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Abstract

The unit square is regarded as a special kind of
dynamical system. It is proved that the square is
an MV-algebra, hence the recent results on MV-
algebra entropy theory can be applied to it.
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1 Introduction

We shall consider the square M = [0,1]2 as a
partially ordered set with the ordering

Ay = (z1,11) < (22,y2) = A2 <= 11 < 22,41 > Y2

With respect to this ordering, M is a lattice with
the operations (z1,y1) V (22,y2) = (21 V 22,91 A
y2), (x1,y1) A (22,%2) = (21 A 22,91 V y2) and
the least element (0,1) and the greatest element
(1,0). In [1] the following two binary operations
@, ® have been introduced:

AL ® Ay = (21,y1) @ (22,92) = (21 D 22,51 O ¥2),

A1 © Ay = (21,y1) © (22, 42) = (21 © T2, 71 B y2),

where
r1DxT2 = (:131 —|—l’2)/\1,1’1 Ox = (.Tl —l—xQ—l)\/O.

In [5] the probability on M has been defined as
a function P : M — [0, 1] satisfying the following
conditions:

P((1,0)) = 1, P((0,1)) =0,

A10A2 = (0,1) = P(A1©Ay) = P(A1)+P(Ag),
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Av /A P(A,) / P(A).

It has been shown in [5] that to any probability
P : M — [0,1] there exists a € [0, 1] such that

P((z,y))=(1—-a)r— ay+ «a.

By a dynamical system we understand a couple
(P,T) such that P : M — [0,1] is a probability
and T : M — M is a measure-preserving map,
ie.

()a=bdc=T(a) =T(b) & T(c),

(i) T((1,0)) = (1,0),

(i) P(T(x)) = P(x)
for every x € M. The aim of this paper is to
construct the entropy of the dynamical system as
an analogy of the Kolmogorov - Sinaj entropy [9].
We propose it in Section 2 as the limit of a se-

quence. In Section 3 we prove the existence of
the limit.

2 Entropy

The basic notion is here the notion of a partition.
We shall introduce it by the help of the following
operation + on R2:

(z1,y1)+(22,y2) = (z1+ 22,91 +y2 — 1)

Proposition 2.1 (R%,+) is a commutative
group.
Proof. Evidently 4 is commutative, and it

is not difficult to prove that + is associa-
tive. Further (0, 1) is the neutral element, since
(z1,91)+(0,1) = (21 + 0,1 + y; — 1). Finally
(z1,91)+ (21,2 — 1) = (0,1).
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Remark 2.1 Recall that (v1,91)—(z2,y2) =
(1 — 22,51 —y2 + 1).

Definition 2.2 By a partition of (1,0) in M we
mean a finite collection A = {ay,...,an} of ele-
ments of M such that

ali—agq—...i—an = (1, 0)

The entropy H(A) of the partition A is defined by
the formula

H(A) = > i1 o(P(ai))

where p(x) = —xlogz, if x € (0,1], ©(0) = 0.
Proposition 2.2 If A = {ai,...,a,} is a parti-

tion of (1,0) and TA = {T(a1),...,T(ay}, then
T A is a partition of (1,0), too.

Proof. Tt is easy to see that (1,0) = T'((1,0)) =
T(a1+...4an) = T(a1)+... 5T (an).

Definition 2.3 If A= {al, ) al}, B:{bl, ceey bk}
are partitions of (1,0), then their common re-
finement is any matric S = {c;j;i = 1,...,k,j =
1,...,1} of elements of M such that

a; = Cil—T‘...—T-Cil,Z. = 1, ceey k‘,
bj = Clj‘T‘m‘T‘ij,j = 17 ,l

Proposition 2.3 To any partitions there ezists
their common refinement.

Proof. See [7] Lemma 1, also [2] in a more general
situation.

Of course, the common refinement is not defined
uniquely. Therefore we consider

AV B

as a set of all common refinements of the parti-
tions A, B.

The following definition is based on an idea of P.
Malicky (see [6], [9], [8]).

Definition 2.4 If A is a partition, then we de-
fine Hy(A) = inf {H(C; C € AV T(A) V...V
(A}

The main result of the paper is the following the-
orem.

Theorem 2.5 There exists lim,,— %Hn(A)

The proof of the theorem is based on recent re-
sults using MV-algebra technique ([7], [2]) and it
is presented in the next section.

3 MV-algebra technique

An MV-algebra M = (M,0,1,-,®,®) is a sys-
tem where @ is associative and commutative
with neutral element 0, and, in addition, -0 =
1,-1=0z®1 =120y = ~(-z® -y), and
y®-(y® ) =2® -(r&—y) for all z,y € M.

MV-algebras stand to the infinite-valued calculus
of Lukasiewicz as boolean algebras stand to clas-
sical two-valued calculus.

An example of an MV-algebra is the real unit in-
terval [0,1] equipped with the operations

r=1—ux,

2y =min(l,z+y),
rOy=max(0,x +y—1)

It is interesting that any MV-algebra has a simi-
lar structure. Let G be a lattice-ordered Abelian
group (shortly [-group). Let u € G be a strong
unit of G, i.e. for all g € G there exists and in-
teger n > 1 such that nu > g. Let I'(G,u) be
the unit interval [0,u] = {h € G;0 < h < u}
equipped with the operations

—g = u—g,g9®h = uN(g+h), goh = 0V(g+h—u).

Then ([0,u],0,u, -, @,®) is an MV-algebra and
by the Mundici theorem ([8],[9]), up to isomor-
phism, every MV-algebra M can be identified
with the unit interval of a unique I-group G with
strong unit, M =I'(G,u).

We have seen (Proposition 2.1) that (R?,+) is a
commutative group. Moreover

Proposition 3.1 (R? 4, <) is an I-group, if we
consider the partial ordering

(x1,91) < (z2,y2) <= 21 < T2,Y1 > Yo.

Proof. Evidently < is a partial ordering, and R?
is a lattice with respect to this ordering:

(xluyl) V ($27?J2a) = (.’El \% T2,Y1 A y2))
331
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(1, 1) A (22,92) = (21 A 22, Y1, VY2).

Let (z1,y1) < (22,¥2), hence x1 < 2,41 > yo.

Then

(z1,91)+(z3,y3) = (#1 + 23,51 +y3 — 1) <

< (zo+ 23,92 + y3 — 1) = (z2,92)+(23,y3).

Theorem 3.1 (M,®,®,(0,1),(1,0)) is an MV -
algebra.

Proof. Consider the I-group (R?, +, <). Then

= {(z,y) € R%(0,1) < (1,0)}.

(z,y) <
Moreover,

(w1, y1)+(z2,92)) A (1,0) =

=(r1+y,y1+y2—1)A(1,0) =
= ((z1+z2) AL (11 +y2 —1)VO0)
= (21 © 22,91 O y2) =
= (z1,91) © (22, ¥2),
((z1,y1)+(z2,92) — (1,0)) V
= ((x1+ 22,91 +y2 — 1)=(1,0) v (0,1) =
= (@1 +z2-Ly1+y2-1-0+1)V(0,1) =
=((x1+22—1)VO, (g1 +y2) A1) =

(07 1) =

= (21022, DY2) =
= (v1,y1) © (22,92)-

Proof of Theorem 2.5.
We shall follow definition 1 in [7]. Let (a1,a2) =
(bl, bg)—T—(Cl, 62). Then

T((a1,az)) = T((b1,b2))+T((c1, c2)),
P((a1,a2)) = P((b1,b2)) + P((c1,¢2)),
7((1,0)) = (1,0), P((1,0)) = 1,

P(T((a1,a2)) = P((a1,a2)),

hence (M, P,T) is a dynamical system with re-
spect to the MV-algebra (M,®,®,(01),(1,0)).

Therefore by Theorem 1 of [7] (see also
[2] Theorem 4.1) there exists h(AT) =
limy, oo L H,(AT).
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Example 3.2 Consider P : M — [0,1] defined
by P(z,y) =1 -y, and T : M — M by the for-
mula T'(z,y) = (2z (mod 1),y) Then (M, P,T) is
a dynamical system.

Remark 3.3 In [7] it is assumed that P is only
additive, not necessarily continuous. It would be
interesting to describe all additive (not necessar-
ily continuous) probabilities on the Lukasiewicz
square.

4 Conclusion

We have shown a formula for computing entropies
of dynamical systems on the Lukasiewicz square.
It would be interesting to use this formula for
the computation of entropy for special cases of
entropies as well as different measure preserving
transformations. Recall that also some results of
[3] are available for such computations. More-
over, it would be interesting to find and use non-
continuous probabilities on M and entropies with
respect to some measure preserving transforma-
tions.
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