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Abstract

Friedman’s test is used traditionally in statis-
tics for testing independence between k orderings
(k > 2). In the paper we suggest how to gener-
alize Friedman’s test for situations with missing
information or non-comparable outputs.
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1 Introduction

Consider a single group of n subjects, each of
which is observed under k different conditions.
Thus we have a random sample of size n from
a k-variate population and a set of data could
be presented in the form of a two-way layout
of k rows and n columns, with one entry X;;
in each cell. Suppose that observation in each
row X;1, X592, ..., X are replaced by their rank-
ing within that row. A typical example is a sit-
uation with k judges or experts, called observers,
each of whom is presented with the same set of n
objects to be ranked. Then Friedman’s test will
provide a nonparametric test of independence of
the k variates.

Classical Friedman’s test have been constructed
for precise and unambiguous observations, even
they are orderings only. But in a real live we often
meet vague data and ambiguous answers which
abound with missing information and hesitance.
Such data exhibit uncertainty which has different
source than randomness. Thus traditional sta-
tistical tools cannot be directly applied there and
new tools which admit missing data and hesitance
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are strongly required.

The paper is organized as follows: In Sec. 2 we
recall the classical Friedman’s test. Then we men-
tion basic information on IF-sets (Sec. 3) which
are later applied for modelling vague orderings,
based on IF-sets (Sec. 4). An finally, in Sec. 5,
we suggest how to generalize Friedman’s test for
incomplete two-way layout.

2 Friedman’s test — classical approach

Let X = {x1,...,2,} denote a finite universe
of discourse. Suppose that elements (objects)
x1, ...,y are ordered according to preferences of
k observers Aq,...,A;. Then our data could be
presented in the form of a two-way layout (or ma-
trix) M with k rows and n columns. Let R;j,
1=1,2,...,k, 7 =1,2,... n, denote the ranked
observations so that R;; is the rank given by ith
observer to the jth object. Then R;1, R, ..., Rin
is a permutation of the first n integers while
Ryj, Raj, ..., Ry; is a set of rankings given to ob-
ject number j by successive observers.

We will represent the data in a tabular form as
follows:

Rii Rz ... Rip
Ry1 Ry Ry,

Suppose we are interested in testing the null hy-
pothesis that the k variates are independent or
- in other words - that there is no association
between rankings given by k observers.
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Since the testing problem given above is an exten-
sion of the paired-sample problem, one possibility
for solving it is to consider (g) tests of the null hy-
pothesis of independence to each pair of rankings.
Unfortunately, such method of hypothesis testing
is statistically undesirable because test are not in-
dependent and the overall probability of the type
I error is difficult to determine. Thus we need
a single test statistic designed to detect overall
dependence between samples with a specified sig-
nificance level.

One may easily see that each row in (1) is a per-
mutation of numbers 1,2,...,n. If, e.g., z; has
the same preference relative to all other objects
Z1,...,%j—1,%j41,..- Ty in the opinion of each of
the k observers, then all ranks in the jth column
will be identical. Therefore, the ranks in each
column are indicative for the agreement among
observers.

Let R = (Ry, ..., R;,) denote observed column to-
tals, where
k
Rj=> Ry, j=1,..n (2)
i=1

and let R denote the average column total which
equals w for perfect agreement between rank-
ings. Then the sum of squares of deviations be-
tween actually observed column total and average

column total for perfect agreement is given by:

n n 2
S =Y [~ AP = | m - M

j=1 j=1

(3)
It can be shown that the value of S for any
sets of k rankings ranges between zero and
k%n (n2 - 1) /12, with the maximum value at-
tained where there is perfect agreement and the
minimum value attained when each observer’s
rankings are assigned completely at random.
Therefore, S maybe used to test the null hypothe-
sis H that the rankings are independent (see, e.g.,

3])-
If the null hypothesis holds then the ranges as-
signed to the n objects are completely random

for each of the k observers and the (n!)* assign-
ments are all equally likely. Thus the probability

distribution of S is

fs(s) = (4)

where us is the number of those assignments
which yield s as the sum of squares of column to-
tal deviations. Some methods of generating val-
ues of ug for given n, k can be applied but the
calculations are still considerable. Therefore, an
approximation to the distribution of (4) is gener-
ally used in practice. A linear function of statistic
(3) defined as
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@= kn(n+1)

()

can be used to define the rejection region for our
hypothesis testing problem. It was proved that
statistic (5) approaches the chi-square distribu-
tion with n — 1 degrees of freedom as k increases.
Numerical comparisons have shown this to be a
good approximation as long as k > 7 (see [3]).
Therefore, we reject the null hypothesis H if

2
Q = Xn—1,a°

A test based on S or @ is called Friedman’s test.

It is easily seen that Friedman’s test could be used
provided all elements are univocally classified by
all observers. However, it may happen that one
(or more) observer cannot rank all the elements
under study (e.g. he is not familiar with all el-
ements). In other situations someone may have
problems with specifying his or her preferences.
One way-out is then to remove all objects which
are not ordered by all of the observers and not to
include them into considerations. However, this
approach involves always a loss of information.
Moreover, it may happen that if the number of ill-
classified objects is large, eliminating them would
be preclusive of applying Friedman’s test. Be-
low we show how to generalize the classical Fried-
man’s test to make it possible to infer about pos-
sible association between rankings with missing
information or non-comparable outputs. In our
approach we describe vagueness in rankings by
the generalization of the standard fuzzy sets, sug-
gested by Atanassov [1].
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3 IF-sets — basic definitions

Let X denote a universe of discourse. Then a
fuzzy set C' in X is defined as a set of ordered
pairs

C = {(w, nc(@)) v € X}, (6)

where pc : X — [0,1] is the membership func-
tion of C' and pc(x) is the grade of belonging-
ness of x into C (see [8]). Thus automatically the
grade of nonbelongingness of = into C' is equal
to 1 — pc(x). However, in real life the linguistic
negation not always identifies with logical nega-
tion. This situation is very common in natural
language processing, computing with words, etc.
Therefore Atanassov [1-2] suggested a generaliza-
tion of classical fuzzy set, called an intuitionistic
fuzzy set. The name suggested by Atanassov is
slightly misleading, because his sets have nothing
in common with intuitionism known from logic.
It seems that other name, e.g. incomplete fuzzy
sets (which had the same abbreviation), would be
even more adequate for the Atanassov sets. Thus
finally, in order to avoid terminology problems,
we call the Atanassov sets as [F-sets.

An IF-set C in X
triples

is given by a set of ordered

C = {{z,pc(z),ve(z)) 1 v € X}, (7)
where po,ve : X — [0, 1] are functions such that

0<pc(z)+rve(x) <1 Vee X. (8)

For each x the numbers uc(z) and vo(x) repre-
sent the degree of membership and degree of non-
membership of the element z € X to C C X,
respectively.

It is easily seen that an  IF-set
{{z, po(x),1 — pe(x)) x € X} is equiva-
lent to (6), i.e. each fuzzy set is a particular case
of the IF-set. We will denote a family of fuzzy
sets in X by FS(X), while IF'S(X) stands for
the family of all IF-sets in X.

For each element x € X we can compute, so
called, the IF-index of x in C defined as follows

mo(x) =1 — pe(r) — vo(x), 9)

which quantifies the amount of indeterminacy as-
sociated with z; in C. It is seen immediately
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that 7o(x) € [0,1] Vo € X. If C € FS(X) then
mo(x) =0 Ve € X.

4 TIF-sets in modelling rankings

In this section we will suggest how to apply IF-
sets in modelling orderings or rankings. A method
proposed below seems to be useful especially if not
all elements under consideration could be ranked
(see [5-7]). In our approach we will attribute an
IF-sets to the ordering corresponding to each ob-
server. For simplicity of notation we will identify
orderings expressed by observers with the cor-
responding IF-sets Aj,...,Ai. Thus, for each
1=1,...,klet

Ai = {(xj, pa,(x;), va,(2;)) - x; € X} (10)

denote an intuitionistic fuzzy subset of the uni-
verse of discourse X = {x1,...,z,}, where mem-
bership function piy,(z;) indicates the degree to
which z; is the most preferred element by ith
observer, while nonmembership function vy, (x;)
shows the degree to which x; is the less preferred
element by ith observer.

Here a natural question arises: how to determine
these membership and nonmembership functions.
Let us recall that the only available informa-
tion are orderings that admit ties and elements
that cannot be ranked (i.e. we deal with or-
derings which are not necessarily linear order-
ings because there are elements which are non-
comparable). Anyway, for each observer one can
always specify two functions wy,,ba, X —
{0,1,...,n— 1} defined as follows: for each given
xzj € X let wy,(z;) denote the number of ele-
ments 1, ...,%;—1,%jy1,...,T, surely worse than
xj, while by, (x;) let be equal to the number of
elements x1,...,%;_1,%jy1,...,%, surely better
than x; in the ordering corresponding to the pref-
erences expressed by observer A;. Using func-
tions wy,(x;) and by, (x;) we may determine the
requested membership and nonmembership func-
tions as follows

WA, (xj)

pa, () = 1 (11)
valey) = a8, (12)
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It is easily seen that wa,(x;), ba,(z;) €
{0,...,n — 1} because we rank n elements and
hence for each element x; € X there exist no less
than zero and no more than n — 1 elements which
are better (worse) than x;. Moreover, we admit
situations when the same rank is assigned to more
than one element and elements that are not com-
parable with the others.

In such a way we get k well defined IF-sets which
describe nicely orderings corresponding to k ob-
It is seen that ma,(z;) = 0 for each
xj € X if and only if all elements are ranked by ith
observer and there are no ties. Conversely, if there
exist such element x; € X that m4,(z;) > 0 then
it means that there are ties or non-comparable
elements in the ordering made by ¢th observer.
Moreover, more ties or elements that are not com-
parable with the others are present, bigger values
of the intuitionistic fuzzy index are observed. One
may also notice that 74, (z;) = 1 if and only if el-
ement x; € X is non-comparable with other ele-
ment or all elements x4, ..., z, have obtained the
same rank in the ordering made by ¢th observer.

Servers.

Hence it is seen that IF-sets seem to be a natural
and useful tool for modelling nonlinear orderings.

5 Generalization of Friedman’s test

According to (3) the test statistic for testing inde-
pendence might be expressed in a following way

S(R) = d(R, B"), (13)

where d(R, R*) denotes a distance between the
observed column totals R = (Ri,...,Ry) and
the average column totals R* obtained for per-
fect agreement between rankings. It can be shown
that R* = (R%,..., R%) and R7;‘ = k(n;l) for each
j=1...,n.

Now to construct a straightforward generalization
of Friedman’s test for orderings containing ele-
ments that cannot be ranked by all observers, we
have to find counterparts of R and R* and a suit-
able measure of distance between these two ob-
jects (see [7]). As we have suggested in the pre-
vious section, we would consider appropriate IF-
sets Ay, ..., A, for modelling ill-defined rankings.
Thus instead of R will also consider an IF-set A,

defined as follows
A= {(zj, palzj),valz;)) oz € X}, (14)

where the membership and nonmembership func-
tions p4 and v4, respectively, are given by

k

NA($j) = ;Z“Ai($j)a (15)
11;1

va(zj) = EZVAI-(J?J')- (16)
=1

If there is a perfect agreement within the group
of observers and all objects are ranked without
ties, then the resulting IF-set is of a form A* =
{(xj, pa=(z;),va=(z;)) : ©; € X} such that the
membership function is given by

pas () = Z: 1 =1 (17)

pax () Z - ?

paeaz) = o,

par (@) = o i T

pa-(zj,) = 0.
where zj,,...,x;, is a permutation of elements
T1,...,%Ty and the nonmembership function is

vas(zj) =1 — pa-(z;) (18)
for each j = 1,...,n. Therefore, for perfect

agreement between rankings, instead of the av-
erage column totals R* we obtain an IF-set A* =
{(zj, pge(x;), vg=(z;)) : @5 € X} such that

pae(z1) = ... = pge(an) = %a (19)
pir(e) = o= () = % (20)

Now, after substituting R and R* by IF-sets A
and A*, respectively, we have to choose a suit-
able distance between these two IF-sets. Sev-
eral measures of distance between IF-sets were
considered in the literature (see, e.g. [4]). In
this paper we will apply a distance proposed by
Atanassov [2], i.e. such function d : IFS(X) x
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IFS(X) — R' U {0} which for any two IF-
subsets B = {(z;, up(x;),ve(x;)) : x; € X} and
C = {(zj, uc(xj),ve(zj)) : x; € X} of the uni-
verse of discourse X = {x1,...,z,} is defined as

A(B,C) = [(us(wy) ~ ne(a;))’

J=1

+ (vB(z)) — ve(z;))’ (21)

For actual observed rankings, modelled by IF-sets
A1, ..., Ay, test statistic is a distance (21) be-
tween IF-set A obtained from (14)-(16) and A*
obtained from (19)-(20) and is given by

n 2
Srr (A) = d(A, A7) =) [<MA(33J') - ;)

J=1

4 <VA(xj) _ ;)1 L (22)

It can be shown that a following lemma holds:

Lemma 5.1 For any A € IFS there exist two
intuitionistic fuzzy sets AT and A~ such that:

Sir (A7) < Sir(A) < Sir (AY)  (23)
where
A7 = {{zj, pa(z)), valz;) + ma(z))) - x5 € X},
AT = {{zj, palz)) +malz)),valz))) s x5 € X}

Hence our test statistic Srp (A) based on ill-
defined data is bounded by two other statistics
Sip(A) = Sip (A7) and S/p(4) = Sip(AY)
corresponding to situations with perfect rankings.
Indeed, for each z; € X

ta- (@) 1 —vy-(z5) = ma-(2;) =0

pa+(x;) = 1—vgt(x;) = msa+(x) =0

which means that A~ and AT describe situations
when all elements are univocally classified. There-
fore, there exist two systems of rankings (in a clas-
sical sense) R~ and RT and one-to-one mapping
transforming A~ and AT onto R~ and R*. Next,
it could be shown that

Sip(A) = (24)

Sip(4) = (25)
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Since S7, (A) and S}, (A) are linear functions of
S, we can easily find their distributions necessary
for the desired test. Namely, if k is large enough
then

6k _
ho= STaonmopnor %
T, = Ok St (27)

n(n—1)(n>-1)

are chi-square distributed with k& — 1 degrees of
freedom. Traditionally, in hypothesis testing we
reject the null hypothesis H if test statistic be-
longs to critical region or accept H otherwise. In
our problem with missing data we get two test
statistics T and T5. Although, by (23) T, > T,
we have to utilize both statistics for decision mak-
ing.

Thus finally, the hypothesis H should be rejected
on the significance level « if

Ti(A) > Xa-1a (28)

while there are no reasons for rejecting H (i.e. we
accept H) if

Ty (A) < Xi-1a- (29)

These two situations are quite obvious. However,
it may happen that

T1(A) < Xp1.0 < T2 (4). (30)

In such a case we are not completely convinced
neither to reject nor to accept H. Thus instead
of a binary decision we could indicate a degree
of conviction that one should accept or reject H.
Moreover, going back to theory of necessity we
may define a following measure:

Ness(reject H) =

1 it (A) > X2,
A2 1. .

marcr i Ti(A) < x0T (4)
0 if Ty (A) <Xp 1.

describing the degree of necessity for rejecting H.

Simultaneously we get another measure
Poss(accept H) =1 — Ness(reject H)  (31)

describing the degree of possibility for accepting
H.
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Thus, by (28) Ness(reject H) = 1 means that
the null hypothesis should be rejected and hence
there is no possibility for accepting H. If condi-
tion (29) is fulfilled then Poss(accept H) = 1 and
Ness(reject H) = 0. Finally, if (30) holds then
Ness(reject H) = & € (0, 1) shows how strong our
data are for or against (1 — &) the null hypothesis
H.

6 Conclusion

In the paper we have proposed how to generalize
the well-known Friedman’s test to situations in
which not all elements could be ordered. We have
discussed Friedman’s test as a nonparametric tool
for testing independence of k variates. However,
this very test could be also applied as nonpara-
metric two-way analysis of variance for the bal-
anced complete block design. In this case kn sub-
jects are grouped into k£ blocks each containing n
subjects and within each block n treatments are
assigned randomly to the matched subjects. In
order to determine whether the treatment effects
are all the same, Friedman’s test could be used.
It should be stressed that our generalized version
of Friedman’s test also works for two-way analysis
of variance by ranks with missing data.
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