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Abstract

A very different suggestion to the Zadeh's
rule for fuzzy inference is the least squares
method proposed by T. D. Pham and Val-
liappan. The aim of this paper is to study
the possible contradictions appearing in this
method and, additionally, to extend it when
functions are not necessarily monotonic.
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1 Introduction

1.1 Inference is a process by means of which
new knowledge can be attained from known facts
(premises). In classical logic, where only two values
can give the truthfulness of a sentence, the method
commonly used to make an inference is Modus Ponens
(MP). As is well known, the scheme of this method
can be formulated as:

P,: IfA then B
Pa: A
C: B

where P; and P, are the premises and C is the ultimate
conclusion of the method. This scheme is extended
to fuzzy reasoning as what is known as Generalized
Modus Ponens (GMP), which is described as follows:

P;: IfzisA then yisB
Pa: z is A* (1
C: y is B*

where A and A* are predicates in a universe of dis-
course F, whose membership functions g4, pa- are
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fuzzy subsets of E, that is, pa,pa- € [0,1]%, and B,
B* are predicates in another universe F', with mem-
bership functions pg, ug- € [0,1]F.

It should be pointed out that if the predicates are crisp
and A = A*, then GMP coincides with classical MP.

One of the best known methods for obtaining the
above rule of fuzzy inference was developed by L.
Zadeh (see [6], [7] and [8]). This is the well-known
Compositional Inference Rule, where the conclusion
B* is obtained as follows: For all y € F

e (y) = sup T(ua- (2), pr(z,y)) (1)
z€E

with pr(z,y) = J(pa(z),es(y)) is a fuzzy relation,
where usually J is an implication function, modelling
the rule “If-Then” in accordance with its use, and T is
a t-norm translating the conjunction of the premises
P1 and P2.

1.2 A very different suggestion to Zadeh’s for fuzzy
inference was proposed by T.D. Pham and S. Valliap-
pan in [3] for a finite universe. The general idea is to
link 14 and pa- by constants, making it possible to
express p14- by pa. Having done this, this relation is
translated to ug to obtain yg..

14 and pa- are related not directly, but by other func-
tions that approximate them, and that are searched
by the least squares method. The process is as fol-
lows: Let E = {z1,...,Zn} be a finite universe of dis-
course and 4, ua- € [0,1]F be two fuzzy subsets of E.
Two fuzzy sets p1 5, f13. € [0, 1]¥ are obtained, defining
p5(z) = az® and p3z.(z) = a*z?", for all z € E, where
the constants a,b,a*,b* can be determined by means
of the least squares method as follows: the square dis-
tance

(a, b)=||(In(124 (1)), In(ka(zn)))—(In(az1) ., In(azn)) I”

is minimized in relation to the variables a and b, thus
making §2(a,b) = 0 and & (a,b) = 0, the linear alge-



braic system

nlna + (i In Cbi) b= Zn:] In(p(z:))

=1 z

(i In :c) Ina+ <§ (in xi)2) b= é (In2:) (In(u(z:)))

i=1 7

is obtained; and the same goes for a*,b*. Once

a,b,a*,b* are found, for all z € FE it follows

pi.(x) = crpz(x)

where ¢; = and ¢ = 3 So, taking into account

a
b/t
that p7 and 17, are good approximations of 14 and
1a-, respectively, we can conclude that

~ C2
HA = C1l 4,

relation that will be translated to infer conclusions,
that is, ug. will be defined for all x € F as

pp-(3) = c1up ().

Note that a restriction using this method is that the
universe of discourse E must be finite. On the other
hand, it can be that pz(z) € [0,1] or pz.(x) € 10,1]
for some x € E. However, some conditions on the
constants a,b,a*,b* are given in [1] to ensure that
Bz #5. € [0,1]F. Nevertheless, this fact is not rel-
evant for the inference, as the aim is to capture the
relationship between p4, pa- and gz, p3..

On the other hand, the contradictions in the Compo-
sitional Rule of Inference were studied in [5], giving
some conditions to ensure that contradictory outputs
are not obtained from given inputs. We can conduct
a similar study with the method of inference we are
working on.

This paper is devoted to:

1. Studying the possible contradictions appearing in
the least squares model for fuzzy rules of infer-
ence, and

2. extending this method when the functions x4 and
ta- are more general and not necessarily mono-
tonic.

2 Contradiction and the Least
Squares Method

In any inference of the type described by scheme (1)
no contradiction should appear in the sense that:

1. A, A*, B and B* must not be self-contradictory
2. A and A* must not be contradictory, and

3. B and B* must not be contradictory.

So, firstly, we must clarify when a fuzzy set is self-
contradictory and when two fuzzay sets are contradic-
tory.

Given a strong negation N (see [4]), u € [0,1]F is N-
contradictory with ¢ € [0,1]F, if u < Noo. p €
[0,1]F is contradictory with o € [0,1]Z, if a negation
N exists such that g < N o ¢. Furthermore, p is self-
contradictory, if 4 < N o u for some N. [5] gives some
conditions for contradiction. In particular:
Theorem 2.1. p € [0,1]% is self-contradictory if and
only if Sup u(z) # 1

zeE
In the case we are working on, proposed by [1], the
universes are finite and the above result is equivalent
to:

Theorem 2.2. u € [0,1]% is self-contradictory if and
only if Meagc u(z) #1
T

Furthermore, [5] provides some necessary conditions
for sets i and o to be contradictory. Moreover, as we
are working on finite universes, some necessary and
sufficient conditions, are obtained in the following the-
orem:

Theorem 2.3. Let u and o be fuzzy sets in a finite
universe F. u and o are contradictory if and only
if, for all z € E if p(z) = 1, then o(z) = 0, and if
o(z) =1, then u(z) = 0.

Proof: If 4 and o are contradictory, a strong negation
N exists such that p(z) < N oog(z) for all z € E.
If, for some z¢ € E, pu(zg) = 1, then N o o(xg) = 1,
and, hence, o(x9) = 0. Similarly, if o(zo) = 1, then
u(zg) = 0.

Let us see the reciprocal. Let h = max{o(z) ; u(z) >
0}. Note that h < 1, as if o(zg) = 1 with
u(zo) > 0, the hypothesis does not hold. And let
k = max{u(z) ; p(z) <1}.

Let us choose m, such that max(h, k) < m < 1, and
let N,, be the negation with fixed point m. Let us
prove that p and ¢ are N,,-contradictory, and, hence
contradictory, that is, o(z) < Ny, opu(z) for allz € E.

o If u(z) =0, Nyou(z) =1, and o(z) < Ny ou(x).

e If u{z) = 1, by hypothesis, o(z) = 0, and o(z) <
Ny, o p{z).

e Finally, if 0 < p(z) < 1, o(x) < m as p(z) > 0
and, on the other hand, as u(z) < 1, p(z) < k <
m, then Ny, (m) = m < N, (u(z)) and, therefore,
o(x) < m< Ny ou(z). O

Let us apply these results to our case.

The first step for ruling out contradictions is to en-
sure that the predicates A, A* and B are not self-

142



contradictory; that is, there must be some z € F such
that pa(z) = 1 (and similarly for A* and B).

The second step is to ensure that B* is not self-
contradictory, that is, there must be z € E such that
pp-(z) = ap$(z) = 1, that holds if and only if

1 .
up(z) = e but it could be that no element verifies

this conditlion. A possible solution to avoid contradic-
tion in this case is to determine yp-(z) = 1 for all z
such that pp(z) = 1, and pp-(z) = cipg(z) for the
remainder.

Furthermore, A and A* must not be contradictory.
However, it is sufficient that a z € F exists such that
pua(z) =1 and pa-(z) > 0 or viceversa.

The last condition is not to obtain a consequence that
is contradictory to the consequent of the If-Then sen-
tence, that is, up and pp. must not be contradictory.
But, with the previous modification made to the fuzzy
set up-, this fuzzy set is, evidently, not contradictory
with HB-

3 Fuzzy Inference using Least Squares
for Non-monotonic Functions

In this section, we focus on how to use the least squares
method to make inferences when the membership func-
tions are not monotonic.

Let E = {z,...,2,} and F = {2,...,2,,} be two
universes of discourse in [0, 1], A, A* predicates in F
and B a predicate in F whose membership functions
are pa,pa- € [0,1]% and up € [0,1]F, respectively.
The aim is to find B* verifying the above scheme (1).
The method will be developed stepwise:

Step one

Given pa,pa- fuzzy sets in FE, let us consider
{v1,-- Yk, Yk+1} C E verifying that for every i €
{17" .,k} both 14 [yi,yi4]NE and fi4- [vi,yi+:JNE aI€
monotonic functions. For the sake of simplification, we
will denote palfy, yislnE = a4, and pa-|y, i nE =
HA;-

Step two

As functions p4; and p4: are monotonic, they can be
approximated using the least squares method (as in
[1] and [3]) by a;z® and az% | respectively, obtaining

the relation pa: = c’ipi’i for each i € {1,...,k}.
Step three
Translating the above relation to obtain consequences,

for each 7 € {1,...,k}, we define

pB: (z) = Giup(z)*, VzeF
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Step four

Finally, to obtain a consequence B* according to
scheme (1), the function

pgs(z) = F(up; (2),...,pp; (), VT EF

will be obtained, where F is an aggregation function
(see [2]). It would be advisable in the choice of F to use
operators that ensure a result between the maximum
and the minimum of these functions, that is, averaging
operators, Min < F < Max.

Example

Let E=F= {0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1}

be a universe of discourse. Let A =“close to 0.5” and

B="“big” be predicates in E whose compatibility func-

tions are

1a = 0]0+0[0.1+ 0.25/0.2 + 0.5]0.3 + 0.75[0.4 +
1]0.5+ 0.75|0.6+ 0.5|0.7+ 0.25[0.8 +0]0.9 + 0|1

and pup = id|g. Let us éuppose that the rule
“If z is A, then y is B”

is verified, and the given information is A*="“very close
to 0.5”, whose compatibility function is

fia» = 0|0+ 0[0.1 + 0.0625]0.2 +0.25|0.3 + 0.56250.4 +
1]0.5+0.4219|0.6+0.125]0.7+0.0156|0.8+0]0.9+0|1

We will find B*.

In the intervals [0,0.5]NE = E; and [0.5,1]NE = E;,
both functions 4 and pa- are monotonic, and they

verify

2 2
pa; = pa-lg, = (;mlEl)3 = g,
pag = pia- B, = (pale,)” = 13,
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Figure 1: Representation of A=“close to 0.5" and
AT="very close to 0.5”.

1t was proved in [1] that if pa- = pfy, p > 0, then the
power functions approximating them using the least



squares method, u3 and p 3., verify the same relation
i = p%_. So, translating this relation to the conse-

quences, B; = B? and B} = B®, that is:
p5; = 00+ 0.01/0.1 4 0.04]0.2 +0.09/0.3 + 0.16]0.4 +
0.25/0.5-+0.36/0.64-0.49]0.7+0.64|0.8+0.81]0.9+ 1|1

and

pp; = 0]0+0.001]0.1+ 0.008]0.2 + 0.027]0.3 +
0.064]0.4 + 0.125/0.5 + 0.216/0.6 +
0.343]0.7 + 0.512|0.8 + 0.7290.9 + 1|1

Finally, B* is obtained:

pp-(z) = F(up; (), pp; (7)), VZ€E

where F' : [0,1)x[0,1] — [0, 1] is an averaging operator.
In particular, let us consider the following examples:

e F = Max, then pg- = u%.

e F is a weighted mean that can be chosen accord-
ing to the weight of each function B3, 1= 1,2,
in the whole universe. In this case, it could be

T +
F(z,y) = v

, Obtaining

0[0 + 0.0055(0.1 -+ 0.024/0.2 + 0.0585[0.3 +
0.112]0.4 + 0.1875]0.5 + 0.288]0.6 +
0.4165/0.7 + 0.576|0.8 + 0.7695/0.9 - 1|1

kg =

0 0102 03 04 05 06 07 08 09 1
E

Figure 2: Representation of B="“big”, B? and B*.

Remarks

1. Before applying the proposed process, the condi-
tions obtained in the section 2 must be taken into ac-
count in order to avoid contradictions in this inference.

2. Note that the method does not guarantee that the
function ppg- is a fuzzy set, as it can take values not
belonging to {0, 1]. Some conditions on when this holds
were given in [1].

3. If s = g5, with p > 0, then pp- =
F(#B;a"'vﬂB;) = F(H%v)lﬂ]’a) = M% 807 if
A*=“very A” then B*=“very B”. This fact can suit-
ably translate the reality in some frameworks, but
in general, the Zadeh’s compositional rule of infer-
ence does not capture it. For example, in £ = F =
{0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}, let pa(z) = «
and pp(y) = 1 — y be the membership functions of the
predicates A =big and B =small. Taking the rule “If z
is big then y is small” which can be represented by the
Kleen-Dienes’ implication, J(z,y) = Max(1 — z,vy),
and the Lukasiewicz t-norm T = W then, using the
Zathe’s rule for the observation A* =very big, the con-
clusion is

pp(y) = sggW(:ﬁ Max(1-z,1-y))) = 1~y = pp(y)

4. It would be desirable for any fuzzy inference to
capture the classical case in the sense that if pa- = pa,
then pp- = pp; taking in account the previous note
with p = 1, this fact is verified in the inference by the
least squares method.
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