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Abstract

This paper deals with fuzzy similarity-
based models of the basic principle of case-
based reasoning (CBR) stating that "similar
problems lead (or may lead) to similar
outcomes". A stronger form of this principle
stating that "outcome attributes are at least
as similar as problem description
attributes” has been studied in some
previous works. In this paper another form
of the basic principle stating that "the more
similar are the problem description
attributes, the more similar are the outcome
attributes" is studied. These two forms of
the CBR principle are used to infer possible
outcomes for the current problem from the
information stored in the memory of
precedent cases.

Keywords: Case-based reasoning, fuzzzy
similarity relations.

1 Introduccion

Let us first specify how case-based reasoning (CBR)
is viewed in this paper (for a more general overview
of case-based reasoning see e.g. [1]).

A case is viewed as a n-tuple of precise attribute
values, this set of attributes being divided in two
non-empty disjoint subsets: the problem description
attributes, and the problem solution or outcome
attributes, denoted by D and C respectively. These
subsets are taken according to the problem we deal
with. A case will be denoted as a tuple (s, t) where s
and t stand for complete sets of precise attribute
values of D and C respectively. In order to perform
case-based reasoning we assume we have a finite set
M of known cases or precedents, called case base or
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memory (M is thus a set of pairs (s, t)), and a current
problem description, denoted by sy, for which the
precise values of all attributes belonging to D are
known. Then, case-based reasoning aims at
extrapolating or estimating the value t, of the
attributes in C, for the current problem. In this paper
it is assumed everywhere that the memory only
includes completely informed cases.

In case-based reasoning it is assumed that the
attributes belonging to the outcome set can be
related, in some way, to the problem description
attributes. Actually, the goal of case-based reasoning
is to estimate the value of the outcome attribute(s) of
the current case taking into account the case base of
precedents M. To do this, in the following, it is
assumed that a basic principle stating that "similar
situations (problems) give (or may give) similar
outcomes (solutions)" holds. Therefore, some kind
of similarity measure between problem descriptions
and a similarity measure between outcomes are
needed.

In this paper, these similarity measures are suposed
to be given by two fuzzy similarity relations S and T
defined on the set of problem description attributes
D and on the set of outcome attributes C
respectively, i.e by functions S: Dx D — [0, 1],
T: Cx C — [0, 1]. We suppose that these fuzzy
relations are primitive notions and known in advance
(although we might think of leamming them from the
set of precedents stored in the memory). Methods for
obtaining fuzzy relations, or checking their adequacy
are out of the scope of this paper.

Expressed in terms of the fuzzy relations S and T,
the implicit Case-Based Reasoning Principle can be
expressed by the following rule:

"Similar problems in the sense of S have similar
outcomes in the sense of T",

A problem in the framework of our case-based



reasoning model is then denoted by a 4-tuple (M, S,
T, so) where M stands for a case-base or memory, S
and T stand for the similarity relations and s, stands
for the current case. The goal of case-based
reasoning is to estimate the outcome t,
corresponding to the current problem s,

As in [5], we will refer to deterministic case-based
problems (M, S, T, s;) when the above principle is
applicable, since in particular when two problems
are identical, they have to have the same outcome as
well; otherwise, we will refer to a CBR problem as
non-deterministic, where only a weaker form of the
principle applies, allowing to conclude only on the
possibility that the outcome attributes be similar
when the problem descriptions are indeed similar.

2 A Fuzzy Set Framework for Case-Based
Reasoning: Deterministic Problems

In the deterministic setting, the above mentioned
CBR principle can be modelled at least by one of the
following constraints on the memory of cases M:

S(s1,52) < T(ty,t2) (C1)
if S(s1,82) < S(s1,83) then T(t;,t5) < T(ty,t3) C2)
1f S(s1,52) < S(s1,53) then T(ty,t) < T(ty,t3) (C3)
if S(s1,82) < S(s9,53) then T(t,1;) < T(ty,t3) (C4)

for any (s1,t1), (s2,12), (53,t3) € M. Actually the fuzzy
relations S and T are in principle required to be only
reflexive, i.e. to be fuzzy proximity relations (see
[10] and [12]).

The first one was considered in [5] and [9] and
corresponds to interpreting the above principle as

"Qutcome attributes are at least as similar as
problem description attributes”.

The other three constraints, which are proposed and
studied in this paper, reflect (with small differences)
another usual interpretation of the CBR principle in
a fuzzy setting:

"The more similar are the problem description
attributes in the sense of S, the more similar are the
outcome attributes in the sense of T"

In fact, for instance, constraint C2 can be better
described in terms of the following binary relations
onM:se Dandte C define

(51, t1) Rs(s2, o) iff S(s,51) < 5(s,82)
(s1, t) Ri(so, to) iff T(t,ty) < T(t,tz).

Then, constraint C2 can be equivalently expressed
by stating:
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R; DRs. (C2)

for any (s, t) € M. If we denote by R'sand R the
same relations but changing < by <, then constraints
C3 and C4 can be analogously described by ¢

R: DR (C3)

and

R' 2Rs. (C4)

respectively.

All these relations are transitive, but obviously only
R, and R, are reflexive

If we also define the unary relation R ) in M by
(s1,t1) € Res, gy iff S(s1,8) ST(ty,1)

for each (s, t) € DxC, then we can also express
constraint C1 by the following inclusion:

Res 1) 2M. (C1Y)

It is also easy to check that some constraints are
stronger than others are, for instance, constraints C2
and C3 are stronger than constraint C4 but there is
no implication between C2 and C3 and, clearly,
there is no implication between C1 and the rest.

Of course, the properties fulfilled by a memory of
cases M satisfying one of these constraints will vary.
Indeed the following particular properties can be
easily proved:

1. In the cases of constraints C1 and C2 we have,

v If 51, 55, are equivalent w.r.t. S (i.e., if S(sy, s3) =
1), then t;, t, are equivalent w.r.t. T (i.e. T(ty, tp)
=1).

Thus, if for a current problem sq there is a case (s,
t;) in the memory M such that s, completely
coincides with s;, then the solution is to be found in
class of outcomes equivalent to t; wor.t. T. If T
satisfies the separability property (T(t,t) =1 iff t =
t'), then the only solution is t;.

2. In the case of constraint C3 we have:

v If s;, s,, are not equivalent w.r.t. S, then t,,t, are
not equivalent w.r.t. T.

3. In the cases of constraints C3 and C4 we have,

v If s;, s, are equivalent w.r.t. S, then t;,t, are
either equivalent w.r.t. T or, (s3, 1) is the
precedent of (s, t)) in the preorder Ry, (R',) and
t; is the precedent of t; in the preorder R,

Summarizing, we have the following conditions
depending of the constraint satisfied by the memory:



v' With either constraints C1 or C2, it is not
possible for a same problem (in the sense that
S(s1, s2) = 1) to have different solutions (in the
sense that T(t;,t;) < 1).

v With constraint C3 it is not possible for different
problems (in the sense that S(s;, sp) < 1) to have
same solutions (in the sense that T(t;,t;) = 1).

v With constraint C4 no further constraint exists for
the outcomes of problems which are different

(S(s1,82) < 1).

Finally let us remark constraints C1 and C2 are not
equivalent as we could easily find examples of
memories and similarities satisfying C1 but not C2,
or conversely satisfying C2 but not C1

3 Case-Based Inference

Let us now see how the satisfaction of the different
deterministic constraints considered in the previous
section by a memory of cases can be used to perform
case-based inference. The idea is that, given a
memory of cases M satisfying a constraint Ci (i = 1,
4), and given a new problem description s, then t is
considered a plausible solution for sy if M' =
Mu{(so, to)} still satisfies the constraint Ci.

The case of constraint C1 was studied in [5] and the
set of possible possible solutions for a new problem
Sg1s:

Eso= {t € C/ S(s;,80) < T(t;,t), for all (s;,t;) €M}
= {te C/ Ryso, 1) 2M}.

For the case of memories satisfying constraint C2,
the set of possible values for t, is

Esp= {t € C/ T(t;,t) < T(t;,t) if S(si,s0) < S(s,80),
for all (s;,t;),(s;,t) €M } = {t € C/R; 2 Rgp}.

One can proceed in an analogous way for the cases
of constraints C3 and C4 with the obvious small
changes.

All the elements of the sets Esq are in principle
equally plausible solutions for the current problem
so. In the case there are several elements in Esg, to
select one out of them is a prcess that requires
additional domain knowledge and it is not in the
scope of this short paper.

On the other hand, it can happen that Egq result in an
empty set. Such a situation reflects the fact that the
assumed constraint Ci may be indeed a too strong
requirement for the current memory of cases, for
which a deterministic set of solutions is then not
possible. This happens when there is no t; for which
Mu{(sy, tp)} satisfies constraint Ci, even though M
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does.

As an alternative inference method for this kind of
situations, one can consider a weaker version of the
Case-Based Reasoning Principle stating:

"The more similar s; and s; are, the more possible is
that t; and t; are similar”.

The formal expression of this principle requires to
clarify the intended meaning of possible in this
meta-rule. In [5] this non-deterministic principle was
modeled by means of a kind of fuzzy rules called
possibility rules, in contrast to gradual fuzzy rules
which were used to model the deterministic CBR
problems satisfying constraint Cl. This non-
deterministic fuzzy rule approach to CBR has been
further explored in [7] and [8] (see also [11] for
another use of fuzzy rules in CBR).

In this paper we propose another alternative: to
consider a graded satisfiability of Mu{(s,, t,)} with
respect to any constraint Ci, so that the more
Mu{(sy, to)} satisfies Ci, the more plausible
(suitable) is t, a solution for sy. In particular if
deterministic solutions exist then the plausibility of
these solutions have to be 1. Namely, given a
continuous t-norm ®, for each ae[0,1] we define
generalized versions of the previous relations Ry 1),
Ry, and R’; as follows:

(s, t)) € °R (s, 1) iff S(s;, s) ® a < T(ty,t)

(Sh tl) aRt (325 t2) iff T(ts tl) ®o< T(ts t2)

(51, 11) "RP¢(s2, t2) iff T(t, t;) ® a <T(t, tp)
Observe that the graded relations "R satisfy the
following properties:

1. 'R=R

2. R c PR, if B< a

3. R =M, forR=Ry yand
%R = MxM, forR=R,

Then, given a new problem sy we can define the a-
level solution set Eso( @) with respect to a constraint
Ci using the above corresponding new graded
relations. For instance, regarding C1, the o-level
solution set is defined as

Es(a)={t € C/°R (sg,1) 2M}.
while in the case of constraint C2 the o-level
solution set is
ESO(a) = {t S C/aRt QRS()}

while for the cases of constraints C3 and C4 the
solution sets are

ESO(a)= {t € C/uRt _D_R’So}



and
Eso(a) = {t € C/"R’; 2Rgy}

respectively.

Definition Let sy be a current situation. We define
the possibility of t€ C being a solution of sg as:

Pos[s,](t) = Sup{ @ €[0,1]/t € Eso( @)}

Thus, Pos[s,] defines on C a fuzzy set of possible
solutions for s, this fuzzy set being possibly non-
normalized. In fact, it is easy to check that in the
cases of M satisfying the constraints C1, C2 or C4 it
holds that Pos[s,](t) = 1 iff t EEsy, this is, Pos[s] is
normalized iff Esy# ©. In the case of satisfying
constraint C3 it only holds that if t€Es, then
Pos[se](t) = 1.

Using well-known properties of continuous t-norms
® and their residua ®—, one can compute Poss(t) in
the following ways:

Posfsg](t) = Inf{S(s;,s9) @ T(t;,t) / (s;,t;)) €M}
in the case of constraint C1, and
Pos[so](t) = Inf{T(t;,t) @>T(t;,t) / (si.ty), (5.1;) ERso}

in the case of constraint C2. This result would also
be (partially) applicable to the cases of constraints
C3 and C4.

Finally, in this approach it is natural to take as best
solutions of the current problem sgythose t with
greatest possibility value in the above sense.

4 Conclusions and Further Work

In this paper we have been concerned with the fuzzy
modelling of some case-based reasoning principles
and their use in the CBR task of deriving possible
solutions for current problems. The basic tool is the
use of fuzzy similarity relations.

Of course the proposals contained in this paper are
very preliminar and need to be tested and confronted
in realistic applications CBR. In particular, it seems
mandatory to incorporating fuzzy relations instead
of the classical relations R(s,t), Rs and Rtand their
variants. Then one could use them in a fuzzy rule-
based modelling of cases and thus to be able to
exploit the full power of fuzzy inference machinery.
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