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Abstract

A single machine scheduling problem
with parameters given in the form of
fuzzy numbers is considered. It is as-
sumed that the optimal schedule in such
a problem cannot be determined pre-
cisely (since the parameters are not
known a priori). In the paper the con-
cept of degree of possible optimality of
a given schedule is introduced. An al-
gorithm of calculating the degree of op-
timality in the general case is presented
and then it is applied to two particular
cases of the problem.
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1 Basic notions on fuzzy numbers

Let us remind the most general definition of a
fuzzy number:

Definition 1 A fuzzy number A is a normall
fuzzy set in the space of real numbers R with the
membership function p; : ® — [0,1], conver and
upper semicontinuous on R.

Definition 2 The \-cut of a fuzzy set A is the
set:
A = {zlpa(z) 2 A}, A€ (0,1 (1)

! A fuzzy set A is normal if and only if there exists z € R
such that p4(z) = 1.
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It follows from the properties of the membership
function of a fuzzy number A that each its M-cut
A* X € (0,1], is a closed interval. We denote it
by A* = [a(}), a(M)].

Definition 3 A fuzzy number A is called inter-
val number if its membership function is of the
following form:

|1 for ze€la,a,
ﬂ/i(x)—{ 0 for z€(-o0,a)U(a, ), @

where —00 < a <@ < 00.

We denote the interval number as A = [g,d]. If
A is an interval number, then for each A € (0, 1]
A* = [a,@]. Let us notice that a real number
y is a special case of interval number with the
membership function:

1 f =y,
PER R BT

2 The concept of possible optimality
in a single machine scheduling
problem

Consider a single machine scheduling problem S
with the cost function f(p). The value of the
function f(p) depends on the schedule p and on
the set of real parameters Z = {zy, ..., 21}, such
as processing times, due dates, release times etc.
Thus, the cost function f(p) can be also de-
scribed as f(p;z1,...,21). Assume now that all
the parameters are given imprecisely by means
of fuzzy numbers Zy, ..., Z; with membership func-
tions pz (), ..., gz, (z). Such a problem is called a
fuzzy scheduling problem S . In this case it



is not obvious how to define the optimal schedule
but it is natural to define the degree of optimality
of given schedule p as the possibility degree that
p is optimal. Assume that T'S(p) C R! is the set
of all configurations of parameters (zy, ..., 2;) € Rl
for which p is optimal solution of the problem S,
i.e. for each (z,...,2) € I'°(p) we have
Vo f(p521, - 21) < fm5 21,0y 21)-

The degree of optimality, opts(p), of a given
schedule p in fuzzy problem S is defined as fol-
lows:

opts(p) = sup

(21,-.,21) €05 (p)

min{ps (21), ..., 5 (20)}-

If T%(p) = 0 then we assume that optg(p) = 0.
Let us notice that optg(p) € [0, 1] for each sched-
ule p.

The special case of the fuzzy problem S, in which
all parameters are interval numbers z; = [z;, %],
1 =1,..,,1, is of great importance. The problem
of calculating the value of optg(p) for any sched-
ule p, where all parameters are interval numbers
is called the interval problem S and denoted
by i — S. It follows from definition of the interval
number (see Definition 3) that for each schedule p
in the problem ¢ — S opts(p) € {0,1}. In each in-
terval problem opts(p) = 1 if and only if there ex-
ists a configuration of parameters (21, ..., 2;) such
that z; € [z;,%:] and (21, ..., 2;) € T'%(p). The in-
terval scheduling problem is important since the
following theorem holds:

Theorem 1 The degree of optimality opts(p) in
fuzzy scheduling problem S is not less than given
value of A € (0,1], i.e. optg(p) > A, if and
only if there exists a configuration of parame-
ters (21,...,21) € T5(p) such that z € z} for
t=1,...,1.

Theorem 1 implies that in order to check whether
opts(p) > A in the problem S with fuzzy parame-
ters Z = {z1,..., Z1} it is enough to solve the cor-
responding interval problem i — S with the set of
parameters Z = {z},...,2]'}. We have used this
property to construct Algorithm 1 that calculates
the value of optg(p) with a given computational
accuracy €.

Algorithm 1 Calculation of degree of optimality
of p in fuzzy scheduling problem S

Require: Parameters of S, p, € € (0, 1]
Ensure: opts(p)
1: if p is infeasible then
2:  return 0 /* opts(p) =0 x/
3: end if
4: if opts(p) = 1 in the problem ¢ — S for pa-
rameters 3}, i = 1,...,1, then
return 1 / x opts(p) =1 %/
: end if
A —05, A0, k1
while |A; — A2 > ¢ do
/\2 — /\1
10: if optg(p) = 1 in the problem ¢ — S for
parameters z”{\l, t=1,...,] then

11: A1— M+ 57‘171‘
12:  else

1
13: Al — Al — okF1
14: end if

15: k+—k+1
16: end while
17: return Ay / * opts(p) = A\ =/

The computational complexity of Algorithm 1 is
equal to O(| loge|f(n)), where f(n) is the compu-
tational complexity of the corresponding interval
problem ¢ — S. It is assumed that f(n) depends
only on the number of jobs. The complexity of
the problem 7 — S depends on the problem S and
the algorithm solving the interval problem must
be constructed for every problem S separately. In
the next sections we show how to solve sample in-
terval scheduling problems being special cases of
the interval problem 1|prec|fmqez- To specify the
particular scheduling problems we apply the com-
monly used notation (see [1]).

3 Some new results on the
conventional problem 1|prec|fmaz

Let us remind the formulation of the classical sin-
gle machine scheduling problem 1|prec|fmez - A
set of jobs J = {1,...,n} to be processed on a
single machine is given. It is assumed that pre-
emption of jobs and idle machine times are not
allowed. For each job ¢ € J a positive, real pro-
cessing time t; is given. The machine can process
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only one job in a time and each job ¢ € J must
be processed by the time ;. Thus each sched-
ule can be represented by the sequence of jobs
p = (p(1),...,p(n)), where p(3) € J fori =1, ...,n.
Let us denote by p* the set containing all jobs pro-
cessed before 7 in the sequence p. The completion
time C;(p) of job i € J in a given sequence p can
be calculated as follows:

Cilp)= >, t (4)

jeptuli}

Assume that an acyclic and transitive precedence
relation prec C J x J between jobs is given. A
sequence p is feasible if and only if it fulfills the
following condition:

(i,7) € prec=> i€ p’. (5)

Condition 5 means that if (7, j) € prec then the
job j cannot be started before the job i is com-
pleted. Let us associate with each job i € J a cost
function f; : Rt — R, where f;(Ci(p)) denotes
the completion cost of i-th job in the sequence
p. The problem consists in finding such a feasi-
ble sequence p for which the maximal completion
cost, i.e. max;es{fi(Ci(p))}, is minimal. If we
assume that f;, ¢ = 1,...,n, are non-decreasing
functions then the problem can be easily solved
by the known Lawlers’s algorithm [3].

Let us introduce some additional notations on the
considered problem [2].

Definition 4 A job k € J is called critical in a
sequence p if the following condition holds:

Fx(Cie(p)) = max{fi(Ci(p))}-

A job k € J is critical in p if its completion cost
is the biggest among all jobs.

Definition 5 A set Succj(p) consists of these
jobs i € p?, that can be moved after job 7 in p
without violating the precedence relation prec.

The following theorem holds [2]:

Theorem 2 Suppose that all cost functions f;,
i =1,...,n, are strictly increasing and a sequence
p ts feasible. The sequence p is optimal if and only
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if there exists in p a critical job k such that for
each j € Succk(p) the following condition holds:

fe(Cx(p)) < fi(Cr(p)).

We use Theorem 2 to construct efficient algo-
rithms for several interval scheduling problems.

4 The problem i — 1|precimaz{w;L;}

The classical problem 1|prec|maz{w;L;} is a spe-
cial case of the problem 1|prec|fmer with the cost
function of the following form:

filp) = Iglea}({wiLi(P)},

where L;(p) = C;(p) — d; is the lateness of i-
th job in schedule p. The set of parameters of
the problem includes processing times ti, ..., %5,
due dates dj, ..., d, and weights wy, ..., w,. Con-
sider now the corresponding interval problem i —
l|precmaz{w;L;}. We assume that processing
times and due dates are interval numbers [¢;,%;]
and [d;,d;], respectively, ¢ = 1,..,n, and all
weights are positive real numbers. In order to
check whether opts(p) = 1 we must check if there
exists configuration of parameters t; € [t;,1],
d; € [d;,d;], i = 1,...,n, for which p is optimal.
Since all cost functions f;(C;(p)) = Ci(p) — d; are
strictly increasing it is possible to apply Theorem
2 to the considered problem.

Theorem 3 The degree of optimality of a sched-
ule p in the problem i—1|prec|maz{w;L;} is equal
to 1 if and only if p is feasible and there exists
k € J for which the following system of inequa-
tion is feasible:

_t.i Stzszz 72:11‘“1")
d,S‘LS& 7:———'1,...,”,
Uk(p) = Cp(,') =1lpa) + - + o) Z =1,..,n,
wi(Cr —di) > wi(Ci —di) i=1,..,n

wi(Crx —di) <wi(Cx —di) i€ Suceg(p).

Theorem 3 is a direct consequence of Theorem 2.
In the first two lines of the system Uy (p) we assure
that all parameters belong to the proper intervals.
In the third line we calculate the completion time
of each job in p, i.e. if p(i) = j then Cp;) = Cj(p).



In the last two lines we assure that job k& is critical
and check the sufficient and necessary condition
from Theorem 2. It is clear that there exists a
proper configuration of processing times and due
dates for which p is optimal if and only if at least
one system Uy (p) is feasible.

Let us notice that for a given schedule (sequence
of jobs) p all systems Uk(p), k¥ = 1,...,n, are
linear and their feasibility can be easily checked
in polynomial time. In order to check whether
opts(p) = 1 for a given, feasible schedule p it is
enough to solve at most n system of linear inequa-
tions Ug(p) for k =1, ...,n (see Algorithm 2).

Algorithm 2 Algorithm for the problem i —
1|precimaz{w;L;}

Require: n, (wi)?=17 ([C_li:ai])?=1: ([tiv_fi])?=1’prec?p
Ensure: opts(p)

1: for k=1tondo

2:  if The system U*(p) is feasible then
3 return 1

4: end if
5
6

: end for
: return 0 /+ All U¥(p) are infeasible */

Algorithm 2 together with Algorithm 1 allows
to calculate effectively the degree of optimal-
ity of a given schedule p in the fuzzy problem
1|prec|maz{w;L;}.

5 The problem i — l|precimaz{w;T;}

Consider the special case of the problem
1|prec| fmaz in which the cost function takes the
following form:

f2(p) = rgg,X{wiTi(p)},

where Tj(p) = max{0, C;(p) — d;} is the tardiness
of the i-th job in schedule p. The corresponding
interval problem ¢ — 1|precimaz{w;T;} is defined
similarly to the problem ¢ — 1l|precimaz{w;L;}
considered in the previous section so processing
times and due dates are interval numbers and
weights are positive real numbers. Both problems
are closely connected since the following theorem
holds:

Theorem 4 If fo(p;ty,-rtn,d1y...;dn) > O for
a gwen, feasible sequence p, then the problem

i — l|precimaz{wT;} is equivalent to the prob-
lem i — 1l|precimaz{w;L;} with the same set of
parameters.

It is obvious that if fo(p;ty,...,t,,d1,...,dn) = 0
then the schedule p is optimal for the configura-
tion (¢1,...,t,,d1,..-,dn) and opts(p) = 1. The
algorithm for the considered problem is similar to
Algorithm 2 and is presented as Algorithm 3.

Algorithm 3 Algorithm for the problem ¢ —
1|precimaz{wT;}
Require: n, (wi)?zh ([C—liv Ei])?:h ([Ei’ zi])?=17p’rec’ p
Ensure: opts(p)
1: if fa(p;ty, ...,En,al, ,En) =0 then
2 return 1
3: end if
4: for k=1ton do
5: if The system U¥*(p) is feasible then
6
7
8
9

return 1
end if
: end for
: return 0 /+ All U*(p) are infeasible */

Algorithm 3 together with Algorithm 1 allows
to calculate effectively the degree of optimal-
ity of a given schedule p in the fuzzy problem
1|precimaz{w;T;}.
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