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Abstract 

In this paper we will describe several 
methods that solve, using mathematical 
programming, different problems that, 
although can be used in others fields in 
the fuzzy modelling context, we have used 
them in the of fuzzy classification context. 
These problems are: feature selection, rule 
selection and clustering. In order to evaluate 
the accuracy of these methods, a lot of data 
sets have been used. Two of these have 
been: the classical Iris data set and the 
Wisconsin Breast Cancer data set. 

Keywords: Mathematical Programming, 
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1 Introduction 

Mathematical programming is a broad discipline that 
has been applied to a greet variety of problems. 
In the context of Artificial Intelligence, one of 
these problems is the fuzzy rules learning. In this 
paper we will describe three methods, solved using 
mathematical programming, which will be applied 
inside a process of fuzzy rules learning. Figure 1 
summarize this process. 

In this process we will first apply the clustering 
method. This method solves the problem of doing 
a particional fuzzy clustering. We will formulate 
a fuzzy mathematical problem, using an objective 
function different to the function used by the Fuzzy 
C-Means (FCM) methods, which give us a set of 
fuzzy clusters. The optimization techniques used to 

find optimal solution will let to find solutions better 
than FCM can find. Once we have found the clusters 
we will use them to generate the fuzzy rules. The 
rules will be as: "If Antecedent Then conclusion", 
where the antecedent will be the fuzzy cluster and 
the conclusion will be the class which the cluster is 
labelled. These rules will be used by the another two 
proposed methods, which are situated in the of rule 
optimization context. One of them solves the problem 
of selecting features from fuzzy rules. We will 
formulate a mathematical programming problem that 
will be able to select features that the Mangasarian's 
method [6]  isn't able to select. 

Finally, we will apply the last proposed method, 
which will be able to remove rules that aren't 
important to the classification task. We will 
formulate a fuzzy mathematical problem, which give 
us information about what rules are really important 
to the classification task. 

This paper is organized in the followed way: section 
2 presents the clustering method, section 3 presents 
the feature selection method and section 4 presents the 
rule selection method. Section 5 will show the results 
obtained with Iris and Wisconsin Breast Cancer and 
finally the paper conclude with the conclusions and 
hture work in section 6 .  

2 Fuzzy clustering 

In this section we are going to cany out a fuzzy 
clustering upon a data set. The same objective 
function that FCM uses could have been used here, but 
we have used a different one, removing the fuzziness 
index characteristic of this function (which is a very 
little intuitive parameter) and introducing a parameter 
called proximity distance. 



Figure 1 : Fuzzy rules learning process 
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The proximity distance extends the idea of classic 
k-mean algorithm. In this algorithm only is added the 
distance of the example from the nearest center. 

Fuzzy clustering 
method 

The idea that we propose is that every example must 
add with a center if the distance of this centre from the 
example is smaller than the distance of the example 
from the nearest centre added with the proximity 
distance. These distances have a membership value, 
which describes the degree of belonging of the 
example to the cluster. These degrees of belonging 
are normalized. 

Rules selection 
method 

The fkzy  mathematical programming problem that 
solves this is: 
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Where dij is the distance of the i-th example to the j-th 
center, and pij is a membership value which describes 
the degree of belonging (still not normalized) of the 
i-th example to the j-th cluster. In order to normalize 
the degrees of belonging, these are divided by q. The 
fuzzy constraint controls the proximity distance value 
(tij). When this distance is 0 then we are in the case of 

classic k-mean problem. When this distance is bigger 
than 0 then we are in the case of f k z y  clusters. 

Rules generation 

Using the solution of the problem, the fuzzy clusters 
are generated. This clusters are defined by a mean and 
a covariance matrix. Using the fuzzy clusters the rules 
are generated. The rules are as: "If Antecedent Then 
conclusion", where the antecedent is the fuzzy cluster 
and the conclusion is the class which the cluster is 
labelled. 

3 Feature selection from rules 

rules 

In this section we are going to select features from 
the rules generated in the previous section. The rules 
that we have used have been Gaussian defined by a 

Feature selection 
from rules method 

mean (m) and a covariance matrix. However, the 
idea that we propose can be generalized to every 
type of rule. We select features looking for a linear 
discriminant between each pair of rules that have a 
different conclusion, that is, labelled with a different 
class, and that use as few of the features as possible. 
At least, the features that use the discriminant will 
be the features that we will select. The error that 
a discriminant commits separating two rules is the 
degree of belonging of the discriminant's point that 
have the biggest degree of belonging to any of the 
two rules. In order to determine this, we have to 
transform the Gaussian to Gaussian with mean equal 
to 0 and variance equal to 1. This transforms the 
points from original space to the destiny space in 
the following way, y = A'/~v' (X - m) = O(X - m) , 
where x represents the points of the original space 
and y the points of the destiny space. A is the 
eigenvalues matrix of the covariance matrix of the 



Gaussian, and V is the eigenvectors matrix. Calling The fist  constraint is the fuzzy constraint. Maxcover 
C; to the center of the fizzy set A, of the rule R,, w;, represents the cover of the whole set of rules, and 
and yi, to the discriminant between the sets A, and n z maxk{(l - e-avj)p;,} represents the cover of the 
A,, and 0; to the matrix 0 of the f k z y  set A,, which / = I , . . ,  

can be computed before beginning the optimization selected rules, where b, is the degree of belonging of 
process, the mathematical programming problem can the i-th example to the j-th cluster and a > 0 (a good 
be formulated in the following way: value is a=5). 

5 Experiments 

We have applied the learning process with two sets: 
the classical Iris data set (IRIS) and the Wisconsin 
Breast Cancer data set (WBC). A table that summarize 

claw(j) # clarr(i) the results obtained is: 

I I I Our Pmw I FCM I GC-Anfir 1 

11 8 ~ b . 4  icalwcs -r 20 crron I 

WS 
11 6 rules, 2 features -+ 4 mom I 

S.t. : GC-ARfis+HIXGA I MFGN 

yl;, = y;j - wi,ci, 
6mles+3crron pij = y;, - w .  .c. 

11 1 7  V i j ,  j>i 
-w;,C; + yij + 1 5 0 
w,c; - yij + 1 < 0 

 class^)# class(i) 

- v . . < w . . < v . .  
1J - I ]  lJ Note 1: The mixture components of MFGN model, 

[7], are consideres as rules in order to compare results. 

WBC 

Where class(i) is the class that represents the 
conclusion of the rule R,, I is the identity matrix and 6 Conclusions 
1 €[O, 1). 

3 mles, 2 fealurer + 5 crrors 

4 Rule selection 

3 rules,4 features -+ 22 eron 

We select rules looking for a reduced set of fizzy 
rules that have so much cover, or almost so much 
cover, as the original set of fizzy rules. The fuzzy 
mathematical programming problem that solves this 
is: 

4 ruler -+ IS m n  

13 rules + 7 crrors 

Min I T ( l  -eav) 

4 rules + 3 m o n  

In this paper we have described several methods that 
can be used in the learning context. These methods 
solve three types of problems in this area: feature 
selection, rule selection and clustering. In order 
to h d  solutions to these problems, we have used 
fuzzy mathematical programming. The described 
solutions show that we can solve problems within the 
cognitive learning context in an effective way, using 
the formalism that b y  mathematical programming 
give us. With this formalism we only have to 
be worried about defining the optimization function, 
since the searching solutions process is implemented 
by the problem resolution technique that we are using. 
It saves a lot of design and implementation time. 
We can see that the results obtained have been good. 
Methods like GC-Anfis obtain better results than ours 
because they cany out a supervised adjust process that 
we don't carry out. 
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