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Abstract 

In this paper we suggest how to est,imate 
a mean lifetime in the presence of vague 
data, especially imprecise number of fail- 
ures. 
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1 Introduction 

One of the most important problem of reliabil- 
ity analysis is to estimate the mean lifetime of 
the item under study. In technical applications 
this parameter is also called mean time to failure 
(MTTF) and is often included in the specification 
of a product. For example, producers are inter- 
ested whether this time is sufficiently large, as 
large MTTF allows them to extend a warranty 
time. Classical estimators require precise data 
obtained from strictly controlled reliability tests 
(for example, those performed by a producer at  
his laboratory). In such a case a failure should 
be precisely defined, and all tested items should 
be continuously monitored. However, in real situ- 
ation these requirements might not be fulfilled. 
In the extreme case, the reliability data come 
from users whose reports are expressed in a vague 
way. The vagueness of the data has many dif- 
ferent sources: it might be caused by subjective 
and imprecise perception of failures by a user, by 
imprecise records of reliability data, by imprecise 
records of the rate of usage, etc. Therefore we re- 
quire both tools appropriate for modelling vague 
data and suitable statistical methodology to han- 
dle these data. 

Grzegorzewski and Hryniewicz [I] considered the 
generalization of the exponent.ia1 model which ad- 
mit vagueness in lifetimes or censoring times but, 
requires precise information about the number of 
observed failures (i.e. one knows whether given 
item has failed or it has survived). In their pa- 
per fuzzy sets were used for modelling vagueness 
of the 1ifet.imes. However, sometimes we face sit- 
uations when the number of observed failures is 
also vague. For example, it may be due to impre- 
cise definition of the failure. We can also consider 
partial failures or information about the scale of 
the failure expressed by colloquial words. Hence 
in the present paper we suggest another gener- 
alization of the classical exponential model. We 
consider not only fuzzy lifetimes but situations in 
which the number of failures is fuzzy t.00. 

2 Classical approach 

The mean lifetime may be efficiently estimated by 
the sample average from the sample of the life- 
times XI ,  X2, .  . . , X, of n tested it,ems. However, 
in the majority of practical cases the lifetimes of 
all tested items are not known, as the test is usu- 
ally terminated before t.he failure of all items. It 
means that. exact lifetimes are known for only a 
portion of the items under study, while remaining 
lifetimes are known only to exceed cert,ain val- 
ues. This feature of lifetime data is called censor- 
ing. More formally, a fixed censoring t,ime Zi > 0, 
i = 1 , .  . . , n is associated wit,h each item. We ob- 
serve Xi only if Xi 5 Zi. Therefore our lifetime 
data consist. of pairs (TI, ?I), . . . , (T,, ?,), where 



Numerous parametric models are used in the life- 
time data analysis. Among them the most widelv 
used are the exponential, Weibull, gamma and 
lognormal distribution models. Hist,orically, the 
exponential model was the first lifetime model ex- 
tensively developed and widely used in many ar- 
eas of lifetime analysis: from studies on t,he life- 
times of various types of manufactured items t,o 
research involving survival or remission times in 
chronic diseases. In this model the lifetime is de- 
scribed by the probability density function 

where 8 > 0 is the mean lifetime. It is worth 
to notice that the hazard function in the consid- 
ered model is constant. Although this assumption 
is very restrictive: the exponential model is still 
frequently used in practice because of two impor- 
tant features: its parameter 8 is easily estimated 
and for lifetimes described by a probability dis- 
tribution with increasing hazard it gives conser- 
vative approximation for the mean lifetime. Thus 
in this paper we assume that the exponential dis- 
tribution model is the mathematical model which 
describes lifetimes of tested items. Note that 

is the total survival time, where 0 and C denote 
the sets of items for whom exact lifetimes are ob- 
served and censored, respectively. Moreover, let 

denote the number of observed failures. In the 
considered exponential model the statistic (r, T )  
is minimally sufficient statistic for 8 and the max- 
imum likelihood estimator of the mean lifetime 8 
is (assuming r > 0) 

I t  can be shown that statistic is approximately 
chi-square distributed with 2r + 1 degrees of free- 
dom. I t  appears that this approximation can be 

used for constructing satisfactory confidence in- 
tervals even for quite small sample sizes (e.g., see 
[2]). For example, the one-sided confidence inter- 
val with upper limit for 8 on the confidence level 
1 - 6 i s  

where X:r+1,6 is the quantile of order 6 of the chi- 
square distribution with 2 r + l  degrees of freedom. 

3 Vague data 

3.1 f i z z y  l ifetimes 

Now suppose that the lifetimes are no longer crisp 
but vague. A generalization of the exponential 
model which admit vagueness in lifetimes was 
considered by Grzegorzewski and Hryniewicz [I]. 
They model imprecise lifetimes by fuzzy numbers. 
Thus applying the extension principle to (4) we 
get a fuzzy total survival lifetime T (which is also 
a fuzzy number) and a fuzzy estimator of M T T F  
in the presence of vague data is given by 

For more details and the discussion on fuzzy con- 
fidence intervals we refer the reader to [I]. 

3.2 Up a n d  d o w n  states 

Very often, in practice, we deal with not only criti- 
cal failures but also with non-critical failures, usu- 
ally described in a common language. For exam- 
ple, one is anxious because of the sudden strange 
noise in the car. However, he can still drive this 
car. Such situation corresponds to a failure which 
is not critical (at least in this moment). 

In order to take into account such non-critical fail- 
ures let us describe the state of each observed item 
at  the time Li. Let G denote a set of all items 
which are capable at  their censoring times Li. 
Therefore we can assign to each item i = 1, .  . . , n 
its degree of belongingness gi = pG(i) to G,  where 
gi E [O, 11. If gi = 1 then given item haven't 
had any failure before Li and it works perfectly 
a t  the time moment Li, while for gi = 0 it have 
had a critical failure before or a t  time moment 
Li. If gi E (0 , l )  then item under study neither 



works perfectly nor is completely failed. So G is 
a fuzzy set with a finit,e support. Alternatively, 
one can consider a set D of faulty items and, of 
course, the degree of belongingness t,o D is equal 
to di = p D ( i )  = 1 - gi. Further on we'll call gi 
and di as a degree of the up state and down state, 
respectively. Now we have t,o find a fuzzy counter- 
part. of the number of observed failures r .  Below 
we propose several methods for failure counting. 
Depending on the output we can divide them into 
t,wo groups: crisp or fuzzy methods. 

3.3 Crisp  failure counting 

Let 91,. . . , gn (dl , .  . . , dn) denote degrees of up 
states (down states) of all it,ems under test. The 
most natural way for counting failures is to con- 
sider critical failures only or to treat all kinds 
of failures similarly. This two approaches corre- 
spond to ~pt~imistic (or liberal) and pessimistic 
(conservative)  viewpoint,^, respect,ively. Thus the 
number of failures observed in accordance with 
the optimistic viewpoint is 

where I is an indicator function, while the num- 
ber of failures obtained in accordance with the 
pessimistic viewpoint is 

More generally, one can take into account only 
failures with some degree of down state (up state). 
Then we get 

where E E (0 , l ) .  Measures (9) - (11) are crisp, 
since RTt, Rpes, RE E N U (0). It is clear that. 
RTt 5 RE 5 Rpes for each E E (0 , l ) .  The 
methods of failure counting described above are 
in some sense reductive. Actually, they aban- 
don the whole information on part.icular degrees 
of up st,ates or down st.ates and utilize only part 
of that information - whether t,hese degrees ex- 
ceed a given level. However, sometimes it would 

be useful t,o take int,o account all accessible in- 
formation. Then a following method for failure 
counting might be used 

where (Dl and IGI denotes the cardina1it.y of fuzzy 
set D and G, respectively. 

3.4 Fuzzy failure counting 

The basic advantage of the methods for counbing 
failures given above is that they are easy to han- 
dle, since their output are crisp. Unfortunately, 
such approach doesn't reflect reality very well, es- 
pecially that the test results are often non-precise 
but vague. Moreover, the requirements are also 
sometimes vague. It seems that the best way to 
summarize fuzzy descriptions of the test results is 
to use fuzzy failure counting measures. We con- 
sider observed degrees of down states and count 
the number of failures we would get if the rejec- 
tion limit, would be fixed on each degree of down 
state (naturally, the lower is the rejection limit, 
more failures we observe). Thus we get a follow- 
ing fuzzy measure of the number of failures: 

where ID1 denotes fuzzy cardinality of fuzzy set 
D. We may also start from up states. Therefore 

where lGlf denotes fuzzy cardinality of fuzzy 
set G. However, contrary to the crisp counting 
\Dl # n - [GI f .  It is seen that such fuzzy mea- 
sure of t,he number of observed failures is a finite 
fuzzy set. It is also a normal fuzzy set (since we 
assume, as in the classical approach, that there 
exist at least one critical failure). 

4 MTTF estimation 

By the extension principle, we may define a fuzzy - - 
est,imat,or of the mean lifetime 6' in the presence 
of vague data as - - T e x -  

R ' 



where T is t,he fuzzy t,otal survival time and R de- 
not,es the number of vaguely defined failures (crisp 
or fuzzy). Actually (15) provides a family of esti- 
mators that depend on the choice of R. Namely, 
one can choose his preferred measure of failure 
counting R E {Rqtl RpeSl Rc, RC, R&,, , g e s }  and - - -  - - -  
get, as a result, an estimator Oqt, Opes, f3c (0 < - -  - 
C < I ) ,  %, ?kt, ?Ls, respectively. It is not diffi- - - 
cult to prove that. f3 is a fuzzy number. 

Besides finding the fuzzy estimator of the mean 
lifetime we can also construct fuzzy confidence in- 
tervals for MTTF. 

Theorem Assume T denotes the fuzzy total sur- 
vival time with a membership funct,ion p~ and R 
is the number of observed failures. Moreover, let 
Tz = supit t R : ~ ( t )  > a) and let X2f,6 denot,e 
the quantile of order 6 E (0 , l )  from the chi-square 
distribution with df degrees of freedom, where ei- 
ther df = 2R + 1 for R E {Ropt,Rpes,RC,R~), 
( t (0.1) or df = 2 ~ :  + 1 for R t { R L ~ ~ , & ~ S ) ,  
R: = max{x E N : pR(x) > a ) .  Then a fuzzy 
set II = n ( T )  given by a family of its a-cuts 

is the one-sided confidence interval with upper 
limit for the mean lifetime O on the confidence 
level 1 - 6. 

5 Conclusions 

We have shown how to estimate the mean lifetime 
in the presence of vague lifetimes and vague num- 
ber of observed failures. The suggested method- 
ology can also be used for models other than ex- 
ponential. 
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