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Abstract
This paper tries to establish a framework for sampling
inspections by attributes based on soft quality stan-
dards in order to pay more attention to some short-
comings in classical modelling concerning the accept-
ability of inspection lots. As a suggestion such sam-
pling inspections are described in terms of a statistical
test with fuzzy hypothesis and fuzzy data, extending
the classical framework of sampling inspections by at-
tributes. Furthermore the operating characteristics
will be explored.
Keywords: Inspection by attributes, variable of
measurement, single sampling plan, sampling inspec-
tion by attributes.

0 Introduction

A well developed framework is available to con-
trollers when dealing with sampling inspections
by attributes ([5], [8]). Within statistical termi-
nology sampling inspections by attributes can be
described as one-sided statistical tests about the
portion of the defective units in the inspection
lot under consideration. An inspection lot is de-
fined to be acceptable if the portion of the defec-
tive units does not exceed a given tolerance value,
that means that the nullhypothesis is valid. Re-
cently Arnold has directed the attention to some
strictness of this approach ([1], [2]). Firstly the
costumer might be satisfied with a test which sat-
isfies the constraints by the errors of first and
second kind not exactly if he gets some compen-
sation e.g. a smaller sample size ([1]). Secondly,
defining the acceptability of an inspection lot, it
should be taken into account to what amount the
portion of defective units deviates from a given
tolerance value. Concerning both points Arnold
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has offered some extension of classical test theory
by using fuzzy set theory.
This paper is also a contribution to the integra-
tion of fuzzy set theory into sampling inspections
by attributes. We shall focus on the shortcom-
ings of the classical approach caused by the usual
formulation of the quality standard underlying
each inspection by attributes. When looking for
a suitable standard we are often faced with the
so called problem of adequacy. We have to find
indicators and boundaries for them in order to
measure the quality of the units adequately. In
many cases the fixing of the boundaries seems
to be arbitrary. Moreover, very heterogeneous
kinds of qualities are reduced to a common de-
nominator since it is of no importance whether
the deviation of a unit from the quality standard
is small or large. This can lead to unsatisfactory
assessments of the quality of a lot.
In order to get by these problems the literature
on statistical quality control offers the method
of sampling inspections by variables which leads
to parameter tests on the fractions defective in
the inspection lots (cf. [8]). Unfortunately, this
framework does not reduce the shortcomings of
sampling inspections by attributes caused by the
problem of adequacy. The quality of a lot is still
characterized by the fraction defective which re-
lies on a classical formulation of a quality stan-
dard.
The aim of this paper is to generalize the classical
framework of sampling inspections by attributes
to sampling inspections based on soft quality
standards. That means to go over to quality stan-
dards which may differentiate between grades of
quality with the antipodean extreme grades of
strict quality and full defectiveness. Then the
amount of deviation from strict quality could be
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taken into consideration to define the quality of
an inspection lot. The approach differs from the
Hryniewicz’s proposal to overcome the shortcom-
ings caused by the strict quality standards (cf.
[4]). His crucial idea is to relax the qualification
of units of the lot w.r.t. a given strict standard,
allowing imprecise evaluations to express how the
units fulfill the quality requirements.
The paper is organized as follows. After intro-
ducing some basic notations, we want to install
in section 2 the general setting for an inspection
of lots by attributes based on soft standards. In
section 3 we adapt the classical single sampling
plans to the inspections built on soft standards.
Then we may describe this general sampling in-
spection by attributes with single sampling plans
as a statistical test, and the operating character-
istics will be explored completely.

1 Notations and preliminaries

Let Ω be a non-void set. The α−cuts of a fuzzy
subset R̃ of Ω will be denoted by [R̃]α (α ∈]0, 1]).
Throughout the paper we shall focus our atten-
tion to the space F (R) consisting of all fuzzy
subsets Ã of R with non-void, convex, compact
α−cuts [Ã]α (α ∈]0, 1]) satisfying min[Ã]α =
max[Ã]1 for each α ∈]0, 1]. This fuzzy subset is
uniquely described by the function r

Ã
: [0, 1] → R

with r
Ã
(0) := 1, r

Ã
(1) := 0 and r

Ã
(α) :=

max[Ã]α otherwise.
Using Zadeh’s extension principle we may endow
F (R) with the well-defined operations f

F of ad-
dition and λ pf

F scalar mulitiplications with non-
negative real numbers λ. Obviously the neutral
element w.r.t. f

F is the fuzzy subset with the
indicator mapping of {0} as membership func-
tion. This fuzzy subset will be denoted by 0̃.

Several suggestions to extend the ordinary ≤
−relation on R to F (R) can be found in liter-
ature (e.g. [3], [7]). We shall use the relation
�, defined to consist of all (Ã, B̃) ∈ F (R)2 such
that r

Ã
(α) ≤ r

B̃
(α) holds for each α ∈]0, 1[, and

write Ã � B̃ if (Ã, B̃) ∈� . The choice of this
relation is justified by the pretty interpretation
which can be revealed in the context of sampling
inspections by attributs.
Throughout this paper the number of a finite set
A will be denoted by ]A.

2 General inspections by at-
tributes

From now on let Ω denote a lot containing N
units of product. It may be supplied by a prob-
ability space (Ω,F ,P), where P stands for the
relative frequency on the powerset F of Ω.

Usually inspection by attributes means to accept
or reject the lot w.r.t. a list of quality character-
istics and requirements which define the quality
standard. If e.g. the list consists of m quality
characteristics and requirements, we can repre-
sent the standard of defective units of product

by a subset Q of a Cartesian product
i=1

m

Ωi of
non-void sets Ω1, ...,Ωm. This quality standard
induces the subset R of the defective units in the
lot Ω. Then the quality of the lot Ω w.r.t. Q
is defined as the fraction defective ]R

N =: p, which
is unknown.
As it had been pointed out in the introduction
it is often not adequate to define a strict stan-
dard. In the following we want to suggest an ex-
tension of the classical inspections by attributes.
The crucial point is to relax the restrictions of a
classical quality standard, defining a soft quality

standard. Instead of the subset Q of
i=1

m

Ωi we

use a fuzzy subset Q̃ of
i=1

m

Ωi to represent the
quality standard. This new standard induces a
fuzzy subset R̃ of Ω. But now we have to define
the quality of Ω w.r.t. Q̃, where no canonical way
is offered.
The values of the membership function µ

Q̃
can be

understood as grades of defectiveness. Thus we
can classify hierarchically the units of lots w.r.t.
these grades of defectiveness. Each α−cut [R̃]α

gathers all the units of Ω with a grade of defec-
tiveness which is at least α. Observe that in the
case of the strict standard Q we obtain R as the
unique class of defectiveness. Since the portion
]R
N defines the quality of Ω w.r.t. Q, we intu-
itively describe the quality of Ω w.r.t. Q̃ by the si-
multaneous fractions defective { ][R̃]α

N | α ∈]0, 1]}.
A very simple way to compress these quantities
into a formal expression is the fuzzy subset ϑ̃

from F (R), characterized by r
ϑ̃
(α) := ][R̃]α

N for
α ∈]0, 1[. It will be called the quality of the lot
Ω w.r.t. Q̃. The unknown quality ϑ̃ possibly
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takes values in the parameter space ΘN consist-
ing of all ϑ̃ ∈ F (R) such that the range of r

ϑ̃
is

contained in { i
N | i ∈ {0, ..., N}}.

In the next step we want to fix when the quality of
the lot may be regarded as acceptable. The idea
is, analogously to the inspection of Ω w.r.t. Q,

to set the portions ][R̃]α

N (α ∈]0, 1]) respectively
upper values tα (α ∈]0, 1]) of tolerance. Formally,
this means to choose some ϑ̃l ∈ ΘN such that
the quantity ϑ̃ of the lot is acceptable if ϑ̃ � ϑ̃l.
Therefore ϑ̃l is called value of tolerance. The
acceptable qualities from ΘN are gathered in the
set ΘN0.

Summarizing the discussion, the quintuple
(Q̃, R̃,ΘN , ϑ̃l,ΘN0) defines the inspection by
attributes based on the soft quality stan-
dard Q̃.
As in the case of classical inspections by at-
tributes sampling inspection will be treated like
a statistical parameter test with pair of hypoth-
esis H0 : ϑ̃ ∈ ΘN0, H1 : ϑ̃ 6∈ ΘN0. The critical
and acceptance regions will be based on random
samples from the lot by investigating the quali-
ties of the elements in the samples. In order to
construct these regions we need a suitable vari-
able of measurement. As a plausible requirement
this variable should take the quality ϑ̃ of the lot
Ω as its average value. This may be achieved by
Ỹ R̃(ω) ∈ F (R), characterized by r

Ỹ R̃(ω)
(α) :=

1 if ω ∈ [R̃]α, and r
Ỹ R̃(ω)

(α) := 0 otherwise

(α ∈]0, 1[). This mapping Ỹ R : Ω → F (R) will
be named the variable of measurement w.r.t.
(Q̃, R̃,ΘN , ϑ̃l,ΘN0). It may be viewed as a ran-
dom variable over (Ω,F ,P), with the image mea-
sure of P on the powerset of F (R) as its distri-
bution.

3 Single sampling plans

In most cases we have to content ourselves with
applying an inspection by attributes to a sam-
ple drawn from the inspection lot. Therefore we
have to find sampling plans which fix the deci-
sion rule to accept or reject the inspection lot on
basis of such samples. This will be the subject
of this section, restricting ourselves to sampling
plans which extends the single sampling plans of
classical inspections by attributes.

Let a sample (ω1, ..., ωn) be drawn from Ω. Then
by construction r

Ỹ R̃(ω1) f
F ... f

F Ỹ R̃(ωn)
(α) counts

the elements of the sample which belong to the
class of defectiveness [R̃]α. Now the analogy to
classical single sampling plans is obvious:
In order to define a lot to be acceptable in
the view of Ỹ R̃(ω1), ..., Ỹ R̃(ωn) we demand that
r
Ỹ R̃(ω1) f

F ... f
F Ỹ R̃(ωn)

(α) ≤ Cα (α ∈]0, 1[) hold
simultaneously, where Cα (α ∈]0, 1[) are given
numbers. This means to select a C̃ ∈ F (R) with
0̃ � C̃ such that Ỹ R̃(ω1) f

F ... f
F Ỹ R̃(ωn) � C̃

should be satisfied to accept the lot.
So we define a single sampling plan w.r.t. the
inspection (Q̃, R̃,ΘN , ϑ̃l,ΘN0) as a pair (n, C̃)
from {1, ..., N} × F (R) with 0̃ � C̃. Each sin-
gle sampling plan (n, C̃) induces a statistical test
with hypotheses H0 : ϑ̃ ∈ ΘN0, H1 : ϑ̃ 6∈
ΘN0 and acceptance region A

n,C̃
consisting of all

(x̃1, ..., x̃n) ∈ F (R)n with x̃1
f
F ... f

F x̃n � C̃.
Such a test defines a sampling inspection by
attributes based on the soft standard Q̃.

The power of sampling inspections is expressed
by their operating characteristics. Our aim is
to investigate them, restricting ourselves to sam-
ples without replacement. We shall obtain an
extension of the classical result in terms of mul-
tivariate hypergeometric distributions, which is,
however, more complicated since the structure of
the quality of an inspection lot is more complex
than within the classical setting.
Let us associate each ϑ̃ ∈ ΘN with the set
of D(ϑ̃) gathering the m

ϑ̃
different discontinu-

ity points α
1ϑ̃

< ... < α
m

ϑ̃
ϑ̃

of r
ϑ̃
. Further-

more let R̃
ϑ̃

denote any fuzzy subset of the lot

Ω with max[ϑ̃]α =
][R̃

ϑ̃
]α

N
for α ∈]0, 1]. It may

be viewed as the fuzzy subset of defective units
in the lot if ϑ̃ is the true quality. Observe
that this interpretation does not depend on the
choice of R̃

ϑ̃
. The discontinuity points of r

ϑ̃
are

just the outcomes of the membership function
µ

R̃
ϑ̃

of R̃
ϑ̃
. Using these notations, H(N,n, ϑ̃) de-

notes the Dirac measure at the real number 0
if ϑ̃ = 0̃. Otherwise this symbol will be used
for the m

ϑ̃
−variate hypergeometric distribution

with parameters N,n,Np
ϑ̃
(α

1ϑ̃
), ..., Np

ϑ̃
(αm

ϑ̃ϑ̃
),

where p
ϑ̃
(α

iϑ̃
) := ]µ−1

R̃
ϑ̃

({α
iϑ̃
}). Note that the di-

mension of the distribution is linked with the
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number of discontinuity points of r
ϑ̃
.

Theorem 3.1 Let (n, C̃) be a single sampling
plan w.r.t. (Q̃, R̃,ΘN , ϑ̃l,ΘN0), and additionally
let L

N,n,C̃
: ΘN → R denote the operating char-

acteristic of the induced statistical test. Then
L

N,n,C̃
(0̃) = 1, and for ϑ̃ 6= 0̃ we obtain

L
N,n,C̃

(ϑ̃) = H(N,n, ϑ̃)
( ⋂
α∈D

ϑ̃
\{0}

Aα

)
,

where Aα consists of all (z1, ..., zm
ϑ̃
) ∈ Rm

ϑ̃ such

that the inequality
m

ϑ̃∑
k=1

α≤α
kϑ̃

zk ≤ max[C̃]α holds

(α ∈ D
ϑ̃
\ {0}).

One consequence of Theorem 3.1 is that the op-
erating characteristics are only dependent on the
chosen single sampling plan. Therefore we may
call the mapping L

N,n,C̃
the operating charac-

teristic of the quality of an inspection lot
of size N based on the single sampling plan
(n, C̃).
It is known that within the framework of classi-
cal sampling inspections by attributes with single
sampling plans the operating characteristics are
nonincreasing. This result may be preserved.

Proposition 3.2 Let L
N,n,C̃

be the operating
characteristic of the quality of an inspection lot of
size N based on the single sampling plan (n, C̃).
Then L

N,n,C̃
(ϑ̃1) ≥ L

N,n,C̃
(ϑ̃2) if ϑ̃1 � ϑ̃2.

When selecting a single sampling plan we can re-
strict ourselves to consider only finite many single
sampling plans.

Proposition 3.3 Let (n, C̃) be some single sam-
pling plan w.r.t. (Q̃, R̃,ΘN , ϑ̃l,ΘN0).
Then there exists some C̃∗ ∈ Fno

cocrf (R) such that
the single sampling plan (n, C̃∗) satisfies the fol-
lowing properties

.1 r
C̃∗(α) ∈ {0, ..., n} for α ∈]0, 1], and addi-

tionally µ
C̃∗(R) \ {0} ⊆ D(ϑ̃l) ∪ {1}.

.2 LN,n,C∗(ϑ̃) ≤ LN,n,C(ϑ̃) for all ϑ̃ ∈ ΘN .

.3 min
ϑ̃�ϑ̃l

LN,n,C∗(ϑ̃) = min
ϑ̃�ϑ̃l

LN,n,C(ϑ̃)

4 Final remarks

We have introduced a framework of sampling
inspections by attributes which generalizes the
classical one by incorporating soft quality stan-
dards for the units of the inspection lots. So the
obtained greater flexibility for planning might be
utilized to represent the quality and acceptability
of inspection lots more adequately than the clas-
sical approach. These advantages are, however,
contrasted by the practical difficulty to evaluate
operating characterists which are more compli-
cated than in the classical context.
The author has also provided a method to select a
suitable single sampling. It extends the classical
one to find single sampling plans of given strength
(cf. [6]).

References

[1] Arnold, B.: Determining the Parameters
of Statistical Tests by Fuzzy Constraints,
Metrika 42 (1995), 347-359

[2] Arnold, B.: An Approach to Fuzzy Hypoth-
esis Testing, Metrika 44 (1996), 119-126

[3] Fodor, J./Roubens, M.: Fuzzy prefer-
ence modelling and multicriteria support.
Kluwer, Dordrecht 1994.

[4] Grzegorzewski, P./Hyniewicz, O.: Soft
methods in statistical quality control, Con-
trol and Cybernetics 29 (2000), 1-22.

[5] Hald, A.: Statistical Theory of sampling
inspection by attributes. Academic Press,
London 1981.
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