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Abstract 

This paper proposes a method to solve 
the conflicts that arise in the framework 
of fuzzy model identification with max- 
imal rules [3]. This resolution is ex- 
pressed including exceptions in the rules, 
that way achieving a higher model inter- 
pretability with respect to other tech- 
niques. Besides, several methods are 
presented to improve the interpretabil- 
ity, based on reducing the number of 
rules or exceptions of the model. Finally, 
the method is applied to an example. 

Keywords: Fuzzy identification, inter- 
pretability, maximal rules. 

1 Introduction 

Fuzzy model identification [I, 5, 71 is noted for 
representing the model of a system from a set of 
examples by means of fuzzy rules. This model, 
which is a universal approximator [6, 21, enables 
to describe linguistically the relation between the 
input and the output of the system, thus taking 
care of the interpretability of the result. 

In order to achieve a high interpretability, we 
must try to identify rules as general as possible, so 
that each rule covers the highest number of exam- 
ples and, this way, the size of the rule base dimin- 
ishes. Nevertheless, obtaining those general rules 
can provoke the appearance of conflicting zones 
where rules with a different consequent coexist, 
something that negatively affects the aforemen- 
tioned interpretability. 

In this paper, a strategy is proposed in order to 
solve these conflicts, making use of the informa- 
tion available from the examples in the conflicting 
zone. This solution takes the form of exceptions 
in the rules, diminishing the number of rules in 
the model and increasing its interpretability. 

2 Learning Maximal Structure Fuzzy 
Rules 

In [3], Castro et al. present a strategy to learn 
MIS0 systems (0 : X n  -t Y) from a set of exarn- 
ples 9 = {el, ..., em}. Each example has the form 
ei = ((xi, ..., x:), yi), where xf is the value of the 
j-th input variable and yi is the output value of 
the system. The identified model will be repre- 
sented by means of maximal rules of the form: 

 if X1 is A; and ... and X, is A: then Y is L Y ~  
(1) 

where each Af is a set of labels associated 
disjunctively with the j-th input variable and 
taken from their respective fuzzy domain DXj = 
{LXj,1, ..., LXj,tj}, and L Y ~  is the label associ- 

, 

ated with the output variable and taken from its 
fuzzy domain DY = {LK , . . . , LYL+, }. 

The learning algorithm proposed in [3] is: 

1. To transform the examples in initial rules 
2. For each initial rule: 
2.1. If the rule does not conflict with any definitive 
rule: 
2.1.1. For each label in each input variable: 
2.1.1.1. If the amplification of the rule is possible, 
amplify it. 
2.1.2. If the amplified rule does not suhsume in any 
definitive rule, store it in the set of definitive rules. 



In the step 2.1, we introduce a small modification 
trying to amplify initial rules that subsume in de- 
finitive rules (which was not done in the original 
algorithm), since the amplification could reach re- 
gions of the input space not covered with the ex- 
isting definitive rules. 

The translation from examples to initial rules con- 
sists in associating each value sf and yi with the 
label that present the highest membership degree 
out of all contained in its respective fuzzy domain. 
Amplifying a rule consists in adding a label to one 
of its input variables. An amplification from RZ 
to R" is possible if R ~ '  does not conflicts with any 
initial rule, i.e., if no initial rule Rj  exists so that 
A; E kl, for all k,  and L Y ~  # LY~'. 

3 Adding Exceptions to Fuzzy Rules 

In the above algorithm, the search of maximal 
rules provokes that different consequents can co- 
exist in some input fuzzy regions. Next, a strategy 
is proposed to solve these confiicts. 

During the learning process, the information con- 
tained in the examples is used only for the extrac- 
tion of the initial rules. From that moment, the 
process of amplification of a rule to a certain in- 
put fuzzy region only verifies whether this region 
is or not occupied with an initial rule. Therefore, 
this process ignores the information that could 
be contained in the training set about such re- 
gion. The basis that will support the approach 
proposed here to solve the conflicts consists in 
taking advantage of this information. 

A compound rule of the form presented in (1) 
is equivalent to a conjunction of simple rules 
with one label associated to each input variable. 
Therefore, the set of simple rules involved in a 
conflict can be isolated in order to select one of 
them based on certain criterion. With that goal, 
a certainty degree for each simple rule involved 
in the conflict will be calculated from the num- 
ber of positive and negative examples that each 
rule presents in the training set. An example of 
this type of measure is proposed in [4], where the 
concepts positive example and negative example 
are defined by means of fuzzy sets and where the 
certainty degree ranges from 0 to 1. 

However, it must be noted that the main goal of 

Table 1: A two-inputs/one-output fuzzy model 

P N P P  

the amplification is for the amplified rules to be as 
general as possible. This way, the finally obtained 
consequents in an input subspace does not assure 
these consequents are the best, since their values 
are determined by initial rules that can be far 
away from the subspace under consideration. 

Therefore, when solving a conflict, although it 
must be tried to restrict the selection of the best 
consequent to those involved in the conflicting 
rules in order to obtain maximal rules, it seems 
desirable to extend the space of selection if none 
of those rules has a sdc i en t  degree of certainty. 
For that reason, a threshold p will be established 
on the certainty degree in order to decide when 
the search of the best rule must be extended to 
all the possible rules for the conflicting region. 

Once the best rule is selected, it is necessary to 
modify the rest of compound rules involved in the 
conflict. In this respect, when several rules with 
a different consequent have the highest certainty 
degree, the consequent with the highest number 
of occurrences will be selected, since it can ex- 
ist more than one rule with the same consequent 
between the rules in conflict. This strategy tries 
to reduce the number of compound rules to be 
modified as much as possible. 

The procedure to modify compound rules consists 
in the addition of exceptions. An exception is an 
n-tuple of labels (LXl,i,, ..., LXnPi,) that defines 
the fuzzy region of the input subspace where the 
compound rule is not applied. 

The use of exceptions entails an improvement in 
the model expressiveness with respect to the tra- 
ditional description methods. This fact can be 
observed in the example in table 1, where a fuzzy 
model is shown and where the fuzzy domain of 
every variable is {N, 2, P}. The number of sim- 
ple rules describing the model is 3 x 3 = 9 rules. 
A description using the usual technique that as- 



sociates an input subspace with the same output 
(consequent) to the antecedent of each rule gives 
the following 5 fuzzy rules: 

R ~ :  if X2 is {N} then Y is Z 
R2: if X1 is {N,Z} and X2 is {Z} then Y is Z 
R ~ :  if X1 is {P} and X2 is {Z} then Y is P 
R4: if X1 is {Z,P} and X2 is {P} then Y is P 
R5: if X1 is {N} and X2 is {P} then Y is N 

However, the same model can be described with 
only 3 rules using exceptions: 

R1: if X2 is {N,Z} then Y is Z 
except if X1 is P and X2 is Z 

R2: if X1 is {Z,P} and X2 is {Z,P} then Y is P 
except if X1 is Z and X2 is Z 

R3: if XI is {N) and X2 is {P} then Y is N 

It must be noticed that the addition of an excep 
tion to a compound rule will cancel it if this rule 
equals a simple rule. 

Therefore, the proposed method to solve conflicts 
is finally described with the following algorithm: 

1. For each fuzzy region of the input space where 
two or more consequents coexist: 
1.1. Work out the certainty degrees of the simple 
rules involved and select the highest ( ~ 1 ) .  
1.2. If wl reaches a threshold p, go to step 1.5. 
1.3. Search on the rest of possible rules for one 
with a certainty degree higher than w1. 
1.4. If that rule exists, select it as the best rule 
(adding a new compound rule) and go to step 1.6. 
1.5. If there are more than one different rule with 
the highest certainty degree (wl) between the con- 
flicting rules, select the one appearing more times 
in the conflicting region. If all appear the same 
times, select one of them randomly. 
1.6. For each deleted simple rule, form the appro- 
priate exception. 
1.6.1 .If the exception cancels the associated 
compound rule, delete the rule. 
1.6.2. Otherwise, add the exception to the set of 
exceptions of the rule. 

4 Improving the Interpretability 

The model generated with the algorithm de- 
scribed in the previous section can still improve 
its interpretability in different ways. Next, several 
strategies for that goal are described. 

4.1 Reducing Fuzzy Rules 

The interpretability of the rules can increase if the 
exceptions of a rule are reduced by deleting labels 
from the antecedent. For example, the rule 

if X1 is {N,P} and X2 is {N,Z,P} then Y is Z 
except if X1 is {N} and X2 is {Z} 
or X1 is {P} and X2 is {Z) 

could be reduced to the rule 

if X1 is {N,P} and X2 is {N,P} then Y is Z 

The following algorithm decides if a reduction can 
be carried out after the addition of a new excep 
tion and, if that is the case, accomplishes it. 

I. Given the rule R? : A:, ..., A: -t Lyi  with ex- 
ceptions Ei={Ei, ..., E:}, where the new excep 
tion added to that rule is E ; = ( L X ~ , ~ ~  ,..., J ~ X ~ , ~ , ) .  
2. For each d from 1 to n: 
2.1. Set up a set of exceptions E* taking LXd,pd in 
the d-th element of every exception and taking the 
different combinations of the labels from A: ,. . . , 
A6-1,A6+1,...,A~ in the rest of elements. That is, 
E*=Af x ... x A;-, x LXdVpd x A;+, x ... x A:. 
2.2. If E* Ei then set Ei = Ez - E* and 
A6 = Ad - {LXd,pd}. 
3. If the reduced rule subsumes in some other com- 
pound rule, delete it. 

4.2 Merging Fuzzy Rules 

In the algorithm presented in section 3, a rule is 
added to the set of definitive rules when the se- 
lected rule is not one of the conflicting rules (step 
1.4). This can leads to a considerable increase in 
the number of rules with respect to the one ob- 
tained by the identification algorithm. In order 
to minimize this increase, after the addition of a 
new rule it must be tried to merge that rule with 
anyone of the existing compound rules. 

Proposition 1 A rule R ~ : A ~ ,  ..., A: -+ Lyi  with 
exceptions EZ ={Ej,. . .,Eji} could be merged with 

another rule R~:A;, ..., Ai -t LYj with exceptions 
j, ..., E j j }  i f  the following is /ulfilled: Ej ={El 

1. L Y ~ = L Y ~ .  
2. There exists an r so that A: # At. 
3. A: = A:, for all s # r .  



resulting a rule R*:Ai ,..., At U Af ,..., A; + Lyi 
with exceptions E* = E~ U ~ j .  

The merging of rules could be presented after the 
reaxtion of rules, since the merging condition 
could be satisfied if the rule loses a label in the 
antecedent along the reduction process. Because 
of that, it could be useful to try this merging in 
the step 3 of the algorithm presented in the previ- 
ous subsection, once it has been verified that the 
rule does not subsume in other rules. 

The following algorithm describes the method for 
merging rules: 

1. Given the compound rule trying to be merged 
R ~ : A ~  ,. ..,A: + Lyi  with exceptions 
E~={~ , . . . ,E ;~ ) .  
2. If there is another rule Rj:Ai ,...,A: + L Y ~  
with exceptions E~={E;, . . . , ~i~ ) in the set of defi- 
nitive rules that can be merged with h?: 
2.1. Replace the rules l? and ~j by the rule 
Ri:AL ..., At U Af ,..., A: + LYi with exceptions 
E*=E~ u E?. 
2.2. Try to merge R*. 

This is a recursive method, since the merged rule 
could satisfy the merging condition with respect 
to some other existing in the rule base. 

4.3 Merging Exceptions 

Until now, exceptions has been described as n- 
tuples of labels that define fuzzy regions in the 
input space similar to the ones defined by the 
antecedents of simple rules. Therefore, the ex- 
ceptions expressed in that way can be considered 
simple exceptions. 

Trying to increase the model interpretability, the 
concept of compound rule can be translated to the 
representation of exceptions, giving rise to com- 
pound exceptions. Thus, a compound exception 
can be defined as an n-tuple Ei = (EiVl, ..., EiSn), 
where Ei,k DXk. 

h order to obtain a description as compact as 
possible by means of exceptions, it is necessary 
to state a mechanism for merging exceptions in 
a similar way to that for merging rules explained 
in the previous subsection. Nevertheless, whereas 
the merger of rules runs on line (i.e., it is done 
during the process to solve conflicts), the merg- 

Figure 1: y = (sin(xy)-e-"' + s i n ( ~ z ) - e - ~ ~  +cl)/c2 

ing of exceptions will run off line (i.e., once the 
final exceptions of every rule have been obtained). 
This is due to the use of simple exceptions in the 
reduction of rules. 

Proposition 2 An exception Ei = (EiPl, .. ., EiYn) 
could merge with another one Ej = (Ej,1, ..., Ejtn) 
if the following is fulfilled: 

1. There exists an r so that Ei,, # Ej,,. 
2. EiTs = Ejts, for all s # r .  

The result of the merging will be a new exception 
E* = (Ei,l, .-., Ei,r U Ej,r, ..., Ei,n). 

The following algorithm describes the method for 
merging exceptions: 

1. Given the set of exceptions E={E1, ..., Ep) and 
the exception trying to be merged Ei=(Ei,ll. .. , Ei,,). 
2. If there exists a j # i ,  so that it is possible to 
merge Ei and Ej: 
2.1. Replace the exceptions Ei and Ej by the excep- 
tion E* = (Ei,l, .. ., Ei,r U Ej,,, ..., Ei,n). 
2.2. Try to merge E,. 

This recursive algorithm will be called iteratively 
for every rule while exception merging is possible. 

5 Experimental Results 

The proposed method was applied to the identi- 
fication of the following system (figure 1): 

f : [O,3] x [0,3] + [O,1.] 
y = (sin(x!) - ePZ1 + sin(xz) - ePZ2 + cl)/c2 

where cl = 0.2338 and ca = 0.8567 restricts the 
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Figure 2: Fuzzy domains of XI ,  x2, and y. 

Table 2: Comparative results 

With conflicts 
Without conflicts 

function values to the interval [0, 11. 

The fuzzy domains of XI ,  x2 and y were defined 
as shown in Figure 2, and scale factors sf,, = 3, 
s fx2, = 3, and s fy = 1 were used. 

A set with 20 randomly generated examples was 
used in the identification process in order to 
analyse the generalization capacity of the method. 

Table 2 shows the number of rules and the mean 
square error (MSE) for the optimal model, the 
model obtained with the identification process 
without resolution of conflicts ([3]), and the one 
obtained once the conflicts are solved with the 
method proposed here (p = 0.5). A significant 
improvement in the accuracy of the model can 
be observed. Figure 3 shows the rule base finally 
obtained together with the model surface it r e p  
resents. 
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