Testing the expected value of a fuzzy random variable.
A discussion
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Abstract

In this communication we will consider
hypothesis-tests for the (fuzzy-valued)
mean value of a fuzzy random variable
in a population. For this purpose, we
will make use of a generalized metric for
fuzzy numbers, and we will develop two
different approaches for the case of fuzzy
random variables taking on a finite num-
ber of possible values, both leading to
close statistical inferences.
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1 Introduction

In this communication we consider the problem
of testing the fuzzy value of the mean of a fuzzy-
valued random variable taking on values on the
class F.(IR). This class denotes the collection of
fuzzy subsets A of IR such that the a-level sets
Aq € K (IR) (K(IR) being the class of nonempty
compact intervals) for all a € [0, 1], with the 0-
level meaning the closure of the support of A.

The first study we will present concerns large-
sample tests for simple fuzzy random variables.
Therefore, there are three prerequisites to using
these tests, namely, that the samples are assumed
to be large and random, and that there is only a fi-
nite number of different categories for the consid-
ered fuzzy random variable. The last prerequisite
is not general from a theoretical perspective, but
it is very realistic and fits most of the practical
situations involving fuzzy random variables.
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In the second study, by using bootstrap tech-
niques, we obtain an approximation of the asymp-
totic distribution of a statistic based on a resam-
pling from the reference sample. Simulation de-
velopements will allow us to conclude that the
approximation based on the asymptotic results is
usually as appropriate as the bootstrap one even
for non-large samples.

2 Preliminaries

Given a probability space (2, A, P), a fuzzy ran-
dom variable (or, more precisely, an F.(IR)-valued
fuzzy random variable or random fuzzy set) as-
sociated with (€2, A) is intended to be, in ac-
cordance with Puri and Ralescu (1986), a func-
tion X : Q — F.(IR) such that the a-level map-
ping X, : @ — K (IR), defined so that X,(w) =
(X¥(w)), for all w € Q, is a random compact con-
vex set whatever a € [0,1] may be.

A fuzzy random variable X : Q — F.(IR) is said
to be integrably bounded if, and only if, || Xg]| €
LI(Q7-A? P) (with ”XOH() = SUPzex,(-) |‘T|) If
X is an integrably bounded fuzzy random vari-
able, the expected value (or fuzzy mean) of &' is
the unique fuzzy set of IR, E(X|P), such that
(E‘(X|P))a = Aumann’s integral (1965) of X,
(which in this case equals the compact interval
[E(inf X,|P), E(sup Xo|P)]) for all « € [0,1].

A fuzzy random variable X : Q — F(IR) is said
to be normal in Puri and Ralescu’s sense (1986)
if, and only if, for each a € [0,1] and each w € 2
the compact set X,(w) can be expressed as the
Minkowski sum of the real value X(w) and the
a-level of the fuzzy set E(X|P) € F.(IR) (that is,
X(-) = X(-) ® E(X|P) with @ the fuzzy sum ac-



cording to Zadeh’s extension principle [4]), where
X : Q — IR is a real-valued random variable as-
sociated with (2, A, F) and being normally dis-
tributed with mean equal to 0.

A fuzzy random variable X :  — F.(IR) is said
to be simple if, and only if, the cardinality of X (Q2)
is finite.

On the class F.(IR) several metrics can be de-
fined (see, for instance, Diamond and Kloeden
1994). For some statistical studies concerning
fuzzy random variables, a generalized metric has
been shown to be especially valuable and easy
to handle and interpret. This metric has been
introduced by Bertoluzza et al. (1995) and a
generalization has been recently established by
Korner and Néther (2001). The (W, )-metric
by Bertoluzza et al. makes use of two previously
specified weight normalized measures W and ¢
which can be formalized by means of probability
measures on the measurable space ([0,1], B 1))
(Bio,1) being the Borel o-field on [0, 1]) associated
with a nondegenerate and a continuous distri-
bution, respectively, and the (W, ¢)-distance be-
tween two fuzzy numbers A, B € F(IR) is defined
by

DRAE) = [ [ iAo, B dotc),
[0.1]

where dw : Kc(IR) x Kc(IR) — [0, +00) is defined
so that dw (Aq,; Bqy) is given by

L it = s5te, ] awoy

with fz(e, A) = Asup A4 + (1 — A)inf 4,

3 Asymptotic one-sample test of mean
for simple fuzzy random variables

Classical inferences to test the population mean of
areal-valued random variable are often based (but
in cases normality is assumed) on the asymptotic
distribution of a statistic which is obtained under
quite general conditions by using Large Sample
Theory {more precisely, properties of the sample
means). When we deal with fuzzy random vari-
ables, the situation becomes much more complex
since, in contrast to the case of real-valued ran-
dom variables, population and sample means are
not real-valued.

However, the asymptotic distribution is going to
be obtained in this section under conditions which
are very common in practice. Thus, if we assume
that the considered fuzzy random variable we are
observing in the population is a simple one, we
have a vector-valued parameter for which results
from Large Sample Theory can be directly ap-
plied. On the other hand, the assumption that
the fuzzy random variable is simple is quite real-
istic in practice, so that the asymptotic results we
now present will be widely applicable.

Consider a probability space (£2, .4, P). Let X be
a fuzzy random variable associated with it, so that
on {2 the fuzzy random variable takes on r differ-
ent values, 71, ...,Z, with probabilities p1, . .., pr,
respectively (i.e., P{w € QX (w) = &} = m,
[=1,...,7).

The population fuzzy mean of X over (2 is now
denoted by E(X|p) (where p is the vector-valued

parameter p = (p1,...,Pr—1) and p, = 1 —
5721 pr)- Then,

Theorem 3.1 For eachn € IN, consider n inde-
pendent fuzzy random variables having identical
distribution that X on ().

Let f, = (fo1,---, fapr—1)) with fo = relative
frequency of & (1 € {1,...,r — 1}) in the per-
formance of the n fuzzy random variables. Let
X = E(X|f,) denote the sample fuzzy mean of
the n fuzzy random variables. Then, to test at the
significance level o € [0,1] the null hypothesis

Hy:E(X|p)=V
against the alternative
Ha: E(X|p) # V,

the hypothesis Hy should be (asymptotically) re-
jected whenever

2n[ D%, 7)) > 7o,

where vq is the 100(1 — a) fractile of the linear
combination of chi-square independent variables
Axdy + -+ Nexd g with Xy, (R S r—
1) being the nonnull (sample) eigenvalues of the
matric

BH([D% (%, "),
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where H([Dﬁ,(?, 17)]2) is the Hessian matriz
H([Dg (B(xif), 7))

82 D, (®, V)] 2
B fmd far1)

52 Di(Z, V)]’
0fn10fn1

~ 12
82| D, (%, V)]
8fn(r—l)8fn1

'_ ~ 12
2| Df, (%, V)]
8fn(r—1)8fn(r—l)

and B is an (r — 1) x (r — 1) matriz such that
-1

B'B = (I(.)) , where (I§(£,)) ™" is the in-

verse of the sample Fisher information matriz

[fnl(élm - fnm)]lm-

4 Bootstrap one-sample test of mean
for simple fuzzy random variables

An alternative way to get suitable approxima-
tions in statistical inferences with real-valued ran-
dom variables is the one based on the bootstrap
technique. When we deal with simple fuzzy ran-
dom variables and consider a real-valued statistic
based on samples from a fuzzy random variable,
we can develop this technique as follows:

Consider a probability space (2, A, P). Let X be
a fuzzy random variable associated with it, so that
on §? the fuzzy random variable takes on r differ-
ent values, 1, ...,Z, with probabilities py, ..., pr,
respectively. For each n € IN, consider a ran-
dom sample of n independent observations from
X, and let £, = (fn1,-- ., far) be the random vec-
tor of the sample frequencies.

Consider now a new population given by a re-
alization of the preceding random sample. As-
sume that we resample from it so that we
draw a large number of samples of n indepen-
dent observations from this new population. If
we denote the associated random vector of the
sample frequencies along the set of these sam-
ples by £, = (fx,...,fr), we can then ob-
tain the bootstrap distribution which in this
case corresponds to the approximation of the

- - 2
one for [Dv"},(E(X|fn),E(X|f,‘;))] by MonteCarlo
method.
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Theorem 4.1 To test at the significance level
a € [0, 1] the null hypothesis

Hy: E(X|p)=V
against the alternative
Ha : E(X|p) 7& ‘77

the hypothesis Hg should be (in accordance with
the bootstrap approzimation) rejected whenever

[Dﬁ,(?,f/)]? > Za,

where zo is the 100(1 — ) fractile of the bootstrap
distribution.

5 Simulation conclusions

To compare the results in the two preceding sec-
tions, we have developed a study in which some
different types of fuzzy random variables have
been simulated by using the ideas in Colubi et
al. (2001). The main conclusions from the simu-
lation studies can be summarized as follows:

e If r = 100, p = (.01,...,.01), and signifi-
cance level o = .05, then,

— for a sample size n = 50, we obtain that
when the null hypothesis is true it is re-
jected for 7% of the samples if we use ei-
ther the approach in Section 3 or the one
in Section 4, whereas if we were able to
know the population eigenvalues in The-
orem 3.1 this rejection will reduce to 6%;

— for a sample size n = 10, we obtain
that when the null hypothesis is true it
is rejected for 10% of the samples if we
use any of the approaches in Sections 3
and 4, whereas if we know the popula-
tion eigenvalues this rejection reduces to
4.5%.

e If r =5, p = (.02,.02,.02,.02), and signifi-
cance level a = .05, then,

— for a sample size n = 50, we obtain that
when the null hypothesis is true it is re-
jected for 6.5% of the samples if we use
the approach in Section 3, for 7% if we
consider the one in Section 4, and for
5.5% in case we know the population
eigenvalues;



— for a sample size n = 10, we obtain that
when the null hypothesis is true it is re-
jected for 9.5% of the samples if we use
the approach in Section 3, for 10% if we
consider the one in Section 4, and for 5%
in case we know the population eigenval-
ues.

e If r = 5, components of p are different, and
significance level o = .05, then,

— for a sample size n = 50, we obtain that
when the null hypothesis is true it is re-
jected for 7% of the samples if we use
the approach in Section 3, for 6.5% if we
consider the one in Section 4, and for 6%
in case we know the population eigenval-
ues;

— for a sample size n = 10, we obtain that
when the null hypothesis is true it is re-
jected for 8.5% of the samples if we use
the approach in Section 3, for 9% if we
consider the one in Section 4, and for 4%
in case we know the population eigenval-
ues.

In the simulations above summarized, the mea-
sures W and ¢ have been supposed to be the
Lebesgue measure on the unit interval.
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