degree is defined by
Obviously, whers={1,2,...,n;} thenA;(x) =1 and

the component doesn't affect to the calculus af T(A1,...,AnH) /\Ly),

Therefore, the situation is the same to that in which mavgy B'(y)

this variable doesn't appear in the rule. representing the simultaneous adaptation of the exam-
ple to the antecedent and the consequent of the rule.

4 Learning Algorithm The number of negative examples is the cardinal of

the fuzzy set of the negative examples to the rule. The

In previous papers [1, 2] we have developed SLAVEmembership degree of each example to this set is de-
an inductive learning algorithm of fuzzy rules based fined by
on the strategy of learning one rule, removing the data

it covers, then iterating the process. This kind of al-
gorithms are calledequential coveringlgorithms. A
prototypical description of this family of algorithms
can be found in [6].

maxy2gB'(y)

maxg B/ (y)
representing the adaptation to the antecedent and any
of the other possible value of the consequent variable
different to that considered in the rule.
The sequential covering algorithm reduces the prob-

: - . The genetic algorithm used in the learning process has
lem of learning a disjunctive set of rules to a sequence

¢ simol bl h iring that a singl a similar genetic representation to the representation
ot simpler problems, each requiring that a single Con'proposed in SLAVE [1]. Each individual of the pop-
junctive rule be learned.

ulation represents a complete rule. An individual is
SLAVE uses a genetic algorithm (GA) to implement composed by four different representations or levels
the LEARN-ONE-RULE procedure. The input of this (Fig. 1):

T(A1,...,Ap,H)A



\ Genetic representation }

Antecedent Relations
\ |1
L L
Variables Consequent

Figure 1: Representation of a individual rule

e The consequent levelt codes the value of the
classification variable of the rule. This level is
composed by one gene that is represented by a
integer value.

The integer uniform mutation is the unigue ge-
netic operator considered on this level and in the
initial population this level is randomly gener- o
ated.

The variable level This level contains a gene
for each predictive variable involved in the prob-
lem. Each gene represents a real value that it is
interpreted as the relevance degree of a predic-
tive variable on the rule. Furthermore, a special
gene is added in this level that it is interpreted as
activation threshold, that is, the variables which
associated genes have values less than the thresh-
old are not considered in the antecedent of the
rule. Therefore, this level can be considered a
embedded feature selection process.

Two genetic operators are used in this level, two
points crossover and real uniform mutation. The
generation of this level in the initial population
is based on information measure obtained from
the training set. This measure permits to estab-
lish an initial relevance degree of each variable in
the problem. The obtained values are used for all
individual of population on this level. The activa-
tion threshold is randomly generated between the
maximun and mininum value of the initial rele-
vance degree obtained. A more detailed descrip-
tion can be found in [3].

level is composed by concatenation of the bi-

nary strings representing the assignments vari-
able/values for all input variables. The assign-

ment of a certain variable will appear in the de-

scription of the rule if the value of its associated

gene in the variable level permits to be consid-

ered to the variable relevant for this rule.

We use a binary representation and two genetic
operator on this level, two points crossover and
binary uniform mutation. The generation of this
level in the initial population is the following:
known the consequent value (generated previ-
ously in the consequent level), an example of this
class is selected. The more specific antecedent
for this example is obtained and it is used for
coding the individual. This process is repeated
for all individuals of the population. More infor-
mation can be found in [3].

The relation level This level represents the re-
lation set included in the antecedent of the rule.
Each gene codes a possible relation of the RI. In
this work, we have considered three as the max-
imun number of relations permitted in each rule.

Each gene takes an integer value[In...,Ng/],
beingNg, the number of relations of the RI table.
The zero value is included in this range and it
is interpreted as it does not necessary to include
any relations. A valug different of zero is inter-
preted that thg relation of the Rl is added to the
rule.

The genetic operators use on this level are two
points crossover and a variation of the integer
uniform mutation. The variation consists of con-
sidering that the probability of change to the zero
value is 05 and,?l;: for the rest of values. The
modification of this operator is included for in-
creasing the possibility to remove irrelevant rela-
tions in the rule.

In the initial population, all individuals begin
with all the genes of this level with zero value,
that is, at the beginning of the genetic process,
the relations are not considered.

In this work, we use a state steady genetic algo-

The antecedent level It is composed of the
sequence of assignments to the predictive variing:

rithm. In this case, the selection process is the follow-

two individuals of the population are selected,

ables, where each assignment variable/value ishe crossover operators on levels are applied between
represented by a binary string. The completethem obtaining two new individuals. The mutation



operators are used for modifying the new individuals. if (Xo ~ Xg) and (X109 >0.7)then class 1
They are evaluated and interchanged by the two worst else if (X3 = Xs) and (Xo >0.7)then class 0
individuals of the population. Therefore, in each gen- else if (Xs ~ Xg) and (X ~ X7) then class 2

eration of the genetic process only two new individu- pj| the predictive variables take values in [0,1] and

als are generated and evaluated. we have used domains with five uniformly distributed

labels for all variables.

5 Experimental Studies
P The main problem of this database is the high number

In this section. we will describe the relations used©f attribute valuated rules needed for describing the

on the selected learning problem. We have appliedyStem when relations are not permitted in the anted-
the proposed algorithm to two classification problems:€dent. In this case, we can see the relations like a way

the first one was artificially generated and representd®r compacting a subset of attribute valuated rules and

the kind of problems that are not easy to describetherefore, reducing the number of rules and improving

using attributed valuated rule because it need a higiih® interpretability of the knowledge base.
number of rule in the knowledge database. The goal ofje have generated a database with 150 examples,
this example is to show the capacity of the algorithm50 examples per class, with 10 predictive variables
for extracting the relations involved in the problem; and a classification variable with three possible val-
the second is a real problem and the goal is to find aies. Containing 200 possible relations in the Rl table,
knowledge base that describes, in a more understandve have run the algorithm using ten hold one cross-
able way, the relations among the input variables.  validation. The results are shown in Table 1 where
SLAV Erepresent the basic version of the algorithm
5.1 Relations defined and SLAV ER represents the version with fuzzy rela-

tions.
In this empirical part we are only considered two re-

:citzlgnsr’etlgzocnrsp ?cziier:\;(teelz?“iﬂsu:rg:@f) |a:2(rj :22 Table 1: Results obtained with the two versions of the
y PP y €d ' SLAVE learning on the artificial datatabase

first of them, remarks that we can consider that the re-
lation greater than ¢) is included, sinceX; > X is
equivalent toX; < X;, and only is needed to include
both possibilities in the Rl table.

Training % Test % Rules
SLAVER | 98.97+ 0.6 | 98.64+1.1 | 3.2+0.3
SLAVE | 79.29+ 45| 64.93+ 14.8| 6.4+ 2.3

The "approximately equal” relation can be imple-
mented in different ways. In our case, this fuzzy re-

lation for variables with a bounded domain is defined From the experimentation, we can conclude that the
as: system is able to extract the existing relations in the

example sets and this database presents problems for
obtaining knowledge without to include relations in

XX N2 i v v
(I—=[7zt07 i —xj| <AA the antecedent of the rules.

M (Xi,X]) = { 0 otherwise

5.3 Infarction database
wherex; andx, are values of the domain of the vari-
ables A represents the different between the upper and/Ve study the performance of the learning algorithm
lower limits of the domain and is a parameter that Proposed on a real problem based in a medical do-
takes value in (0,1]. In our experimentation, we con-Main. The infarction database is made up by 14 dif-

siderr=0.25. ferent variables for determining the nominal diagnos-
tic variable. There are 2 nominal variables and the
52 Artificial database rest of them are continuous. These variables are di-

vided into two different type of tests, morphological
For testing the behaviour of the proposed algorithm,methods and biochemical analysis. These tests are ac-
we have generated a example database using the fatepted as the best markers for the postmortem diag-
lowing set of rules: nosis of myocardial infarction [4]. The database con-



tains 71 examples where there are missing values analgorithm can be better interpreted for a medical ex-

we run the algorithm using ten hold one crossvalida-pert in this field.

tion. Table 2 shows the obtained results considering
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