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Abstract

There exists a strong conceptual relation between
Multiresolution Analysis, a theory mainly used in
Wavelet Theory, and Indistinguishability Opera-
tors, a theory mainly used in Fuzzy Sets Theory.
In this work a first approach to find a formal link
between both theories is tried. It will be shown
that, in some cases, a multiresolution analysis al-
lows to build a family of Indistinguishability Op-
erators with an analogous axiomatic framework.
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1 Introduction

The theory of Multiresolution Analysis, which
was introduced by Mallat in [6], is usually used
in Wavelet Theory as the main method to build
wavelet functions. It consists of a family of nested
functional subspaces which is dense in the func-
tional space and has empty intersection. The pro-
jections of a function in each subspace give an
approximation to this function with arbitrary ac-
curacy. But an approximation to a function in a
functional subspace implies a capacity of distin-
guishing: the approximation considers equal all
functions with differences smaller than its accu-
racy level. In this sense, each level in a multires-
olution analysis implicitly has an associated in-
distinguishability operator on the elements of the
functional space.

A multiresolution analysis requires some other,
and perhaps more important, properties. In first
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place, it must be possible to go from one level to
another by means of dyadic expansions or con-
tractions. In second place, there must exist a
function, named scaling function, which genera-
tes by integer shifts and dilations a basis of the
functional subspaces. There are several such func-
tions, especially B-spline functions, which can be
fuzzy sets and generate multiresolution analysis.
These will be the most interesting functions in our
study.

Our interest focus on Fuzzy Sets Theory and, in
particular, in the field of Indistinguishability Op-
erators [9, 5] so we want to obtain families of in-
distinguishability operators on the universe of dis-
course through an adequate Multiresolution An-
alysis. In a previous work [3], a strong relation
between a family of Indistinguishability Opera-
tors and a hierarchical family of fuzzy partitions
was shown. The family of these fuzzy partitions
are a part of a known multiresolution analysis.

The paper is structured as follows. First a light in-
troduction to both theories, Multiresolution An-
alysis and Indistinguishability Operators is given.
Only the properties which are used later will be
considered. Third section is dedicated to obtain-
ing several families of Indistinguishability Opera-
tors using a scaling function. Finally, an axiom-
atization of a multiresolution family of Indistin-
guishability Operators is proposed as a research
line for future works.

2 Multiresolution Analysis

A Multiresolution Analysis is based on a se-
quence of successive approximation functional



spaces such as

L.CcVhcVicVWycVo VT (1)
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where L%(R) is the space of all square integrable
functions on the real space R.

The spaces V; are used to approximate general
functions and since the union of all of them is
dense in L%(R), any given function can be ap-
proximated arbitrarily close by means of its pro-
jections P;f on Vj. It is clear that each subspace
V; bears a resemblance with the idea of an indis-
tinguishability measure, because if the functions
f,g € L*(R) have equal projections P;f = Pjg
over the subspace V; they are indistinguishable
with respect to V.

Multiresolution analysis is mainly used in Wavelet
Theory [2] to build wavelet families and, for
that purpose, three additional requirements are
needed:

feVie f(2) e (4)

that is, all the spaces are scaled versions of the
central space Vj,

fO)eVo=f(—-n)eVo  VneZ  (5)

Vo is closed under integer translations and

dpeVo : {pon : nEL}
is a Riesz basis of Vj (6)

i.e. there exists a function ¢, named scaling func-
tion, which generates by integer translations an
orthonormal base of Vj and together with (4) it
results that {¢;, = ¢(2/ - —n) : n € Z} is
a orthonormal basis of V;. Last requirement is
fundamental to multiresolution analysis and since

¢ € Vy C V7 asquare summable sequence ¢y, exists
such that the scaling function satisfies:

d(x) =) cxp(2z — k). (7)
k

Last equation is named the refinement equation
and the function ¢ is said to be a refinable func-
tion.

As can be seen in [2], the scaling function can be
used as a starting point to build a multiresolu-
tion analysis. In this case, a function ¢ satisfy-
ing (7) is chosen and subspaces V; are defined as
the closed subspace spanned by ¢ji, k € Z with
¢jk(r) = 279/2¢(277x — k). Only two conditions
on ¢ are necessary and sufficient to ensure that
{¢jr,k € Z} is a Riesz basis in each V; and that
the subspaces V; are nested:

1. Z |ex|* < oo

2. 0<a< ) |$(¢+2ml)* < B < +oo
leZ

where g% is the Fourier transform of ¢ and £ is the
variable on frequency domain. Moreover, if ¢ is
continuous and satisfies |¢(z)| < C(1 + |z|)~17¢
and )., ¢(x —1) = k # 0, which implies both
¢ € L' and [ ¢(x)dx # 0, the conditions (2) and
(3)are satisfied and then a full multiresolution an-
alysis is obtained. These conditions are equivalent

to > cop = Ccony1 = L.

2.1 B-Splines

An interesting example of a multiresolution ana-
lysis is given by the space S, of cardinal spline
functions of order r in L2(R). A cardinal spline
is a piecewise polynomial function defined on R,
of local degree less than r, that has breakpoints
at the integers and global smoothness in C" 2.
Let V(¢) be the shift-invariant subspace of L?(R)
generated by ¢, i.e the closure of the space of
all finite linear combinations of ¢ and its inte-
ger shifts ¢(- + j). Then, the space S, of cardinal
spline functions of order r is generated by cardi-
nal B-spline that has knots at 0,1,...,r. These
B-splines are easy to define recursively:

752



B = X[O,l), the Haar function
Br = Bro1*xbh

where * is the convolution operator defined by

/f:r—t

A explicit formula is given by:

ntl o\ n
ute) = X S (T @ -t - )

j=0 J

(f*g)(x

where p is the function such that p(x) = 1 when
x > 0 and p(z) = 0 otherwise. For example, (35 is
the classical triangular fuzzy set (or hat function),
B3 is a C'! piecewise quadratic function and so on.

The refinement equation for B-splines of order r
is given by:

_T+IZ(> 2z — j).

It is possible to define symmetric B-spline func-
tions centered on the origin by introducing the
appropriate offset: (n+1)/2. Their expression is:

S (—1) fn+1
, n J
n+1 n n+1

5 ) M($+T—j)-

and the coefficients of the refinement equation
when n is odd are:
1 +1
%m%:{fﬂmaﬂw>lmsvﬁﬁvz

0 otherwise

3 Indistinguishability Operators

A T-indistinguishability operator £ : X x X —
[0,1] is a fuzzy relation which is reflexive, sym-
metric and T-transitive, being 7" a t-norm [7].
Given a continuous t-norm 7', the natural T-
indistinguishability E7 on [0, 1] is defined by

ET(:I:7 y) = T(T(‘rv y)? T(?J? JI)),
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where 7 is the residuation operator

T(z,y) =sup{z € [0,1] : T(z,z) <y}

T-indistinguishability operators have been widely
studied in the setting of Fuzzy Set Theory, see for
example [9, 5].

The natural T-indistinguishability operators on
[0,1] associated with the continuous t-norms
minimum (min), product ([[(z,y) = zy) and
Lukasiewicz (W (z,y) = maz(0,x +y — 1)) are:

B 1 ife=y
Emln(xa y) - { min(;]}’ y) otherwise
xy
E =
Bwey) = 11—l

Given a fuzzy subset p in a set X, the fuzzy rela-
tion defined by

E,(z,y) = T(max(u(z).p(y)), min(u(z), u(y)))

is a T-indistinguishability operator on X.

4 Binary relations through scaling
functions

Given a scaling function ¢ with range in [0, 1]
it is possible to define a binary relation on R
by means of E(z,y) = ¢(x —y). To be a T-
indistinguishability operator, F¥ should satisfy the
following conditions:

1. reflexivity: E(z,x) = ¢(x — x) = ¢(0) = 1,
2. symmetry: E(x,y) = E(y,z) < ¢ is sym-
metrical function with respect to 0.

3. T-transitivity with respect to some t-norm T

Postponing the transitivity property, it would be
possible to define a family of binary relations as
follows:
E'(z,y) = B (2, 2y).

= ¢’ (x—y) = ¢(2'(z—y))



The refinement equation gives another relation
between E° and E':

E%z,y) = olz—y)
= S ade—y) - )
k

= Y eol2le -t )
k

= Y eol2le -+ )
k

— zk:ckEl(a: — g,y)

k
= chEl(a:,y + 5)
k

As an important example, 31 (z) = maz(0,1—|z|)
is a fuzzy triangular number and symmetrical
B-spline of order 1. The relation Fj(z,y) =
¢z —y) = maz(0,1 — [z —y|) = Ew(z,y) is
a W-indistinguishability operator. Since the re-
finement equation for ﬁf is:

. 1. 1 : 1. 1
A= B =)+ 8@ + 5B+ 3)

= SH0r 1)+ R@r) + e +1),

the relations E%(z,y) = maz (0,1 — 2%|x — y|) ver-
ify:

EY(z,y) = Bz —y)
1E1( L )+ Ei( )+1E1( 1)
= —_ Qj—— :1: p— :1: —_ =
9 1 27y 1 Y 2 1 » Y 92

1
= §E(f(2w —1,2y) + EY (22, 2y)

1
+§E§’(2x, 2y — 1)

We can generalize this result.

Theorem Let E be a T-indistinguishability oper-
ator defined on a real space X closed under dila-
tions, i.e., if x € X also 2z € X, then the relations
Ei(x,y) = E(2'z,2%) are T-indistinguishability
operators.

Proof Reflexivity and symmetry properties are
evident.T-transitivity is easily verified

T(E'(z,y), E'(y,2))
= T(E(2'z,2'y),E(2'y,2'2))
< BE(2'z,22)
= FE(z,2).

So all relations Ei are W-indistinguishability op-
erators.

The last case is not valid for all centered B-splines.
Let By be the Haar function or B-spline of order
0 define by

o [ 1 ze [—%, %]
Po(z) = { 0 otherwise

and let ﬁ(’) be the functions defined by ﬁé(az) =
Bo(2'z). Let us consider the binary relations
Ei(x,y) = BO_Z(J} —y). They are reflexive and
symmetric relations but they are not T-transitive
for any t-norm 7. For any Eé with ¢ € Z there
exists three values o9 = 0,y9 = 271 2 =
27" + € with 0 < € < 279! such that |z —y| <
270 ly — 2| < 27" and |z — 2| > 27, and hence
Ei(z,y) = Ei(y,2) = 1 and E}(z,y) = 0. The Z
t-norm defined by

Y r=1
Z(r,y)=q = y=1
0 otherwise

is the smallest t-norm. If a binary re-
lation is T-transitive with respect to a t-
norm then it is Z-transitive, but it is clear
that Eé are not Z-transitive relations because
Z(Eé(l‘o,yo),Eé(yo,Zo)) > Eé(:ﬂo,Z()).

This result is essentially the Poincare’s Paradox
relative to “physical continuum” (see [7] page 223)
and transitive relations. Poincare saw as an unac-
ceptable property that an object A could not be
distinguished form another object B, B could not
distinguished from another object C and yet A
could be distinguished from C. But this happens
in many situations; for instance all measure de-
vices have a accuracy level and hence they suffer
this paradox.
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In spite of the families B! and Ej are different
because of the transitivity property, they have in-
teresting common properties.

Proposition The families of reflexive and sym-
metric relations {F!} and {E}} verify the prop-
erties:

lim E(x,y) =0 (8)
TF£Y
lim E'(z,y) =1 (9)

Proof Let us prove it for Ef. As 270 < 271 we
have

2 27l <y <ot <07

and so Eé > Eé“. Given z,y € R, there always
exists an ng € N such that |z — y| > 27" and
hence E*(x,y) = 0 for all i > ng. That proves (8).
Similarly, for all x,y € R there always exists an
nog € N such that |z — y| < 2" so Ei(x,y) = 1
for all i < —ng, and thus (9) is proved.

For E, properties (8,9) are proved by continuity.
Finally, as 2¢|z—y| < 27! |z—y| then 1—2¢|z—y| >
1 — 2z — y| and E'(z,y) = maxz(0,1 — 2¢|z —
yl) > maz(0,1 -2z —y|) = B (z,y).0

The families of binary relations Ej and EY have
some analogous properties to multiresolution an-
alysis, but all Ei are W-indistinguishability op-
erators while E} are only reflexive and symmet-
ric binary relations and not T-transitive for any
t-norm T. With respect to Poincare’s Paradox,
next theorem might be interesting.

Theorem For any x,y,z € R, there exists an
1 € Z such that

min(E}(z,y), Ej(y, =) < Ei(w,y).

Proof Let ig € N be a natural number such that
27" < min(|z—yl|, |y—2|, |x—2z[), then it is evident
that E (z,y) = E(y,2) = Ey (z,2) = 0.0

A relation E defined by E(z,y) = ¢(x — y) for
some function ¢ will be a reflexive relation if
¢»(0) =1 and a symmetrical one if ¢(z) = ¢(—=),
but when will it be T-transitive for some t-norm
7
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If we consider the min t-norm, we have the in-
equality

min(¢(z —y),d(y — 2)) < d(z — 2)

Trying to resolve this functional equation [1], we
take z = z and then

min(¢(z — y), d(y — z))
min(¢(z — y), ¢(z — y))
= ¢z —y)
< ¢(0) =1,

as the domain of x — y is R, we have ¢(t) < 1 for
all ¢ € R. Taking x = 0 we obtain

min(¢(—y),d(y — 2)) = min(g(y), ¢y — 2))
< P(—2)
= ¢(Z)7

and so
min(¢(y), ¢(z — y)) < é(z).

Let z be such that z — y = y, then

min(¢(y), d(y)) = é(y) < ¢(2y),

and for all y € R, ¢(y) < ¢(2y). Adding the
continuity on ¢ we get that ¢(x) = 1 for all
r € R. It is enough to take y = o and then
6(%) < b(3r) < - < Blx) < 1 and by conti-

nuity lim, . ¢(57) = ¢(0) = 1.

When we take an archimedian t-norm, continuity
is not a sufficient condition to determinate a full
expression for ¢. A similar problem was studied
in [4] but with an inverse approach. There, fami-
lies of fuzzy numbers, invariant under translations
and singletons of a T-indistinguishability operator
were studied. Under these conditions and with T’
an archimedian t-norm, these operators take the
expression

E(w,y) =t o F(y — ),

where t is the additive generator of T, tI=1 is its
pseudo-inverse and F' a sub-additive function with
F(0) =0, even and non decreasing in (0, +00).

In our case, the relations E' will have all their
columns with the same shape because E.(y) =



¢ (x —y) = ¢(2°(x — y)). If we consider the fam-
ily of all columns of each E?, this family is invari-
ant under translations in the sense defined in[4],
because of E,(x) = Ep(x — a + b) so we have a
similar case.

5 Axiomatization of a multiresolution
family of Indistinguishability
Operators

We finalize this work with a proposal of axioma-
tization of the concept of a multiresolution family
of T-indistinguishability Operators.

Definition A family of binary relations E* : i €
Z is a multiresolution family if it verifies:

1. lim E'(z,y) =0

71— 00

Ay

2. lim E'(z,y)=1
i——00

3. E'>EgH!

E'(x,y) = B (2x,2y).

If all B are T-indistinguishability operators for
some t-norm 7', then we have a multiresolution
family of T-indistinguishability operators.

The definition tries to capture the main prop-
erties of a multiresolution system using 7T-
indistinguishability operators. In a have a mul-
tiresolution system we have different levels in our
capacity of distinguishing. The system is capa-
ble of distinguishing any couple of values and no
couple of values is distinguishable in every level.
Moreover we can calculate the indistinguishabil-
ity value of a couple of values in terms of indis-
tinguishability values in another level.

In this work we have shown an example of a mul-
tiresolution family of W-indistinguishability oper-
ators E% and a multiresolution family of reflexive
and symmetrical relations but which are not 7-
transitive for any t-norm, E§. In future works
we would like to characterize this type of binary
relation families.
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