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Abstract. Yager et al. first introduce compensatory operators. This paper fur-
ther introduces a kind of weighted compensatory operators, and a kind of prior-
itized compensatory operators. The difference between these similar classes of
operators are identified. In addition, the paper introduces the concepts of ordered
weighted/prioritized compensatory aggregation.
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1 Introduction

Many authors define aggregation as operators generalizing “AND” and “OR” fuzzy
connectives [3]. However, the two extremal situations of “AND” and “OR” may not
always match real-life scenario. Thus, other alternative aggregation operators, such as
compensatory operators [4], have been proposed for a tradeoff between these two cases.
On the other hand, in traditional aggregation each entity is assumed to carry equal im-
portance. This is not always true. By taking into account the relative importance of each
entity, some weighted or prioritized aggregation operators have been proposed, such as
weighted mean operators, OWA-operators [5], weighted compensatory aggregations [4]
and prioritized disjunction aggregation operators [1, 2]. This paper aims at introducing
several new kinds of weighted/prioritized compensatory operators.

The rest of this paper is organized as follows. Sections 2 and 3 introduce the con-
cepts of a kind of weighted compensatory operators and a kind of prioritized compen-
satory operators, and discuss their basic properties. Section 4 identifies the differences
between these two similar classes of operators. Section 5 introduces the concept of
ordered weighted/prioritized compensatory operators. Section 6 reviews related work.
The final section concludes the paper.

2  Weighted Compensatory Aggregation

First, let us recall the concept of the compensatory operators [4], and the concept of
weight operators [4] with respect to compensatory operators.
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Definition 1 [f an operator o : [0,1] x [0,1] — [0, 1] is increasing, associative and
commutative and has unit element ¢ € (0,1), then it is a compensatory operator,
denoted as B().

Actually, we can regard the unit element of a compensatory operator as a threshold:
if an operand is greater than the threshold the operand is regarded as being positive;
otherwise, the operand is regarded as being negative. One of the important properties
of compensatory operators is that when one operand is positive and the other is negative,
the result of compensatory operation is a tradeoff between the operands [4].

Definition 2 [fan operator o : [0,1] x [0, 1] — [0, 1] satisfies

1) Va,d’ €[0,1],e<a' 3 woa<wod,
2 Va€le,ljw<uw mwoa<uwog,
) Va€[0,¢],w<w Zwoa>uwoa,
4) Ya€[0,1],10a =aqa, and

5) Va€e[0,1],00a =¢,

where e € (0,1) is a constant, then it is a weight operator, denoted as $(¢). In the
weighted entity w()a, w is the relative weight (or weight for short), and a is the
unweighted entity (or entity for short).

The axioms on weight operators capture the following intuitions. 1) A weighted en-
tity should increase with the entity. 2) When an entity is positive, the higher its weight,
the more positive the weighted entity. 3) When an entity is negative, the higher its
weight, the more negative the weighted entity. 4) When an entity has the absolutely
highest weight 1, the weighted entity should be the entity itself. 5) An entity with the
weight 0 should not effect on the result of the compensatory aggregation. Hence, the
weighted entity should be the unit element £ of the compensatory operator FB(¢).

Second, let us give some properties of weight operators.

Theorem 1

De<a<l=e<wdllac<a,
) 0<a<e=a<wdlla<e

Proof. 1) In the case € < a < 1, by axioms 5, 2 and 4 of weight operators, we have
£ =00"a < wdlla< 10E)a = a.
2)Inthe case 0 < a < ¢, by axioms 5, 3 and 4 of weight operators, we have
e =00 > wOEg > 10E)g = q. ]

The theorem means that when an entity is positive the weighted entity becomes less
positive, and when an entity is negative the weighted entity becomes less negative.
Before defining our weighted compensatory operators, we need one more definition.

Definition 3 [fan operator o : [0, +00) x (0,400) = [0, +00) satisfies
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1) aca=1,

2) 0oa=0,

3) w o a increases withw, and

4) w o a decreases when a increases,

then it is a general division operator, denoted as @.

The above concept is a generalization of the usual arithmetic division operator.

Hereafter unless otherwise specified, the following symbols always take the mean-
ing here: @ = (a1, -+, a,) € [0,1]", w = (wy, - - -, wn) € [0, 00)" such that w; is the
weight of a; (0 < ¢ < n), and Wmay = max{wy, -, wy}.

Definition 4 4 weighted compensatory operator (WCO) of dimension n is a map-
ping Fweo : [0,1]" x [0, c0]® — [0, 1], defined as

FWCO(a: w) = ((wl @ wmar)o(e)al) EH(E) T E(e) ((wn (%) wma:)o(e)an)- (1)
Let us discuss the properties of weighted compensatory operators.

Lemma 1 ([4])

1) Ya €[0,¢),aB®) 0 =0,
2) Ya € (g,1],aB® 1 =1.

Theorem 2

1) If there is an operand a;, = 0 and its weight w;, = Wmaz, and Yi # o, ((w; @
Wmaz)Oai) € [0,€), then Fwcola,w) = 0.

2) Ifthere is an operand a;, = 1 and its weight Wi, = Wmas, and ¥i £ ig, ((wi @
wmaI)Oa;) S (6, ].], then cho(a, w) =1.

Proof. When a;, = 0, by axioms 1) and 4) of general division operators we have
(wio % wma:)oaio - (wmaa: (%) wmaa:)oo =100 = 0.

Similarly, when a;, = 1, we have (wi, @ Wmas){ai, = 1. Thus, by Lemma 1, when
a;, = 0, we have Fiyco(a, w) = 0; when a;, = 1, we have Fiyco(a,w)=1. O

The theorem means: 1) when an entity with the highest weight is absolutely positive
and other weighted entities are positive, the result of a WCO aggregation is absolutely
positive; and 2) when an entity with the highest weight is absolutely negative and other
weighted entities are negative, the result of a WCQ aggregation is absolutely negative.

3 Prioritized Compensatory Aggregation

First, we introduce the concept of priority operators with respect to compensatory op-
erators.

Definition 5 Ifan operator o : [0,1] x [0, 1] — [0, 1] satisfies
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I) Ya,d' €[0,1],a<a’ =>poa<pod,
2) Yaele,1l],p<p =>poa>poaq,
3 VYae0el,p<p = poaspoq,
4) Ya€[0,1],l0a=a,

5) Ya€ e, 1],00a=1 and

6) Ya € [0,¢],00a=0.

where ¢ € (0,1) is a constant, then it is a priority operator, denoted as o(*). In the
prioritized entity pol€), p is the relative priority, and a is the non-prioritized entity
(or entity for short).

The five axioms on priority operators capture the following intuitions. 1) A priori-
tized entity should increase when the entity increases. 2) When an entity is positive, the
higher its priority, the less positive the prioritized entity. 3) When an entity is negative,
the higher its priority, the less negative the prioritized entity. 4) When an entity has the
relative highest priority 1, the prioritized entity is the entity itself. 5) When an entity
with the lowest priority 0 is positive, the prioritized entity should become absolutely
positive. 6) When an entity with the priority 0 is negative, the prioritized entity should
become absolutely negative.

The following theorem reveals some properties of priority operators.

Theorem 3

De<a<l=1>polla>a,
20<a<e=0<poa<a

Proof. 1) In the case € < a < 1, by axioms 5, 2 and 4 of priority operators we have
1=00)a>poa>16a=a.
2) In the case 0 < a < ¢, by axioms 6, 3 and 4 of priority operators we have
0=00®a<poa<1e&g=a. ui

The above theorem means that when the entity is positive the prioritized entity is
still positive and more positive, whereas when the entity is negative, the prioritized
entity is still negative and more negative.

Hereafter unless otherwise specified, the following symbols always take the mean-
ing here: p = (p1,- -, pn) € [0, 00) such that p; is the priority of a; (0 < 7 < n), and
Pmazr = maX{Ply e 'ypﬂ}-

Definition 6 A4 prioritized compensatory operator (PCO) of dimension n is a map-
ping Fpco :[0,1]" x {0, +00)" — [0, 1], defined as

Fpco (a: P) = ((Pl %] Pma:c) O(E) P) Eﬂ(s) o EB(E) ((Pn %] Pmar) °(E) an)- (2)
Theorem 4

1) If there is an operand a;, = 0 and its priority p;y, = pmaz, and Vi # 4o, ((p; @
Pmar) ol€) a,-) c [0,6), then cho(a, p) =0.
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2) If there is an operand a;, = 1, and its priority pi, = pmaz, and ((pi @ pmaz) o)
a,-) c (6, ]], then cho(a,p) =1.

Proof. The proof is similar to that of Theorem 2. m]

The theorem means: 1) when an entity with the highest priority is absolutely positive
and the other prioritized entities are positive, the result of a PCO aggregation is abso-
lutely positive; 2) when an entity with the highest priority is absolutely negative and
the other prioritized entities are negative, the result of a PCO aggregation is absolutely
negative.

4 Difference between Weight and Priority

The concepts of weight and priority can both be used to indicate the importance level
of an entity among a group of entities, but their effects in compensatory aggregation are
different. In this section, we will make a theoretic analysis for their difference.

First, we have the following theorem.

Theorem 5

IDe<a<lze<wdlla<a<wolg,
20<a<e=0<polda<a<pda

Proof. The result of the theorem is straightforward from Theorems 3 and 1. ]

The above theorem reveals the following differences between weight operators and
priority operators: 1) When an entity is positive, the weighted entity and the prioritized
entity are both positive. The weighted one is less positive than the original one, while
the prioritized one is more positive than the original one. 2) When an entity is negative,
the weighted entity and the prioritized entity are both negative. The weighted one is
less negative than the original one, while the prioritized one is more negative than the
original one.

Second, the following table, according to Definitions 2 and 5, further shows us the
difference between a weighted operator and a priority operator. That is, given an entity
a 1) in the case where a is negative, the weighted entity decreases when the weight w
increases, while the prioritized entity increases when the priority p increases; 2) in the
case where a is positive, the weighted entity increases when the weight w increases,
while the prioritized entity decreases when the priority p increases.

| [ o [0 1))
weight operator |[wda| ¢ | A/
priority operator|jp o€ a| & | Ny

Third, the following theorem reveals the difference between weighted compensatory
aggregation and prioritized compensatory aggregation.
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Theorem 6 Suppose a, = (a1, -+,8i—1,0, 041, *,85-1,05,Cj41, -, 0n) and @’

= (a1, -, i—1,@i,@i+1," -, Qj—1,@, 41, - -, 8n) have the same weight vector and
the same priority vector wp = (wp1, - -, Wpp). Let Wpmer = max{wpy, -, wpn}.
And suppose

(wpi @ WPmaz) © ai = (Wpj @ WPmaz) © G;. )

1) When a € [¢,1], if wp; < wp;, then
Fwcola., wp) < Fwco(a®, wp), C))
Fpco(a«,wp) > Fpco(a®, wp). (5)

2) Whena € [0,¢), if wp; < wpj, then
Fwco(a.,wp) > Fwco(a™, wp), (6)
Fpco(a., wp) < Fpco(a®,wp). @)

Proof. We only prove (4). Others can be proved similarly. From the assumption of the
theorem, for any k # 7, j, we have
(WPk @ WPinaz) O\ ak = (Wpk @ WPmaz)Oar.
Again noticing (3), we have
B {(wpk @ Wpmaz) O aps | k # i} = B {(wpk @ Wpmaz) O ok | k # 5}

In the case a € [e, 1], by property 2 of weight operators and from condition wp; < wpj,
we can obtain

(wpi %] mear)O(E)a S ('U)Pj @ meaz)O(E)a.
Thus, by the commutativity and monotonicity of compensatory operators, (4) holds. O

The above theorem reveals the different effects of weights and priorities in compen-
satory aggregation: 1) when an entity is positive, the higher its importance, the bigger
the result of weighted compensatory aggregation tends to be, whereas the smaller the
result of prioritized compensatory aggregation tends to be; and 2) when an entity is
negative, the higher its importance, the smaller the result of weighted compensatory
aggregation tends to be, whereas the bigger the result of prioritized compensatory ag-
gregation tends to be.

S Ordered Weighted/Prioritized Compensatory Aggregation

Definition 7 An ordered weighted compensatory operator (OWCQO) of dimension
n is a mapping Fowco : [0,1]" x [0, 1] — [0, 1], defined as

FOWCO (a)w) = ((w1®wma1)<>(e)aa(1))EE(E)' . 'BE!(E)((wn®wmaz)<>(s)aa(n)); (8)
an ordered prioritized compensatory operator (OPCO) of dimension n is a map-
ping Fopco : [0,1]" x [0,1]* — [0, 1], defined as

FOPCO (a; p) = ((Pl @Pmnr) O(E) aa(l)) Ba(s) s m(s) ((pn %] Pmar) O(E) aa(n))v (9)

where {1y, -, a0(n)} is @ permutation of {ay, - - -, an} such that as(;y > Gg(it1)
(1 <i<n-—1),w=(wy,- --,w,) such that w; is the weight of ordered position 1,
and p = (p1,- -+, pn) such that p; is the priority of ordered positionz (1 <1 < n).
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6 Related Work

The definition of weighted compensatory operators improves upon that first introduced
by Yager et al. [4]. In our operators weights take values on [0, c0), while in Yager’s
operators weights take values on [0, 1]. In other words, when using Yager’s operators
users have to assign maximum value 1 to every entity with the highest importance. In
a dynamic environment, entities may be added or deleted during aggregation. What if
an entity with an importance higher than that of any existing entity is added in? And
what if the entity with maximum weight 1 is removed? This might involve recalculating
the weights of all entities. However, no such service is provided in Yager’s operators.
Thus, users have to re-assign weights to all entities again. This might cause trouble
to users, especially in the case of a large number of entities. In our framework there
is no maximum value for weights, and so a bigger value can be assigned to an added
entity if it is considered to be more important than any existing entity. Similarly, we can
understand the situation in which some entities are deleted.

Dubois and Prade [1], and Luo, Leung and Lee [2] propose prioritized disjunction
aggregation operators. Disjunction aggregation operators (T-norms) and compensatory
operators are special cases of uninorms [4]. The idea behind prioritized disjunction
aggregation operators is employed to introduce prioritized compensatory operators in
this paper. In addition, the idea behind ordered weighted average operator of Yager [5]
is used to define ordered weighted/prioritized compensatory operators.

7 Conclusion

This paper introduces concepts of several kinds of weighted/prioritized compensatory
operators, discusses their priorities, and identifies the differences between weighted
compensatory operators and prioritized compensatory operators.
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