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Abstract

Classical statistical tests may be sensitive to vio-
lations of the fundamental model assumptions in-
herent in the derivation and construction of these
tests. It is obvious that such violations are much
more probable in the presence of vague data.
Thus nonparametric tests seem to be promising
statistical tools. A generalization of the median
test for the two-sample problem with vague data
is suggested.
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1 Introduction

Most of statistical procedures are based on fairly
specific assumptions regarding the underlying
population distribution, like normality, exponen-
tiality, etc. However, quite often such stringent
assumptions on distributions are not satisfied. In
such a case distribution-free methods — also called
nonparametric — are very useful. If the data are
vague the difficulties concerning the distribution
even increase. In fact we still do not have satisfac-
tory goodness-of-fit techniques for imprecise data.
Therefore, it seems that there is a great need for
nonparametric statistic for vague data.

The present paper is devoted to hypotheses test-
ing with fuzzy data. This general problem has
been considered by many authors (for the review
papers on testing hypotheses in fuzzy environ-
ment we refer the reader to [10] and [11]). Some
nonparametric test for vague data were also pro-
posed (see [5], [9]). Below we suggest another very
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useful distribution-free statistical test for compar-
ing two samples, This test is a generalization of
the well-known two-sample median test for fuzzy
data. The paper is organized as follows: in Sec. 2
we recall the classical two-sample median test for
crisp data. In Sec. 3 we introduce basic notation
used for modelling vague data. Then we propose
how to modify the classical median test for vague
data (Sec. 4). In our approach we utilize the
necessity index of strict dominance, suggested by
Dubois and Prade [3]. Using this tool we obtain
a fuzzy test showing the grade of necessity for re-
jecting the underlying hypothesis.

2 Two-sample median test

Suppose our data consist of two mutually
independent random samples Vi,...,V,, and
Wi,...,Wy, from populations with continuous
cumulative distribution functions Fy and Fyy, re-
spectively. Usually the hypothesis of interest in
the two-sample problem is that the two popula-
tions have the same distribution, i.e.

Hy: Fy(z) = Fiy(z) for all z. (1)

against one-sided alternative stating that V' is sto-
chastically larger than W, i.e.

Hy @ Fy(z) < Fw(z)
Fy(z) < Fw(2)

for all z, (2)

for some z.

As a particular case of we may consider the dif-

ference of location alternative, i.e.
Hy: Fy(z) =Fy(z—6) foralz  (3)

where 6 # 0. Under the location model V' is sto-
chastically larger than W if and only if 6 > 0.
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The available statistical literature on the two-
sample problem is quite extensive. For a gen-
eral case when no assumptions on underlying dis-
tributions are made several test have been pro-
posed, like the Wald-Wolfowitz runs test, the
Kolmogorov-Smirnov two-sample test, the Mann-
Whitney-Wilcoxon test, etc. Among them we
also find the so-called median test, attributed to
Brown and Mood. The idea of the median test is
as follows: let S1., < ... < S,., denote order sta-
tistics from the combined samples of V..., V,,
and Wy,...,W,,, where n = n1 + na. Moreover,
let Mg denote a sample median obtained for the-
ses combined samples, i.e.

Sn+1 if n is odd,
Mg = e
2+ Sn+1 n) if n is even.

(4)
If the two populations have the same distribution
we would expect the sample observations from
each population to be similarly spread throughout
the combined order statistics. Thus the median
test uses as a test statistic 7 the random vari-
able that counts the number of observations from
the sample Vi,...,V,, which exceed the sample
median Mg of the combined samples. If the null
hypothesis Hy holds then 7 has a hypergeometric
distribution given by
)

P(r=t)= ()(El) ) ()

where
n—l if n is odd
_ 5 if n is odd,
m { 5 if n is even, (6)
and ¢t = 0,1,...,min{ny, m}. Values of 7 signif-

icantly bigger than m will make us reject Hy in
favor of Hy. The critical values are obtained ei-
ther directly from the distribution (5) or — if sam-
ple sizes n1 and ng are large enough — a normal
approximation can be used. Moreover, if sample
sizes are large we may use the chi-square approx-
imation for the two-sided alternative.

3 Vague data

It may happen that a sample used for making
decision consists of observations that are not nec-
essarily crisp but may be vague as well.
der to describe the vagueness of data we use the

In or-

notion of a fuzzy number, introduced by Dubois
and Prade [2]. We say that a fuzzy subset A of
the real line R, with the membership function
pa : R — [0,1], is a fuzzy number if and only
if

(a) A is normal (i.e. there exists an element z
such that pa(zo) =1),

(b) Ais fuzzy convex (i.e. pa(Az1+(1—A)x2) >
pa(xy) A pa(xe), Voy, 20 € R, VA € [0, 1]),

(¢) pa is upper semicontinuous,

(d) suppA is bounded, where suppA = cl({z €
R : pa(x) > 0}) and ¢l is the closure operator.

A useful notion for dealing with a fuzzy number is
a set of its a—cuts. The a—cut of a fuzzy number
A is a nonfuzzy set defined as 4, = {x € R :
pa(z) > a}. A family {4, : « € (0,1]} is a set
representation of the fuzzy number A. According
to the definition of a fuzzy number it is easily seen
that every a—cut of a fuzzy number is a closed
interval. Hence we have A, = [AL, AY], where

AL =
Al =

inf{z € R: ps(x) > a}, (7)
sup{z € R: ps(z) > a}. (8)

A space of all fuzzy numbers will be denoted by
FN(R).

A notion of fuzzy random variable was introduced
by Kwakernaak [14], [15]. Other definitions of
fuzzy random variables are due to Kruse [12] or
to Puri and Ralescu [16]. Our definition is simi-
lar to those of Kwakernaak and Kruse. Suppose
that a random experiment is described as usual
by a probability space (€2, A, P), where € is a set
of all possible outcomes of the experiment, A is
a o—algebra of subsets of Q (the set of all possi-
ble events) and P is a probability measure. Then
mapping X : Q — FN(R) is called a fuzzy ran-
dom variable (f.r.v.) if it satisfies the following
properties:

(a) {X(a,w):a€]0,1]} is a set representation
of X (w) for all w € 0,

(b) for each a € [0,1] both X} = XE(w) =
inf X,(w) and XV = XV(w) = sup X,(w), are
usual real-valued random variables on (€2, A, P).

Thus a f.r.v. X is considered as a perception of
an unknown usual random variable V :  — R,
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called an original of X (if only vague data are
available, it is of course impossible to show which
of the possible originals is the true one). Similarly
n—dimensional fuzzy random sample Xi,..., X,
may be treated as a fuzzy perception of the usual
random sample Vi,...,V, (where Vi,...,V,, are
independent and identically distributed crisp ran-
dom variables). For more information we refer the
reader to [13].

Let V denote a set of all possible originals of X.
Then a fuzzy median of a f.r.v. X is defined as a
fuzzy set M with a membership function

pr(t) = Sup{igguxwﬂVWWDiifeWﬂ

mﬁﬂs;gﬂwﬁ, (9)

where ¢t € R and Fy denotes the c.d.f. of V.

Grzegorzewski [5] shown that a fuzzy sample me-
dian M from the fuzzy random sample X1, ..., X,
ia a fuzzy number with a—cuts [ML, MgU] given
by

M£:M£(X177Xn) (10)
(X&) g1, if n is odd,
a % ((Xé)%n + (Xé)%+1;n) if nis even,
MU= MY (X0 X )
if n is odd,

if n is even,

(X ) ns1,,
- { % ((Xg)%n + (Xg)g+1;n)

where (XZ)i., denotes the k—th order statis-
tic of a sample (X1)%,..., (X,)E while (XY)k.n
denotes the k—th order statistic of a sample
(X1)Y,...,(Xn)Y. It can be shown that the fuzzy
sample median becomes a traditional crisp sample
median if the observations are not vague but crisp.
Moreover, the fuzzy sample median is a fuzzy-
consistent estimator of the median, provided that
we restrict ourselves to distributions with unique

median (for more details see [5]).

4 Median test for vague data

Now suppose that we want to verify Hy against
one-sided alternative Hy having only fuzzy ran-
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dom samples Xy,...,X,, and Y1,...,Y,,. How-
ever, when we try to apply the median test di-
rectly to fuzzy data we meet immediately a seri-
ous difficulty: the test statistic 7 depends on the
number of observations from the first sample big-
ger than the sample median M of the combined
sample, which is also fuzzy. As it is known, fuzzy
numbers are not linearly ordered, hence there is
no such ordering system that could univocally
determine which of any two fuzzy numbers is a
bigger one. Therefore, we cannot say explicitly
how many observations from the fuzzy sample
Xi,...,X,, exceed fuzzy sample median M.

Many researchers have considered the problem of
ranking fuzzy numbers (see, e.g. [1] or [17]). Be-
low we apply a method for comparing fuzzy num-
bers via coefficient called the necessity index of
strict dominance (NSD), suggested by Dubois and
Prade [3]. Let us recall that for any fuzzy num-
bers A and B with membership functions 4 and
g, respectively, we can evaluate the degree of
necessity to which the relation A > B is fulfilled

Ness(A> B)=1— sup min{ua(z), up(y)}.
z,y:x<y

(12)
Dubois and Prade proposed also the possibility of
strict dominance index and other indices. How-
ever, we decided to use NSD index because of its
natural interpretation and effectiveness in solv-
ing real-life problems (including statistics — see,
e.g., [8]). NSD index takes values from the inter-
val [0,1] and provides the grade of necessity for
A > B. Let [A% AUl and [BE, BY] denote a—cuts
of fuzzy numbers A and B, respectively. By (12)
Ness(A > B) = 1 if and only if ALY > BY for all
a € (0,1] which corresponds to situation where
A could be univocally classified as ”greater” than
B. However, if AX < BY for some a € (0,1] then
the relationship between A and B is not so evi-
dent and Ness(A > B) < 1. Thus it corresponds
to soft concept of inequality rather than the crisp
one and hence it seems more adequate for han-
dling with vague data. This is why we have also
found it suitable for our statistical testing prob-
lem.

Let Zi,...,7Z, denote a set of observations cre-
ated by combined samples of Vi,...,V,, and
Wi,...,Wy, and let M denote a fuzzy sample
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median computed from Zi,...,Z, according to
(10)—(11). Following lemmas will be useful:

Lemma 4.1

For any fuzzy random sample Z1, ..., Z, we have

# {2 (Z)k > MY, for all a € (0,1]} < m,
(13)
where m is given by (6) and #{-} stands for the
cardinality of given set {-}.

As a conclusion we get immediately

Lemma 4.2

For any fuzzy random sample Z1, ..., Z, we have

#{Z;: Ness(Z; > M) >0} < m. (14)

We also get

Lemma 4.3
If o > (3, where o, € (0,1], then for any fuzzy
random sample Z1,...,Z, we have

#{Z;: Ness(Z; > M) > a} < (15)
< #{Z;: Ness(Z; > M) > [3}.

Now we can define a test statistic T as follows

T= U #{X;: Ness(X; > M) > a} /a.
ae(0,1]
(16)
By lemmas given above T is a fuzzy subset of
a set{0,1,...,min{n;,m}} with a nonincreasing
membership function pr given by

sup{a € [0,1] : (17)
#{X;: Ness(X; > M) > a} =t}.

pr(t) =

For simplicity of notation let | = min{ni, m}. As
it is seen pur takes at most [ + 1 distinct values.
They correspond to no more than [ + 1 distinct
numbers of observations which exceed fuzzy sam-
ple median M with different grades of necessity.
Thus we may decompose our testing problem for
fuzzy data into no more than [ 4+ 1 crisp testing
problems and then appropriately aggregate the re-
sults.

More formally, we may denote T in a following
way:
T:O/a0+1/a1+...+l/al, (18)

where ap > a1 > ... > oy (by Lemma 3). More-
over, assume that there are only k distinct values
among «p, ..., q; and denote then by fBi,..., 0k
(of course, in general, 1 < k < [). Let us also
adopt a following notation:

tj =max{i:a; =0, i=0,1,...,[}. (19)
Hence our test statistic (16) reduces to

T =t/ +...tx/Br, (20)

where t1 < ... <ty and By > ... > O. Test sta-
tistic (20) has a nice interpretation: the grade of
necessity that ¢; observations from the first sam-
ple Xi,..., Xy, exceed fuzzy sample median M
is not smaller than ;.

Suppose now that we consider a statistical test
¢ : 2 — {0,1}, where = is a sample space. As
it is known, a classical test on significance level
0 € (0,1) is given by

( )= 1 if 7(s1,...,8,) € Ks,
PLL i) = if 7(s1,...,8,) ¢ K,
(21)

where Ky is a critical region. In a fuzzy do-
main we have a fuzzy test ¢ : F(Z) — F({0,1}),
where sample space F(Z) is now a set of all
possible fuzzy outcomes of the experiment. We
may decompose such a fuzzy test into a fam-
ily {¢o : a € (0,1]} of crisp tests correspond-
ing to successive a—cuts, where ¢ (21, ...,2Z,) =
0(€((Z1)a)s -, &((Z1)a)) and £ is a function
(compare, e.g., [6] [7]). Since in our case test sta-
tistic T" assumes k values only, we may decompose
the fuzzy median test into a finite family of crisp
tests {¢p;, : j = 1,...,k}. In other words, we
consider k crisp testing problems of verifying H)
against Hy assuming each time that the test sta-
tistic takes different values, namely 7 = ¢;, where
j=1,...,k Since t; < ... < tg, the following
lemma holds:

Lemma 4.4

Let K5 denote a critical region for the testing
problem Hy against Ho on significance level § €
(0,1). If there exist such t*, t; < t* < tg,
that T = t* € K5 then 7 = t € Kgs for each
t > t*. Moreover, if t* is the smallest value in
a set {t1,...,tx} such that T = t* € Ks then
T=1t¢ K5 for eacht < t*.
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As a natural consequence of that lemma we get a
following corollary

Corollary 4.1

If there exist such 3%, 51 < * < By, that ¢pg- =1
then ¢g = 1 for each 3 < [3*. Moreover, if 3*
is the largest value in a set {(,..., Bk} such that
¢p= = 1 then ¢g =0 for each 3 > [3*.

Thus finally, our fuzzy median test has a following
form

(21, Zn) =1/pg(1) +0/pg(0)  (22)
where
M¢(1) = sup (bg(Zl,...,Zn), (23)
Be{B1,.-,8k}
1o(0) = 1= pg(L). (24)

It is easily seen that our fuzzy median test, con-
trary to the classical crisp test, does not lead
to a binary decision (acceptation or rejection of
H) but to a fuzzy decision. We may get ¢ =
1/1 4+ 0/0 which indicates that we should reject
H, or ¢ = 1/0+ 0/1 which means that there is
no reason for rejecting H, but we may also get
¢ =1/n4+0/(1 —n), where n € (0,1), which can
be interpreted as a degree of necessity of rejection
(n) or acceptation (1 —n) the null hypothesis H.
Thus, in situation when 7 is neither 0 nor 1, a user
must decide whether to reject or to accept given
hypothesis actually (however value n would sup-
port his decision). The problem of defuzzification
of a fuzzy test is considered in [7].

5 Conclusions

In the present paper we have proposed a two-
sample fuzzy median test for vague data. This
test is a natural and proper generalization of the
classical test since if all the data are crisp it re-
duces to this classical two-sample median test.
Our two-sample fuzzy median test for vague data
is based on the necessity index of strict domi-
nance. This index seems to be a very useful tool
for comparing fuzzy numbers because of its clear
interpretation. However, it seems that one can
also construct a similar test based on the pos-
sibility index. It is also worth noting that our
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approach could be applied for the generalization
of other nonparametric statistical test for vague
data.
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