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Abstract

A topos of presheaves can be seen as an exten-
sion of classical set theory, where sets vary over
informational states, therefore it is a powerful and
expressive mathematical framework. I introduce
a suitable topos of presheaves where imprecise
probabilities and imprecise probabilistic reason-
ing can be represented. In this way we obtain a
mathematical definition of imprecise-probabilistic
sets. A valid and complete proof system, w.r.t.
the intended semantics of imprecise probabilities,
is described using the internal language of the
topos. Key words: reasoning with uncertainty,
topos theory, sheaf theory

1 Introduction

It is a well known fact that topos and in particular
Sheaves and presheaves theory describe a set the-
ory whose objects vary over informational states.
From the logical point of view, the novelty stays
in the local aspect of truth, i.e. the question is not
whether a proposition is true (or false) but where,
in which informational state or context, a propo-
sition is true (or false). For this reason, the inter-
nal language of a topos can be seen as a context-
dependent language. In this work I proceed in
the investigation of a claim presented in a pre-
vious work (see [10]): key aspects of uncertainty
and hence of uncertainty reasoning can be mathe-
matically described using context-dependent log-
ical languages. For this reason I believe that
topos theory is a powerful mathematical tool to
describe uncertainty in its various aspects: lin-
guistic uncertainty (possibility theory), stochastic
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uncertainty (probability theory) and their gener-
alizations: evidence theory and imprecise proba-
bilities (see e.g. [b, 8, 9]). In possibility theory,
a possibility distribution can be seen as a context
where a linguistic construct takes meaning. For
example, a particular possibility distribution that
describes the linguistic term long can be seen as
a context where long takes meaning. Using this
simple observation, I have proved that the inter-
nal language of the topos of presheaves built over
the category whose objects are sets of possibility
distributions, contains a valid and complete logic
for possibilistic reasoning. In this work I prove
that all the above observations and mathemati-
cal hypotheses hold if we extend linguistic uncer-
tainty by adding stochastic uncertainty, provid-
ing new evidence to the claim that a key aspect
of uncertainty is the contextualization of truth
and hence of the entire language. To this aim,
I have investigated the case of imprecise proba-
bilities, i.e. functions P* : B — [0,1] defined
as: P*(L) = \/{p(L)|p € P} (where P is a set
of probability measures and B is a Boolean alge-
bra). Belief functions are special cases of impre-
cise probabilities, in fact they can be seen as the
lower envelope of the probability measures that
dominate them. Possibilities are special cases of
belief functions, in fact a possibility measure is a
belief function whose focal elements are nested.
Therefore imprecise probabilities can be seen as
a framework where both linguistic and stochas-
tic uncertainty can be represented. In this work
I prove that the same mathematical construction
used to define the process of contextualizing lin-
guistic uncertainty is sufficient to describe also
stochastic uncertainty. More precisely, I will con-
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struct the topos of presheaves that vary over the
category of contexts (in this case, sets of sets of
probability measures) and I will prove that a valid
and complete logic for imprecise probabilistic rea-
soning (see [7]) can be represented in the internal
language.

2 U-Sets as imprecise-probabilistic
sets

Let B be a finite Boolean algebra and P be the
set of all probability measures p defined on B.

Def. 1 A context is an element of U = 2273, dif-
ferent from O and {0}, where 27 is the power set
of P

It is easy to see that U determines a category in
the following way: the objects are the elements of
U, the arrows are the immersions, i.e. there is an
arrow f: B — Aiff B C A. Again, I will call this
category U.

Def. 2 U-Sets is the topos of presheaves over U

The internal language of U-Sets is defined as usual
(see [2]). To fix the notation I will only recall the
definition of the connectives. Formulae are terms
of type Q, if F 5 Q, F LA ) are formulae, then
the connectives are defined, by induction, for all
A,a e F(A) as: (aNfB)ala) = (a)ala)N(B)ala);
(aV pB)ala) = (a)a(a) U(B)ala); (a — B)ala) =
[f € maz® : Qf)((@)a(0) € AN(BDala)}:
(ha)ala) = {f € mazt : Q(f)((a)ala)) = 0},
where maz? is the set of all arrows with codomain
A If Fx G2 Q,ie « contains an additional
variable g of type G, then: ((Jzg)a)a(a) =
{f € maz? : (3 € G(B))()p({F(f)(a),b)) =
maz?)}; (Vzg)a)a(a) = {f € maz? : (v C %
B)(¥ € G(O)((@)c((F(f 0 g)(a), b)) = mazC}.
The semantical entailment is defined, for F' — €,
FLQ as ale Biff (VA)(Va € F(A))(aa(a) C
Ba(a)). Moreover, validity of a formula « in
U— Sets is defined as: E o iff (VA)(Va €
F(A))(aa(a) = maz?). As usual in topos theory:

Def. 3 Imprecise-probabilistic sets are objects of
U—Sets of power type.

3 Reasoning about upper probabilities

Let me recall a set of axioms for imprecise prob-
abilities. The axiomatization is based on the no-
tion of set cover. A set S is covered n times by a
multiset {{S1, ..., Sm }} of sets if every element in
S appears in at least n sets from Sy, ...,.Sy,: for
all z € S there exists i,...,i, in {1,...,m} s.t.
r €S, forall j <n. An (n, k) — cover of (L,(2)
is a multiset {{L1, ..., Ly, }} that covers Q k times
and covers L n+k times. I will write \/y (L) for
V{u(L)|u € X}. The following holds (see [1]):

Theorem 1 Suppose that ) is a set, ¥ is an al-
gebra of subsets of 0 and P* : ¥ — R. Then
there exists a set X of probability measures with
P* = \/y p iff P* satisfies the following proper-
ties:

1. P*(f) =0
2. P*(Q) =1

3. for all natural numbers m,n, k and all sub-
set Ly, ..., Ly in X if {{L1,...,Ln}} is an
(n, k) — cover of (L,S2), then k +nP*(L) <
2 i<m P (Li).

It can be proved (see [7]) that if €2 is finite then
there exists a finite integer number njg| s.t. the
above theorem holds with m,n,k < njq, ie.
property 3 in the theorem must be checked only
for a finite number of m,n, k.

Let me describe some useful objects of U—Sets.

Def. 4 A® (where S is a set) is the constant
functor defined as AS(A) = S for every object
A and A%(f) = 1g for every arrow f.

In particular, I will consider AB, where B is the
Boolean algebra and A, where R is the set of
real numbers. Using the internal language of U—
Sets, it is possible to prove that the elements of
the constant presheaf A satisfy the properties of
Dedekind cuts (see [4]), hence I will take AT as
the set of real numbers in U—Sets. To describe
upper measures in U—Sets, let me introduce the
following functor:

Def. 5 Let S : U? — Sets be defined as:
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1. S(A) = {k : A — R}, i.e. the set of all
functions k from A to the set R of usual real
numbers

2. for B ER A, S(A) 5 S(B) is the function
that sends every g € S(A) to g restricted to
B.

Note that A can be embedded in S. In fact, for
every usual real number r € R, let "7 € S(A) be
the function that sends A tor,ie. "r': A+,
then (A" 1 AR - S is defined, for all A, r €
AR (A) as : LﬁR (r) = "r7. When the context is
clear, to simplify the notation, I will write r for
the internal representation of the real number 7,
ie. r:1— S defined for all A as ra(x) ="r".
Now we have a mathematical machinery sufficient
to give the categorical definition of upper mea-
sure.

Def. 6 For every L € AP let p*(L) € S(A) be
the function that maps every X € A to \/x u(L)

The variable upper measure can be represented as
follows:

Def. 7 For every A, P} is the function P} :
AB — S(A) that sends L € AP to the function

pi(L) € S(A).

It is easy to see that the family {P}
Aobject of U} defines a natural transformation
P*: AB — S. Every element L of the Boolean
algebra B is represented by the arrow L : 1 — AB
defined as La(x) = L € AB(A). The following
lemma shows that P* is the internal representa-
tion of upper measures.

Lemma 1 For all A, P*(L) = r is true in A
(i.e. (P*(L) =1)a(< %% >) = maz?) iff (VX €
A)(Vx p(L) =)

Proof As usual, equality S x S = € is defined

as the characteristic arrow of the diagonal S LN
S x S It holds that: (P*(L) = r)a(< x,% >) =

(B L Al < S(N((PH(L)a®). S(f)(ra+) >€
s5(S(B))} = {B L AIS(H((P (L)) =

/
SN ra()y = {B = A|(vX € B)(Vx (L) =
r))}. Using the above equalities it easy to see
that (P*(L) = )4 < %,x >= maz? iff (VX €

A)(Vx L) =r)). O
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Due to the fact that 1 x 1 ~ 1, to simplify the no-
tation, I will assume that all arrows with domain
1 x .. x 1 are defined on 1 implicitly assuming the
above morphism. The usual order relation over R
can be defined in the internal language as follows:

Def. 8 For every A, (h,k) € S(A) x S(A), let
>4 S(A) x S(A) — Q(A) be the function de-

fined as >4 ((h,k)) = {B A (VX €
B)(S(f)(h)(X) = S(f)(k )(X))}

Lemma 2 The family of functions
{>4: Aobject of U} defines a mnatural trans-

formation.

Proof We must prove that for every arrow B 4,
A it holds that >p5 o (S(f),S(f)) = Q(f)o >4.

Let (h,k) € S(A) x S(A). Note that:
L (Qf)e 2a)((h, k) ={C - B: foge>a
(h,k)} = {C¢ <& B : (VX € CO)(S(f o
9)(h)(X) = S(fog)(k)(X))}

The identity follows from the fact that S(fog) =
S(g)oS(f) O

Let me note that the usual operations of product
and sum defined over R can be extended to S. In
fact, let the sum be the natural transformation
+: S8 xS — S defined for < g,k > S(A) x S(A)
and X € A as +(< g,k >)(X) = g(X) + k(X) €
R. To simplify the notation I will often write
g+ k for +(< g,k >). Product is defined sim-
ilarly, and the reader can easily check the nat-
urality of the two transformations. Using the
above definitions I will prove that the internal
language LUSElS of U—Sets contains a sublan-
guage L£F”, that is a conservative extension of
LV (see [7]) a valid and complete logic w.r.t. the
semantics of upper probabilities. An atomic for-
mula of the language £@U is a term of the form
rl(L1) + ... + rpl(Ly) > r, where L; € B and
r,r; € R. A formula is a Boolean combination of
atomic formulae. A model is a set of measures X
and the definition of semantics is:
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o X E rl(L1) + ... + rpl(Ly)
rVx (L) + oo+ Vo (L) >

o M= f iff M f
e MEfAggif M= fand Mg

> r iff
r

where -3 and Ag are the Boolean connectives.
When the context is clear I will drop the sub-
script.

Def. 9 The translation T : LU — USets g
defined as:

o T(ril(L1) + . + 7l(Ly) > 1) = 71 P*(L1) +
e+ P*(Ly) > 1
(

o T(—pf)=-T(f)
e T(fAsg) =T(f) NT(9)

Let me check that definition 9 is a good definition,
ie. if f = g then T(f) = T(g). To this aim we
need the following lemma.

Lemma 3 For all sets of measures X it holds

that: (T'(f))xy(x) = maztXt iff X = f.

Proof By induction on the length of f

elet f = >, ml(Li) > r, it is easy
to see that (T(f))x1(x) = mazX} iff
zignri V(L) >riff X = f

elet f = fi A fo then mazt™} = (T(f; A
P it (T()x() = mart™
and(T'(f2))¢xy(*) = maz X} iff (by inductive
hypothesis) X = f1 and X | fo it X E f

o Let f = _‘fl-

—if maa™ = (T(-f))x;(x) =
(=T'(f1)){x1(x) then not maztXt =
(T'(f1))¢x} (%), therefore, by inductive
hypothesis, not X = fi and hence X |
~f1.

— if X = —f; then not X = f1 and hence
not mazt¥t = (T'(f1))x)(x). Note that
maxz X}t = {Lxy : {X} — {X}}, hence
(T(f1))¢xy(*) = 0. From this we obtain:
(TEMx(x) = GTU))ixy) =
{B 5 {XYQUNT () (4) = 0} =
(B {X}|(N©) = 0} = maz{¥},

O

Note that from lemma 3 we have that T'(f) =
true iff (VX)(X | f) and that T'(f) = false iff
(VX)(X B~ f) therefore if fis s.t. (3X)(X = f)
and (3Y)(Y = f) then T'(f) is different from true
and different from false.

Fact 1 If f =g then T(f) =T(g)

Proof

If f =gthen (VX)X | f iff X E g) i
(by lemma 3) (VX)(T(f){x}(x) = T(9){xy(x
From this it holds that for all A (T'(f))a(x) =
(T'(g))a(x) therefore T'(f) =T(g). O

=R

Note that as a consequence of fact 1 we have that
~T(f) = ~(T(~f)) = T(~~f) = T(f) therefore
the formulae of £ behave classically. A valid
and complete proof system is given by the follow-
ing set of axioms (AXY?) and modus ponens (see

[7]):

e TAUT: all instances of propositional tautolo-
gies in LOU

e MP: from f and f — g infer g

o INEQ: all instances of valid formulae about
linear inequalities

o L1: I(1p)=0
o L2: I(Tp) =1
o L3: I(L) >0

o L4 I(Ly) + ... + U(Ly) — nl(L) > k
if L — \/Jg{l,..,m},|J|=k+n /\jeJLj and

\/Jg{l,..,m},m:k jesLj are propositional
tautologies.

An inequality formula is a formula of the form
r1L1+...+rpx, > r. It is said valid if it is true un-
der every possible assignment of real numbers to
variables. To get an instance of INEQ), we replace
each variable x; that occurs in a valid inequality
formula by a primitive likelihood term of the form
I(L;). L1, L2 and L4 are the defining properties
of upper probabilities. Validity and completeness
means that for all X it holds that X = f iff f is
provable using the above sets of axioms and rules.
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Corollary 1 For all formula f € L9V it holds
that T(f) = true iff VX)(X = f)

Proof T(f) = true iff (VA)((T'(f))a(*) =
maz? iff (VX € A)(T())xy(x) = maz{X}) iff
(YX)(X |2 f). ©

Due to the fact that every axiom of AX"P is true
in every model we have that:

Theorem 2 All the formulae of U-Sets obtained
as translations of the axioms AXYP are true in
U—Sets

Therefore I can assume as axioms the set AXY =
{T(f)|f € AX"P}. Due to the fact that the proof
system of the internal language of a topos is valid,
i.e. from true formulae we derive true formulae,
we have that if T'(g) can be proved from the set
of axioms AXY then T(g) is true. This proves
validity:

Theorem 3 IfT(f) is provable in U=Sets using
AXUY as proper azioms, then (VX)(X |= f).

As T have noticed the formulae of £ behave clas-
sically as the formulae of L2V, Moreover, all the
negated atomic formulae of £9V can be written
as positive inequality (i.e. —(I(L) > s) can be
written as —[(L) > —s). This property holds also

in U-Sets:

Fact 2 ~(P*(L) > r) = P*(L) < r =
—P*(L) > —r

Proof For all A it holds that: —(P*(L) >
Palx) = {B L AQU)(PHL) > r)a(x) = 0} =
(BL A-(3C L B)(foge (P*(L) > r)a(x)} =
(B L A|(vX € B)(~(Vxn(@) =)} = {BL
A|(VX € B)(Vx u(L) <)} = (P(L) < r)a(x)

The second equality follows easily. O

For completeness it remains to prove that the
proof system of U-Sets restricted to £, the part
of the internal language that represents L@V, is as
strong as the proof system of £2V. T have proved
that all the axioms are t{rue it remains to prove
that MP can be represented as a valid rule. The
proof of a formula - 8 from - o and F o —
is an easy exercise in intuitionistic sequent calcu-
lus. What remains to see is that the translation is
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faithful w.r.t. implication. This is a consequence
of the fact that the formulae of £F" behave clas-
sically but it can also be checked directly:

Fact 3 T(f — g) = T(=(f A=g)) = ~(T(f) A
—(T'(9))) =T(f) = T(g).

Proof For all A it holds by defini-
tion that (T — T(g)alx) = {f €

< QN(T(9)ax)}

{f e
(T(g9))a(%)) 0}.

N =
From this using the fact that if S;,5, € Q(4 )
Q (S

(f)
maz? Q) (T(f))a(x))
while HT(fz

then Q(f)(51 N S2) = Q(f)(S1) N Q(f)(52) w
obtain that (=(T'(f) A =T(9)))a(x) = {f €
maz|Q(f)((T(f))a(*) N AF((~T(9)a()) =
0}.  Note that Q(f)((-T(9))a(x)) = {k €
maxB|f ok & (T(g))a(*)}, from this the fact

follows. O

By fact 3 and from the fact that the rule M P is
provable in intuitionistic sequent calculus, we ob-
tain that the translation preserves also the (only)
deductive rule of L2V. Assume that (VX)(X =
f). Then by completeness of L2V we have only
two possibilities: f is an axiom and therefore T'( f)
is provable in U—Sets or it is obtained using M P
and also in this case T'(f) is provable in U—Sets.
Therefore we obtain completeness for the transla-
tion. There is also a way of reproducing the same
argument used in [7] to prove completeness from
inside U—Sets. This proof is interesting because
it defines an effective algorithm to decide whether
a formula is satsfiable i.e. if T(f) # false. As a

consequence of Lemma 3 we have that

Lemma 4 (3X)(X | f) if T(f) # false.
Proof

e Assume that (3X)(X [= f) then by lemma 3
it holds that T'(f) # false.

o If T(f) # false then (JA)(T(f))a(x) =
max?). Therefore (VX € A)(Vg : {X} —

A (T(Nalx) = maz™). By natu-
rality of T'(f) it holds that: (T'(f)){x)(%) =
QT (f)a(*)) = maztX}. From this ap-
plying lemma 3 we obtain X & f.
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Using lemma 4 it is possible to define an algo-
rithm to check whether T'(f) # false which will
be the key for completeness. For every f write f
in normal form f = vjeJ(/\z‘jte 9i;)- X E f
iff there is j € J st. X |= /\z‘jelj gi; there-
fore we can assume that f = A,c; ;. Let B =
{p1,....;pn} where p; = T and py = L. There-
fore f is equivalent to a formula f’ where each
positive conjunct g; is of the form r;1l(p1) + ... +
ri NU(pN) > s;, while a negative conjunct has the
form r; 11(p1) + ... + ri Nl(pN) < s; that is equiv-
alent to (—ri1)l(p1) + ... + (—=rin)l(pN) > —si.
Replacing each [(p;) by a variable x; we obtain
a system of linear inequalities f. If f is satisfi-
able in some upper probability structure X then
we can take z; = \/y pu(p;). This gives a solu-
tion for f. This algorithm gives only a necessary
condition to check T'(f) # false. To obtain a
sufficient condition we must add more constraints
to the solution to force it to act like an upper
probability. Using theorem 1 we must add all in-
stances of L1,..,L.4 where k, m,n < n|q. For each
of the instances of L4 there is an inequality of the
form rizq + ... +ryey > k. Let f, the inequal-
ity formula corresponding to f, be the conjunction
corresponding to f together with all the inequal-
ities corresponding to L1,..,L.4 and the equations
and inequalities x1 = 1, xy = 0 and x; > 0 for
17 < N. From this we have:

Fact 4 T(f) # false iff f has a solution.

Theorem 4 If (VX)(X | f) then T(f) is prov-
able in U—Sets

Proof By corollary 1 (VX)(X = f) is equiva-
lent to T'(f) = true. I will prove the theorem in
the form if T'(f) = false then =T'(f) is provable
in U-Sets. If T(f) = false then (VX)(X }~ f).
Assume that f = g1 V... V g, (where g; is a con-
junction of atomic formulae). Due to the fact that
f is unsatisfiable every g; is unsatisfiable. There-
fore we can assume that f = A h; where h; is an
atomic formula or the negation of an atomic for-
mula and that T(f) = false. By fact 4 it holds
that f has no solutions. Due to the fact that the
formulae of INEQ are provable in U-Sets it follows
that the formula T'(=f") = —T(f") that results
by replacing each instance of z; in f by P*(p;) is
U—Sets provable. All the conjuncts of T'(f”) that

are instances of axioms L1-L4 are U—Sets prov-
able. Due to the fact that in intuitionistic sequent
calculus from + -« V =3 and F a we can prove
F =4 it follows that —=T'(f) is provable in U—Sets.
O
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