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Abstract 

A fast method to compute a T-transitive 
opening of a proximity is given for any t-
norm, spending O(n3) time. Even though 
there is not a unique T-transitive 
approximation of a fuzzy relation, it is 
proved that the computed T-transitive 
opening is maximal. 

Keywords: Fuzzy relation; transitive closure; 
T-indistinguishability; T- transitive opening.. 

1     Introduction 

The classical concept of transitivity is generalised in 
fuzzy logic by the T-transitivity property of a fuzzy 
relations, where T is a continuous triangular t-norm. 

Fuzzy relations on a finite set can also represent 
labelled directed graphs. Symmetric fuzzy relations 
can represent weighted complete undirected graphs 
where the set of nodes is the universe and the weighs 
of the edges are the relationship degrees. All triangle 
paths of a T-transitive graph are T-transitive. 

A method to compute a low T-transitive 
approximation of fuzzy relations [Garmendia & 
Salvador; 2000] can be used to give new measure of 
T-transitivity of fuzzy relations. It can also be used 
to build T-transitive fuzzy relations from a given 
fuzzy relation. When the initial fuzzy relation is 
reflexive, the algorithm generates T-preorders that 
are different to the T-preorders generated form the 
T-transitive closure. The transitive closure of a fuzzy 
relation contains the initial relation, but the low T-

transitive approximation relation is contained on the 
initial fuzzy relation.  

There are T-transitive opening of a fuzzy relation, 
but in general the highest T-transitive opening 
cannot be found. This paper puts forward the 
existence of a maximal T-transitive opening from a 
reflexive and symmetric fuzzy relations, which is 
not unique, but there is not a T-transitive fuzzy 
relation that contains the opening and is contained in 
the fuzzy relation. An algorithm to compute it is 
given and it is proved that such transitive opening is 
maximal.  

 

2     Preliminaries 

Let E = {e1, ..., en} be a finite set. 

Given a fuzzy relation R: E×E → [0, 1] it is called eij 
to the relation degree value for elements ei and ej in 
E. So eij = R(ei, ej). 

A fuzzy relation R is reflexive if eii = 1 for 1 ≤ i ≤ n. 

The relation R is symmetric if eij = eji for 1 ≤ i, j ≤ n. 

A binary operation T: [0, 1] × [0, 1] → [0, 1] is a t-
norm [Schweizer & Sklar; 1983] if it satisfies the 
following axioms: 

1. T(1, x) = x 

2. T(x, y) = T(y, x) 

3. T(x, T(y, z)) = T(T(x, y), z) 

4. If x ≤ x’ and y ≤ y’ then T(x, y) ≤ T(x’, y’). 

Definition 2.1. Let T be a triangular t-norm. A fuzzy 
relation R: E×E → [0, 1] is T-transitive if  
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T(R(a, b), R(b, c)) ≤ R(a, c) for all a, b, c in E. So, 
T(eik, ekj) ≤ eij for all i, j, k from 1 to n. 

Definition 2.2. A reflexive and symmetric fuzzy 
relation is called a proximity relation. A similarity 
is a reflexive, symmetric and min-transitive fuzzy 
relation. A T- indistinguishability is a reflexive, 
symmetric and T-transitive fuzzy relation. 

Definition 2.3. The relation A includes the relation 
B, (and it is denoted A ⊇ B) if aij ≥ bij for all i, j. 

Definition 2.4. Bandler and Kohout [1988] 

Let P be a property of fuzzy relations on an universe 
E. A fuzzy relation RP is called the P-opening of a 
fuzzy relation R if: 

1) RP has property P 

2) RP ⊆ R 

3) If R’ has property P and RP ⊆ R’ ⊆ R then 
RP

 = R’. 

Note that, according to this definition, a fuzzy 
relation R can have an infinite number of P-
openings, even on a finite universe. 

Definition 2.5. Given a reflexive and symmetric 
fuzzy relation R on a finite universe, the a T- 
transitive opening of R is a fuzzy T-
indistinguishability relation RT satisfying: 

1) RT is included in R (RT ⊆ R) 

2) If any fuzzy similarity relation H includes 
RT and is included in R then it is RT. (If ∃ H; 
RT ⊆ H ⊆ R then H = RT). 

Note that it can be several maximal T-transitive 
openings of a fuzzy relations. 

R
Other transitive 
aproximations of R
not comparable w ith
 R by the set inclusion 

n1 TT R......R

I iTR

TRtransitive closure

transitive 
openings

⊆

Figure 1: Relation of the T-transitive closure, T-
transitive openings, and other T-transitive 

approximations not comparable by ⊆. 

Definition 2.6. The residual implicator JT of a t-
norm T, or quasi-inverse of T, is the binary 
operation JT: [0, 1]2 → [0, 1], defined by JT(x, y) = 
Sup{z ∈ [0, 1]; T(x, z) ≤ y}.  

In particular: 
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For a left-continuous t-norm T, and any x, y ∈ [0, 1], 
it is known that T(x, JT(x, y)) ≤ y, i.e. JT(x, y) is the 
greatest solution, z, of the inequality T(x, z) ≤ y. In 
case of a continuous t-norm T and y ≤ x, then JT(x, 
y) is the greatest solution, z, of the equation T(x, z) 
= y. 

3     Algorithm to compute a low T-transitive 
approximation of a proximity fuzzy relation 
Let A be a proximity fuzzy relation. 

Step 1. Set B initially blank 

Step 2. Let U(A) be the set of elements of the upper 
triangular matrix of A sorted in a decreasing order. 

Step 3. Set bii = 1, for all 1 ≤ i ≤ n. 

Step 4. While there is a blank in B do 

 Let ars be the highest value of the list U(A). 

 If brs is blank,  

 I = {j; brj is not blank in B} and I’ = 
{i; bis is not blank in B}.  

 H(A) = {aij, i∈I, j∈I’ sorted in 
increasing order}.  

 While H(A) is not empty 

     Let aij be the smallest element not 
computed in H(A) 

    Set bij = bji = min{aij, mink{JT(bik, 
bkj), JT(bjk, bki)}. 

   Delete the top element from H(A). 

 Delete the top element from U(A).  
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Example 1: Given the following approximation 
fuzzy relation:  
















=

17.03.09.0
7.012.08.0
3.02.017.0
9.08.07.01

A  

The algorithm is applied as follows to compute its 
low Min-transitive approximation B.  

Step 1: Set B to be blank  

Step 2: Let U(A) be the set of elements of the upper 
triangular matrix of A sorted in a decreasing order. 
U(A) = {0.9; 0.8; 0.7; 0.7; 0.3; 0.2}.  

Step 3: Set bii =1 for all i. 

Step 4: The greatest value of U(A), a14 = 0.9 is 
taken. Let I = {j; b1j that are not blank values in 
matrix B} = {1} and let I’ = {i; bi4 that are not blank 
in matrix B} = {4). The values b41 = b14 = a14 = 0.9 
are inserted in B. 

















=

19.0
1

1
9.01

B  

The following greatest element in U(A) is 0.8 = a13. I 
= {j; b1j are not blank in B} = {1, 4} and I’ = {i; bi3 
is not blank in B } = {3). The values b13, b43 and its 
symmetric values are inserted in B. H(A) = {a43, 
a13}, then b43 = b34 =a43 = 0.7, and b13 = b31 = 
min{a13, mink{JT(b1k, bk3}, JT(b3k, bk1}} = min{a13, 
mink{JT(b14, b43}, JT(b34, b41}} = min{0.8, {JT(0.9, 
0.7}, JT(0.7, 0.9}} = 0.7.  

B = 
















17.09.0
7.017.0

1
9.07.01

 

The following non blank greatest element in U(A) is 
0.7 = a12. I = {j; b1j are not blank in B} = {1, 3, 4} 
and I’ = {i; bi2 is not blank in B} = {2). H(A) = {a32, 
a42, a12}. The values b12, b32, b42 and its symmetric 
values are inserted in B, having b32 = a32 = 0.2, b42 = 
b24 = min{a42, mink{JT(b4k, bk2}, JT(b2k, bk4}} = 
min{a42, min{JT(b43, b32}, JT(b23, b34}} = min{0.3, 
min{JT(0.7, 0.2}, JT(0.2, 0.7}} = 0.2, b12 = b21 = 
min{a12, min{JT(b13, b32}, JT(b23, b31}, JT(b14, b42}, 
JT(b24, b41}} = 0.2. 

BMin = 
















17.02.09.0
7.012.07.0
2.02.012.0
9.07.02.01

 

A Prod-transitive and W-transitive approximation 
given by this method are: 

BProd = 
















17.0285.09.0
7.012.0777.0

285.02.01257.0
9.0777.0257.01

,  BW = 

















17.03.09.0
7.012.06.0
3.02.014.0
9.06.04.01

 

Example 2: Given the following approximation 
fuzzy relation: 
















=

11.01.05.0
1.014.02.0
1.04.011.0
5.02.01.01

A   

The algorithm is applied to compute its low W-
transitive approximation B, where W is the 
Łukasiewicz t-norm.  

Step 1: Set B to be blank  

Step 2: Let U(A) be the set of elements of the upper 
triangular matrix of A sorted in a decreasing order. 
U(A) = {0.5; 0.4; 0.2; 0.1; 0.1; 0.1}.  

Step 3: Set bii =1 for all i. 

Step 4: We take the greatest value of U(A), a14 = 0.5. 
Let I = {j; b1j that are not blank values in matrix B} 
= {1} and let I’ = {i; bi4 that are not blank in matrix 
B} = {4). The values b41 = b14 = a14 = 0.5 are 
inserted in B. 

B = 
















15.0
1

1
5.01

 

The following greatest element in U(A) is 0.4 = a23. I 
= {j; b2j are not blank in B} = {2} and I’ = {i; bi3 is 
not blank in B } = {3). The values b23 and b32 are 
inserted in B, having b23 = b32 = 0.4.  
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B = 
















15.0
14.0
4.01

5.01

 

The following non blank greatest element in U(A) is 
0.2 = a13. I = {j; b1j are not blank in B} = {1, 4} and 
I’ = {i; bi3 is not blank in B } = {2, 3}. The values 
b12, b13, b42, b43 and its symmetric values are inserted 
in B. The list H(A) = {a12, a42, a43, a13}, but a12 = a42 
= a43 = 0.1 < a13 = 0.2. If the first element in H(A) is 
a12 = 0.1 = b12, then b42 = b24 = min{a42, mink{JT(b4k, 
bk2}, JT(b2k, bk4}} = min{0.1, min{JW(0.5, 0.1}, 
JW(0.1, 0.5}} = 0.1, b43 = b34 = min{a43, min{JT(b42, 
b23}, JT(b32, b24}} = min{0.1, min{JW(0.1, 0.4}, 
JW(0.4, 0.1)}} = 0.1, b13 = b31 = min{a13, min{JT(b12, 
b23}, JT(b32, b21}, JT(b14, b43}, JT(b43, b14}} = 
min{0.2, min{1, 0.7, 0.6, 1}} = 0.2, so: 

BW =
















11.01.05.0
1.014.02.0
1.04.011.0
5.02.01.01

,  

A Prod-transitive and Min-transitive approximation 
given by this method are: 

BProd = 
















11.01.05.0
1.014.02.0
1.04.011.0
5.02.01.01

, BMin 

=
















11.01.05.0
1.014.01.0
1.04.011.0
5.01.01.01

. 

Lemma 1. The output of the algorithm applied to a 
reflexive and symmetric fuzzy relation is a T-
indistinguishability fuzzy relation. 

Proof. The proof is trivial by the construction 
method. 

The following lemma show that the previous 
algorithm gives a T-transitive opening of a reflexive 
and symmetric fuzzy relation. 

Lemma 2. Let A be a reflexive and symmetric fuzzy 
relation, and let B be the output of the previous 
algorithm applied to A. If any T-indistinguishability 
fuzzy relation H includes B and is included in A 
then it is B (if ∃ H | B ⊆ H ⊆ A then H = B). 

Proof.  

Suppose that there is a T-indistinguishability H = 
(hij) such that B ⊆ H ⊆ A. So bij ≤ hij ≤ aij and 
maxk{T(hik, hkj)} ≤ hij, for all i, j.  

If B ≠ H then ∃ (r, s) such that brs < hrs ≤ ars.

Let (r, s) be the indexes of the first computed brs by 
the algorithm such that brs < hrs ≤ ars. Let I, I’ be the 
set of indexes given by the algorithm in the step 4 in 
which brs is generated. Then (r, s) ∈ I×I’. Then it is 
known that brs = min{ars, minj{JT(brj, bjs), JT(bsj, 
bjr)}} where r∈I and s∈I’ and bij are already 
computed in B and maxk{T(hrk, hks)} ≤ hrs ≤ ars. 
Minj{JT(brj, bjs), JT(bsj, bjr)} is a maximal solution, 
because sup{z, T(x, z) ≤y}=JT(x, y), and (r, s) is the 
first indexees with brs < hrs ≤ ars, so the computed 
values in B are equal to the values of H, and so 
maxk{T(hrk, hks)} ≤ hrs ≤ maxj{T(hrj, hjs)} ≤ 
maxj{T(brj, bjs)} ≤ brs = min{ars, minj{JT(brj, bjs), 
JT(bsj, bjr)}} which is contradictory to (1). Thus, any 
fuzzy similarity H such that B ⊆ H ⊆ A verifies that 
H = B. 

Therefore, the algorithm computes a maximal T-
indistinguishability from a reflexive and symmetric 
fuzzy relation, which is a T-transitive opening.  

Lemma 3. The low T-transitive approximation of a 
reflexive and symmetric fuzzy relation can be 
computed in O(n3) time in the worst case.  

Proof 
The computational complexity of the time consumed 
by the algorithm is analysed as follows: 

Step 2 sorts n
2

n 2

− values, so takes O(n2 log n) 

time.  

Step 4: A general proof of the complexity time of 
the step four is done by computing the complexity in 
the worst case, which is the case in which it is 
needed to fill n-1 blocks of dimension one. Suppose 
that for each value in U(A) it must be added a 
dimension one block, then it must be constructed n-1 
blocks in B, from k=2 to n, and each building must 
sort the (k-1) elements in H(A), and then make the 
k-1 assignments in B. Then the final complexity 
time of the step four in the order 
of

∑
=

+
n

k 2
ele 1-k of ts(assignmen  H(A))in  elements 1-k ofsort (

 It is, the step four the complexity time is computed 
as follows: 
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O(∑ ∑
=

−

=







n

k

k

j
j

2

1

1
)( ( ) = O(∑

=






 −

+−n

k
kk

2
)1(

2
1)1(

) = 

O( ( )∑
=

n

k
k

2

2 ) = O( n3 ),  

which is the complexity time of the algorithm.� 

5     Conclusions 
Its is given a O(n3) time algorithm to compute a T-
transitive opening of a proximity given any t-norm 
T. 
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