


where h > 0 is a smoothing parameter and µ is a
mf that must satisfy

∫
xµ(x) dx = 0 (5)

and ∑

i∈Z
µ(x + i) = 1 ∀x ∈ R. (6)

Equation (6) ensures that the condition in (3) is
satisfied. Also, it can be derived from (6) that

∫
µ(x) dx = 1. (7)

From (4) and (7) it follows that
∫

µi(x) dx = h for
all i ∈ Z. By using this result and by substituting
(2) and (4) in (1) we obtain

f̂(x) =
1
n

n∑

j=1

K(x, x− xj), (8)

where the function K(x,w) is given by

K(x,w) =
1
h

∑

i∈Z
µ

(x

h
− i

)
µ

(
x− w

h
− i

)
. (9)

Using (8) and (9), a FH can be seen as a gener-
alization of a kernel density estimator (KDE) or,
more specifically, as a KDE that uses different ker-
nels for different values of x. Similarly to a KDE,
a FH has one parameter, which is the smoothing
parameter h. The optimal value of this param-
eter depends on the sample size n. In the next
section, FHs are analyzed by extending the anal-
ysis of KDEs in [3].

3 Statistical Analysis

For analyzing nonparametric density estimators,
the integrated mean squared error (IMSE, also
called the mean integrated squared error or
MISE) is usually considered [3]. The IMSE is de-
fined as

IMSE =
∫

E
(
f̂(x)− f(x)

)2
dx. (10)

The IMSE equals the sum of the integrated
squared bias (ISB) and the integrated variance
(IV), which are defined as

ISB =
∫ (

Ef̂(x)− f(x)
)2

dx (11)

and
IV =

∫
E

(
f̂(x)− Ef̂(x)

)2
dx. (12)

Usually, the asymptotically optimal IMSE, de-
noted by IMSE* in this paper, is derived. This is
the IMSE that is obtained by choosing the param-
eters of a density estimator in an asymptotically
optimal way (i.e. in such a way that the terms
in the IMSE that are relevant in an asymptotic
analysis are minimized).

The IMSE* of a FH is given in the following the-
orem.

Theorem 1 Consider a FH. Let the mfs µi con-
stitute a uniform partitioning. The IMSE* of the
FH is then given by

IMSE∗ = 3
(α

4
R

(
f ′

))1/3
γ2/3n−2/3 + O

(
n−1

)

(13)
if α > 0 and

IMSE∗ =
5
4
(
βR

(
f ′′

))1/5
γ4/5n−4/5 + O

(
n−1

)

(14)
if α = 0, where

α =
∫ 1

2

− 1
2

(∑

i∈Z
(x− i)µ(x− i)

)2

dx, (15)

β =
∫ 1

2

− 1
2

(∫
w2µ(w) dw

+
∑

i∈Z
(x− i)2µ(x− i)

)2

dx, (16)

and

γ =
∫ 1

2

− 1
2

∫ (∑

i∈Z
µ(x− i)µ(w − i)

)2

dw dx.

(17)
In (13) and (14), R(·) denotes the roughness of a
function and is defined as [3]

R(φ) =
∫

φ(x)2 dx. (18)

The proof of Theorem 1 is given in the follow-
ing three paragraphs. First, the ISB and the IV
are derived in Paragraph 3.1 and 3.2, respectively.
Then, the IMSE* is derived in Paragraph 3.3.



3.1 Integrated Squared Bias

Let X denote a random variable that is dis-
tributed according to f(x). The expectation of
a FH can then be written as

Ef̂(x) = EK(x, x−X)

=
∫

K(x, x− t)f(t) dt

=
∫

K(x,w)f(x− w) dw

=
∫

K(x,w)
∞∑

k=0

(−w)kf (k)(x)
k!

dw

=
∞∑

k=0

(−1)kf (k)(x)
k!

∫
wkK(x,w) dw. (19)

Note that this result is based on a Taylor series
expansion. It further follows from (6), (7), and
(9) that

∫
K(x,w) dw = 1 for all x ∈ R. The bias

B(x) of a FH therefore equals

B(x) = Ef̂(x)− f(x)

=
∞∑

k=1

(−1)kf (k)(x)
k!

∫
wkK(x,w) dw. (20)

Using (9), the integral in (19) and (20) can be
written as

∫
wk

h

∑

i∈Z
µ

(x

h
− i

)
µ

(
x− w

h
− i

)
dw

=
∑

i∈Z
µ

(x

h
− i

)∫
wk

h
µ

(
x− w

h
− i

)
dw

=
∑

i∈Z
µ

(x

h
− i

)∫
(x− hi− hv)kµ(v) dv.

(21)

The ISB of a FH follows from (20) and is given
by

ISB =
∫

B(x)2 dx

= h

∫ ( ∞∑

k=1

(−1)kf (k)(hu)
k!

×
∫

wkK(hu,w) dw

)2

du. (22)

Substitution of hu for x in (21) results in

hk
∑

i∈Z
µ(u− i)

∫
(u− i− v)kµ(v) dv. (23)

Using (5) and (7), for k = 1 (23) becomes

h
∑

i∈Z
(u− i)µ(u− i). (24)

Assuming that the expression in (24) does not
equal 0, it follows from (22), (23), and (24) that
the ISB of a FH can be written as

h

∫ (
−hf ′(hu)

∑

i∈Z
(u− i)µ(u− i) + . . .

)2

du

= h3

∫
f ′(hu)2

(∑

i∈Z
(u− i)µ(u− i)

)2

du + . . .

= h3
∑

j∈Z

∫ j+ 1
2

j− 1
2

f ′(hu)2

×
(∑

i∈Z
(u− i)µ(u− i)

)2

du + . . .

= αh3
∑

j∈Z
f ′(hηj)2 + . . . , (25)

where the last step uses the generalized mean
value theorem. This step is valid for some col-
lection of points ηj , where j − 1

2 < ηj < j + 1
2 .

The generalized mean value theorem states that

∫ b

a
φ(x)g(x) dx = φ(c)

∫ b

a
g(x) dx, (26)

for some value of c such that a < c < b. The
functions φ and g are assumed to be continuous
on the interval [a, b], and g is also assumed to be
nonnegative on this interval. The last step in (25)
also uses the following result

∫ a+ 1
2

a− 1
2

(∑

i∈Z
(x− i)µ(x− i)

)2

dx = α ∀a ∈ R.

(27)
Due to space limitations we do not prove this
result. Using numerical integration approxima-
tions, (25) can be written as

ISB = αR
(
f ′

)
h2 + O

(
h3

)
. (28)



It can be seen that in the special case where α = 0
the expression in (24) also equals 0. We derive a
separate expression for the ISB of a FH in this
special case. Using (5), (6), and (7), for k = 2
(23) becomes

h2

(∫
v2µ(v) dv +

∑

i∈Z
(u− i)2µ(u− i)

)
. (29)

In a similar way as above, it then follows that the
ISB of a FH in (22) can be written as

h

∫ (
1
2
h2f ′′(hu)

(∫
v2µ(v) dv

+
∑

i∈Z
(u− i)2µ(u− i)

)
+ . . .

)2

du

=
β

4
h5

∑

j∈Z
f ′′(hηj)2 + . . . , (30)

where the last step, which is valid for some col-
lection of points ηj (j − 1

2 < ηj < j + 1
2), uses

the generalized mean value theorem. Rewriting
(30) using numerical integration approximations
results in the following expression for the ISB of
a FH in the special case where α = 0

ISB =
β

4
R

(
f ′′

)
h4 + O

(
h5

)
. (31)

For convergence (in mean square) of the FH es-
timator f̂(x) to the pdf f(x) that is being esti-
mated, it is necessary that ISB → 0 as n → ∞.
It follows from both (28) and (31) that, in order
to achieve this, the smoothing parameter h must
be chosen in such a way that h → 0 as n →∞.

3.2 Integrated Variance

The variance V (x) of a FH equals

V (x) = E
(
f̂(x)− Ef̂(x)

)2

=
1
n

E
(
K(x, x−X)2

)− 1
n

(EK(x, x−X))2.

(32)

The first term in (32) can be written as

1
n

∫
K(x, x− t)2f(t) dt

=
1
n

∫
K(x,w)2f(x− w) dw

=
1
n

∫
K(x,w)2

∞∑

k=0

(−w)kf (k)(x)
k!

dw

=
1
n

∞∑

k=0

(−1)kf (k)(x)
k!

∫
wkK(x,w)2 dw.(33)

Using (9), the integral in (33) becomes

∫
wk

h2

(∑

i∈Z
µ

(x

h
− i

)
µ

(
x− w

h
− i

))2

dw

=
1
h

∫
(x− hv)k

(∑

i∈Z
µ

(x

h
− i

)
µ(v − i)

)2

dv.

(34)

The IV of a FH follows from (32) and is given by

IV =
∫

V (x) dx = h

∫
V (hu) du

=
h

n

∫
E

(
K(hu, hu−X)2

)
du

− h

n

∫
(EK(hu, hu−X))2 du. (35)

Substitution of hu for x in (34) results in

hk−1

∫
(u− v)k

(∑

i∈Z
µ(u− i)µ(v − i)

)2

dv.

(36)
Using (33) and (36), the first term in (35) can be
written as

1
n

∞∑

k=0

(−h)k

k!

∫
f (k)(hu)

∫
(u− v)k

×
(∑

i∈Z
µ(u− i)µ(v − i)

)2

dv du

=
1
n

∫
f(hu)

×
∫ (∑

i∈Z
µ(u− i)µ(v − i)

)2

dv du + . . .

=
γ

n

∑

j∈Z
f(hηj) + . . . , (37)



where the last step, which is valid for some col-
lection of points ηj (j − 1

2 < ηj < j + 1
2), uses the

generalized mean value theorem. Rewriting (37)
using numerical integration approximations gives

γ

hn
+ O

(
n−1

)
. (38)

To see this, note that
∫

f(x) dx = 1 since f(x) is
a pdf. Using (6), (7), (19), and (23), the second
term in (35) can be written as

h

n

∫ ( ∞∑

k=0

(−1)kf (k)(hu)
k!

×
∫

wkK(hu,w) dw

)2

du

=
h

n

∫
f(hu)2 du + . . . . (39)

In a similar way as the first term in (35), the
second term can be rewritten using the general-
ized mean value theorem and numerical integra-
tion approximations. Equation (39) then becomes

R(f)
n

+ O
(
hn−1

)
. (40)

The IV equals the sum of (38) and (40). It was
discussed above that for convergence of f̂(x) to
f(x) the smoothing parameter h must be chosen
in such a way that h → 0 as n →∞. Using such
a choice of h, (38) decreases at a lower rate than
(40) as n → ∞. The IV can therefore simply be
written as

IV =
γ

hn
+ O

(
n−1

)
. (41)

3.3 Asymptotically Optimal Integrated
Mean Squared Error

The IMSE equals the sum of the ISB and the IV.
For α > 0, this means that the IMSE equals the
sum of (28) and (41), which results in

IMSE = αR
(
f ′

)
h2 +

γ

hn
+ O

(
h3 + n−1

)
. (42)

The asymptotically optimal smoothing parameter
h∗ is the smoothing parameter h that minimizes
the first two terms in (42). This gives

h∗ =
(

γ

2αR (f ′)

)1/3

n−1/3. (43)

By substituting (43) in (42) the IMSE* in (13) is
obtained.

For α = 0, the IMSE equals the sum of (31) and
(41). This results in

IMSE =
β

4
R

(
f ′′

)
h4 +

γ

hn
+ O

(
h5 + n−1

)
. (44)

The asymptotically optimal smoothing parameter
h∗ is then given by

h∗ =
(

γ

βR (f ′′)

)1/5

n−1/5. (45)

By substituting (45) in (44) the IMSE* in (14) is
obtained.

Theorem 1 has now been proven. We briefly dis-
cuss the choice of mf µ in the next paragraph.

3.4 Choice of the Membership Function

It follows from Theorem 1 that the choice of mf µ
strongly affects the statistical efficiency of a FH.
If µ is chosen in such a way that α > 0, then the
IMSE* of a FH decreases at a rate of O

(
n−2/3

)
.

If, on the other hand, µ is chosen in such a way
that α = 0, then a much better rate of O

(
n−4/5

)
is obtained. To maximize the efficiency of a FH,
it is therefore essential to know what choices of µ
result in α = 0.

It can be shown that there are several choices of µ
for which α = 0. As an example of such a choice,
we consider the following triangular mf

µ(x) = max(1− |x|, 0). (46)

For µ given by (46), it can be calculated that β =
7/60 and γ = 1/2. Using (14), we then obtain

IMSE∗ =
5
8

(
7
30

R
(
f ′′

))1/5

n−4/5 + O
(
n−1

)
.

(47)
We note that in [1] a density estimator is studied
that is equivalent to a FH with µ given by (46).

4 Discussion

Two important criteria for choosing a nonpara-
metric density estimator are statistical efficiency
and computational efficiency. Using these cri-
teria, ordinary crisp histograms and KDEs are



two extremes. Crisp histograms are very effi-
cient computationally but quite inefficient statis-
tically, whereas KDEs are quite efficient statisti-
cally but very inefficient computationally [3]. The
difference in statistical efficiency follows from the
IMSE* criterion. The IMSE* of a crisp histogram
decreases at a rate of O

(
n−2/3

)
, whereas the

IMSE* of a KDE decreases at a rate of O
(
n−4/5

)
.

According to Theorem 1, the rate at which the
IMSE* of a FH decreases depends on the value of
α. For α > 0, the IMSE* decreases at a rate of
O

(
n−2/3

)
, which is quite inefficient. For α = 0,

on the other hand, the IMSE* decreases at a quite
efficient rate of O

(
n−4/5

)
. Therefore, by choos-

ing an appropriate mf µ, like the triangular mf
in (46), a FH can be a statistically quite efficient
density estimator. Since in general a FH can also
be shown to be quite efficient computationally (we
do not elaborate the issue of computational effi-
ciency in this paper), both a high level of statis-
tical efficiency and a high level of computational
efficiency can be obtained by using a FH. This
means that a FH makes it possible to combine the
advantages of crisp histograms and KDEs into a
single density estimator.

In the literature on nonparametric density esti-
mation [3], other density estimators are described
that also combine a high level of statistical ef-
ficiency with a high level of computational ef-
ficiency. An example is the frequency polygon
(FP), which is obtained by linearly interpolating
adjacent mid-bin values of a crisp histogram. An-
other example is the combination of a FP and an
averaged shifted histogram (ASH). An ASH re-
sults from averaging a number of crisp histograms
with the same bin width but different locations of
the bin edges. Like KDEs and some FHs, FPs
and FP-ASH combinations have an IMSE* that
decreases at a rate of O

(
n−4/5

)
[3].

In Table 1, we compare the statistical efficiency of
some nonparametric density estimators. All esti-
mators in the table have an IMSE* that decreases
at a rate of O

(
n−4/5

)
. The KDE uses the opti-

mal Epanechnikov kernel [3], while the FH uses a
triangular mf µ given by (46). The ASH in the
FP-ASH combination results from averaging two
crisp histograms. An estimator’s equivalent sam-

Table 1: Comparison of density estimators.
Density Equivalent

estimator sample size
KDE 1.000
FH 1.089
FP 1.269
FP-ASH 1.078

ple size is defined as the ratio of the sample size
required by the estimator and the sample size re-
quired by a KDE with the Epanechnikov kernel
such that they both have the same main term in
their IMSE*. The equivalent sample sizes in Ta-
ble 1 were calculated using results from [3]. The
table shows that asymptotically the FH requires
only 8.9% more data than the KDE to obtain the
same IMSE*. The FH turns out to be consider-
ably more efficient than the FP and slightly less
efficient than the FP-ASH combination.

It is important to note that from the point of view
of statistical efficiency the triangular mf in (46)
need not be the optimal choice of the mf µ that
is used in a FH. Finding the optimal choice of µ
remains for future research.
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