On left and right uninorms on a finite chain

M. Mas
Dpt. de Ciéncies Mat. i Inf.
Univ. de les Illes Balears
07071 Palma de Mallorca
dmimmg0Q@clust.uib.es

Abstract

The main concern of this paper is to
introduce and characterize the class of
operators on a finite chain L, having
the same properties of pseudo-smooth
uninorms but without commutativity.
Moreover, in this case it will only be re-
quired the existence of a one-side neutral
element. These operators are character-
ized as combinations of AND and OR
operators of directed algebras (smooth
t-norms and smooth t-conorms) and the
case of pseudo-smooth uninorms is re-
trieved for the commutative case.
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1 Introduction

The study of operators defined on a finite chain
L is an area of increasing interest (see [1], [2], [4],
(7], [9]). These operators are related to the man-
agement of uncertainty in expert systems. Specif-
ically, the idea is to combine and propagate uncer-
tainty through operators directly defined on the
set of linguistic terms or labels which usually is
a finite totally ordered set L. This is important
because with this approach, the problems derived
from numerical interpretations of these labels dis-
appear.

Frequently, most of the authors which work in this
line try to translate well known operators on [0,1]
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(like t-norms and t-conorms) to the case of a fi-
nite chain L. Following this idea, a lot of different
classes of operators on L are appearing. In partic-
ular, it is given in [9] a detailed study of ”directed
algebras” which are structures on L that modelize
the structure of continuous De Morgan triplets on
[0,1]. In the mentioned paper, the idea of conti-
nuity is obtained from a condition on the order
and, the AND and OR operators of directed al-
gebra satisfy the same conditions of continuous
t-norms and t-conorms on [0, 1] respectively.

Moreover, t-operators and uninorms (operators
on [0,1] that have been recently characterized, see
[3] and [6]) defined on a finite chain L are also
studied in [7]. In this case, the idea of continuity
is obtained from the smoothness property. It is
proved there, that smooth t-operators as well as
pseudo-smooth uninorms on L, allow to an iden-
tical characterization as in the case of [0,1], but
now, being the combination between AND and
OR operators of directed algebras.

On the other hand, the non-commutative version
of t-operators is also studied for operators defined
on [0,1] and on L. Really, it is studied the class
of operators with the same properties of smooth
t-operators but without commutativity. In both
cases they are characterized again in a very simi-
lar way, see [5] for the case of [0,1] and [2] for the
case of L.

The main concern of this paper is to introduce
and characterize the non-commutative version of
uninorms on L in an analogous way (these op-
erators are already characterized on [0,1] in [8]).
Namely, operators on L having the same prop-
erties of pseudo-smooth uninorms but forgeting



again commutativity. Moreover, in this case it
will only be required the existence of a one-side
neutral element.

A characterization of these operators is obtained
as special combinations of AND and OR opera-
tors of directed algebras (or equivalently, smooth
t-norms and smooth t-conorms) and two corollar-
ies are deduced for the commutative case (retriev-
ing the characterization of pseudo-smooth uni-
norms) and for the idempotent case (obtaining
combinations of minimum and maximum). Thus,
new operators on a set of labels are obtained that
can also be used for propagation of uncertainty.

2 Preliminaries

We recall here different classes of operators on L
and their characterization, that will be used along
the paper. From now on, let L be a finite chain
denoted by

L={0=z0<21<...<Zp < Tpy1 =1}

Let also denote by Ly, ., the finite chain given
by the subinterval [z;, z;] of all zx € L such that
1< k<.

Definition 1 A 5-tuple L=(L,<,T, S, N) is said
to be a directed algebra if it satisfies:

o T and S are associative, commutative bi-
nary operators on L, with T(1,1) = 1 and
5(0,0) = 0.

o N : L — L is an involution such that
NT(.’E,‘,.’L‘j) = S(N.’L‘Z,N.’L‘])
e z; <z
iff there exzists T € L such that z; =
T(.’L‘j,.’L‘k)

iff there exists z; € L such that z; =
S(zi, ).

In this case T will be called the AND operator
and S the OR operator of the directed algebra L.
We will also say that N is the negation on L and
that S and T are N —dual operators.

Definition 2 Let F' be a binary operator on L. It
is said that F satisfies the smoothness condition

if whenever F(z;,z;) = zi then

F(zi—1,zj) =x; and F(zi,zj 1) =Znm

where [,m are such that k—1 <[, m <k.

Remark: Note from the definition that a bi-
nary operator satisfying the smoothness condition
must be non decreasing in each place.

Proposition 1 (See [7]) Let T (S) be a binary
operator on L. Then, T (S) is an AND (OR)
operator of directed algebra if, and only if, it
is associative, commutative, smooth and satisfies
T(z;,0) =0 (S(z;,1) =1) for all z; € L.

In wiew of the proposition above, AND and OR
operators of directed algebras will be called from
now on, smooth t-norms and smooth t-conorms
respectively.

Proposition 2 (See [9]). There ezists one and
only one Archimedean smooth t-norm on L given

by

T(zi,z;) =zr where k= max(0,i+j—(n+1))
Moreover, given any subset J of L with 0,1 € J,
there exists one and only one smooth t-norm on
L whose idempotent elements are ezactly those
of J. This smooth t-norm is given by the only
Archimedean structure on each subinterval be-
tween two consecutive idempotents of J and by

minimum otherwise.

Note that the only possible negation on a directed

algebra L is given by
N(z;) =zpy1-; forallz; € L

and consequently, the structure of smooth t-

conorms follows by duality with respect to this
negation N.

On the other hand, another kind of operators were
introduced in [2] and characterized as follows:

Theorem 1 Let M : L x L — L be a function
with M(1,0) = z,M(0,1) = z,. Then M is
associative, non decreasing in each place, smooth
and such that M(0,0) = 0 and M(1,1) = 1 4,
and only if, one of the following cases follows:
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o If £, < z,, there exist a smooth t-conorm
S on Loz, and a smooth t-norm T on Ly, 1

such that
S(.’Ei,-Tj) Z.f (xiamj) € L(%,J:A
T(zi,zj) of (zi,25) € L2,
M(z;,z5) = { za ifz; <y <z
Ty fo: <z, L5
z; otherwise

o If z,, < z,, there ezist a smooth t-conorm
S on Loz, and a smooth t-norm T on Ly, 1

such that
S(zi,z5) o (z3,75) € Li,,
T(zs,z5) if (zi,25) € L2,
M(zi, ;) = | 1, ifz; <z)\ <z
T, ifr; <z, <zj
z; otherwise

Note that t-operators on L, introduced in [7],
and their characterization follow from the theo-
rem above by adding commutativity.

Definition 3 A uninorm on L 15 a mapping U :
L x L — L which is commutative, associative,
increasing in each place and such that there ez-
ists an element z. € L (called neutral element)
satisfying U(z;,Te) = ; for all z; € L.

Proposition 3 (See [7]) If U is a uninorm on L
satisfying the smoothness condition, then U is a
smooth t-norm or a smooth t-conorm.

In view of the previous result the following defi-
nitions were introduced in [7]:

Definition 4 Let U be a binary operator on L.
It is said that U is down-smooth at point (z;,z;)
(d.-s. in short) if whenever U(z;,z;) = zx then

Ulzior,zj) =31 and U(zi,zj-1) = Tm

where I, m are subject to the condition: k —1 <
I,m <k.

Remark: It is clear from this definition that
any binary operator U on L is d.-s. at point
(0,0). Moreover, U satisfies the smoothness con-
dition if and only if it is d.-s. at any point
(zi,zj) € L?. Note also that a similar definition
of up-smoothness could be given alternately with
similar properties.
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Now, let us introduce the idea of “pseudo-
smoothness” through the following definitions.

Definition 5 Let U be a uninorm on L with neu-
tral element z..

o It is said that U is left d-pseudosmooth if
it satisfies d.-s. at any point in L? ezcept
perhaps at points (T;,Ze), (Te, T;) with z; €
{.’Ee_H, ey 1}

o It is said that U is right d-pseudosmooth if
it satisfies d.-s. at any point in L? except
perhaps at points (T;,Ter1),(Tet1,Zi) with
z; €{0,...,Zc—1}.

Next theorem gives us the structure of the left
and right d-pseudosmooth uninorms on L.

Theorem 2 (See [7]). Let U be a uninorm on L
with neutral element 0 < z, < 1. U satisfies left
d-pseudosmoothness if, and only if, U(0,1) = 0
and U s given by:

T(zi,z;) i (zi,25) € LY,
Uz zz) = § Slzs,25) i (@i,25) € L2,
min(z;,z;) otherwise

where T is a smooth t-norm on Loz, and S is a
smooth t-conorm on Lg, ;.

A similar  characterization for right d-
pseudosmooth wuninorms works replacing min
by max.

3 Left and right uninorms

Definition 6 An operator U : L?> — L is said
to be a left-uninorm if it is nondecreasing, as-
sociative and such that there ezists a left neu-
tral element, i.e. an element z. € L satisfying
U(ze,z;) =zj for all z; € L.

Definition 7 An operator U : L? — L is said
to be a right-uninorm if it is nondecreasing, as-
sociative and such that there ezists a right neu-
tral element, i.e. an element z, € L satisfying
U(zi,e) =z; for all z; € L.

Remark: It follows immediately from any of
the two definitions above that U(0,0) = 0 and
U(1,1) = 1. Note also that the one-side neutral



element needs not to be unique: The projection
operator given by U(z;,z;) = z; for all z;,z; € L
is such that any element in L is a left neutral
element.

Definition 8 Let U : L? — L be a left (or
right) uninorm. Then U is said to be left d-
pseudosmooth, if there exists a left (respectively a
right) neutral element zo € L of U such that the
set of points in which U is not d.-s. is contained
in

{(ziyze) € L* | i > e} U{(Ze, ;) € L? | § > €}.

Definition 9 Let U : L? — L be a left (or
right) uninorm. Then U 1is said to be right d-
pseudosmooth, if there exists a left (respectively a
right) neutral element e € L of U such that the
set of points in which U is not d.-s. is contained
n

{(zs, ze1) € L*|i< e}U{(zet1,7;5) € L*lj< e}.

The main concern of this paper is to charac-
terize left d-pseudosmooth left uninorms, but a
similar characterization can be given for right d-
pseudosmooth left uninorms and also for the cases
of right uninorms.

Proposition 4 LetU : L? — L be a left uninorm
and let 0 be a left neutral element for which U is
left d-pseudosmooth. Then

S(fL‘i,fL‘j) Zf (-'L'i,xj) € L%,Iﬂ
U(zi,z;) = 4 zp ifr; < zpg < (1)
T; otherwise

where zg = U(1,0) and S is a smooth t-conorm
on Lo,zﬂ.

In the following lemmas and proposition, we will
suppose that U has a left neutral element z, > 0.
Also, we will denote U(0,1) = z, and U(1,z,) =
zg.

Lemma 1 Let U : L? — L be a left uninorm.
Then o =1 or T4 < ¢, and also g > z,.

From now on, given any left d-pseudosmooth left
uninorm U, z, will denote a left neutral element
for which U is left d-pseudosmooth.

Lemma 2 Let U : L? — L be a left d-
pseudosmooth left uninorm. Then U(1,0) = 0,
U(zi, z;) = z; for all (z;,x;) € [z, 1] x [0, z¢) and
U(zi,z;) = z; for all (z;,z;) € [0,z¢) % [0,z4].

Proposition 5 Let U : L? — L be a left d-
pseudosmooth left uninorm. If z, = 1, then
Ul(zi,z;) = z; for all z;,z; € L. (Note that this
is a degenerated case already contained in the case
ze=0).

Let us take z, < z, in the following lemmas.

Lemma 3 Let U : L? = L be a left uninorm.
Then U(z;,zj) = zo for all (z;,z5) € [0,34] X
[Za, 1].

Lemma 4 Let U : L? — L be a left d-
pseudosmooth left uninorm. Then U(z;, z.) = =;
for all z; € [zqo,ze] and U(zi,z;) = x; for all
(Zi,24) € [TosTe) X [Te, 1]

Lemma b5 Let U : L? — L be a left d-
pseudosmooth left uninorm. Then in [z, 12 U
has the form given by proposition 4 teking L, 1
as the finite chain and, restricted to [Tq,ze|?, U
is a smooth t-norm on the chain Ly, ...

Theorem 3 Let U : L? — L be any binary op-
erator. Then U is a left d-pseudosmooth left uni-
norm if, and only if, there ezist . € L, a smooth
t-norm on Ly, o, T and a smooth t-conorm S on
Ly, o5 such that one of the following cases hold,
where zo = U(0,1) and zg =U(1,z.),

e 2, =0 and then x4 = 1, and U is given by
ezpression (1).

ez, > 0 and then T, < z. < zg, and U 1is

given by
T ifz; < 2o < Zj
T(:L'i,.’Ej) Zf To S T, Tj S Te
U(l’i,mj) — S(fl}i,ﬂ?]‘) Zf Te S. xiyzj < fL'ﬂ
T ifze <z; <z <1
z; tf 2o < T; < T < T5
z; otherwise
(2)
or zo = 1,25 = e and U(x;,z;) = z; for all
Ti,Z; € L.

The general structure of left d-pseudosmooth left
uninorms is presented in the following figure:
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max
. min
zg min
To S g
Ze
T
Ty min
max
min
0 Tq Te L 1

Corollary 1 Let U be a left d-pseudosmooth left
uninorm with z, > 0. The following assertions
are equivalent

t) U is a commutative operator
it) U(0,1) =0 and U(1,z.) = 1.
iit) U is a left d-pseudosmooth uninorm.

Corollary 2 Let U be a left d-pseudosmooth left
uninorm. Then U is idempotent if, and only if,
there erists T, € L such that U is given by ex-
pression (1) or (2) replacing T by min end S by
max.
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