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Abstract

This paper ! studies some geometric

aspects of indistinguishability operators
(also called similarities and fuzzy equiv-
alences). Concretely, it will be focused
on the (geometric) group associated to
a T-indistinguishability operator E on
X (i.e., the group of all bijective maps
h : X — X such that E(z,y) =
E(h(z),h(y)) Vz,y € X).

The cases for E being one-dimensional
and invariant under translations on the
real line will be completely studied.

Keywords: indistinguishability opera-
tor, similarity, fuzzy equivalence rela-
tion, fuzzy equality, isometry.

1 Introduction

Indistinguishability operators generalize the crisp
equivalence relations to the fuzzy framework.
They have been widely studied and they have
proved to be useful in different contexts such as
fuzzy control, approximate reasoning or cluster
analysis. Depending on the authors and on the t-
norms used, they have received other names such
as fuzzy equivalences, fuzzy equalities or similar-
ity relations, among others (see [1] for more infor-
mation).

In this paper, we study some geometric aspects of
these operators by using some ideas contained in
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[7]. Concretely, it will be focused on the (geomet-
ric) group associated to a T-indistinguishability
operator E on X (i.e., the group of all bijec-
tive maps h : X — X such that E(z,y) =
E(h(z),h(y)) Vz,y € X).

The case for E being one-dimensional and invari-
ant under translations on the real line will be
completely studied. The fact that the natural in-
distinguishability operators [1] Er on [0,1] are a
special kind of one-dimensional ones, make their
study especially interesting. The indistinguisha-
bility operators invariant under translations are
widely used in applications (e.g. in fuzzy control)
and therefore, it is worthwhile to study and to
characterize them.

For the sake of completeness, we recall in the next
section some known results on indistinguishability
operators.

2 Preliminaries

Definition 2.1. Given a t-norm T, a T-
indistinguishability operator E on a set X is
a reflexive and symmetric fuzzy relation on
X such that T(E(z,y), E(y,2)) < E(z,2z) (T-
transitivity), for all z,y,z € X

E separates points iff E(z,y) = 1 implies z = y.
Definition 2.2. Given a continuous t-norm 7, its
quasi-inverse or residuation T is defined Vz,y €

[01 1] by

T(zly) = >y = sup{e € [0,1] |T(e,z) < w} .

Lemma 2.3. [8] Every fuzzy set p of X generates



a T-indistinguishability operator E, on X in the
following way:

Eu(z,y)

T(Max(u(e), 1(y)) | Min((=), 1(v)))
Min(u(z) -1 p(y), w(y) -1 1))

Trivially, E, separates points if and only if p is
an injective map.

Example 2.4. If L is the Lukasiewicz t-norm,
ie. L(z,y) = Max(z +y — 1,0), then E,(z,y) =
1—|u(z) — p(y)l-

If 11 is the Product ¢-norm II(z,y) = z - y then

 ntin (42 400)
Eu(z,y) =M (ﬂ(y)’#(ﬂv)>'

If T is the Minimum ¢-norm Min{z,y), then

1 ifu(z) = u(y)
E =
u(z,9) { Min{p(z), u(y))  otherwise.
Definition  2.5. Given a continu-
ous t-norm T, the natural T-indistin-

guishability operator on [0,1] is defined by

Er(z,y) = T(Max(z,y)|Min(z,y)) =
Min(z -7 ¥,y —1 ).
In this case,
Ep(z,y)=1-|z -y
EH(z,y) = Min (%, 311)

B 1 ifz=y
EMm(‘T’ y) - { Min(:p,y) otherwise.

3 Isometries between
Indistinguishability operators

Definition 3.1. Given two sets X,Y and two
T-indistinguishability operators E, F on X,Y re-
spectively, amap 7 : X — Y is an isometry if and
only if E(z,y) = F(r(z),7(y)) Vz,y € X.

Lemma 3.2. With the previous notations, given
an isometry 7 : X — Y, if F separates points and
T is injective, then E also separates points.

Before studying the isometries between indistin-
guishability operators, it is convenient to analyze
when two fuzzy sets u, v generate the same oper-
ator (i.e. E, = E,).

Theorem 3.3. Let T be an archimedean ¢-norm,
t a generator of T [6] and p,v fuzzy subsets of
X, E, = E, if and only if, Vz € X one of the
following conditions holds:

a) t(uz)) = t(z)) + ki with k 2
sup{—t(v(z))lz € X},
b) tu(z)) = —tv(z)) + k2 with ky >

sup{t(v(z))|z € X}.

Moreover, if T is non strict, then k; < inf{t(0) —
t(v(z)) | z € X} and ky < inf{t(0)+t(v(z)) |z €
X}.

Example 3.4. If T is the Lukasiewicz t-norm L,
we can take ¢t(z) = 1 — z and with the previous
notations p(z) = v(z) + k with inf{l — v(z)} >
k > sup{—v(z)} or u(z) = —v(z) + k with
inf (15 0(2)} > k> sup{w(z)).

€x z€X

x

Example 3.5. If T is the product, we can take
t(z) = —logz and then u(z) = i(kﬂ with £ >

=k _ Wi i
22)};{1/(1)} or pu(z) = oy With k < 11‘151;{1/(1)}

Theorem 3.6. Let T be the t-norm Minimum
and let p be a fuzzy subset of X such that there
exists an element zps of X with p(zpy) > u(z)
Vr € X. Let Y C X be the set of elements z
of X with u(z) = p(za) and s = sup{u(z)|z €
X-Y}. A fuzzy subset v of X generates the same
T-indistinguishability operator than p if and only
ifvre X -7,

wz)=v(z)and v(y) =t withs<t<1 VyeY.

Next theorem relates the previous results with the
group of isometries of an indistinguishability op-
erator.

Theorem 3.7. Let T be a continuous t-norm
and E, the T-indistinguishability operator on X
generated by a fuzzy subset 4. Themap7: X —
X is an isometry if and only if there exists a fuzzy
subset v of X with E, = F, and po7 =v.

357



Corollary 3.8. Let T be a continu-
ous t-norm and FE,,F, two T-indistingui-
shability operators on X, Y respectively generated
by ¢ and v. The map 7 : X — Y is an isometry
ifandonlyif u=vor.

4 The group of isometries of Er

The following universal property of the natural
indistinguishability operator gives special interest
to its study.

Lemma 4.1. Let T be a continuous i-
norm, E, the T-indistinguishability operator
on X generated by p and Er the natural T-
indistinguishability operator on [0,1]. The mem-
bership function y is an isometry between E, and
Er.

In fact, the preceding results can be translated to
the language of categories in such a way that Ep
is a final universal object (see [4]).

Let us calculate the group of isometries of Er.

Theorem 4.2. Let T be a non-strict
archimedean ¢-norm and ¢ an additive generator
of T. The group of isometries of Er consists of
the identity and the strong negation ¢ generated
by t (¢(z) =z —7 0).

Definition 4.3. Given a t-norm T and a € [0, 1],
the map ¢, : [0,1] — [0,1] defined by t.{z) =
T(a,z) will be called a T-translation.

Theorem 4.4. Let T be a strict archimedean £-
norm. The group of isometries of E7 is the set of
T-translations of [0,1] (i.e. {ts|a € [0,1]}).

Theorem 4.5. Let T be the t-norm Minimum.
The group of isometries of E7 consists of only the
identity map.

As a corollary of these theorems, we can answer
an interesting question relating indistinguishabil-
ity operators and negations. In fuzzy logic Er
can be viewed as the biimplication in the sense
that E7(x,y) expresses the degree of equivalence
between z and y. It seems reasonable to demand
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that the degree of equivalence between elements
coincide with the degree of their negations (i.e.
Er(z,y) = Er(eo(z),o(y))). The following ques-
tion arises therefore naturally: When a negation
is an isometry of Er7.

Corollary 4.7. Given an archimedean ¢-norm T
and a strong negation ¢, ¢ is an isometry of Er
if and only if T is non strict and T and ¢ have a
common generator.

5 T-indistinguishability operators
invariant by translations

It is usual in fuzzy control to model the val-
ues of the linguistic variables by fuzzy numbers.
Fuzzy numbers can be thought of as equivalence
classes of a fuzzy equivalence relation (i.e. a T-
indistinguishability operator) in the sense that
fuzzy numbers are needed because the equality
used in the real line is not crisp due to lack of
accuracy and vagueness [2]. In many applica-
tions, fuzzy numbers of the same shape are used
so that they only differ by a translation. For
this reason, it is interesting to determine when
a T-indistinguishability operator on the real line
R is invariant under translations in the following
sense:

Definition 5.1. Let E be a T-
indistinguishability operator on R. FE is tnvariant
by translations if and only if Vz,y,a € R,
E(z,y) = E(z + a,y + a).

Therefore, F is invariant by translations if and
only if the group of isometries of E admits the
group of translations of R as a subgroup.

Definition 5.2. A fuzzy number is a map f, :
R — [0,1] such that there exists a € R with
fa(a) =1 and non decreasing in {—o0, a) and non
increasing in (a, +00).

Lemma 5.3. Let E be an invariant by trans-

lations T-indistinguishability operator. Then for
every a,c € R

T(E(0,a), E(0,c)) < E(0,a+ c).



Proof.

T(E(0,a), E{0,c)) =

IA
js
|
8
&

In particular,

T(E(0,a), E{(0,na)) < E(0,(n+ 1)a)¥n € N.
A T-indistinguishability operator will be called
admissible if and only if its singletons or columns
[2,3,5,9] are fuzzy numbers.

Theorem 5.4. Let T be the Minimum ¢-norm.
E is a T-indistinguishability operator admissible
and invariant under translations if and only if
there exists k € [0, 1] such that

1, ifz=y
E(z,y) = { k. otherwise.

Proof. =)
Let @ > 0. From Lemma 5.3.

Min(E(0,a), E(0,na)) < E(0,(n+1)a) ¥Yne N

and since E is admissible
Min{E(0,a), E(0,na)) = E{0,na) so that

E(0,na) < E(0,(n+ 1)a).

But since E is admissible, £{(0,na) > E(0,(n +
1)a).

Therefore E{0,na) = E(0,(n+1)a) YVa > 0,Vn €
N. Due to the monotonicity of E(0, -} in (0, +00),
E(0,-) must be constant in this interval.

A similar argument works with a < 0 for (~o0, 0).

Now the results follows applying the invariance
under translations of E.

<)
Trivial

Theorem 5.5. Let T be an archimedean t-norm
with generator £. E is an admissible and invariant
under translations T-indistinguishability operator
if and only if there exists a map F : R — R
which is non decreasing and subadditive in R¥,

with F(0) = 0 and F(z) = F(—
that E(z,y) = tl=o F(y — ).

1) Vz € R, such

Proof. The inequality of Lemma 3.3 can be writ-
ten

t=U((E(0,a)) + t{(E(0, ¢))) < E(0,a + c)

or
t(E(0,a)) + t(E(0,¢)) > t(E(0,a + ¢)).

If F is defined by F(z) = t(E(0,z)), then F(a) +

F(b) > F(a+b) and F(0) = 0, F(z) = F(—z) and

is non decreasing in (0, +o0) E(0,z) = tl-U(F(z))

and E(y, ) = BE(0,y — z) = 11 l](F( z)).
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