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Abstract finite number of real numbers and the integral multi-
ples (powers) of real numbers in terms{?), which

The vague sum (product) of a finite number of realwill be called the vague sum (product) of a finite num-
numbers and the vague integral multiples (powers) ober of real numbers and the vague integral multiples
real numbers based on a perfect vague addition (multi{powers) of real numbers respectively, possess a sig-
plication) operation are introduced, and some of theimificant concern for the practical implementation of
fundamental properties are pointed out. Furthermoreyague arithmetic. An abstract approach to the solution
some examples are designed to show how they can b this problem within the framework of vague groups
practically implemented. has been proposed in [7, 8]. Since this problem is
handled in an abstract mathematical structure-vague
group, its solution requires some additional mathe-
matical tools and sophisticated techniques. The main
aim of this paper is to simplify this solution by re-
stricting I () to a perfect vague addition (multipli-
cation) operation omR, and to establish the vague
sum (product) of a finite number of real numbers and
the vague integral multiples (powers) of real numbers

Vague arithmetic has _been ir)troduged in [4_’ 5] 0 yithout needing vague algebraic notions. The other
model the vaguely defined arithmetic operations on

> ~aim of this paper is to show how the present notions
the setR of_all re_al _nu_mbe_rs. Mgny—valued equiv- o pe practically applied.
alence relations (indistinguishability operators, fuzzy
equivalence relations, similarity relations, etc.) [2, 3,
9, 10, 11, 12] orR are natural mathematical tools for
the representation of the uncertainty resulting from2 THE PERFECT VAGUE ADDITION AND
the indistinguishability of any two real numbers in ~ MULTIPLICATION OPERATIONS
practical situations, especially in a practical measure-

ment process [6]. In contrast to usual arithmetic,_l_h im of thi limi tion is to give the def
vague arithmetic basically takes into account this kind. € aim ot fhis prefiminary Section IS 1o give the det-

of uncertainty and its mathematical representation,InltlonS of the perfect vague addition and multipli-

i.e. many-valued equivalence relations, and estab-catIon operatlgns, and to.supply the necessary back-
round materials. We first need to introduce the

lishes the vaguely defined arithmetic operations (theg . .
so-called vague arithmetic operations, i.e. the vagu any-valued Iogilcal base of thls study. A 5-tuple
= (L, <,%,0,1) is called a partially ordered monoid

addition, multiplication, subtraction and division op- . )
erations [4, 5]) by means of many-valued equivalence(for short, po-monoid) with the zero elemdd] pro-

relations. Whenever a vague addition(multiplica- vided with the following axioms:
tion?) operation orR is taken into consideration, the (i) (L, <,x) is a partially ordered groupoid, i.€L, <)
formulation of the notions of the sum (product) of a is a partially ordered set, andis an isotonic binary

Keyword: Fuzzy arithmetic, Vague arithmetic, Vague
arithmetic operation, Many-valued equivalence rela-
tion, Fuzzy equivalence relation, Indistinguishability
operator.

1 INTRODUCTION
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operation orL, i.e. for allay,02,B1,B2 € L,
(a1 <az)and(Br <B2)) = (a1*P1 < 2% Bp)

(i) 0 andl are, respectively, the least element and th
greatest element ¢t., <),

(iii) (L,*,1) is a commutative monoid.

The elements ok can be interpreted as truth values.

For L = [0,1], the monoid operation is known as a

t-norm in fuzzy logic. Throughout this paper, the 5-

tupleM = (L, <,%,0,1) always stands for a fixed po-
monoid with the zero elemeBtdifferent from1, and

forms the many-valued logical base of this study. A

mapu: X — L is called anL-fuzzy set ofX, and the
set of allL-fuzzy sets ofX is denoted byL*. An L-
fuzzy setp of X x Y is called a fuzzy relation fronx
toY. Given a fuzzy relatior® from X x X to X, for
X, ¥,z € X, 5((X,Y),z) will be denoted bys(x,y,z) for
the sake of simplicity. ArM-equivalence relation on
X [3]is a mapE : X x X — L satisfying the following
three axioms:

(E.D)E(x,x) =1, ¥x € X,
(E.2)E(x,y) = E(y,X), ¥X,y € X,
(E-3)E(xy) *E(Y,2) < E(X,2), VX,y,z€ X.

An M-equivalence relatiofe on X is called anM-
equality onX iff E additionally fulfills the separation
axiom:

(ED)E(xy)=1=x=y, WxyeX.

An M-equivalence relatioi onR is said to be regu-
lar w.r.t. the usual addition (multiplication) operation
“+7 (. [B]iff forall x,u,y € R,

E(x,y) <E(x+uy+u) (E(xy) < E(Xuy.U)).

(iv) For all x e X, 3y € Y such thap(x,y) = 1.

The perfect fuzzy function is a slightly stronger ver-
sion of the notion of fuzzy function introduced in

e[2, 10], and possesses powerful representation proper-

ties by means of ordinary functions and many-valued
equivalence relations. Before introducing these prop-
erties, we need the concept of extensionality of an
ordinary functionf : X — Y according to giverM-
equivalence relationg on X andF onY, which can

be simply stated as the satisfaction of the inequality

E(x,X) < F(f(x), f(X)), ¥x,X € X.

Extensionality of an ordinary function can be infor-
mally expressed as the satisfaction of the intuitive ex-
pectation “If two points are similar to each other, so
are their images”. Now we are able to give the repre-
sentation theorem for perfect fuzzy functions:

Theorem 2 [3]Let E andF be twoM-equivalence re-
lations onX andY, respectively. Given an ordinary
functionf : X — Y extensional w.r.tE andF, a fuzzy
relationp € LX*Y, defined by

p(xy) =F(f(x),y), e X, wyeY, (1)

is a perfect fuzzy function frotoY w.r.t. E andF.

Conversely, for a given perfect fuzzy functipre
LX*Y from X to Y w.r.t. E andF, there exists at least
one ordinary functionf : X — Y extensional w.r.tE
andF satisfying the equality (1).

Given a perfect fuzzy functiop from X to'Y, an or-
dinary functionf : X — Y fulfilling the conditions in
Theorem 2 is called an ordinary descriptionppfand
the set of all ordinary descriptions pfis denoted by

Perfect fuzzy functions are the essential notions to deORD(p)_ If the M-equivalence relatiof onY is par-

fine the perfect vague addition and multiplication op-

erations. For this reason, it will be helpful to recall
these notions at first:

Definition 1 [3]Let E and F be twoM-equivalence
relations onX andY, respectively. A fuzzy relation
p € LX*Y is called a perfect fuzzy function froxito Y
w.r.t. E andF iff p satisfies the following conditions:

() p(x,Y) *E(x,X) <p(X,y), ¥x,X € X, Wy €Y,
(i) p(xy) xF(y,y) <p(xy), ¥xe X, Wyy €Y,
(i) p(x,y)*p(x,Y) <F(yY),Vxe X, ¥,y €Y,

ticularly taken as aM-equality onY, then a perfect
fuzzy functionp from X to Y w.r.t. E andF has a
unique ordinary description.

Definition 3 [4]Given M-equivalence relationgky.
on R? and Eg on R, a perfect fuzzy functiof- (7)
fromR? to R w.r.t. Eg. andEg is called a perfecM-
vague addition (multiplication) operation dR w.r.t.
Egz andEg iff + € ORD(+) (. € ORD(Y)), or equiva-
lently

F XY, x+Y) =1 (%Y, xy) = 1), ¥,y € R.

746



EUSFLAT - LFA 2005

By virtue of Theorem 2, a perfedfl-vague addition numbersay, ay,..., a5. In other words, for any per-
(multiplication) operationt- (7) on R w.r.t. Egz and  mutationky, kp,...,k, of {1,2,...,n}, we have

Er can be explicitly given as - -
Z(alyaZ)"'aan) = z(aklaakzw"aakn)

—T_(X>yvz) = ER(X—l-y,Z) C(X)yvz) = ER(X'y7Z))' (2) (n(al>a2>'--aal’1) = ﬁ(aklvak27"'vakn))'

For the sake of simplicity, we assume in the remain-1he represe_ntation of the notiqns of the vague sum
ing part of this study thaEg. and Ex stand for two and product in the form (3) provides a very useful tool
fixed M-equivalence relations oR? and R respec- 0 extend various elementary properties of the sum
tively, and use the notions defined in termdgf and and product of a finite number of real numbers in the
Er, for example; the perfect vague addition (multi- Usual arithmetic to vague arithmetic. Forn e N*
plication) operations and vague products (sums) of £nd foras, @;...,am € R, the equalities

finite number of real numbers, without indicatikg- n m n+m n m nem
andEg. (Za)+(Zani)= Z aand(Maj).(Mani)= 1 a

are two such well-known elementary properties. As
an example, we show in the following theorem how
these properties can be carried to vague arithmetic.

3 THE VAGUE SUM AND PRODUCT OF A
FINITE NUMBER OF REAL NUMBERS

In this section, we start with the definition of the vague Theorem 5 Let T (7) be a perfectM-vague addi-
sum (prqduct) pf a finite number of real numbers intion (multiplication) operation orR. If Eg is reg-
vague arithmetic. ular w.rt. “+” (* ."), then for m, n € N* and for

o - o a,a,..anm XY, ZE R,
Definition 4 Let + (7)) be a perfectM-vague addi- o

tion (multiplication) operation onR. For n e Nt [Z(a1,82, ...,80)](X) * [Z(ans+1,8n42, - Bnm) | (Y)
with n > 2 and foray, a,...,an € R, the L-fuzzy set «[2(a1,a2,...,8n1m)] (2)
Z(a1,az,...,an) (M(ag,az,...,a)): R — L, defined by < E(x+Vy,2)
Slavas,. a0 = F(Zaa0%) (IM(a, 2, -, 30)](X) * [ (@011, 8012, Bnsm)] ()
1,82,...,8n = &, 8> an, *[M(ag, @, ...,80m)](2)

~ n—1
(M(as,a, an))) = (M aanx), < Elxx2)

In an analogous manner to the integral multiples

(powers) of real numbers in usual arithmetic, vague
integral multiples (powers) of real numbers in vague

arithmetic can be defined as a particular case of the
- - 1 ,ifx=a notion of the vague sum (product) of a finite number

[Z(a1)](x) = [M(a1)](x) = { 0 ,ifx;éai } of real numbers:

is called the vague sum (product) &f, ay,..., a,. For
n=1, theL-fuzzy set&(a;) andl(a;) of R are de-
fined by

_ Definition 6 Let + (7) stand for a perfecM-vague
Due to the equality (2), the vague sum (product)addition (multiplication) operation oiR.
z(alaaZa“'aaﬂ) (n(a17a27"'7an)) of aji, az,..., an for

i + — — —
n > 2is simply calculated as () For ne N", ac R and & = a = ... = an,

the L-fuzzy setia (a"): R — L, defined byna =

- B n >(ap,ap,...,an) (@ = MN(ay,ay,...,an)), is called the
[>(2, 8, . 80)}(x) = ER<i:Zla"X> vaguen-th multiple (the vague-th power) ofa.

(M(ag,a,...,an)](X) = ER(_Inllai,x)). (3) (i) For ne N" andae R (ae R—{0}), the L-
i= e —— o ——
fuzzy sgt;na(a*”): R — L, defined by-na=n(—a)

FurthermoreZ(ay, ap, ..., an) (M(a1,a,....a)) is in- (a1 = (1)"), is called the vague{n)-th multiple (the
dependent from the choice of the order of the realvague (-n)-th power) ofa.
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(i) For n=0andac R (a€ R—{0}), theL-fuzzy  representation-indistinguishability operators, the no-
setOa (50); R — L, defined by tion of the vague sum (product) of a finite number of

real numbers become a mathematical modelling of the
S J 1, ifx=0 o1y J L, ifx=1 ] sum (product) of a finite number of possible outcomes
GE0={ 5 "zt @={ 5 1 b uct)

0 ,ifx#0 0 ,ifx#1 f’of a quantity in a measurement process. The follow-
ing example is designed to demonstrate how the no-
tions of the vague sum and product can be practically
used in a measurement process.

is called the vagued-th multiple (the vagued-th
power) ofa.

In a similar fashion to the vague sum (product) of a
finite number of real numbers, fore Z with |n| > 2,

the vaguen-th multiplena (powera") of a € R can be
simply given as

Example 8 (i) In the measurement of the perimeter
of a polygonP with n different sides (or simply an
n-gon), let us consider a rod having centimeter (cm)
readings as our measurement instrument. Because of
78 (x) = Er(n.a,x) ([@(x) = Er(a",X)), Vx € R. the discrete readings of this rod, it is natural to model
) the |n_d|st|ngwshablllty of any tvx_/o readlngsanqu_
on this rod gradually. For a suitably chosen indis-
Referring to the equality (4), various elementary prop-tinguishability operatoEg on R, the indistinguisha-
erties of the integral multiples (powers) of real num- pijjity of x andy can be graded as the real number
bers can be easily carried to the vague integral mulEg (x y). In this example, for the Lukasiewicz’s t-norm
tiples (powers) of real numbers in vague arithmetic.| ck i.e. Lck(a,B) = maxa+B—1,0}, Va,B € [0, 1],

In order to show how this can be done, farn€Z e takeEy as thelck-indistinguishability operator:
and fora€ R (a€ R —{0}), we now extend the well-

known relations Er(X,y) = 1—min{|x—y|,1}, ¥,y € R [9].
(n'a) + (ma) _ (n + m).a andn.(m.a) _ (n.m).a Furthermore, if we consider the Lck-
(@).(@" = a™™and(@""=am") indistinguishability operatoEg. defined by

Erz((x,Y), (X,Y)) =Er(Xx+Y,X +Y), VX, X,y,y €R,

then since “” is extensional w.r.t.Eg2 and Eg, and

by virtue of Theorem 2, the fuzzy relatidn given
by (2) is a perfecM-vague addition operation oR
w.rt. Eg2 andEgr. Therefore, if we measure the sides
of lengths ofP as ai, ay, ..., an, then the perimeter
of the n-gon P in the unit of cm will be the vague

in usual arithmetic to vague arithmetic as follows:

Theorem 7 Let T (7) be a perfecM-vague addition
(multiplication) operation ofR, andEg a regularM-
equivalence relation w.r.t. 4" (* .”). Thenform,ne
Z and forae R (a€ R—{0}), the following relations
are valid for allx,y,z€ R:

A0+ [TAW) <[ MEE) € EGCHYD  Fig ot 2T ook 2 oo o WL T Here
and[(mal() + (@) [Ey) < E(xy) ) n
(@00« [@(y) < [@ M (2) < E(xy2) (a0, 2, 3))(x) = Br(Za%)
and @] () « (@72« [F)(y) < E(xy)). R S

4 PRACTICAL APPLICATIONS AND for all x € R, and defines a triangular fuzzy number

EXAMPLES n '
centered a_tZla; (see Figure 1).
=
Indistinguishability operators [9, 11] (i.e. M- |t p g particularly chosen as a regular polygon with

equivalence relations for the particular po-monoidihe measured sides of lenghthen the perimeter of

M = ([0,1], <, )) are natural mathematical tools t0 p o turns to the vague-th multipleia of a w.r.t.
represent the uncertainty resulting from the discretejr and is simply computed as

scales of measurement instruments [6, 9]. Under the
consideration of this uncertainty and its mathematical[na(x) = Eg(n.a,x) = 1—min{|n.a—x|,1}, ¥x € R.
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volume oU in the unit of cm will be the vague prod-
uctl(ay,ap,a3) of &y, ap andag w.r.t. ~. MN(ay,az,a3)

S, - a0)] (@) is explicitly written as

[|-| (a]_, ay, a3)] (X) = ER(al.az.ag, X)

a.a2. & H
. 2B if x> ar.a.ag
— X i
0 2 B E =1 maam !f O<x<aj.a.ag
= = 2%t 0 ,1fx<0

for all x e R, and is sketched in Figure 3.
Figure 1:

[na](z)

0 a1.a2.a3

n.a—1 n.a n.a-+1
Figure 2: Figure 3:

In a similar fashion to (i), iU forms a cube, and if we
measure one of the sides of lengtiloésa, then the
volume ol is calculated as the vague third powat
of a. a3 is easily calculated as

Herenais a triangular fuzzy number centeredrag,
and is represented in Figure 2.

(ii) In order to supply a practical example for the
notions of the vague product and the vague integral
power, let us deal with the measurement of volume of 2 jfx>ad

a right rectangular prismlJ, and consider the same {53} () = Eg(a3,x) = % Jif 0<x<ad
rod in (i). For the gradual representation of the in- 8 ifx< 0_
distinguishability of the readings of the rod, we now N

3

operate with thePr-indistinguishability operatoEg: forall x e R, and is illustrated in Figure 4.
min{%,%} Lifxy>0 |
Er(XY)=¢ 0 Lifxy<0 !

1 Lifx=y=0 [0% ()]

for all x,y € R, wherePr stands for the product t-
norm, i.e. Pr(a,B) = a.p, Va,B € [0,1]. Taking

into consideration théPr-indistinguishability opera-
tor Eg> onR?, defined by

Erz((x,Y), (X,Y)) = Er(XY,X"Y), V¥, X,y €R,

it is easy to observe that the fuzzy relatiogiven by Figure 4:

(2) is a perfectM-vague multiplication operation on

R w.rt. Egz andEg. Assume thady, ap andag arethe  As a concluding remark, it should be noted that the
measured values of the sides of lengthd oThen the  Lck (Pr)-indistinguishability operatoEgr in Exam-
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ple 8 also provides an example for a reguMdr
equivalence relation w.r.t. ##” (*.”) as required in
Theorem 5 and Theorem 7.

5 CONCLUSIONS AND FUTURE STUDIES

In this paper, the notions of the vague sum (product)
of a finite number of real numbers and the vague in-
tegral multiples (powers) of real numbers, which are

[4]

nothing but a special case of the notions of the vague r
product of a finite number of elements and the vague
integral powers of elements in vague groups presented

in [7, 8], have been introduced by means of a per-
fect M-vague addition (multiplication) operation on

R. Thereafter, without needing any vague algebraic
notion, it is shown that some elementary properties of
these notions can be easily deduced from their rep- [6]
resentation properties and some elementary algebraic

properties of the usual addition (multiplication) op-

eration. Furthermore, the present paper reveals that

whenever the uncertainty occurring due to the indis-

tinguishability of the possible outcomes in a measure-
ment process is the matter of subject, and is repre- [7]
sented by indistinguishability operators (more gener-

ally, M-equivalence relations), the vague sum (prod-

uct) of a finite number of real numbers provides a 8]

more realistic and informative mathematical tool to
compute the sum (product) of a finite number of pos-
sible values of a quantity in a measurement process.

The formulation of the order-theoretic structure of the

real line equipped with a perfem-vague addition-
operation and a perfebt-vague multiplication opera-
tion”, which is denoted byR, +,~) and called a vague

9]

[10]

real line, lies at the heart of the development of an ax-
iomatic and a sound theory of a vague real line. The

solution to this problem is left to future studies.
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