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Abstract

The issue of constructing compensation operators
is discussed in this paper. We propose three con-
struction methods, and construct a series of com-
pensation operators by using these methods.

1 Introduction

Many researchers define the aggregation as operators gener-
alizing “AND” and “OR” fuzzy connectives [Portilla e al.,
2000). However, the two extremal situations of “AND” and
“OR” may not be able to match real-life scenario. Thus,
other alternative aggregation operators, such as mean oper-
ators [Aczél and Saaty, 1983], OWA-operators [Yager, 1988]
and compensation operators [Yager et al., 1996; Klement et
al.,, 1996], have been proposed for a tradeoff between these
two cases.

Compensation operators are applicable in many real prob-
lems, e.g., automated negotiation problems [Luo et al.,
2000b] in e-commerce, meeting scheduling problems [Luo
et al., 2000al, solution synthesis [M. Zhang and C. Zhang,
1999] in distributed expert systems, and parallel combination
[Luo and Zhang, 1999] of uncertainties in expert systems.
The best choice of compensation operators may vary from
problem to problem. In order to offer more freedom in the
selection of suitable compensation operators for various spe-
cific applications, the paper discusses the issue of construct-
ing compensation operators.

The rest of this paper is organized as follows. Section 2
gives three methods for constructing compensation operators.
Sections 3-5 uses these methods to construct a series of com-
pensation operators. The last section concludes the paper.

2 Basic Principle

This section will give three methods for constructing com-
pensation operators.
First, let us recall the concept of compensation operators.

Definition 1 ([Yager et al., 19961) 4 binary operator B(®) :
[0,1] x [0,1] — |0, 1] is called a uninorm operator if it is
increasing, associative and commutative and has unit element
e € [0, 1]. In particular, when € is 1, 0, and between 1 and 0,
respectively, a uninorm operator with unit element € is called
T-norm, T-conorm, and compensation operator, respectively.

In a multi-agent environment, suppose each agent evalu-
ates the same object. Intuitively, in the case their evaluations
are positive, the evaluations should enhance each other; in
the case their evaluations are negative, the evaluations should
weaken each other; in the case some evaluations are positive
and others are negative, there should be a tradeoff. When the
evaluations take values on [0, 1], using a compensation op-
erator to aggregate the evaluations can capture the intuition
[Klement et al., 1996]. In fact, we just need to regard the unit
element of a compensation operator as a threshold: if an eval-
uation is greater that the threshold the evaluation is regarded
as being positive; otherwise, the evaluation is regarded as be-
ing negative.

Second, let us develop the first method.

Definition 2 An operator o : [-1,1] x [-1,1] — [-1,1]
is called a T-conorm-like operator, denoted as <7', if is in-
creasing, associative and commutative, and has unit element
0.

The following lemma is a basic fact in modern algebra
[Marcus, 1978].

Lemmal Let (o, X) and ((),Y) be two algebraic struc-
tures. If

uOw =1 () o f(v2)),

where mapping f : X = Y is I-1 and increasing, and oper-
ator o is increasing, associative and commutative, then oper-
ator () is increasing, associative and commutative.

Theorem 1 The following operator is a compensation oper-
ator:

a1 BE) ay = k™Y (h(a1) V' h(az)), )

where h : [0,1] = [—1, 1] is an 1-1 increasing map satisfying
h(0) = -1, (1) = 1, and h(e) = C.

Proof. By Lemma 1, commutativity, associativity and mono-
tonicity hold for operator EEI(VE?. And its unit element is €. In
fact, Va € [0, 1], we have

e =h" bV hO) =h" BOT0)=h b =
Third, let us develop the second method.
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Lemma 2 ([Klement et al., 1996]) 4 operator ®p : [0, 1] x
[0,1] — [0, 1], defined as

(11(12(1 - /\)
(1 —a1){1 —az)A+ a1ax(1 =X’

where A € (0,1), is a uninorm operator with unit element X.

(2

a; bp az =

Actually, (2) is the parallel combination formula in the
PROSPECTOR uncertain reasoning model [Duda et al.,
1976; Luo et al., 1999].

Definition 3 An I-1 increasing function h : [—1,1] — [0, ]
is said to be a generator function if h(—1) = h (1) =
and h{0) =
Theorem 2 The following is a compensation operator:
A=Y (h(2a; — 1 h{2a; — 1 1
a Eg)f) as = (h{2a; )6321’ (2a2 ))+ ., (3)

where h is a generator function.
Proof. Let g(z) = 2z — 1, and thus g7 (z) = Z}!. And Jet
f(z) = h(g(z)), and thus f~!(z) = g~ (h~!(z)). Then we
can rewrite (3) as

a1 857 ay = £} (f(@1) @p f(a2)). @
So, by Lemmas 1 and 2, commutativity, associativity and

monotonicity holds for B (0;,5).

1) Unit element. Ya € ﬁ), 1], we have

aB0.5=f'(f(a) ®p (0.5) = f~* (f(a) ® h(4(0.5)))
=f"f(a )GBPh(?X05 1)) f71(f(a) ®p h(0))
=f"1(fla)@p N) = 7' (f(a)) = a.
2)Hg . is closed on [0, ].].
0<a:<1A0<ay<1
= —1<2,;,-1<1A-1<2a,-1<1
=> 0<h(2a;-1)<1A0<h(2e2-1)< 1
= 0<h(2a;-1)<1A0<R(2a~1)< 1
= 0<h(2a -1)@p h(2e;-1)< 1
= —-1<h ™ (h(2a, —1)®p k(222 - 1)) <1
= o< h=1(h(2a; - 1) @2,: h(2a; — 1)) +1 <1
= 0<2q Hgpa<1.
a

Finally, the third method is:
Theorem 3 If an I-1 mapping h : [0,1] — [0, 1] is increas-
ing and satisfies h(0) = 0, h(1) = 1 and for two constant
€,&' € (0,1),h(e) = €, and B¢ is a compensation opera-
tor, then the following is a compensation operator:
a; B ay = A (h(a;) B h(as)). (5)

Proof. By Lemma 1, B) satisfies commutativity, associativ-

ity and monotonicity. Besides, ¢ is the unit element of B,
In fact, we have

aBe = h (h(a) B h(e)) = ™ (h(a) B ¢')
= 7' (h(a)) =a.

Therefore, B() isa compensation operator. ]

3 From T-Conorm-Like Operators
Sometimes a T-conorm on [0, 1] can become a T-conorm-like
operator [—1, 1]. In this section, we examine:
1) Boundary T-conorm:  a;®az =min{l,a;+as}, (6)
2) Zadeh T-conorm:  a; Va2 =max{a;, as}. @)
Now we use boundary T-conorm operator (6) to construct
a compensation operator. In order to guarantee the operator
closed on [—1, 1], we change its definition to
a; & a2 = max{—1, min{1, a1 + az}}. (8)
Corollary 1 The following is a compensation operator:
a; Bg as = max{—0.5, min{0.5,a; + a2 — 1}} + 0.5. (9)
Proof. The boundary T-conorm operator &' defined as (6) is
a T-conorm-like operator on [—1, 1] because: 1) It is obvious
that operator @' defined as (8) is closed on [—1, 1]. 2) Com-
mutativity. a; @ a2 = min{l,a; + a2} = min{l,ae> +
a1} = az @ a;. 3) Associativity. (a; & a2) ® az =
min{1,min{l,a,; + a2} + a3} = minfl,az+a;+ag} =
min{l, a; + minfl,a2 + a3}} = a; @ (a2 ® ag)). 4) Mono-
tonicity. a7 < a} Aaz < a4 = min{l,a; + a3} <
min{l,a{ + ab} = a1 ® az < a} & dj. 5) Unit element.
a1 60 ::min{l,a1 +O} =aj.
Thus, by Theorem 1, from h(z) = 2z — 1 and operator &'
defined as (8), we can obtain the following compensation
a1 Bg az = Rk~ Y(max{-1,min{1, h(a;) + h(az)}})
max{—1,min{1,2a; — 1+ 2a; ~ 1}} +1
2
= max{-0.5,min{0.5,a; +az — 1}} + 0.5.

Figure 1. Contour plots of compensation operator Hg:.

Notice that we cannot always use a T-conorm operator to
construct a compensation operator. For example, we cannot
construct a compensation operator from Zadeh T-conorm op-
erator (7). This is because the operator cannot become a T-

conorm-like operator on [—1,1]. In fact, 0 is not the unit
element of Zadeh T-conorm operator maz on [—1, 1].

4 From Operator ®p
The section constructs compensation operators from &p.
Corollary 2 The following is a compensation operator:
2((11 +as — alag) -1

ifa; > 0.5, a2> 0.5,
20102

zfal < 05, as < 05,

1+a2-1

i i za=ty T 09

ifa; <05<azora; <05<a.

(10)

ayBeraz =
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Proof. We use Theorem 2 to prove the corollary. First, func-
tion h : [—1,1] — [0, 1], defined as follows, is a generator
function:

A ifz >0,
h(z) = ;,ﬁ)}”’ o< (11
T+rzs ifz <0,

where A € (0, 1). In fact, clearly h(—1) = 0, 2(0) = A and
h(l) =1, and
0<a;<az=1—(1-Aa;>1—(1-2A)az
A
= <
1—-(1—A)a; — 1~-(1-=2A)az
@, <az <0= (1—-Aay < (1-Nay
=1+ a1a2) + a; — Aag <14 ajad 4+ ap — Aay
=14 a; +aja9) 4 dag < 1+ a2 +ajaz) + Aay
=(1+a1)(1 + Aaz) < (1 +az)(1+ Aay)
(I +a)r < (14 az)A
T 14Xda; = 14 Aa
-1<a1<0<az=(14+a1)az 20> a
=(1+a1)(1-A)az > (1-A)ay
=Xa; >a1—(a1+1)(1-A)az
=1+Xa; >ar+1—(a;+1)(1-XN)az

= h(al) S h(ag),

= h(a1) < h(az),

- 1 a1+1
T14+(1=X)ay ~ 14Aaq;
A (a1+l)z\

= h <h .
1+(1—/\)a2 - l+/\01 = (al)_ (02)

Therefore, according to Theorem 2, by using h and

— X :
Rl (z) = wi-n 2>
xisy fz<A

we can construct the following compensation operator:
1)Vay, az € (0.5, 1], we have

a; EEgJ;) as

-1 1
h ((1—h(2a1—1))(1—h(2a2—1)))« +1) +1

R(2a; - Dh{2az—1{1=X)

2

h—l 1 + 1
U-1= =X )(‘-r(rirﬁnz—_xy)*+l

0G0 X SR Es D <)

2

_ h~! (4(1—41)(1—);,)(1—)\)+>\) +1
= 5 .
Notice that we have
A
aAl—afl—a{1-N+2 -
_ 1-4(1—ay)l—ay)
_,\(1_,\)4(1—(11)(1—(12)(1—/\)—"/\
1—-4(1-0.5)(1-0.5) -0
41—a))(1—a2)(1=A)+Xx

>AM1-X) x

Thus, further we have

-1 A
h (4(1—01)(1—02)(1->\5+>\) +1
2
A -—
T =%
Tt enaoaEr X (1-3)
2
= 2(01 + ay — alag) —-1.
2)Vai,as € [0,0.5), we have

a; EB(C?;) az

b
+1

a; EB(CO;) as

-1 1
h ((1-:-(:”_1))(1—h(2¢2—1))A +1) +1

h(2a; —1)h{2az~-1)(1-X)

2

ht — b +1
(-Tomrd) (- Sty )

Zal =11 . ((Zag—DFDX
T+ {Zay —1) < 1§FA(Baz—1 x(1-2)

h'l( 4a1a2) )+1

1—-A+4a1a2X
- 2
Notice that we have
48102A _ A(l — X) (401 as— 1)
1-A+dajaph ~ 1-A+dajax)
<A(1—A)(4x0.5 x0.5-1) —0
- 1-A+4ajazx ’
Thus, further we have

1 4a1a2) 1-“ :1:2 A +1
—1(__4a1aA ( dajagX )
(0.5) h (I—z\'Hala;A)'}'l MN1- ot~ 25
alEﬂCF as= =

2 2

:2(11(12.
3)Va; € [0,0.5),a2 € [0.5,1], we have

a; BH(C?FS) as

~1 1
h ((1_h(2a,_1))(1_h(2u2-1)),\ +1> +1

h(2a; ~1)h(2a2=-1)(1—A)

2
-1 1
h 2ay —1)41)2 + l
(1- Eogppt) )(‘-rﬁﬁf(n,—_xy)*+l
= 1)A
_ (gzr)}(zcl.itl)) x 1—(1—A§(242—1)x('_")
2
-1 agh
h ((1-,\)(1-a;)+a,,\) +1

2
_ )
Leta = (I—A)(la—a2)+a,>" Then, we have

|2a1 - 1' > |2(12 - ]l
=@Qa; —)+QRaz—1) <0=>@a; ) +1<1—-Qaz~1)
=>1>(2a1—1)+1_ (T_Tf_%m xl—,\: a ><1—,\
“1-Qa-) 1- gy » 1-e A

=a< A
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Similarly, [2a; — 1| < |2a3 — 1| = a > X. Thus, further

-1 A
h (—l—(l—)\)(la—ag)+al)\) +1
2
T gy 105
il—Ai(ld—-I:Q ;+01AX(1-A) ’
if{2a; — 1] < |2a2 — 1§
aq A Y
< n——xm—-‘—z)@ 105
(L a ey s »

if |2a; — 1] > |20z — 1]
{ el 405 if|2q) — 1] < |2a; — 1]

a, EH(C(.);) ax=

X

8=

N

T+(2a:-1)
ataa=l 05 if|2¢; — 1] > |20z — 1]

1-(2a2—1)
_ a;+ag—1
" 1—min{{2a; — 1|,[|2a2 — 1|}

+0.5.

Figure 2. Contour plots of compensation operator Hg -

Corollary 3 The following is a compensation operator:

2(a1+a2—a1a2)—l ifa; >0.5, as > 0.5,

2a1as ifa; <0.5, a2<0.5,
(0.5)  _
a8, " ay= o2 )
m + 05 lfO’ _>_ /\,
% +0.5 ifo <X,

(12)
where
o= ((2a11 — 1)(1 — /\) + /\) @dp (a’zz\), (13)
here dy,ay € {a1,az2} and a} > 0.5 > af.

Proof. We use Theorem 2 to prove the corollary. First, h :
[-1, 1] — [0, 1], defined as follows, is a generator function:

h(x):{ (L= +X ifz>0,

ifz <0, 14

(z+ 1A

where A € (0, 1). In fact, clearly h(—1) = 0, ~(0) = X and
k(1) =1, and

21 L 22 <0= h(zg) = (21 + DA < (22 + 1) = h(z2),
z1 222> 0=>h(x)=21(1-X)+A > z2(1-A)+A=h(z2),
21 <0<z h(z) = (21 + DA< AL 22 (1= A) +A=h(z2).

Therefore, according to Theorem 2, by using h and

R (z) = {

L}

=2 fz > A,
= ife <),

Y -
>

we can construct the following compensation operator:
1) In the case where a;, a; € (0.5, 1], we have

41> 05Aa; >05=2a —1>0A2a,—1>0
Sh(2a; -1) > AAR(2a2-1) > A
=>h(2a; — 1) ®p h{2a; - 1) > X
h='(R(2a; — 1) ®p h(2a2 - 1)) + 1

=>ay EE&O'S) as =

2
h(2a;-1)@ph(262—1)-A
_ -2 +1
2
1 -A
(ke -0 —AQZaz 1% |,
F2ay—1)h(3az=-1)(—2) +1
1—-X

=2(a; + az —ajaz) — 1.
2) In the case where a1, az € [0, 0.5], we have
a1<05MAa2<05=2a; —-1<0A2a,-1<Z0
=h(2a1-1) <AAR(2az —1) < A
=>h(2a1 - 1) ®p h(2az - 1) < A
h=Y(h(2a; — 1) ®p h(2ay— 1)) + 1
2
h(2a,—1)631p_h)‘(2a;—1)-—)\ 41

2

1
{1=h(2a; —1))(1—h{2ag—1))X) Iy A
h(2a; —1)h(2az-1)(1=2) +1
A

2
1 -A
T —DFI D)0 -—((Zaz ~ TP,
Say — D)+ DA((Zag = 1JF A= + +1
A

2

=>a EHE\O‘S) az =

= 2(21(12.
3) In the case where a}, a} € {a1,a2} and a] < 0.5 < aj,
h=Y(h(2a; — 1) @p h(2a — 1)) + 1

a EEI&O'S) as =

2
h='(h(2d) — 1) @p h(2a) — 1)) +1

h 2

_RTH((2e = (1= A) + A) @p (ahA) + 1

- 2

_hHo) +1 _{ Gy + 05 ifo >

2 L2405 ifo<h

X o o o -

. = . “.
Figure 3. Contour plots of compensation operator Eﬂ(()'ls).
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Corollary 4 The following is a compensation operator:

05 ( e 1) ifay > 0.5, az > 0.5,
‘é_(ovs) 0.5 (l -V Aﬁgz) ifa; < 0.5,a; < 0.5
ay ap
' 05 (/52 +1) o2 A
0.5 (1_ /\_/\US) ifoz < A,
\ (15)
where

o1=(1-2)Ra1—1)%+X) @p (L—A)Car—1)*+1), (16)

09 = (/\(1—2a1 - 1)2) @P (/\(1—202—1)2), (17)

o3=(1-2)Qa;—1)+X) @p (\(1—2a5—1)?), (18)
here a),ay € {a1,a2} and a] > 0.5 > a,.

Proof. We use Theorem 2 to prove the corollary. First, k :
[-1, 1] — [0, 1], defined as follows, is a generator function:

=Nz + 2 ifz >0,
hz) = { Ml—z2)  ifz<0,

where A € (0, 1). In fact, clearly h(—1) = 0, ~(0) = A and
h(1) =1, and

(19)

21 <z < 0= h(zy) = Az + A< —Xz2 + A= h(z2),
1> 22> 0= h(z1) = (1-2)zi+2> (1-A)z3 +A=h(z2),
2, <0<z9=> h(z;)=AziH A< A< (1=X)z2 4 A =h(z2).

Therefore, according to Theorem 2, by using & and

z=2 i
h_l(:c): vVizs ifz > A
- *—;\i ifz <A,

we can construct the following compensation operator:
1) In the case where a1, a2 € (0.5, 1], we have
a1 >05Aa>05=2a;—1>0A2a—-12>0
=h(2a1—1) > AAh(202—1) > X
=h(2a; — 1) ®p h(2a2 - 1) > A
h=1(h(2a; — 1) @p h(2a2 — 1)) +1
2

N
= a; Eﬁf\o's)ag =

\/h(2ag)®1p—l%2az—1)—/\ +1

=)

O'I—A
1-2
2) In the case where ai, a2 € [0,0.5], we have
a1§0.5/\a2§0.5:>2a1——1§0/\2a2~1§0
=h(2a; — 1) <AAR(2a,—-1) <A
:>h(2(11 — 1) ®p h(2l12 — 1) < A

v -1 _ _
=a, EE(AOAS)GQ = h™"(h(2a, — 1) 632}’ h(2az — 1)) +1

__\/’\—h(z“l_l);eLh(Z‘“;ll +1
2

/\—0’2
_0.5(1— —/\—)

3) In the case where a}, ) € {a1,02} and @ < 0.5 < a},

v
a EH(AO.S)a2

h=1(h(201 ~ ) @p hRaz—1)+1
7
h=1(h(2a, —)®p hQay—1)+1
7
05(/532 +1) ifo> A,

h_1(0'3)+1 _
2

] os (1—,/1}’1) ifo <A,

Figure 4, Contour plots of compensation operator ‘é(()(_)is) .

Before ending this section, let us discuss generator func-
tions in Corollaries 4, 5, and 6. Denote generator functions
(11), (14) and (19) as hi1, hop and hgs, respectively. Clearly,
we construct a new generator function by combining the first
branch of one of these generator functions with the second
branch of another among these generator functions. Thus, we
obtain the following 6 new generator functions:

A : A i 0

_ o 220, _ e 2290,

hi2(2) {(a;+1)/\ ifz<0.  "OT N0 ifo<0;
_ [z=2)+Xifz >0, _ [z@~N+Aifz>0,
hzl(l‘)—{ gﬁfl\); if 2 <0; hzs("f)—{/\(l_;ﬂ) ifz<0;
hor @) = (1—A)z2+/\ifa:20,h = 1-X)z2+Aifz>0,
314 = %)f ifz<0; s20) = Mi-2z?3)  ifz<0.

1.2| 12
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Figure 5. Plots of some generator functions.

5 F¥From Compensation Operators

This section uses Theorem 3 to construct compensation oper-
ators from compensation operators given in Corollaries 2-6.

Corollary 5 For an arbitrary ¢ € (0,1), the operators as
Jollows are compensation operators:

_ VP +dan-F 40’72 ﬁ

a EB(E (20)
/32 _
0 Bf) e = VB tdays =B +4°‘73 4 @
VB + 4oy —
@ Eﬂfas hs) —ﬁ - 1w=b
2 _
a EE(E) as \/ﬁ + days ﬂ 23)
&i‘o 5) 2
where
e—05 0.5—¢?
T e—g2’ h= e—e?2’

711 = (@a? + Ba;) By (aa? + Baz),
= (aa'f + fa1) Her (aa% + Baz),
vs = (aa? + far) B (add + fay),

Y2

s
7a = (ad? + fa;) B (aad + fas).

Proof. We use Theorem 3 to prove the corollary. First, for an
arbitrary € € (0, 1), function & : [0,1] — [0, 1] in Theorem 3

is defined as

thus,

creasing, h(—

h(z) = az? + Bz,

h™(z) =

where o and 3 are defined as the above. Clearly, h is in-

VB +4az—p

2a ’

24

(25)

1) =0, h(e) = 0.5 and k(1) = 1. So, for an

arbitrary ¢ € (0, 1), by Theorem 3 we can use h and h~" con-
struct compensation operators (20), (21), (22) and (23) from
compensation operators (9), (10), (12) and (15), respectively.
m]

6 Conclusion

The paper gives the three methods, which construct com-
pensation operators from T-conorm-like operators, operators
from the parallel combination operator, and from existing
compensation operators, respectively. Moreover, a series of
compensation operators are constructed by using the pro-
posed methods. With the growing number of the operators,
the study of their impact on the performance in practical ap-
plication will become an important issue.
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